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Before Calculus

Exercise Set 0.1

1.

11.

13.

(a) —2.9,-2.0,2.35,29 (b) None (c) y=0 (d) -1.75<x<215,z2=-3,2=3

(€) Ymax = 2.8 at = —2.6; Ymin = —2.2 at x = 1.2

. (a) Yes (b) Yes (c) No (vertical line test fails) (d) No (vertical line test fails)

. (a) 1999, $47,700 (b) 1993, $41,600

(c) The slope between 2000 and 2001 is steeper than the slope between 2001 and 2002, so the median income was
declining more rapidly during the first year of the 2-year period.

(a) _f(0)=3(0)* =2 = -2 f(2) = 3(2)* =2 =10; f(-2) = 3(-2)* — 2 = 10; f(3) = 3(3)* — 2 = 25; f(V2) =
3(v2)2 —2=4; f(3t) = 3(3t)? — 2 = 27t> — 2.

(b) f(0) =2(0) = 0; f(2) = 2(2) = 4 f(-2) = 2(-2) = —4 f(3) = 2(3) = 6; f(V2) = 2v2; f(3t) =1/(3¢) for
t>1and f(3t) =6t for t < 1.

(a) Natural domain: x # 3. Range: y # 0. (b) Natural domain: x # 0. Range: {1,—1}.
(c) Natural domain: = < —/3 or z > /3. Range: y > 0.

(d) 22 =22+ 5= (x — 1) +4 > 4. So G(x) is defined for all x, and is > v/4 = 2. Natural domain: all z. Range:
y>2.

(e) Natural domain: sinz # 1, sox # (2n+3)m, n =0,41,42,.... Forsuchz, —1 <sinz < 1,500 < 1—sinz < 2,
and —— > % Range: y > %

l—sinz =—

(f) Division by 0 occurs for = 2. For all other z, ””:_}4 = x + 2, which is nonnegative for x > —2. Natural

domain: [—2,2) U (2,400). The range of v/x + 2 is [0, +00). But we must exclude = 2, for which /x + 2 = 2.
Range: [0,2) U (2, +00).

(a) The curve is broken whenever someone is born or someone dies.

(b) C decreases for eight hours, increases rapidly (but continuously), and then repeats.

h
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17.

19.

21.

23.

25.

27.

29.

31.

33.

Yes. y = V25 — 2.

Voo y_{ VB2 —5<a<0
YT V25— 22, 0<z<5

False. E.g. the graph of 22 — 1 crosses the z-axis at = 1 and z = —1.
False. The range also includes O.
(a) z=2,4 (b) None (c) x<2;4<x (d) Ymin = —1; no maximum value.
The cosine of 6 is (L — h)/L (side adjacent over hypotenuse), so h = L(1 — cos ).
(a) If £ <0, then |z| = —z so f(x) = —2x+3x+1=2zx+1. If £ >0, then |z| =z so f(z) =2 +3zx+1=4z+1;
f@) = 2¢0+1, <0
) 4z+1, >0

(b) If x < 0, then |z| = —z and [z —1|=1—zsog(x) = -2+ (1—2)=1—-2z. If 0 <z <1, then |z| = z and
lxt—=1=1-xsog(z)=c+(1—2)=1.Ifx>1,then|z|=zand [z —1|=2x—-1sog(z) =+ (r—1) =2z —1;

1—2x, <0
g(x) = 1, 0<z<1
2¢ — 1, r>1
(a) V=(8—-2z)(15—2x)x (b) 0<z<4
100
0 | | | | 4
(c) O 0 < V <91, approximately

(d) As x increases, V increases and then decreases; the maximum value occurs when z is about 1.7.

(a) The side adjacent to the building has length x, so L = = + 2y. (b) A =zy=1000, so L =x+ 2000/zx.
120
20 : - - =/ 80
(c) 0<z<100 (d) 80 v A 44.72 ft, y ~ 22.36 ft

500 500 10
(a) V =500 = 7r?h, so h = —. Then C = (0.02)(2)7r* + (0.01)27rh = 0.0477? + 0.02mr—73 = 0.04mr? + —
Y

mr
Chin ~ 4.39 cents at r =~ 3.4 cm, h ~ 13.7 cm.

1
(b) C = (0.02)(2)(2r)2 + (0.01)27rh = 0.167% + —O Since 0.047 < 0.16, the top and bottom now get more weight.

r
Since they cost more, we diminish their sizes in the solution, and the cans become taller.

(c¢) r= 3.1 cm, h = 16.0 cm, C =~ 4.76 cents.
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35. (i) x =1,—2 causes division by zero. (il) g(z)=2z+1, all z.
37. (a) 25°F (b) 13°F (c) 5°F

39. If v = 48 then —60 = WCT ~ 1.4157T — 30.6763; thus T =~ 15°F when WCT = —10.

Exercise Set 0.2

y
1 z,y
\ \ Ly 1L
-1 0 1 2
| | | X
1. (a) -IF (b) 1 2 3
y Y
1
2
| L X l | ic
(c) 4 1 2 (d) —4 i) 2
y
y I
17
X
! ! ! X i
-2 -1 1 2
-1k -1
3. (a) (b) —
147 y
\/\ I
L ‘ 3 \ ! L ¥
-1 1 2 3 -1 1 2 3
-1 1k
(c) (d)

7. y = (z + 3)? — 9; translate left 3 units and down 9 units.
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9. Translate left 1 unit, reflect over z-axis, translate up 3 units.

31
N
2

L
o
-
Lo
w
+ 5

\4

11. Compress vertically by a factor of %, translate up 1 unit.

y
2+

13. Translate right 3 units.

y
10 -

-10 -

15. Translate left 1 unit, reflect over z-axis, translate up 2 units.
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19. Stretch vertically by a factor of 2, translate right 1/2 unit and up 1 unit.

y
4=

21. Stretch vertically by a factor of 2, reflect over z-axis, translate up 1 unit.

23. Translate left 1 unit and up 2 units.

y
3/

25. (a) -l 1 (b) y:{

0Oifz <0
20 if 0 <

27. (f+g)@)=3vVe—TL, 2> 1L (f—g)(x) =vVe - 1Lz >1; (fg)(x) =22 -2, 2 > 1; (f/g9)(x) = 2,2 > 1
29. (a) 3 (b) 9 (c) 2 (d) 2 (e) V2+h (f) B3+h)3P+1
31. (fog)(x)=1—z,2<1;(go f)(z) =v1—2a2 |z| <1.

83. (fog)w)= 1 v # 5.1 (g0 @) = —5- — 5. 2 0.1

35. (fo goh)(z)=2"6+1.

37. (a) g(z) =z, h(z) =z + 2 (b) g(z) = |z|, h(z) = 22 — 3z +5
39. (a) g(z) =22, h(z) = sinz (b) g¢(z) = 3/z, h(z) = 5 + cosz

41. (a) g(r) = (1+ )3, h(z) = sin(x?) (b) g(z) =+v1—2x, h(z) = Yz
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. True, by Definition 0.2.1.

. True, by Theorem 0.2.3(a).

27y0
[ &
L 1 ¢ Loy
-2 2
. —
® -2
- [
-4 °

. Note that f(g(~2)) = f(~g(x)) = f(g(x)), s0 f(g(x)) is even.

S(8) -
1L
[ A N1 f

-3 ~1 1
1k

3L

. f(g(z)) =0 when g(z) = +2, so x =~ +1.5; g(f(z)) = 0 when f(z) =0, so z = £2.

2 _r_ (2.2 _ 2 2 5 _ (9.2 _ _
' 3(x + h)*—5—(32* = 5) _ 6zh +3h — 6z 1 3h: 3w* — 5 — (3z* — 5) _ 3(w—z)(w+ ) 3w+ 3z,
h h w—2x w—2x
V@+h) =1z a—(@+h) -1 lTw-1/x  z-w 1
) h  zh(z+h)  x@+h) w-2  wrw—x)  aw

. Neither; odd; even.

AY

T NG

. (a) (b)

. (a) Even. (b) Odd.

. () f(-z)=(—2)? =22 = f(x), even. (d) f(—z) = (—2)® = —2® = —f(z), odd.

(¢) f(==)=|—=z|=|z[= f(x), even. (d) f(—z)= —z + 1, neither.
(@) fleay= C =0 2w ad () f—a) = 2= f(@), even
14 (—x)? 1+ a? ’ ' ' :

. In Exercise 64 it was shown that g is an even function, and h is odd. Moreover by inspection f(z) = g(z) + h(zx)
for all z, so f is the sum of an even function and an odd function.

. (a) y-axis, because (—z)* = 2y® + y gives z* = 2y + y.
g

(—x) ves x
= ———— 1V = .
3+ (—x)? BV Y = 3 e

(b) Origin, because (—y)
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(c) z-axis, y-axis, and origin because (—y)? = || — 5, y? = | — 2| = 5, and (—y)? = | — 2| — 5 all give y* = |x| — 5.

-3¢ |3
69.
\5
71.
y
Ay 2
1
| LV L [ ! L ¥
73.(a) -2r -z 1 ~m 2on (b) -2z -m | T 2«

75. Yes, e.g. f(z) = 2¥ and g(z) = 2™ where k and n are integers.

Exercise Set 0.3

1. (a) y=3z+b (b) y=3z+6
Ay y=3x+6
10+ y=3x+2

AN
)

(c) -
3. (a) y=maz+2 (b) m=tan¢ =tan135° = —1,s0 y = —x + 2
I g
(c)

5. Let the line be tangent to the circle at the point (zo,yo) where 22 + y2 = 9. The slope of the tangent line is the
negative reciprocal of yo/z¢ (why?), so m = —xg/yo and y = —(xo/yo)x + b. Substituting the point (zg,yo) as
9 — xpx

N

well as yo = £/9 — 22 we get y = £
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7. The z-intercept is © = 10 so that with depreciation at 10% per year the final value is always zero, and hence
y = m(x — 10). The y-intercept is the original value.

y

9. (a) The slope is —1.

/ 4 \
)
(¢) They pass through the point (—4,2).

(d) The a-intercept is z = 1.

(b) The y-intercept is y = —1.

11. (a) VI
y
30
10
i)
-10

13. (a) -30

111 (d) v

—40

(f) 1I
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(b)

[\

(c)

L1

(c)
LY
10
5L
. F
-2 2
19. y=a22+22 = (v +1)? - 1.
21. (a) N-m (b) k=20 N-m
(©) | V(L) 0.25 0.5 1.0 15 2.0
P (N/m?) | 80 x 103 | 40 x 103 | 20 x 103 | 13.3 x 103 | 10 x 103

——10

L _40
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23.

25.

27.

29.

31.

33.

35.

37.

Chapter 0
A P(N/m?)
30 -
20 |
10 H
V(m?)
(d) 0 20
(a) F=k/x?s00.0005 = k/(0.3)% and k = 0.000045 N-m?. (b) F =0.000005 N.
b P
k1076
0 E'I> 10\
(c) *

(d) When they approach one another, the force increases without bound; when they get far apart it tends to
Zero.

True. The graph of y = 2z 4 b is obtained by translating the graph of y = 2z up b units (or down —b units if
b <0).

False. The curve’s equation is y = 12/x, so the constant of proportionality is 12.
(a) Iy=1,z2=-1,2 (b) Ly=0,2=-2,3 (c) IV;y=2 (d) II;y=0,2z=-2
(a) y=3sin(z/2) (b) y=4cos2z (c) y=—5sindx

(a) y=sin(z +7/2) (b) y =3+ 3sin(2z/9) (c¢) y=1+2sin(2x —7/2)

y
3+ 2 3
1 Y
e e 1
J VA o
(a) 3,7/2 F (b) 2,2 -2 (c) 1,4m

Let w = 27. Then Asin(wt + ) = A(cosfsin 27t + sinf cos 2nt) = (Acosf)sin 2t + (Asin ) cos 27t, so for
the two equations for x to be equivalent, we need Acosf = 5v/3 and Asinf = 5/2. These imply that A? =

Asin6 1 325 5v13 1
(Acos)? + (Asinf)? = 325/4 and tan6 = % = Wk So let A = < - 3 and § = tan™* Wk
Then (verify) cosf = 2—\/3 and sinf = L so Acosf = 5v/3 and Asinf = 5/2, as required. Hence r =
y ,\/ﬁ ,\/ﬁ’ K q N
v1
bV13 sin <2ﬂ't + tan~! 1).
2 2v/3
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Exercise Set 0.4
1. (a) f(g(x)) = 4(z/4) = =, g(f(x)) = (4x)/4 =z, f and g are inverse functions.
(b) f(g(z)) =33z —1)+1=9z -2z so f and g are not inverse functions.
(€) flg(x) = (@®+2)—2=uz, g(f(x)) = (x—2)+2=uz, f and g are inverse functions.
(d) fg(z)) = (@M ==, g(f(x)) = (*)/* = |2| # , f and g are not inverse functions.
3. (a) yes (b) yes (c) no (d) yes (e) no (f) no
5. (a) Yes; all outputs (the elements of row two) are distinct.
(b) No; f(1) = £(6).

7. (a) f has an inverse because the graph passes the horizontal line test. To compute f~1(2) start at 2 on the y-axis
and go to the curve and then down, so f~1(2) = 8; similarly, f~!(—1) = —1 and f~1(0) = 0.

(b) Domain of f~1is [~2,2], range is [-8, 8].

f) =Ty =6,y =(e+6) = (z).
fly)=3y> =5, y= Y (x+5)/3=f"1(x)
Fly) =3/y y=—\/3/x=f""(x).

B 5/2—y, y<2 IR 5/2 — x, x>1/2
f(y)_{ 1y, y>2 ' =7 (x)_{ 1z, 0<z<1/2°

17. y=f ), 2= f(y) = (y+2)* for y > 0, y = f~(x) = /4 — 2 for z > 16.

19. y= ' (2), 2 = f(y) = —v/3 =2y for y <3/2, y = f(x) = (3 —a?)/2 for x <0.

21. y = f1(x), 2 = f(y) = ay’+by+c, ay’>+by+c—x = 0, use the quadratic formula to get y =

)

—b+ \/b? —da(c—x)
2a
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_ b+ +/b? —4da(c—x) _ —b—+/b? —4da(c—x)
1y — T(,y —
(a) f7' ()= - (b) f7(x) = -
10* o 4
23. (a) y=f(z) = 614" (b) z=f"'(y) =(6.214 x 10~ *)y.
(¢) How many miles in y meters.
3—x
Y 1—2 3-3r—-3+x e
25. (a) f(f(z)) = 1_3_36 e ——— =xso f=f""
1—2
(b) It is symmetric about the line y = .
27. If f~1(z) = 1, then = = f(1) = 2(1)? + 5(1) + 3 = 10.
29. f(f(x)) =« thus f = f~! so the graph is symmetric about y = x.
31. False. f71(2) = f~1(f(2)) = 2.
33. True. Both terms have the same definition; see the paragraph before Theorem 0.4.3.
35. tanf = 4/3, 0 < 6 < 7/2; use the triangle shown to get sinf = 4/5, cos@ = 3/5, cotd = 3/4, secf = 5/3,
csc =5/4.
5 4
3
37. (a) 0<z <7 (b) —-1<2<1 (c) —7m/2<zx<m/2 (d) —o< <400
39. Let 6 = cos™1(3/5); sin 20 = 2sinf cos§ = 2(4/5)(3/5) = 24/25.
5 4
3
1
N1 —x2
cos~lx
/1 — 22
41. (a) cos(tan™'z) = (b) tan(cos™'z) = Y- x

T
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43.

45.

47.

49.

51.

53.

55.

57.

59.

x2-1

x2-1
seclx sec—lx
. . 2 —1 1 1
(¢) sin(sec™ ) = ——— 1 (d) cot(sec™ ) = —— 1
x 2 — 1
y
__m2
X
==t —————
(b)

(a) = =7 —sin"1(0.37) ~ 2.7626 rad (b) 6 = 180° +sin~*(0.61) ~ 217.6°.

(a) sin!(sin"!0.25) ~ sin ™! 0.25268 ~ 0.25545; sin~* 0.9 > 1, so it is not in the domain of sin~* z.

(b) —1< sin"!x < 1 is necessary, or —0.841471 < z < 0.841471.

/2

. A

(a) -10 | 10 N

(b) The domain of cot™t z is (—oo, +00), the range is (0,7); the domain of csc™!x is (—oo, —1] U [1, +0c0), the
range is [—7/2,0) U (0, 7/2].

(a) 55.0° (b) 33.6° (c) 25.8°

(a) Ify =90°, thensiny =1, \/1 — sin? psin?y = \/1 —sin® ¢ = cos ¢, D = tan ¢ tan A = (tan 23.45°)(tan 65°) ~
0.93023374 so h = 21.1 hours.

(b) If v =270°, then siny = —1, D = —tan ¢ tan A ~ —0.93023374 so h ~ 2.9 hours.

y = 0 when 22 = 6000v2/g, * = 10v,/60/g = 1000/30 for v = 400 and g = 32; tanf = 3000/x = 3//30,
0 = tan=1(3/1/30) ~ 29°.

(a) Let 0 = cos™(—x) then cos = —x, 0 < 0 < 7. But cos(m —60) = —cosf and 0 < 7 — 60 < 7 so cos(m —0) = z,
T—0=cos 'z, 0 =m—cos .

(b) Let 0 = sec™!(—z) for # > 1; then secd = —z and 7/2 < 0§ < 7. So0 <7 -0 < 7w/2and 7 — 0 =
1 1 1

sec”sec(m — @) = sec!(—sec) =sec !z, or sec}(—x) =7 —sec” ! .
tan a 4 tan 8

t =
an(a + f) 1 —tanatan 3’
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61

tan(tan™* tan(tan 1
tan(tan~! 2 + tan"ly) = n(tan li)l+ n(tan _1y) _ 2ty
1 —tan(tan™'z)tan(tan"ty) 1—ay

1 T+Y

so tan~!z +tan~ly=tan~ .
1—2xy

. sin(sec™! z) = sin(cos~(1/z)) = /1 — <1>2 _yerol

Exercise Set 0.5

1

3

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

. (a) —4 (b) 4 (c) 1/4
. (a) 2.9691 (b) 0.0341
1 _
. (a) log, 16 = log,(2*) =4  (b) log, (32) =1log,(27%) = -5 (c) logs4=1 (d) logy3 =logy(9'/2) =1/2
(a) 1.3655 (b) —0.3011
1 1
. (a) 2lna+ §lnb—|— ilnc: 2r+s/2+t/2 (b) Inb—3lna—Inc=s—3r—t
1 , 1,
(a) 1+logx+ 3 log(z — 3) (b) 2In|z|+ 3ln(sinz) — 5 In(z* + 1)
24(1
log 2-08) _ 100 (256/3)
3 2
Y
cosw

V=101 =0.1, 2 =0.01

lz=e2 z=0¢2

20 =8, x =4

In222 =n3, 222 = 3, 22 = 3/2, z = /3/2 (we discard —4/3/2 because it does not satisfy the original equation).
In3

In5~2* =1 —2zxInb =1 =—

ns n3, zlnb =3, x I

3 =17/2, 32 =In(7/2), x = %111(7/2)

e ¥(x+2)=0s0 e =0 (impossible) or x + 2 =0, x = —2
y
6 -
4 -
2,
! N\ Ly
(a) Domain: all z; range: y > —1. -2 3
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hy
21
.\ / x
1 2
(b) Domain: z # 0; range: all y. 4T
4y
] | | m
-|4- T T T T 41. -
-4

33. (a) Domain: x # 0; range: all y.

\
(

(b) Domain: all x; range: 0 <y < 1.
35. False. The graph of an exponential function passes through (0, 1), but the graph of y = 2% does not.
37. True, by definition.

39. log, 7.35 = (log 7.35)/(log2) = (In7.35)/(In2) ~ 2.8777; log; 0.6 = (log0.6)/(log5) = (In0.6)/(In5) ~ —0.3174.

2

41. -3
43. x ~ 1.47099 and x ~ 7.85707.

45. (a) No, the curve passes through the origin. (b) y=(v2)* (c) y=2""=(1/2)" (d) y=(v5)*
5

0
47. log(1/2) < 0 so 3log(1/2) < 2log(1/2).

49. 75¢~t/125 = 15 t = —1251In(1/5) = 125In5 ~ 201 days.
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51. (a) 7.4; basic (b) 4.2; acidic (c) 6.4; acidic (d) 5.9; acidic
53. (a) 140 dB; damage (b) 120 dB; damage (c¢) 80 dB; no damage (d) 75 dB; no damage
55. Let I4 and I be the intensities of the automobile and blender, respectively. Then log,, I4/Io = 7 and log,, I5/Iy =

57.

9.3, I4 = 1071y and Ig = 10°31y, so Ig/I4 = 10*3 ~ 200.
(a) logE =4.4+1.5(8.2) =16.7, E = 10167 ~ 5 x 1016 ]

(b) Let M; and Mj be the magnitudes of earthquakes with energies of F and 10E, respectively. Then 1.5(Ms —
M) =1og(10E) —log E =1log10 =1, My — M7 =1/1.5=2/3 =~ 0.67.

Chapter 0 Review Exercises

[0 S ———

40 I I I

. (a) If the side has length x and height h, then V = 8 = 22h, so h = 8/z2. Then the cost C' = 5z2 + 2(4)(zh) =

ba2 + 64/.

(b) The domain of C is (0,+00) because x can be very large (just take h very small).

(a) The base has sides (10 — 2x)/2 and 6 — 2z, and the height is x, so V = (6 — 2z)(5 — z)z ft3.
(b) From the picture we see that z < 5 and 2z < 6, s0 0 < z < 3.

(c) 3.57 ft x3.79 ft x1.21 ft
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11.

13.

15.

17.

19.

21.

23.

25.

27.

z 41 -3|-2|-1 0 1 2 3 4
f(z) 01| 2| 1| 3|[-2|-3| 4|-4
g(x) 31 2| 1|=-3|-1|-4| 4]-2| 0
(fog)x)| 4|-3|-2|-1] 1| 0o|-4| 2| 3
(gof)(x) | —-1|—-3| 4| —-4]-2 1 21 0] 3

flg(x) = Bx+2)2+1,9(f(z)) =3(x% + 1)+ 2,80 922 + 122 + 5 = 322 + 5,622 + 122 = 0,2 = 0, —2.

For g(h(z)) to be defined, we require h(z) # 0, i.e. = # +1. For f(g(h(z))) to be defined, we also require
g(h(z)) # 1, ie.  # +v/2. So the domain of f o g o h consists of all x except +1 and 4++/2. For all z in the
domain, (fogoh)(x) =1/(2 — 22).

(a) even x odd = odd (b) odd x odd = even (c) even + odd is neither (d) odd x odd = even

(a) The circle of radius 1 centered at (a,a?); therefore, the family of all circles of radius 1 with centers on the

parabola y = 2.

(b) All translates of the parabola y = 22 with vertex on the line y = z/2.

y
60 -

20 -

| | !

. :/100 300\

2
(b) When %(t —101) = 3%, or t = 374.75, which is the same date as ¢t = 9.75, so during the night of January
10th-11th.

(¢) From t =0 to ¢t = 70.58 and from ¢ = 313.92 to ¢ = 365 (the same date as t = 0), for a total of about 122
days.

When 2 = 0 the value of the green curve is higher than that of the blue curve, therefore the blue curve is given by
y=1+42sinz.

The points A, B, C, D are the points of intersection of the two curves, i.e. where 14-2sinx = 2sin(z/2)+2 cos(x/2).
Let sin(x/2) = p,cos(z/2) = q. Then 2sinx = 4sin(z/2) cos(z/2) (basic trigonometric identity), so the equation
which yields the points of intersection becomes 1 + 4pg = 2p + 2¢q,4pg —2p — 29 +1 = 0,(2p — 1)(2¢ — 1) = 0;
thus whenever either sin(x/2) = 1/2 or cos(x/2) = 1/2, i.e. when /2 = 7/6,57/6,+7/3. Thus A has coordinates
(—27/3,1 — V/3), B has coordinates (7/3,1 + v/3), C has coordinates (27/3,1 + v/3), and D has coordinates
(57/3,1 —/3).

(a) f(g(z)) =z for all = in the domain of g, and g(f(x)) = « for all z in the domain of f.
(b) They are reflections of each other through the line y = x.
(c¢) The domain of one is the range of the other and vice versa.

(d) The equation y = f(x) can always be solved for x as a function of y. Functions with no inverses include

y=a2 y=sinz.

. 1/3
@ o= 1) =8~ 1 o) =y = (T ) =gl D
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(b) f(x) = (z — 1)%; f does not have an inverse because f is not one-to-one, for example f(0) = f(2) = 1.
() z=fy)=(e")+1 f(z)=y=InVoz—1=LIn(z—1).
y+2 . T +2
d = = — = = .
@ == ) =22 ) =y = 2F2
. 1-2y -1 1
e - = ; = = .
(@ 2= ) =sin (*=2 )i 1) =y = 5
(f) ! fan (=7, Th £ f consists of all # < —~— or > —2 this is al
r=-—————;y = tan . The range of f consists of all x or so this is also
1+ 3tan 1y 3z & 37— 2 37+ 2
1—=x -2 2
h inof f~'. H “Hz) = —-— .
the domain of f ence f~ () tan< 7 >,x<37r_20r:5>37r+2
29. Draw right triangles of sides 5, 12, 13, and 3, 4, 5. Then sin[cos™!(4/5)] = 3/5, sinfcos™1(5/13)] = 12/13,
cos[sin~*(4/5)] = 3/5, and cos[sin~*(5/13)] = 12/13.
412
(a) cos[cos™!(4/5) +sin~*(5/13)] = cos(cos™*(4/5)) cos(sin~*(5/13) — sin(cos ! (4/5)) sin(sin "' (5/13)) = 13
55 3
513 65
4
(b) sin[sin™*(4/5) 4 cos™'(5/13)] = sin(sin " (4/5)) cos(cos ™' (5/13)) + cos(sin~*(4/5)) sin(cos ™ (5/13)) = g% +
31256
513 65
31. y =5 ft = 60 in, so 60 = logx, x = 100 in ~ 1.58 x 1055 mi.
33. 3In(e*"(¢”)®) + 2exp(In1) = 3Ine*” + 3In(e®)® +2- 1 = 3(2z) + (3 3)z + 2 = 15z + 2.
y
yf
) X
=
2k
35. (a)
(b) The curve y = e~®/?sin 2z has x—intercepts at = —7/2,0,7/2,7,37/2. It intersects the curve y = e~*/2
at x = m/4,5m/4 and it intersects the curve y = —e~%/2 at x = —m/4, 37 /4.
200
100
37. (a)

(b) N =80 when ¢t = 9.35 yrs.

(c) 220 sheep.
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39. (a) The function Inz — 292 is negative at 2 = 1 and positive at z = 4, so it is reasonable to expect it to be zero
somewhere in between. (This will be established later in this book.)

(b) x = 3.654 and 3.32105 x 10°.

41. (a) The functions 22 and tanz are positive and increasing on the indicated interval, so their product z2 tanx is
also increasing there. So is Inz; hence the sum f(r) = 2% tanz + Inx is increasing, and it has an inverse.

Ay j
-
//
L

/2 =
-1 _ A
y=f(x) N
Ve
y:x//
y=f(x)

(b)

The asymptotes for f(x) are z = 0, z = 7/2. The asymptotes for f~!(z) are y = 0,y = 7/2.
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Limits and Continuity

Exercise Set 1.1

1. (a) 3 (b) 3 (c) 3 (d) 3

3. (a) —1 (b) 3 (c) does not exist (@) 1

5. (a) 0 () 0 (c) 0 (d) 3

7. (a) —o0 (b) —oo (c) —oo (d) 1

9. (a) +oo (b) +oo (c) 2 (d) 2 (e) —oo (f) 2=-2,0=0,z=2
11. ()| —o0.01 —0.001 | —0.0001 | 0.0001 0.001 0.01

0.9950166 | 0.9995002 | 0.9999500 | 1.0000500 | 1.0005002 | 1.0050167

1.095
-0.01 ! —/ 0.01
(i) 0.995 The limit appears to be 1.
13. (a) 2 1.5 1.1 1.01 | 1.001 0 0.5 0.9 0.99 | 0.999

0.1429 | 0.2105 | 0.3021 | 0.3300 | 0.3330 | 1.0000 | 0.5714 | 0.3690 | 0.3367 | 0.3337

0 The limit is 1/3.

(b) 2 1.5 1.1 1.01 | 1.001 | 1.0001
0.4286 | 1.0526 | 6.344 | 66.33 | 666.3 | 6666.3

21
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50

1 12

0 The limit is +oo.

() 0.5 0.9 0.99 0.999 | 0.9999
—1| —1.7143 | —7.0111 | —67.001 | —667.0 | —6667.0
0

0 Il

—5; The limit is —oo.

15. (a)| —0.25 | —0.1 | —0.001 | —0.0001 | 0.0001 | 0.001 0.1 0.25
2.7266 | 2.9552 | 3.0000 | 3.0000 | 3.0000 | 3.0000 | 2.9552 | 2.7266

RN

1 S e R R e
2 The limit is 3.

M) |o| —05 | —09 | -099 | -0999 | —1.5 ~1.1 | —1.01 | —1.001
117552 | 6.2161 | 54.87 | 541.1 | —0.1415 | —4.536 | —53.19 | —539.5

PN
0

-60 The limit does not exist.
17. False; define f(z) = x for © # a and f(a) = a+ 1. Then lim,, f(z) =a # f(a) =a+ 1.

19. False; define f(z) =0 for z < 0 and f(z) =z + 1 for £ > 0. Then the left and right limits exist but are unequal.

2
-1
27. Mgee = v T = 2 — 1 which gets close to —2 as x gets close to —1, thus y — 1= —2(z + 1) or y = =22 — 1.
x
2t —1 3 9
29. Mgee = T = x° + x* + x + 1 which gets close to 4 as x gets close to 1, thus y — 1 =4(x — 1) or y = 4x — 3.
T —

31. (a) The length of the rod while at rest.
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(b) The limit is zero. The length of the rod approaches zero as its speed approaches c.

3.5
-1\ : } 1
33. (a) 25 The limit appears to be 3.
3.5
—-0.001 \c : JOOOI
(b) 2.5 The limit appears to be 3.
3.5
—0.000001 \< : : =/ 0.000001
(c) 2.5 The limit does not exist.

Exercise Set 1.2
1. (a) By Theorem 1.2.2, this limit is 2+ 2 - (—4) = —6.
(b) By Theorem 1.2.2, this limit is 0 — 3 - (—4) + 1 = 13.
(c) By Theorem 1.2.2, this limit is 2 - (—4) = —8.
(d) By Theorem 1.2.2, this limit is (—4)% = 16.

(e) By Theorem 1.2.2, this limit is v/6 + 2 = 2.

2 1
(f) By Theorem 1.2.2, this limit is =) =-3

3. By Theorem 1.2.3, this limit is 2-1-3 = 6.

5. By Theorem 1.2.4, this limit is (32 —2-3)/(3 + 1) = 3/4.

4

-1
. =23+ 22+ 241, and the limit is 13+ 12+ 1+ 1 = 4.

7. After simplification, x

x2—|—6x—|—5_z+5
22—-3x—4 ax-—4’

9. After simplification, and the limit is (=1 +5)/(—1 —4) = —4/5.

202 +x—1 -

11. After simplification, 1 =2z — 1, and the limit is 2- (—-1) — 1 = —3.
x
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13. After simplification, T 0L —12EHA A2 it ds (22 4 52— 2)/(22 4 2-2) = 3/2.
15— 4t 2 + 2t
15. The limit is 4-oc0.
17. The limit does not exist.
19. The limit is —oo.
21. The limit is +o0.
23. The limit does not exist.
25. The limit is +o0.
27. The limit is +o0.
29. After simplification, % =/ + 3, and the limit is v9 + 3 = 6.

31.

33.

35.

37.

39.

41.

43.

45.

47.

(@ 2 (b)) 2 (c) 2
True, by Theorem 1.2.2.

False; e.g. f(x) =2z, g(z) = z, so lim f(z) = lim g(z) =0, but lim f(z)/g(x) = 2.
z—0 z—0 z—0

\/x+4—2_ 1
x oz +4+2

After simplification, , and the limit is 1/4.

3
T

(a) After simplification,
x

-1
T = 22 + z + 1, and the limit is 3.

(b)

1 1 x—1
li —— =) =1 = —o0.
(b) lim, ( ) x:%a( ) o0

1 1-
For x # 1, ezt ® and for this to have a limit it is necessary that lim(z +1—a) =0, i.e.
r—1 a22-1 22 —1 o1
2 r+1-2 -1 1 1 1

a = 2. For this value, — = = = and lim —— = —.
r—1 z2-1 2 -1 2—-1 z+1 =1z +1 2

The left and/or right limits could be plus or minus infinity; or the limit could exist, or equal any preassigned real
number. For example, let g(x) = z — x¢ and let p(z) = a(xz — x¢)™ where n takes on the values 0,1, 2.

Clearly, g(x) = [f(x) + g(x)] ~ f(x). By Theorem 1.22, lim [f(x) + g(x)] ~ lim f(x) = lim [f(x) + g(2) ~ /()] =

T—a T—a
lim g(x).
r—a
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Exercise Set 1.3

1.

3.

11.
13.
15.
17.
19.
21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

(a) —o0 (b) +o0
(a) 0 (b) —1
. (a) 3+3-(=hH)=-12 (b) 0—4-(-5)+1=21 (c) 3-(-5)=-15 (d) (=5)?2=25

(e) vV5+3=2 (f) 3/(-5)=-3/5 (g) O

(h) The limit doesn’t exist because the denominator tends to zero but the numerator doesn’t.

(@ = 0.1 0.01 0.001 0.0001 0.00001 | 0.000001
f(z) | 1.471128 | 1.560797 | 1.569796 | 1.570696 | 1.570786 | 1.570795

The limit appears to be ~ 1.57079.. ..

(b) The limit is 7/2.

. The limit is —oo, by the highest degree term.

The limit is +o0.

The limit is 3/2, by the highest degree terms.
The limit is 0, by the highest degree terms.
The limit is 0, by the highest degree terms.
The limit is —oo, by the highest degree terms.

The limit is —1/7, by the highest degree terms.

The limit is {/—5/8 = —+/5 /2, by the highest degree terms.
2
2_9 5— =2
v 5“: —— = Y% when 2 < 0. The limit is —5.
.’L‘ J— —_ =
2—y -+

when y < 0. The limit is 1/v/6.

VT+6y7 Vi +6

/32 3+ %
3z —|—x: 8'3 when z < 0. The limit is v/3.

£C2_8 1—?
Vaz+3 4z 3
lim (V22+3 —2)——— = lim ———— =0, by the highest degree terms.
-T—H‘OO( )\/:r2+3 +x  wotoo 2243+ Y & 5

14+e2® 140
Divide the numerator and denominator by e”: lim te — -0 1.

ztool—e 20 1—0

The limit is —oo.

r+1
T

1 2z 1\? 2
False: lim (1+ ) = [ lim <1_|_ ) } — 2
T—r+00 x r——+00 x

1 1)*
=1+ -,s0 lim M
x

T— 400 b

= e from Figure 1.3.4.
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43

45.

47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

67.

True: for example f(z) = sinz/x crosses the x-axis infinitely many times at x = nm,n =1,2,....

It appears that t_l>i+moo n(t) = 400, and t_l>i+moo e(t) =c.

(a) +o0 (b) -5

xgrzloop(x) = +oo. When n is even, xgriloop(x) = +o0; when n is odd, gcEr}_loop(yc) = —o0.

(a) No. (b) Yes, tanz and secx at © = nw + 7/2 and cotx and cscx at x = nm,n =0,+1,+2,.. ..

2

(a) Every value taken by ¢® is also taken by ef: choose t = z?. As x and t increase without bound, so does

et =e . Thus lim e® = lim e = +oo.

r—+00 t—+oo
(b) If f(t) — +oo (resp. f(t) = —oo) then f(¢) can be made arbitrarily large (resp. small) by taking ¢ large
enough. But by considering the values g(x) where g(z) > ¢, we see that f(g(z)) has the limit +o0o too (resp. limit
—00). If f(t) has the limit L as t — +oo the values f(t) can be made arbitrarily close to L by taking ¢ large
enough. But if z is large enough then g(x) > t and hence f(g(z)) is also arbitrarily close to L.

(c) For lim the same argument holds with the substitutiion "« decreases without bound” instead of ”x increases
T——00

without bound”. For lim substitute "z close enough to ¢,z < ¢”, etc.
g ) )
r—c—

t= 1/x7t_lg_noof(t) = +4o0.
t=csc ac,t_lgrnoo f(t) = +oo.

In2 t+In2
Let t = Inx. Then t also tends to +o0, and mer_thm

= — the limit is 1.
32 t—|—1n3’SO e limit is

I\
Set t = —z, then get . lim (1 + t) = e by Figure 1.3.4.
t— — o0

0 ifh<1,
From the hint, lim 5% = lim eM™®* ={ 1 ifb=1,
Tr—r+00 T—r+00

+oo ifb> 1.

v

200 -

160 |-

120

80 |-

40 |

| | | | | 1
(a) 4 8 12 16 20

(b) tlim v =190 (1 — lim 670'16825) = 190, so the asymptote is v = ¢ = 190 ft/sec.
— 00

t—o0

(c) Due to air resistance (and other factors) this is the maximum speed that a sky diver can attain.

(a) n 2 3 4 5 6 7
1+10™ 1.01 | 1.001 | 1.0001 | 1.00001 | 1.000001 | 1.0000001
1+10" 101 | 1001 | 10001 | 100001 | 1000001 | 10000001

(14 1077)1+10" [ 27319 | 2.7196 | 2.7184 | 2.7183 | 2.71828 | 2.718282
The limit appears to be e.
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(b) This is evident from the lower left term in the chart in part (a).
(c) The exponents are being multiplied by a, so the result is e®.

69. After a long division, f(z) =2 +2+

,s0 lim (f(z) — (z+2)) =0 and f(x) is asymptotic to y = = + 2.

x—2 rz—too
The only vertical asymptote is at x = 2.

AY

15—I //
o //
oL\ /
|\
y

;50 lim (f(2)—(—2241)) = 0 and f(x) is asymptotic toy = —a?+1.

r—3 r—+o0
The only vertical asymptote is at x = 3.

71. After along division, f(z) = —2?+1+

73. lirﬂlzl (f(z) —sinz) = 0 so f(x) is asymptotic to y = sinx. The only vertical asymptote is at = = 1.
Tr—rT 00

Exercise Set 1.4
1. (a) |f(z) — f(0)| = |z +2 — 2| = |z| < 0.1 if and only if |2| < 0.1.
(b) |f(z) — f(3)] = |(4z —5) — 7| = 4|z — 3] < 0.1 if and only if |z — 3| < (0.1)/4 = 0.025.
() If(z) — f(4)] = |22 — 16| < € if | — 4] < 5. We get f(z) = 16 + € = 16.001 at x = 4.000124998, which
corresponds to 6 = 0.000124998; and f(z) = 16 — e = 15.999 at x = 3.999874998, for which ¢ = 0.000125002. Use
the smaller §: thus |f(z) — 16| < € provided |x — 4| < 0.000125 (to six decimals).

3. (a) 2o = (1.95)% = 3.8025, 21 = (2.05)? = 4.2025.
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(b) & = min (|4 — 3.8025], |4 — 4.2025| ) = 0.1975.
5. |(2®—4x+5)—2| < 0.05 is equivalent to —0.05 < (23 —4z+5)—2 < 0.05, which means 1.95 < 23 —4z+5 < 2.05. Now
23 —4x+5 =195 at 2 = 1.0616, and 2> —4x+5 = 2.05 at = 0.9558. So § = min (1.0616 — 1,1 — 0.9558) = 0.0442.
2.2
0.9 - 2 1.1
1.9
7. With the TRACE feature of a calculator we discover that (to five decimal places) (0.87000, 1.80274) and (1.13000, 2.19301)
belong to the graph. Set zyp = 0.87 and 27 = 1.13. Since the graph of f(z) rises from left to right, we see that if
xo < x < 7 then 1.80274 < f(z) < 2.19301, and therefore 1.8 < f(x) < 2.2. So we can take 6 = 0.13.
9. |22 — 8| = 2|z — 4] < 0.1 when |z — 4] < 0.1/2 = 0.05 = 4.
2 _ 2 _qg_ 1 2 _
11. If = # 3, then il Y ) el e ] O Ll = |z — 3| < 0.05 when |z — 3| < 0.05 = 4.
- r—3 -3
13. Assume § < 1. Then —1 < 2 —2 < 1 means 1 < z < 3 and then |23 — 8| = |(z — 2)(2? + 2z + 4)| < 19]z — 2|, so
we can choose 6 = 0.001/19.
1 1] |z—=5| |z—5]
15. Assume 0 < 1. Then —1 < 2z —5 < 1 means 4 < z < 6 and then |— — =15 < 50 so we can choose
x x
0=0.05-20=1.
17. Let € > 0 be given. Then |f(z) — 3| = |3 — 3| = 0 < € regardless of z, and hence any ¢ > 0 will work.
19. |3z — 15| =3z — 5| <eif |z — 5] <¢€/3, 5 =¢/3.
2 2
21. |2 ;_x — 1' =2z| < eif |z] <€/2, 0 =¢/2.
23. |f(x)=3|=lz+2-3|=|z—-1l<eif0<|z—1|<e¢ d=c¢.
25. If € > 0 is given, then take § = ¢; if |x — 0| = |z| < §, then |z — 0| = |z| < e.
27. For the first part, let € > 0. Then there exists ¢ > 0 such that if a < z < a+ 0 then |f(z) — L| < e. For the left
limit replace a < x < a+9J witha — 6 < z < a.
29. (a) |(322 + 2z — 20 — 300| = |322 + 2z — 320| = |(3z + 32)(z — 10)| = |3z + 32| - |z — 10].
(b) If |x — 10| < 1 then |3z 4 32| < 65, since clearly = < 11.
(c) 6 =min(1,e/65); |32+ 32|z — 10| < 65 |z — 10| < 65 - ¢/65 = e.
31. If § < 1 then [222 — 2| = 2|z — 1||]z + 1] < 6]z — 1| < € if |z — 1] < €/6, s0 § = min(1,¢€/6).
33. If 6 < 1/2 and |z — (—2)| < d then —5/2 <z < —3/2, x+1 < —1/2, |z + 1| > 1/2; then

1
z+1

|z +2
|z + 1]

<2z 42| <eif [x+2| <e/2,50 5 =min(1/2,€¢/2).

- (1)
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2 —4 1

35. [VZ—2| = (VT — )?L’ \”}H‘ Sle =4/ < eif |2 — 4] < 2€, 50 6§ = min(2e,4).

37. Let € > 0 be given and take § = e. If || < §, then |f(x) — 0| = 0 < € if x is rational, and |f(x) — 0] = |z| < J =€

39.

41.

43.

45.

47.

49.

51.

53.

55.

57.

59.

61.

if « is irrational.
(a) We have to solve the equation 1/N? = 0.1 here, so N = /10.

(b) This will happen when N/(N + 1) = 0.99, so N = 99.

(c) Because the function 1/z% approaches 0 from below when & — —o0o, we have to solve the equation 1/N? =

—0.001, and N = —10.

(d) The function z/(x+1) approaches 1 from above when  — —o0, so we have to solve the equation N/(N +1) =

1.01. We obtain N = —101.

2 2
U _ Jl=e om0 _ Jl-e
(a)l—i—x%_l €, T = p 1+x§_1 €, To = .
1_
(b) N = (¢) N=—/—=

1
— < 0.01 if |z > 10, N = 10.
X

L 1| =|——| <0001 if |z + 1] > 1000, = > 999, N = 999.
z+1 z+1
1
$+2—0‘<0.005if|az+2>200, —z—2> 200, z < —202, N = —202.
4z —1 11 .
-2l = < 0.1if |22 4 5| > 110, =2z — 5 > 110, 2z < —115, z < —57.5, N = —57.5.
2z +5 22 +5
1 1
— | <eif |z > so N =—.
Ve Ve
4r —1 9l —
2z +5 2245
soN:f§fE.
2 2
2V Ll _| 2
VT —1 NV
@) + > 100if 2] < — (b) —— > 1000 if [z — 1] < ——
— 1 — R 1
22 1570 iz — 1] 7 1000
(c) -1 1000 if |z — 3| < (d) L 10000 if 2 <
c) ——m5 < — i |z — -—— <= iz
(x —3)2 10\/> 4
If M > 0 then ! > M when 0 < (z 3)2<1 or0< |z —3| <
_ W _ 2 _ L
(z — 3)2 M
If M > 0 the i>M hen 0 < | |<i 505*i
n|x‘ when T iR =

11 11 11
<61f|2x+5|>— i.e. when —2x — 5>— which means 20 < —— —5,or v < —— — =
€ €

2
2 2 2
’<eif\/§—1>7i.e. When\/f>1+,orx>(1+) ,SON:<1+
€ € € €

,800 = ——.

)
9’
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63

65.

67.

69.

71.

73.

1 s_ 1
(A T

IfM<Othenf%<Mwhen0<x4<f%,or|x|<
Ifz>2then|z+1-3|=jx—2/=2—-2<cif2<z<2+4+¢s00=c¢.
Ifz>4then Vo —4d<eifz—4<e?, ord<az<4+e, 500 =¢e.

If x > 2 then |[f(z) —2|=|z—2|=2—-2<eif2<x<2+4¢€5s00=¢

(a) Definition: For every M < 0 there corresponds a 6 > 0 such that if 1 <z < 146 then f(x) < M. In our case

1 1

we want - <M,ie. 1—x> M,orx<I—M,sowecanchooseéz—ﬂ.

(b) Definition: For every M > 0 there corresponds a 6 > 0 such that if 1 — ¢ < x < 1 then f(z) > M. In our case
1 1

we want T >M,ie. 1—z< M,orx>1—M,sowecanchoose6:M.

(a) Given any M > 0, there corresponds an N > 0 such that if > N then f(x) > M, ie. 24+ 1> M, or
r>M-—-1,s0 N=M — 1.

(b) Given any M < 0, there corresponds an N < 0 such that if < N then f(z) < M, ie. z4+1 < M, or
r<M-—-1,s0 N=M — 1.

3.0 3 3
(e) It approaches infinity.
Exercise Set 1.5
1. (a) No: liﬁm2 f(x) does not exist. (b) No: liﬁm2 f(x) does not exist. (¢) No: lin217 flx) # f(2).
(d) Yes. (e) Yes. (f) Yes.
3. (a) No: f(1) and f(3) are not defined. (b) Yes. (c) No: f(1) is not defined.
(d) Yes. (e) No: f(3) is not defined. (f) Yes.
5. (a) No. (b) No. (c) No. (d) Yes. (e) Yes. (f) No. (g) Yes.
y y
/\ - °
17
7. (a) 3 > by T 3
l*y [ ] Y
°

i 2 3
(c) 1/ (d) /
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9.

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

C
- O—
o—e
- o—e
o—e
- o—e
o—e
$4-  o—e
o—e
o—e .
| | | | | | | |
(a) 1 2

(b) One second could cost you one dollar.

None, this is a continuous function on the real numbers.
None, this is a continuous function on the real numbers.
The function is not continuous at x = —1/2 and z = 0.
The function is not continuous at x =0, x =1 and z = —1.

None, this is a continuous function on the real numbers.

16
None, this is a continuous function on the real numbers. f(z) = 2z + 3 is continuous on z < 4 and f(z) =7+ —
x

is continuous on 4 < x; lim f(z) = lim+ f(z) = f(4) = 11 so f is continuous at x = 4.
r—4- r—4
True; by Theorem 1.5.5.

False; e.g. f(x)=g(x)=2ifx #3, f(3) =1, ¢(3) =3.
True; use Theorem 1.5.3 with g(x) =/ f(z).

(a) f is continuous for z < 1, and for > 1; lim f(z) =5, lim+ f(z) =k, soif k =5 then f is continuous for
r—1— r—1

all x.

(b) f is continuous for x < 2, and for = > 2; 111;1 (z) = 4k, lir121+ fl@)=4+k,soif 4k =4+ k, k =4/3 then f
x—2— x—
is continuous for all x.
f is continuous for x < —1, -1 <z < 2 and = > 2; lim f(z) =4, hn11+ f(x) =k, so k =4 is required. Next,
r——
lim f(z) =3m+k=3m+4, lim+ f(z)=9,803m+4=9,m=05/3 and f is continuous everywhere if k =4
T2~ r—2
and m = 5/3.

y\\ﬂ\ y
°
\ X \ y
(a) ¢ (b) ¢
(a) x=0, lim f(z)=-1#+1= lim f(z) so the discontinuity is not removable.
z—0— x—0

(b) x = —3; define f(-3) = -3 = limgf(x), then the discontinuity is removable.
T——

(c) f is undefined at = £2; at = 2, lim2 f(z) =1, so define f(2) = 1 and f becomes continuous there; at
r—r

T = =2, lim2 f(z) does not exist, so the discontinuity is not removable.
T—r—
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y

5H

— o . X
} 5
-5
37. (a) Discontinuity at = 1/2, not removable; at x = —3, removable.
(b) 222 + 52 —3 = (22— 1)(z + 3)

39. Write f(x) = 2%/°> = (23)!/® as the composition (Theorem 1.5.6) of the two continuous functions g(x) = 2 and
h(z) = x'/%; it is thus continuous.

41. Since f and g are continuous at & = ¢ we know that ligl f(z) = f(c) and liin g(x) = g(c). In the following we use
Theorem 1.2.2. )

(a) fle)+g(c) = liin f(z) + lim g(x) = liin (f(x) + g(z)) so f + g is continuous at z = c.
x (& r—cC €T C
(b) Same as (a) except the + sign becomes a — sign.
(c) f(e)g(e) = lim f(;v)hin g(x) = lim f(z)g(x) so fg is continuous at z = c.
r—cC x c Tr—cC
43. (a) Let h =2 — ¢, = h + ¢. Then by Theorem 1.5.5, %ir% f(h+c)= f(%ir%(h +¢)) = f(o).
— —
(b) With g(h) = f(c+h), }lbin%) g(h) = }lbh% fle+h) = f(c) = g(0), so g(h) is continuous at h = 0. That is, f(c+h)
— —
is continuous at A = 0, so f is continuous at x = c.

45. Of course such a function must be discontinuous. Let f(z) =1on0<z <1,and f(z)=—-1lon 1<z <2.

47. If f(x) = 23 + 22 — 22 — 1, then f(—1) =1, f(1) = —1. The Intermediate Value Theorem gives us the result.

49. For the negative root, use intervals on the z-axis as follows: [—2,—1]; since f(—1.3) < 0 and f(—1.2) > 0, the
midpoint 2 = —1.25 of [—1.3, —1.2] is the required approximation of the root. For the positive root use the interval
[0, 1]; since f(0.7) < 0 and f(0.8) > 0, the midpoint = 0.75 of [0.7,0.8] is the required approximation.

51. For the positive root, use intervals on the z-axis as follows: [2,3]; since f(2.2) < 0 and f(2.3) > 0, use the interval
[2.2,2.3]. Since f(2.23) < 0 and f(2.24) > 0 the midpoint = = 2.235 of [2.23,2.24] is the required approximation
of the root.

53. Consider the function f(0) = T(0 4+ w) — T(#). Note that T has period 2w, T(0 + 27) = T(0), so that f(6 +7) =
TO+27)—TO+7)=—(TO+7)—T(0)) = —f(0). Now if f(#) = 0, then the statement follows. Otherwise,
there exists 6 such that f(6) # 0 and then f(6 + 7) has an opposite sign, and thus there is a ¢y between 6 and
0 4+ 7 such that f(to) = 0 and the statement follows.

55. Since R and L are arbitrary, we can introduce coordinates so that L is the z-axis. Let f(z) be as in Exercise 54.

Then for large z, f(z) = area of ellipse, and for small z, f(z) = 0. By the Intermediate Value Theorem there is a
z1 such that f(z1) = half of the area of the ellipse.

Exercise Set 1.6

1.

3.

This is a composition of continuous functions, so it is continuous everywhere.

Discontinuities at * = nm,n =0,4+1,+2, ...
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5. Discontinuities at  =nmw, n =0,+1,£2,...
. o m o
7. Discontinuities at x = 5 + 2n7, and x = 5 +2nm, n=0,£1,£2,...
9. sin~!w is continuous for —1 <wu <1, s0 -1 <2z <1, or —-1/2<z<1/2.
11. (0,3) U (3,00).
13. (—o0,—1JU[1,0).
15. (a) f(z) =sinz, g(z) = 23 + 7z + 1. (b) f(z) = ||, g(x) = sinzx. (c) f(z) =23, g(x) = cos(z +1).
17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

lim cos (1> = cos < lim 1> =cos0=1.
T—r+00 X x——+oco I

1
lim sin~! 1: =sin~'( lim a: =sin ! [-2) = —z.
z—> 400 1—2x z—+o00 1 — 22 2 6

. lim sinx

lim e®"® = e<rﬁ0 ) =e' =1.

x—0

lim sin 30 — 3 lim sin 30 _3

6—0 6—0 360

lim Linﬂ = lim 1 lim Linﬁ = 400

00+ 62 - 00+ 6 ) o0+ 0 - '

tan 7x _ 7 sin 7x 3x < lim tan 7x _ L 1.1 z

sin3z  3cos7x T7r sin3z’  «-0sin3z 3.1 3
. 1 .
Smr_ lim /2 lim S =0.

1m ——-e =
z—0t 5\/.% 5 z—0+ z—0t I

<2 <2
lim Smr <lim x) <lim sm;c ) =0.

z—=0 T z—0 =0 T

2 ? 2
— = — so lim ———— =1
1 —cos?t (sint) "7 1=0 1 — cos? t

02

92 1+cos0_02(1+cos0):( 4 (1)2.2=2.

2
' = 1 9), so li
1—cosf 14 cosb 1 — cos26 > (14 cosf), so lim

sin 0 001 —cosf

1
lim sin () = lim sint, so the limit does not exist.
r—0+ xT t——+o0
2 — cos 3x — cos 4z 1—cos3x 1—cosdx 1 — cos3x 1—cos3xr 14 cos3x sin? 3z
= + . Note that = . = =
x x x x x 1+cos3z  z(1+ cos3x)
sin 3 in 3
sindz  sin3z Thus
x 1+ cos3x
2 —cos3x — cosdx sin 3x sin 3x . sindx sin4dx

lim = lim . im .
2—0 x z—0 I 1+cos3xz =z—0 =z 1+ cosdx

=3-0+4-0=0.



34 Chapter 1
41. (a) 4 4.5 4.9 5.1 5.5 6
0.093497 | 0.100932 | 0.100842 | 0.098845 | 0.091319 | 0.076497
The limit appears to be 0.1.
. sin(xz — 5) ) )
(b) Let t =2 —5. Thent — 0 as * — 5 and lim ———-+ = lim lim — = —
z—5 12 — 25 z—5 ¢ + 5 t—0
43. True: let € > 0 and § = e. Then if |z — (—1)| = |« + 1| < J then |f(z) + 5| < e.
45. False; consider f(z) = tan™!x.
47. (a) The student calculated z in degrees rather than radians.
inz°

49.

51.

53.

55.

57.

59.

61.

63.

65.

(b) sinz® = sint where x° is measured in degrees, ¢ is measured in radians and ¢t =

sint T

150 (180t/7) — 180°

ink 1
dim f(z) = k limy /c;l:Tg/ix =k, lim_f(z) =2k, so k= 2k% and the nonzero solution is k = 5.
sint
lim — =1
(@) o =
1 —cost
(b) lim L (Theorem 1.6.3).
t—0~ t
(c) sin(m —t) = sint, so lim 7% =1
z—m sinx  t—0sint
. . . . sin(nmx)
t =2 — 1; sin(wz) = sin(wt + 7) = —sin7t; and lim =—
rx—1 I — ]_

t = x — /4, cos(t + w/4) = (V2/2)(cost — sint), sin(t + 7/4) = (V/2/2)(sint + cost), so

ﬁsint. I cosx—sinm:_\@hm sint__\/i

— ; lim ——
t /4 LU—7T/4 t—0
sinx
lim = lim =1.

z—=0s8in” " x z—=0 X

-
5lim S 5T _ 5 iy 2%
z—0 5x z—0 sin dx

50
—|z| <z cos (W) < |z|, which gives the desired result.
x

Since lim sin(1/x) does not exist, no conclusions can be drawn.

z—0

lim f(z) = 0 by the Squeezing Theorem.

xr——+00

cosr —sinx
x—m/4

7rx0. Thus lim i =

z°—0 °
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67. (a) Let f(x) =z —cosz; f(0) = —1, f(n/2) = /2. By the IVT there must be a solution of f(z) = 0.

y

1.5

y=x
1

0.5 _

¥y =cos x
X
(b) © 72 (c) 0.739

69. (a) Gravity is strongest at the poles and weakest at the equator.

8
9.84 |-

9.82 |-

9.80 |-

¢

30 60 90

(b) Let g(¢) be the given function. Then ¢(38) < 9.8 and ¢(39) > 9.8, so by the Intermediate Value Theorem
there is a value ¢ between 38 and 39 for which g(c) = 9.8 exactly.

Chapter 1 Review Exercises

1. (a) 1 (b) Does not exist. (c) Does not exist. (d) 1 (e) 3 (f) 0 (g) O

(h) 2 (i) 1/2

3. (a)| =z |-0.01 |-0.001 | -0.0001 | 0.0001 | 0.001 | 0.01
f(z) | 0.402 | 0.405 | 0.405 0.406 | 0.406 | 0.409

y
0.5
(b) =1 L
(-1)° ~ (12

5. The limit is =1.

-1-1



36

Chapter 1

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

3z +9 3 3
It —3 th = ith limit ——.
x # —3 enx2+4m+3 x—i—lWI imit —5
. L2032
. By the highest degree terms, the limit is 3=3
(a) y=0. (b) None. (¢) y=2.
sin 3z o
If « #£ 0, then = cos 3z, and the limit is 1.
tan 3z
If z # 0, then M =3- ksmk(kx)’ so the limit is 3 — k.
x

Ast — m/27, tant — —o0, so the limit in question is 0.

(o02) -

$2,001.60, $2,009.66, $2,013.62, $2013.75.

3 z/3 (=3)
(1 + ) ] , so the limit is e=3.
x

(a) f(x) = 20/(x - 1).

101‘

(b)
(a) lim f(x) = 5.

(b) § = (3/4) - (0.048/8) = 0.0045.

(a) |4z — 7 — 1] < 0.01 means 4|z — 2| < 0.01, or |z — 2| < 0.0025, so § = 0.0025.

422 -9
2z — 3

(b)

— 6‘ < 0.05 means |2z + 3 — 6] < 0.05, or |« — 1.5 < 0.025, so § = 0.025.

(c) |z% — 16| < 0.001; if § < 1 then |z + 4| < 9 if |x — 4| < 1; then |22 — 16| = |z — 4|z + 4] < 9|z — 4] < 0.001
provided |z — 4] < 0.001/9 = 1/9000, take & = 1/9000, then |#2 — 16| < 9]z — 4| < 9(1/9000) = 1/1000 = 0.001.

Let € = f(x0)/2 > 0; then there corresponds a § > 0 such that if |z — z¢| < 0 then |f(z) — f(zo)| < ¢,

—e < f(x) = f(xo) <€, f(x) > flxg) —e= f(x0)/2 >0, for zg — 6 <z < x09+9.

(a) f is not defined at z = +1, continuous elsewhere.
(b) None; continuous everywhere.

(c) f is not defined at = 0 and = = —3, continuous elsewhere.

For z < 2 f is a polynomial and is continuous; for x > 2 f is a polynomial and is continuous.

f(2)=-13#13= lirgl+ f(x), so f is not continuous there.
z—

At z = 2,
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b b
at and f(z) =1 for ot

35. f(a)=—1lfora<azx< < x < b; f does not take the value 0.

37. f(—6) =185, f(0) = —1, f(2) = 65; apply Theorem 1.5.8 twice, once on [—6, 0] and once on [0, 2].

Chapter 1 Making Connections

1. Let P(z,2?%) be an arbitrary point on the curve, let Q(—z,x?) be its reflection through the y-axis, let O(0,0) be
the origin. The perpendicular bisector of the line which connects P with O meets the y-axis at a point C(0, A(x)),
whose ordinate is as yet unknown. A segment of the bisector is also the altitude of the triangle AOPC which is
isosceles, so that CP = CO.

Using the symmetrically opposing point @ in the second quadrant, we see that OP = OQ too, and thus C is
equidistant from the three points O, P, Q and is thus the center of the unique circle that passes through the three
points.

3. Replace the parabola with the general curve y = f(x) which passes through P(z, f(z)) and S(0, f(0)). Let the
perpendicular bisector of the line through S and P meet the y-axis at C'(0,)), and let R(z/2,(f(x) — \)/2)
(

(
be the midpoint of P and S. By the Pythagorean Theorem, S’ = RS + ﬁQ, or (A — f(0))? = 2%/4 +

K10 ) gy [£2400 )
. 1 z?
which yields A = B {f(O) + f(z) + f(x)f(())} .
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The Derivative

Exercise Set 2.1

1. (a) mean = (50 —10)/(15 — 5) = 40/10 = 4 m/s.

@5
EHT |
230 \
211 |
2l
>
0 5 10 15 20
(b) Time (s)

3. (a) (10—10)/(3—0) =0 cm/s.
(b) t=0,t=2,¢t=4.2 and t = 8 (horizontal tangent line).
(¢) maximum: ¢ =1 (slope > 0), minimum: ¢ = 3 (slope < 0).
(d) (3—18)/(4—2)=—7.5cm/s (slope of estimated tangent line to curve at ¢ = 3).

5. It is a straight line with slope equal to the velocity.

7.

9.
F) = 5(0) _2

. soc = —F———— =—-=2
11. (a) m 10 1
2 2
(b) Mean = lim Fa) = 7O _ g 22020 9 —0

x1—0 T, — O x1—0 T, — xr1—
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13.

15.

17.

19.

21.

23.

25.

(¢) mpan = lim

T1—To r1 — X9

f(e1) = f(wo) _

lim 273 — 222 _

lim (21’1 + 21‘0) = 4$0
T1—To X1 — X

T1—To

A

Tangent

/
/
(d) The tangent line is the x-axis. /
_f®-f@) _13-12 1
@) mec ="y =TT TG
b n — 1 —_—m [ — _ _ - _ =
(b) mian = lim, == 2 21— 2 o223 (11 — 2) | w12 21y 1
— 1/ —1 — -1 1
(€) M= lim TEVZI@) _ ) MYmZlmo g, moom gy __ 1
T1—>xo T1 o T1—>To I1 To T1—To Iol’l(Il Io) T1—xo LT )
y
4

Secant|

1 Tangent

(d)

(a) mian = lim

T1—>Zo T1 — Xo

(b) mMmypan = 2(—1) = -2

an — li

(a) e wllil’;o 1 — X0
1 3

b) Mian =14 —= = =

(b) e 2v1 2

True. Let z =1+ h.

fx1) = fxo) _

far) ~ fo) _

)

r1—xo L1 — TQ

N
T1—To T1 — Xo

)

= lim (St’,’l + JJ()) = 2xg
Tr1—To

\/ — \/ 1
o P VED = @otvE0) <1+ >:1
T1—To xr1 — X T1—To V1 + /To

False. Velocity represents the rate at which position changes.

(a) T72°F at about 4:30 P.M.

(c) Decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7°F /h (slope of estimated

tangent line to curve at 9 P.M.).

(b) About (67 — 43)/6 = 4°F /h.

(a) During the first year after birth.

(b) About 6 cm/year (slope of estimated tangent line at age 5).

1

+ 2‘/33‘0
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(c) The growth rate is greatest at about age 14; about 10 cm/year.

Growth rate

40 - (cm/year)

(=)

30

20

| N 1 0m9)

(d) 5 lb 15 20

27. (a) 0.3-40% = 19,200 ft (b) Vave = 19,200/40 = 480 ft/s
(c) Solve s = 0.3t = 1000; ¢ ~ 14.938 S0 Vaye &~ 1000/14.938 ~ 66.943 ft/s.

0.3(40 + A)® —0.3-40° 0.3(4800h + 120h2 + h?)

) 1 _n 1 2y _ )
(d) inst }llli% - }lllgb - ilzli% 0.3(4800 + 120h + h*) = 1440 ft/s
6(4)* —6(2)*
29. () Vaye = ()7() = 720 ft/min
4-2
. 6tf—6(2)* . 6(t1—16) . 63+ 4) (2 —4) ) ,
(b) Vinst — tlllglz ﬁ = t111£I)12 1517_2 = tlllg2 h—_2 = tlllglz 6(t1 + 4) (tl + 2) = 192 ft/mln

31. The instantaneous velocity at ¢ = 1 equals the limit as h — 0 of the average velocity during the interval between
t=1landt=1+h.

Exercise Set 2.2
1. f/(1) =25, f'(3) =0, f/(5) = —2.5, f/(6) = —1.

3. (a) f'(a) is the slope of the tangent line. () f'(2)=m=3 (c) The same, f'(2) = 3.
Ay
X
a

vy v fl@+h)—f@) . 2@+4+h)?—22* dzh+20* L
9. f'(z) = ]113%) = }ILIL% b = }lllir(lj o = 4x; f'(1) = 4 so the tangent line is given
byy—2=4(xz—-1),y =4z — 2.

1. f(z) = lim LEFN =@ (@+h)?—a?

h—0 h h—0
given by y —0=0(x — 0), y = 0.

= }llimO(SxQ + 3zh + h?) = 322 f/(0) = 0 so the tangent line is
—

13, f(x) = lim flath) = fl@) _ Vet l+h—vVa+l _ i Vi+l+h—vVe+1 Ve+1+h+Vo+1

h—0 h h—0 h h—0 h Vitl+h+vVz+1

h 1 1
lim = ; f(8) = +/8+1 =3 and f/(8) = = so the tangent line is given b
h=0h(Vz+1+h+vVz+1) 2Vr+1 1) F'® 6 8 8 Y
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5
y—3=—-(z—8),y= gxt 3
1 1 x — (x4 Ax)
, g .T-‘,—A.’L‘_;i . r(z + Az) 1 —Az — T 1 f,i
15. fi(z) = AI;;IEO Az o Alirgo Az o Alalsgo xAx(z + Ax) - Alalcgo xz(x + Ax) g2
Ax)? — Az) — (22 — 20 Az)? — A
17. fla) = lim GBS —@HAD) =@ ) o 208+ (A2 2 AT p o0 4 Ag) —2p— 1,
Axz—0 Az Axz—0 Az Axz—0
1 1
19. f/(z) = lim VitdAr VT — lim Vo - vat Az — lim z — (z+ Az) —
Az—0 Ax Az—0 Axﬁ\/x + Az Az—0 Axﬁ\/x —+ Agg(ﬁ +Vx+ ALZJ)
-1 1

21.

23.

25.

27.

29.

31.

33.

= lim — .
Az—0 \/xv/x + Ax(y/x + Vo + Ax) 223/2

ft+h)—f(t) [4(t+h)2+ (t+ h)] — [4% + 1] - 442 + 8th +4h> +t + h — 4t? — ¢

S s oy _ _
F) = ;lfi%z h A h Ay h
8th +4h* + h
m SR (8t AR+ 1) = 8+ 1.
h—0 h h—0
(a) D (b) F (c) B (d) C (e) A (f) E
Ay
Ay Ay
| X
> N 2
Iy —
(a) (b) (c)
False. If the tangent line is horizontal then f’(a) = 0.
False. E.g. |z| is continuous but not differentiable at x = 0.
(a) f(z)=+randa=1 (b) f(z)=2>anda=3
d 1-— h)?) — (1 — 22 —2xh — h?
—yzlim( (w+h)7) = ( x):limx4:hm(—2x—h)=—2x,and— =2
dx h—0 h h—0 h h—0 dx r=1
5
21 L 112
y=-2x+1 -3
(b) w 15 |11 1.01 [1.001 [1.0001 | 1.00001
—f(1
f(wu)) — {( ) 1.6569 | 1.4355 | 1.3911 | 1.3868 | 1.3863 | 1.3863
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39.

41.

43.

45.

47.

49.

51.

w 0.5 0.9 0.99 0.999 | 0.9999 | 0.99999
—f1
f(wu)) — {( ) 1.1716 | 1.3393 | 1.3815 | 1.3858 | 1.3863 | 1.3863
f3)—f(1) 22-212 Cf(2)—f(1)  234-212 f(2)—f(0) 2.34-058
(a) 31 = 5 = 0.04; 51 = 1 = 0.22; 5 0 5 = 0.88.
. B f(2) - f0) . o
(b) The tangent line at © = 1 appears to have slope about 0.8, so 20 gives the best approximation and

fB3) - f(1)
3-1

gives the worst.
(a) dollars/ft
(b) f'(z) is roughly the price per additional foot.

(c) If each additional foot costs extra money (this is to be expected) then f’(z) remains positive.

£(301) — f(300)

(d) From the approximation 1000 = f/(300) ~ we see that f(301) = f(300) + 1000, so the extra

301 — 300
foot will cost around $1000.
(a) F ~2001b, dF/df ~ 50 (b) p=(dF/df)/F ~ 50/200 = 0.25
(a) T =~ 115°F, dT/dt ~ —3.35°F /min (b) k= (dT/dt)/(T — Tp) ~ (—3.35)/(115 — 75) = —0.084

f(L+h)— f(1) [(A+h)?+1]-2

li =1 = f(1 is i =1 1l =1

lim f(x) Jim f(x) = f(1), so f is continuous at x Jim Y Jim -
1+h)—f(1 2(14+h) —2

lm (24 h) =2 Gm LEFRN S 2AFRZ2 o 1) =2

h—0- h—0+ h h—0+ h h—0+

Since —|z| < zsin(1/x) < |z| it follows by the Squeezing Theorem (Theorem 1.6.4) that lir%xsin(l/x) = 0. The
T—r
f@) = 10 = sin(1/x).

not tend to any number as = tends to zero.

derivative cannot exist: consider This function oscillates between —1 and +1 and does

f(@) = f(wo)

Let € = |f'(x)/2|. Then there exists § > 0 such that if 0 < |z — x| < J, then
Tr — X

— f'(z0)| < €. Since
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f'(zo) > 0 and € = f/(x0)/2 it follows that w >e>0. If x =21 < xo then f(x1) < f(x0) and if
— Tg

T = g > o then f(zs) > f(xo).

53. (a) Let ¢ = |m|/2. Since m # 0, ¢ > 0. Since f(0) = f/(0) = 0 we know there exists 6 > 0 such that

0+h)— f(0

W' < € whenever 0 < |h| < 4. It follows that |f(k)| < 1|hm| for 0 < || < &. Replace h with z to
get the result.
(b) For 0 < |z| <6, |f(x)| < 3lma|. Moreover |mz| = |mz — f(z) + f(x)| < |f(x) — ma|+ |f(x)], which yields
(@) —ma| > [ma| — |f(z)| > 3|ma| > |f(z)], Le. |f(z) —ma| > |f(2)].
(¢) If any straight line y = mx + b is to approximate the curve y = f(x) for small values of z, then b = 0 since
f(0) = 0. The inequality |f(z) — mz| > |f(x)| can also be interpreted as |f(z) — mz| > |f(x) — 0], i.e. the line
y = 0 is a better approximation than is y = mz.

55. See discussion around Definition 2.2.2.

Exercise Set 2.3

p—

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

2825, by Theorems 2.3.2 and 2.3.4.

. 2427 + 2, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

. 0, by Theorem 2.3.1.

1
—5(7336 4 2), by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

—32z~* — 7278, by Theorems 2.3.3 and 2.3.5.

24279 4+ 1/y/z, by Theorems 2.3.3, 2.3.4, and 2.3.5.

f/(x) = ex®™! — /10 2~1~V10, by Theorems 2.3.3 and 2.3.5.

(322 +1)2 = 92* + 622 + 1, so f'(x) = 362 + 12z, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
y =10z -3, y'(1) =7.

2t — 1, by Theorems 2.3.2 and 2.3.5.

dy/dx =1+ 2z + 322 + 423 + 524, dy/dz|,_, = 15.
d
y=1-2H)(1+2H)(1+2H) =0 -2Y)(1 +2?) =128, d—y = -8z, dy/dz|,_, = —8.
x

FL.01) — f(1)  —0.999699 — (~1)

- . o / _ 2 _9_
001 = 001 = 0.0301, and by differentiation, f’(1) = 3(1)* —3 =0.

f() =~

1

The estimate will depend on your graphing utility and on how far you zoom in. Since f'(z) =1 — —» the exact
x

value is f/(1) = 0.

32t, by Theorems 2.3.2 and 2.3.4.

3712, by Theorems 2.3.2 and 2.3.4.
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33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

55.

d
True. By Theorems 2.3.4 and 2.3.5, d—[f(x) —8g(z)] = f'(x) — 8¢’ (x); substitute x = 2 to get the result.
x

False. %[4}“(33) + 2] = (4f'(x) +32%)| _, =4f'(2) +3-2% =32

=2
av av
(a) o= 47r? (b) i 47(5)% = 1007
y—2=>5(x+3), y=>5x+17.
(a) dy/dx = 212> — 10z + 1, d*y/dz? = 422 — 10 (b) dy/dx = 24z — 2, d*y/dz? = 24
(c) dy/dx = —1/22, d*y/dax? = 2/x® (d) dy/dx = 1752* — 4822 — 3, d?y/dx?® = 7002 — 962
(a) v = =5z~ 0+ 52ty = 30077 + 2023, v = —2102~8 + 6022

(b) y=a 'y =—a7%y =223 y" = 627"
(c) v =3az?+0b,y" = 6ax, y" =6a

(a) f'(z) =6z, f'(z) =6, f"(x) =0, f"(2) =0

dy 4 d’y _ 3 a*y —
(b) o 30z* — 8z, i 120z° — 8, 2| 112
d - _ . d? _ . &P _ e d* _ ,d* _
(c) dx [27] 37, da? [27°] = 12277, da3 [27°] = —6027°, dat [=7%] = 360277, dx? [+] 360

x=1
y' =322+ 3, y" =62, and ¥y =6 s0 3" + xy” — 2y’ = 6 + 2(62) — 2(3x2 + 3) = 6 + 62 — 62% — 6 = 0.

d d
The graph has a horizontal tangent at points where Y _ 0, but d_y =22 -3r+2=(r—1)(z—2)=0ifz =1,2.
x x
The corresponding values of y are 5/6 and 2/3 so the tangent line is horizontal at (1,5/6) and (2,2/3).

1.5

The y-intercept is —2 so the point (0, —2) is on the graph; —2 = a(0)? + b(0) + ¢, ¢ = —2. The a-intercept is 1 so
the point (1,0) is on the graph; 0 = a + b — 2. The slope is dy/dx = 2ax + b; at © = 0 the slope is b so b = —1,
thus a = 3. The function is y = 322 — x — 2.

The points (—1,1) and (2,4) are on the secant line so its slope is (4 — 1)/(2 4+ 1) = 1. The slope of the tangent
linetoy=a2isy =2rso2x=1,z=1/2.

y' = —2x, so at any point (xg,yp) on y = 1 —x? the tangent line is y — yg = —2xo(x — x¢), or y = —2zx + 2% + 1.
The point (2,0) is to be on the line, so 0 = —4xg + 23 + 1, 23 — 429 + 1 = 0. Use the quadratic formula to get

4++16—-4
=y = 24+ +/3. The points are (2+\/§, —6—4\/3) and (2 — V3, —6—1—4\/3).

Lo
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57.

59.

61.

63.

65.

67.

69.

71.

y' = 3ax? + b; the tangent line at © = zo is y — yo = (3ax? + b)(z — xo) where yo = azd + bxg. Solve with
y = ax> + bz to get
(ax® + bx) — (axd + bxo) = (3azd + b)(x — zp)
az3 + br — axd — brg = 3azdxr — 3azd + br — bxg
23 — 3z + 223 =0
(v — x0) (22 + 220 — 223) = 0

(x — m0)2(x + 220) = 0, s0 x = —2x.
/ 1 . . 2 .
Y=g the tangent line at © = zp is y — yo = —P(z — xg), Or Yy = _:13_ + 2 The tangent line crosses the
0 0

1
x-axis at 2z, the y-axis at 2/xq, so that the area of the triangle is 5(2/1’0)(2260) =2.

F=GmMr—2, ar = —2GmM7r3 = _2GmM
dr r3

6

v
|

f(x)y=1+1/22>0for all z # 0 -6

f is continuous at 1 because hm f(z) = hm f(z) = f(1); also 111{1 f'(z) = lim (2z+1)=3and lim f'(z)=

z—1— rz—1+t

lim 3=3so0 fis dlﬁerentlable at 1, and the derivative equals 3.

rz—1t

— f(1
[ is continuous at 1 because lim f(z) = lim f(z) = f(1). Also, lim Jo) = ) equals the derivative of 22 at
r—1 r—1+ r—>1— rx—1
—f@1 1 1
x =1, namely 2z|,_, = 2, while wli;nﬁ % equals the derivative of v/ at x = 1, namely m . =3

Since these are not equal, f is not differentiable at x = 1.

(a) f(z) =3z—2ifx > 2/3, f(x) = =3z 4+ 2 if © < 2/3 so [ is differentiable everywhere except perhaps at
2/3. f is conti t 2/3, also  li "(z) = i -3)=-3 d 1 = 1l 3) =3 so fis not
/3. f is continuous at 2/3, also 1%1215137 (=) m_>121§137( ) an 1m f( ) z_}12151%( ) so f is no
differentiable at x = 2/3.

(b) f(x) =22 —4if |z| > 2, f(z) = —2* + 4 if |z| < 2 so f is differentiable everywhere except perhaps at 42.
f is continuous at —2 and 2, also hm f(z) = hm (—2x) = —4 and 111)20+ f(z) = 1ir§1+(2x) = 4 so f is not

differentiable at x = 2. Similarly, f is not dlfferentlable at r = —2.
(a) .

d d[d

et = 5 | e @l] = 5 | @l = et | L1l = ey
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73.

75.

e

79.

81.

U@ + o) = o [ 200 + o] = 4 | U]+ L] = Z5l)]+ o)

(b) Yes, by repeated application of the procedure illustrated in part (a).

(a) f'(z)=mna""", f'(z) = n(n—1)a"2, f"(z) = n(n—1)(n—2)a""%.., f(z) =n(n—-1)(n—2)--1
(b) From part (a), f®)(z) =k(k—1)(k—2)---1s0 f*+D(z) = 0 thus £ (x) =0if n > k.

(c) From parts (a) and (b), f")(z) = apn(n —1)(n —2)--- 1.

Let g(z) = 2™, f(x) = (mz 4+ b)"™. Use Exercise 52 in Section 2.2, but with f and g permuted. If g = ma; + b
then Exercise 52 says that f is differentiable at 21 and f/(21) = mg/(xo). Since ¢'(2¢) = nx{ ', the result follows.

f(x) = 2723 — 2722 + 92 — 1 so f'(z) = 812% — 54w + 9 = 3 - 3(3z — 1)?, as predicted by Exercise 75.
f(@) =302z +1)"%so f/(z) =3(-2)22x + 1)73 = —12/(2z + 1)3.

f( )_2x2+4x+2—|—1
YT T

=24+ (z+1)"2% 50 fl(x) = —2(x+1)73 = =2/(x + 1)3.

Exercise Set 2.4

1.

3.

11.

13.

15.

17.

(a) fx)=222+2—1, f'(z) =4z +1 ®) fllz)=(z+1)-2)+2x—-1)-(1) =4z +1

(@) flz)=2"—1, f'(z) = 42° (b) f'(z)=(2?+1)-(22) + (2 = 1) - (22) = 4a®

. fl(x) = (322 + 6)i (29: - i) + <2x - i) %(3362 +6) = (322 +6)(2) + (Qx - i) (6x) = 1827 — %x + 12

dx

d d
f(z) = (2® + 72% — 8)%(23373 +7 )+ 2273+ x74)%(3§3 + 722 — 8) = (a3 + Tx? — 8)(—62~* — 427 %)+
+(2273 +274)(32% + 14z) = —15072 — 14273 + 4827 % + 32275

(@) =1 (2P 22+ 4) + (2 —2) - (22 + 2) = 322

(22 +1)LBr+4) - Br+4) L@ +1)  (22+1)-3—(Br+4)-20  —322 -8 +3

f(z) = 2 2 - 2 2 - 2 2
(x24+1) (22 +1) (x24+1)
) = Bz —4)L(2?) — 2L (Br—4) (Br—4)-20-22-3 322 -8
N (3z — 4)? B (3x — 4)? © (3z —4)2
2 3/2 -9 1/2_1
fla) = s
()= (z+3)L (2232 + 2 — 2212 1) — (2232 + 2 — 2212 — 1) L (2 + 3) B
o= (@ +3)2 -
_(x+3)- (Bz'2 41—z 12— (2232 4z — 2272 1)1 B 23/2 41022 + 4 — 3z 1/?
- (z+3)? B (x+3)?

This could be computed by two applications of the product rule, but it’s simpler to expand f(x): f(z) = 14z +
20+ 7o P+ 2072+ 30 3 + 274 s0 fl(x) = 14— Tz~ 2 — 4273 — 927% — dz—5.
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19

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

I general, = [g(x)?] = 20(2)g/(x) and  [9(x)*] = - [g(x)2g(x)] = g(e)’9'(x) +o(x) - [g(x)?] = gle)’g'(x) +
9(z) - 29(x)g'(w) = 3g(2)*g'(w).
Letting g(z) = 27 + 22 — 3, we have f’(z) = 3(z7 + 2z — 3)%(72% + 2).

dy (x4+3)-2-Q2z—-1)-1 7 dy T

dr (z + 3)2 T @r32 Vdx|, 16

d x d 5 _5 d x x _6 _5 z(3) — (3x

o= (M) e e g (M) = (B (ot e [P0
(396; 2) (=527%) + (z7° + 1) <—;>; S0 % = 5(—5) +2(—2) = —29.

oy (@) l-z-20  1-2

fix) = @+ 1) RRCCESIES so f'(1) = 0.

(®) 0'(a) = Vaf'(@) + 5= (). 6(4) = (2)(=5) + 1(3) = =37/

(a) F'(z)=5f"(x) + 2¢'(z), F'(2) = 5(4) 4+ 2(—5) = 10.

(b) F'(z) = f'(z) = 3¢'(x), F'(2) = 4 = 3(=5) = 19.
(¢) F'(z) = f(x)g'(x) + g(x) [ (x), F'(2) = (=1)(=5) + (1)(4) = 9.
(d) F'(z) = [g(2)f'(x) = f(2)g'(2)]/g*(x), F'(2) = [(D)(4) = (=1)(=5)]/(1)* = —1.

d 2 2) — (22 —1) d
%: x(er(x)—i—ng ),£:Oifx2+4a:+1:(). By the quadratic formula, x =

The tangent line is horizontal at x = —2 + V3.

—4++16 — 4
_ = -2+ .
5 V3

d 2 1) — (22 +1 24201
The tangent line is parallel to the line y = x when it has slope 1. % = 2(@ —’—(IL 1§§ +1) . (:+gcl)2 =1
if 22 + 22 — 1 = (z + 1)2, which reduces to —1 = +1, impossible. Thus the tangent line is never parallel to the
line y = .

1 d,
Fix zg. The slope of the tangent line to the curve y = i at the point (zg,1/(xg + 4)) is given by cTy =
x
1 1 Thet t line to th t ( ) thus has th ti )
—_— = —. e tangent line to the curve at (xg, us has the equation y — yg = ——=-,
(€ +4)? |,y (z0+4)? & 090 4 Yo = Ty 142
-1 1 —X0
and this line passes through the origin if its constant term yg — £g—————— is zero. Then = , SO
P & & Yo T 0 1 4)2 zo+4  (zo+4)2
To+4=—x0, x9g = —2.
(a) Their tangent lines at the intersection point must be perpendicular.
. 1 1 e
(b) They intersect when — = 5 %= 2—x, o =1,y =1 The first curve has derivative y = ——, so the
x —x T

slope when x = 1 is —1. Second curve has derivative y = so the slope when = = 1 is 1. Since the two

1
(2—=)?
slopes are negative reciprocals of each other, the tangent lines are perpendicular at the point (1,1).

Fl(z) = xf'(x) + f(x), F"(2) = af"(x) + ['(z) + ['(2) = «f"(x) + 2f"(z).
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41.

43.

R'(p)=p-f'(p)+ f(p)-1= f(p)+pf (p), so R'(120) = 9000 + 120 - (—60) = 1800. Increasing the price by a small
amount Ap dollars would increase the revenue by about 1800Ap dollars.

" (0) = 1- (na™ Y n

1 o
f@) = — o f'(z) = — R

Exercise Set 2.5

1. f/(z) = —4sinz + 2cosx
3. f/(x) = 42®sinz — 8x cosx
5. f(x) sinz(5+sinz) —cosxz(5 —cosx) 14 5(sinx — cosx)
. fi(x) = =
(54 sinx)? (5+sinx)?
7. f'(z) =secxtanx — v/2sec? x
9. f'(x) = —4cscrcotz + cscw
11. f/(x) = secx(sec? x) + (tan z)(sec x tan x) = sec® x + sec x tan? x
(1 + csca)(— csc® x) — cot (0 — cscx cot ) cscz(—cscx — csc? x + cot? )
13. f'(z) = = but 1 t? 2z = csc?
f(x) (0 + cxca)? (0T osca)? , but 1+ cot®z = csc”x
- -1) cscx
dentity). th 2o esc? g — —1 y :Cscm( csc _ .
(identity), thus cot® z — csc® z ,s0 f'(x) 1+ csca)? T osca
15. f(z) = sin®z + cos? z = 1 (identity), so f'(x) = 0.
tanx . .
17. f(x) = S p— (because sinx secx = (sinz)(1/cosz) = tanz), so
rtanz
() (1 + xtanx)(sec® ) — tan z[z(sec® x) + (tanz)(1)]  sec’z — tan®z 1 b 9
x) = = = ecause sec” T —
(14 ztanx)? (14 ztanz)? (14 ztanx)?
tan?z = 1).
19. dy/dx = —wsinz + cosx, d*y/dz? = —rcosx — sinx — sinx = —xcosx — 2sinx
21. dy/dx = x(cosz) + (sinx)(1) — 3(—sinz) = zcosx + 4sinz,
d*y/dx?® = x(—sinz) + (cosx)(1) + 4cosx = —zsinx + 5cos
23. dy/dx = (sinz)(—sinz) + (cos z)(cos ) = cos® x — sin® z,
d*y/dxz?® = (cosz)(—sinz) + (cos x)(—sinz) — [(sinx)(cosz) + (sinx)(cosz)] = —4sinx cos =
25. Let f(z) = tanx, then f’(z) = sec? x.
(a) £(0)=0and f/(0) = 1,50y — 0= (1)(x —0), y = 1.
T T T T
) -tont £(5) =2on 1 2o vz F o0
(b) f(4) and f 1 2,50 y 2z i)Y 2x 2+
™ T 7r ™
I ’(—7):2 1:2( 7) —or+ L 1.
(c) f( 4) and f 1 , 80 Y + Trg ) Y=ty
27. (a) If y ==xsinz then ¢y =sinxz 4+ xcosz and y” = 2cosx — xsinzx so y”’ +y = 2cosx.

(b) Differentiate the result of part (a) twice more to get y*) + 4" = —2cos .
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29. (a) f'(x) =cosx =0 at x = +7/2,+371/2.
(b) fl()=1—sinz=0at x=—-37/2,7/2.
(c) f'(z) =sec?x > 1 always, so no horizontal tangent line.
(d) f'(x) =secxtanz = 0 when sinz = 0, x = £2m, &, 0.
31. z = 10sin6, dx/df = 10 cosb; if 6 = 60°, then dz/df = 10(1/2) =5 ft/rad = 7/36 ft/deg ~ 0.087 ft/deg.
33. D =50tan6,dD/df = 50sec?0; if = 45°, then dD/df = 50(+/2)? = 100 m/rad = 57/9 m/deg ~ 1.75 m/deg.
35. False. ¢'(z) = f(x)cosx + f/'(z)sinx
37. True. f(x) = ST tanz, so f'(r) = sec? x.
cos T
d4 d4k d87 dS d4-21 d3
3&;fpmx—mmbo%mﬁmxzmmmagﬁmxz&ﬁazimm ;ﬁﬁmx——mw
41. f'(z) = —sinz, f'(z) = —cosz, f”(z) = sinz, and f®(z) = cosz with higher order derivatives repeating this
pattern, so f(")(z) = sinz for n = 3,7,11,. ..
43. (a) allz (b) all z (c) z#7/24+nm,n=0,%1,42, ...
(d) z#nm,n=0+1,42,... () z#7/24+nm,n=0,£1,£2... (f) z#nm,n=0,£1,£2,...
(g) e# 2n+1)m,n=0,%£1,%2,... (h) z#nw/2,n=0,£1,42,... (i) allz
. o 2 w+T s W—X
45. —sinz = lim Smw ST lim sin T3+ cos 7y = lim sm_? coswJrz =1-cosx =cosz.
dx w—z w—x w—x w—2x w—oy WX 2
(ﬁnh) (ﬁnh)
. tanh . cosh . h 1
47 (a) flllm N illlg%) ho %%0 cosh 1 L
tanz + tanh
————————— —tanx 2
d . tan(z+h)—tanx . 1 _tanztanh . tanz +tanh — tanx + tan® xtan h
(b) —[tanz] = lim = lim = lim =
dx h—0 h h—0 h h—0 h(1 — tanz tan h)
tanh . tan h
tan h(1 + tan® z) . tan hsec? x h 9 alb TR 9
lim = lim =sec?z lim ——2  — sec’z— = sec” .
h—=0 h(l —tanztanh) ~h—0h(1l —tanztanh) h—0 1 — tanz tanh %H%(l—tanxtanh)
—
sinh w . cosh—1
49. By Exercises 49 and 50 of Section 1.6, we have hm = — and lim ———— = 0. Therefore:
-0 h 180 h—0 h
d i h) —si h— h
(i? E;bmx}zzggé$nur+h) ST $nx%g%9§77—7+—awxlm%—%— = (sinz)(0) + (cosz)(m/180) =
—— cosz.
180
cos(z + h) — cosz . coszcosh —sinzsinh — cosx . cosh—1 . sinh
(b) —[cos x] = lim = lim = cosz lim ———— —sinz lim =
h—0 - h h—0 h h—0 h h—0
0-cosx — — -sinx = ———sinz.

180 180
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Exercise Set 2.6
L (fog)(x) = f'(g(x))g (x), so (f 2 9)'(0) = f'(9(0))g'(0) = £'(0)(3) = (2)(3) = 6.
3. (a) (fog)(z)=f(g(z)) = (22 —3)" and (f 0 g)'(z) = f'(9(x))g(x) = 5(22 — 3)*(2) = 10(2z — 3)*".
(b) (9o f)(x) =g(f(x)) =22° =3 and (go f)'(z) = ¢'(f(2))f (x) = 2(52") = 10"
5. (a) F'(z) = f'(g9(x))g'(z), F'(3) = f'(9(3))g'(3) = —1(7) = —T.
(b) G'(z) =g'(f(2)f'(z), G'(3) = g'(f(3))f'(3) = 4(-2) = -8

7. f'(x) =37(z3 + 296)36%(:53 + 2z) = 37(2® + 22)% (322 + 2).

ra=i(o- 2D oY o003)

11. f(z) = 4(32% — 2z + 1)73, f'(x) = —12(32% — 22 + 1)*4i(3x2 —2r 4+ 1) = —12(32% — 2z + 1) 462 — 2) =

dz
24(1 — 3z)

322 — 20 4 13

, 1 V3
13- Fle) = 24+ 3z dw (4 V) = /24 + B
15. f'(z) = cos(l/x2)%(l/x2) = —% cos(1/z?%).
17. f'(z) =20 cos‘%c%(cos x) = 20 cos® z(—sinz) = —20 cos” zsin z.
19. f/() = 2co5(3y/T) = [cos(3f )] = ~2cos(3v/E) sin(3y/) - (3f )= 3005(3‘@;“(3‘/@.

21. f'(z) = 4sec(m7)%[sec(1‘7)] = 4sec(z”) sec(z”) tan(w7)%(x7) = 282% sec?(z”) tan(z").

/ 1 _ 5sin(5z)
23. f'(x) = 2 Joos(5r) dm [cos(5x)] = N

- % [z + esc(z® 4 3)] =

25. f/(z) = —3 [z + csc(2® + 3)]
= =3 [z + csc(2® + 3)] - [1 — csc(x® + 3) cot(z® + 3)%(583 + 3)] -
= =3 [z + csc(2® + 3)] - [1— 32” csc(z® + 3) cot(2® + 3)].

dy
dzx

1 1 1 1 1 1 1 1
29. dy =2%sec | — | tan [ — d (1 +sec|— ) (5xt)=aPsec| = )tan(— | ( —— | +Bxtsec |~ | =
dx x z) dx \x x x z 2 x
1 1 1
= —23sec <) tan () + 52 sec ()
T x z

, d ,
27. —Z = 23(2sin 5x)d—(sin 5x) + 3x? sin® 5z = 102> sin 5z cos 5x + 327 sin? 5.
X
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31 dy _ — sin(cos )i(cos ) = —sin(cos z)(—sinx) = sin(cos x) si
« o~ = —sin(cosz) x) = —sin(cosx inx) = sin(cos ) sin z.
dy - 2/ . d . - 2, . . . d , . - 2, . . .
33. e 3 cos®(sin 2x)d—[cos(sm 2x)] = 3 cos®(sin 2z)[— sin(sin 2x)]d—(sm 2x) = —6 cos”(sin 2z) sin(sin 2x) cos 2x.
x x x
35. W _ (5048 L1 - v 41— V)L (524 8) = 652+ 8)7(1 — VI s 4 T-5(1 — V@) (52 +8) —
dx dx dx 2z
-3
— (52 +8)"(1 — v2)® + 35(1 — /x)% (52 + 8)°.
NG
37 @_3 x—5 2i x—5 _3 z-51° 11 _ 33(x—5)?
Tdr (2241 dr|20+1] T |20+1] (2e+1)2  (2z+1)*°
39 dy  (42® —1)%(3)(2z +3)%(2) — 2z +3)*(8)(4a® = 1)"(8x) _ 2(2x +3)*(42® —1)7[3(4a® — 1) — 322(22 +3)] _
Tdr (422 — 1)16 - (422 — 1)16 N
2(2x + 3)%(522” + 96 + 3)
(4z? — 1)° '
d d
41. ﬁ =5 [wsin2z + tan4(x7)}4 e [z sin2z tan?(2")] =
: 40, 7\14 d : 3.7y 4 7
=5 [zsin2z + tan*(z7)] " |z cos Qx%(Qa:) + sin 27 + 4 tan® (z )% tan(z")| =
=5 [z sin 2z + tan*(z7)] ! 2 cos 2z + sin 22 + 282° tan®(z7) sec® (2")].
dy . . dy . o
43. T cos 3z — 3x sin 3x; if x = m then T —1 and y = —m, so the equation of the tangent line is y+7 = —(z — ),
ory=—u.
dy 3 e dy _ . o
45. T = —3sec’ (/2 — x)tan(w/2 — x); if x = —7/2 then T = 0,y = —1, so the equation of the tangent line is
y+1=0,ory= -1
47. dy_ se02(4x2)i(4x2) = 8xsec?(4x?) dy = 8y/msec?(4r) = 8y/m. When x = /7, y = tan(4r) = 0, so
dz dx R P ’ ’

49.

51.

53.

55.

57.

the equation of the tangent line is y = 8\/7(z — /7) = 8\/mx — 8.

dy 3 z2 dy .

— = — _— (— —_— = — = . =1 =

e 2xV5 —x® + 2\/577%2( 2z), e 4—-1/2="7/2. When z = 1,y = 2, so the equation of the tangent
7 3

lineisy —2=(7/2)(x —1),ory = 3%~ 3

dy _ x(— sin(5x))i(5x) + cos(bx) — 2sin xi(sin x) = —bxsin(5x) + cos(bx) — 2sinx cosz =

dr dz dz B B

= —5zsin(5x) + cos(5x) — sin(2x),

Ty _ cos(52) L (52) — 5 sin(5) — sin(52) = (52) — cos(22) - (22) = —25 cos(52) — 10sin(5z) — 2 cos(2z)

2 = o ) (5x sin(bz @) (5x) — cos(22) - (22) = x cos(bx sin(bz s(2z).

dy (1-—a)+(1+w) 2 —2 d*y -3 -3

< = = =2(1—- d — =-2(2)(-1)(1 - =4(1 - .

dz (1—x)2 (1—2)2 (1 —2)"" an a2 (2) (=11 —=) (1-2z)

y = cot?(m — ) = —cot® 0 so dy/dx = 3 cot? § esc? 0.

d
- [a cos® mw + bsin? 7w] = —27a cos Tw sin Tw + 2wbsin Tw cos Tw = 7(b — a)(2 sin 7w cos Tw) = 7(b — a) sin 27w.
w
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61.

63.

65.

67.

69.

71.

(a) -2

2

S NG )
(c) fl(z)=2 L 4_$2_4—2m2 6
4 — x? VA — a2
(d) f(1)=+/3and f'(1) = % so the tangent line has the equation y — /3 = %(1’ —-1).
3
0 2
L dy  f(=)

d
False. %[\/Q} = m% =5 ol

False. dy/dx = —sin[g(x)] ¢’ (z).
(a) dy/dt = —Awsinwt, d?y/dt? = —Aw? coswt = —w?y

(b) One complete oscillation occurs when wt increases over an interval of length 2, or if ¢ increases over an
interval of length 27 /w.

() f=1T

(d) Amplitude = 0.6 cm, T' = 27/15 s/oscillation, f = 15/(27) oscillations/s.

d 1 ! 4 11
By the chain rule, . [\/x + f(m)} = L(m) From the graph, f(z) = 3% +5forx <0, s0 f(-1) = —,
x

2z + f(x) 3
oy 4 d 73 TVe
Fi=h) =g and 5 { x+f(x)] ee1 2873 24
(a) p~ 10 1b/in?, dp/dh ~ —2 Ib/in? /mi. by A 5)0.3) = 0.6 b/in2/s.

dt — dhdt "

) ) d, . d d du d cosr, u>0 cosz, sinz >0
WlthU—smx?Eﬂsme—d—x(u|)—d—u(|u)d—x—@(u|)cosx—{ —cosz, u<0 —{ —cosz, sinz <0
_ cos x, O<z<m
T —cosz, —m<x<0
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73. (a) For x #0,|f(x)] < |z|, and lirr}) |z| = 0, so by the Squeezing Theorem, lin% f(z)=0.
T— xT—

— f(0
(b) If f/(0) were to exist, then the limit (as x approaches 0) %{J;() = sin(1/z) would have to exist, but it

doesn’t.

1 1 1 1 1 1
(c) Forz #0, f'(z) ==z (cos ) <2> +sin— = ——cos — + sin —.
x x x r

T

1
d) Ifz= v for an integer n # 0, then f’'(z) = —2mncos(2mn) + sin(2mn) = —27n. This approaches +o0o as
™
n — —oo, so there are points x arbitrarily close to 0 where f'(z) becomes arbitrarily large. Hence 1im0 f'(x) does
z—

not exist.
75. (a) ¢'(z) = 3[f(2)]*f'(x), ¢'(2) = 3[f(2)]f"(2) = 3(1)*(7) = 21.
(b) M(x) = f'(a*)(3a2), (2) = ['(8)(12) = (~3)(12) = —36.

77 F(x) = f(9(x))g(x) = ' (VBr — 1) ﬁfﬁ _ (?fﬁ . \/33;_1 _ i

79. di[f(i%m)] = f’(3m)di(3:1:) = 3f'(3z) = 6z, s0 f'(3x) = 2x. Let u = 3z to get f'(u) = gu; —

T T 3

81. For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at (a, f(a)) is the
negative of the slope of the tangent line at (—a, f(—a)). For an odd function, the graph is symmetric about the
origin; the slope of the tangent line at (a, f(a)) is the same as the slope of the tangent line at (—a, f(—a)).

f(x) Ay o)
£
’_\ f
£ /
d d d d d
83. ——[f(g(h(@))] = ——[f9(w))], u= h(z), @[f(g(u))}ﬁ = f’(g(U))g’(u)ﬁ = ['(g(h(2)))g (h(x)) ().
Chapter 2 Review Exercises
3. (a) Mypan = lim 7}“(11}) — f@) = lim (w2 +1) - (IZ +1) = lim w’ —a* = lim (w + z) = 2z.
w—T w—1 w—xT w—2 w—r W — T w—T
(b) Myan = 2(2) = 4.
o 3(h+1)*5 4 580h =3 1 d_ 55 B 1 15 _
5. Vinst = lim o =58+ 5 737 = 58 + 15(2.5)(3) (1) = 58.75 fi /5.
7. (2) Vave = BB+ 3; — [13(1)2 U mi/h.
3t2 —4 3ty +4)(t — 1
(b) vt = lim % — Jim, % = Jim (3t +4) = 7 mi/h.
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9.

11.

13.

15.

17.

19.

21.

23.

25.

27.

@ Y i V9 —4(x —V9-dz _ i 9—d@+h)—(9—42)
dac h—0 h h=0 h(\/9 — 4(z + h) + /9 — 4z)
—4h —4 -2

:fllig%)h(\/Q—ll(a:—i-h)—&—\/Q—élx) :2\/9—433: V9 — 4z

x+h x
(b) . x+h+1_g;+1:lim(m+h)(x+1)—x(x+h+1) . h _ 1
dx hﬁ() h h—0 hx+h+1)(x+1) e hMz+h+1)(z+1) (x+1)%
(@) v=-2-113  (b) (-00,-2), (-L,1), B, 4)  (e) (~2,-1), (1,3)

(d) ¢"(x) = f"(z)sinx + 2f'(x)cosx — f(z)sinz; ¢’'(0) = 2f'(0) cos 0 = 2(2)(1) = 4

10 — 2.2
(a) The slope of the tangent line ~ 2050 — 1950 — 0.078 billion, so in 2000 the world population was increasing

at the rate of about 78 million per year.

(b) dNT/dt ~ % =0.013 = 1.3 %/year

(a) f'(x) =2xsinz +2%cosz (c) f"(x)=4xcosx + (2 —x?)sinz
622 4+ 8z — 17 ooy 118

(a) f'(z)= T (B3r 12?2 (C)f(x)—m

@ W00 —15)att =5 W —

7 7 —2000; the water is running out at the rate of 2000 gal/min.

W(5) — W(0) 10000 — 22500
5-0 N 5

= —2500; the average rate of flow out is 2500 gal/min.

(b)
(a) f'(x)=2x,f'(1.8)=3.6 (b) f(z) = (2 —4x)/(x — 2)2, f(3.5) = —7/9 =~ —0.777778

f is continuous at x = 1 because it is differentiable there, thus }lLin% f@+h) = f(1) and so f(1) = 0 because
—

lim w exists; f'(1) = lim M — lim M

=b.
h—0 h—0 h h—0 h

The equation of such a line has the form y = ma. The points (zo, yo) which lie on both the line and the parabola
and for which the slopes of both curves are equal satisfy yo = mzo = 23 — 923 — 163:0, so that m = 2% —9x¢—16. By
differentiating, the slope is also given by m = 322 — 1829 — 16. Equating, we have 22 — 9z — 16 = 323 — 181, — 16,
or 222 — 979 = 0. The root zg = 0 corresponds to m = —16,y9 = 0 and the root x9 = 9/2 corresponds to
m = —145/4,y9 = —1305/8. So the line y = —16x is tangent to the curve at the point (0,0), and the line
y = —1452/4 is tangent to the curve at the point (9/2,—1305/8).

2 2

The slope of the tangent line is the derivative iy’ = 2x = a+b. The slope of the secant is a4 =a+b,

z=1%(a+b) a—>b
so they are equal.
y

(b,b%)

\(a,az)
L 11 X

a 4tb p
2
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29. (a) 8z"— F 152* (b) 2-101(2z+1)'%°(52% — 7) 4+ 10z(2z + 1)'" = (224 1)'°°(103022 + 10z — 1414)
31. (a) 2(z—1)V3z+1+ L(m —1)2= (z-1)(152z +1)

) 2v/3z + 1 2B+l
3r+1\?22(3) = Bz +1)(2z) 3Bz +1)2(3z+2)
(b) 3 2 4 == 7
x x x
33. Set f/(z) =0: f'(z) =6(2)(2x +7)%(x —2)5 + 522+ 7)%(z —2)* = 0,50 22 +7 =0 or z — 2 = 0 or, factoring out
(22 + 7)5(x — 2)*, 12(x — 2) + 5(22 + 7) = 0. This reduces to x = —7/2, z = 2, or 22x + 11 = 0, so the tangent
line is horizontal at z = —7/2,2,—1/2.
35. Suppose the line is tangent to y = 22 + 1 at (wg,%0) and tangent to y = —2? — 1 at (xq,y;). Since it’s tangent to
y = x2 + 1, its slope is 2x0; since it’s tangent to y = —x? — 1, its slope is —2x;. Hence z; = —x¢ and y; = —vo.
- -2 2+1 2+1
Since the line passes through both points, its slope is LY Yo _ %o _ M. Thus 2x¢ = M, SO
Tr1 — o —21‘0 o To o
222 = 23+ 1, 22 = 1, and 29 = +1. So there are two lines which are tangent to both graphs, namely y = 2z and
y = —2x.
. d 2 2
37. The line y — x = 2 has slope m; = 1 so we set my = d—(3x —tanz) =3 —sec’z =1, or sec’x = 2, secx = +/2
x
so x =nw+7/4 where n =0,+1,+2,....
39. 3= f(n/4) = (M+N)v2/2and 1 = f'(r/4) = (M—N)v/2/2. Add these two equations to get 4 = \/2M, M = 23/2,
3
Subtract to obtain 2 = v/2N, N = /2. Thus flz) = 2v/2sinz + V2 cos . f! <I) = —3, so the tangent line is
3
—1=-3({z—— ).
v-1== (%)
41. f'(x) =2z f(x), f(2) =5

(a) g(z) = f(secx),g'(x) = f'(secx)secxtanz = 2 - 2f(2) - 2- /3 = 40v/3.

5 £'2)- /)
B=a7

=4.5 =4-5%.3.5 = 7500

/(@) ] (2= D)) = £@) 40

2-2f(2) = f(2)
x—1 (x—1)2 1

(b) (z) = 4[

Chapter 2 Making Connections

1.

(a) By property (i), £(0) = £(0+0) = £(0)£(0), 50 £(0) = 0 or 1. By property (iii), £(0) # 0, s0 /(0) =
(b) By property (i), /(@) = f (5 +3) =/ ) > 0. 1f f(x) = 0, then 1 = £(0) = f(x+(~2)) = f(z) f(~x) =
0- f(—z) =0, a contradiction. Hence f( > 0.

flath) = fla) o F@I0) = fa) o 0= )~ £(0)

(c) fl(z)= hi% h = ilng}) h Lim 5 = f(x) }lll_% ==

f(@)f(0) = f(z)

x
2

. (a) For brevity, we omit the “(z)” throughout.

(Feg ) = 2000 B =g Gene o (foa)=fog ' sne (524 g L)

dz
:f/gh+f.gl.h+fgh/

(b) (fg-h Y = 2 ((fg-h) K =(frg-h) Gt heo(fog-h)
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=fg-hK+k-(f-gh+f-g h+f-g-h)y=f -ghk+f-g h-k+f-gHW -k+f-g-h-kK
(c¢) Theorem: If n > 1 and fi, ---, f, are differentiable functions of x, then
(fi-fa- - .fn)’:Zfl. N R A AR A
i=1
Proof: For n =1 the statement is obviously true: f{ = fi. If the statement is true for n — 1, then

(fl'fZ' ',fn)/:%[(fl'fZ' 'fn—l)'fn]:(fl'fZ' 'fn—l)'f;b"’fn'(fl'f2' 'fn—l)/

n—1 n
=fi-for - 'fn—1'f7'1+fn'Zf1' oo ficr ol fipre - 'fn—lZZfl' e o e fipre e
i=1 =1

so the statement is true for n. By induction, it’s true for all n.

5. (a) By the chain rule, %([g(x)]—l) = —[g(2)]2¢'(z) = — Lg;g])? By the product rule,
(o) = F(0). g (o)) + )] )] = - L0 o Lo 9 = falale),
(b) By the product rule, f'(z) = %[h(w)g(x)] = h(z)g'(z) + g(z)h'(z). So
/ _L ") — h(x)d (z :L /x_m/x :g(x)f’(x)—f(x)g’(x)
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Topics in Differentiation

Exercise Set 3.1

dy

1. (a) 1+y+= 622 =0, — = — .

dx dz x
(b) y:m:%+2x2—1,%:—%+4x.
(c) From part (a), iyrzfix—i—iyzfim—;—i(i—l—?mz—l) :4x—%.
3. 2m+2y%:080%:—§.

dy 1 —2zy — 3y°

dy dy dy
5. 2°—2 + 2 32(3y2)-Z + 3> —1=0, (22 4+ 929?) -2 =1 — 22y — 3y>, s0 —= =
xdx—i— xy + x(y)dx—i—y ,(:v-i—a:y)dx zy = 3y”, 50— 2 0ng?

1 & d 3/2
dz_ — (), so Y
dx x3/2

T 9p3/2 2y3/2

dy dy 1 —2xy? cos(xy?)
9. 2y (22 (2y) =2 + 222 | =1, 50 == =
cos(x7y") |#°(2y) ar T "% da 222y cos(z2y?)

dy dy dy 1 — 3y? tan?(zy? + y) sec?(zy? + y)
11. 3tan®(xy? ?(xy? 2vy—— +y°+ = | =180 — = :
an”(zy” +y)sec(zy” +) P Ty dx 5 3(2zy + 1) tan?(zy? + y) sec?(zy? + y)
3(w) o
dy dy 2z dy\ > d%y d?y (E) - 2(3y? — 22?) 8
13. dx —6y— =0, —=—,4—-6( — ) —6y— =0,80 — = — = - =—-——.
TG T A T 3y (d Va2 =7 % da? 3y 9y° 9y3
1. W _ oy Py wldy/dr) —y(1) _ w(-y/r) -y _ 2y
T dx z’ dx? x2 x2 x2
dy o d%y 9 . dy siny
17. Y~ 1 R —] - -y
. (14 cosy)™', e (1 + cosy) *(—siny) it = (T3 cosy)?
R L dy x dy
19. By implicit differentiation, 2z + 2y(dy/dx) = 0, it at (1/2,v/3/2), i —V/3/3; at (1/2,—v/3/2),
T y T
dy . . dy —x 1/2
—Z = 4+1/3/3. Directly, at the upper point y = /1 — 22, —= = = — = —1/v/3 and at the lower
s / y pper point y = v e~ vice e Y
dy x
ity =—vI—22, & =2 = +1/V3.
point y ze, dr -2 + /\[

21. False; z = y? defines two functions y = ++/z. See Definition 3.1.1.

59
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23. False; the equation is equivalent to 22 = y? which is satisfied by y = |z|.
dy dy x> 1
3 327 — —_— == & —
25. 4z° + 4y . 0, so Ir " a7 0.1312.
dy dy\ dy  x[25 — 4(2® +y?)] dy
27, 422 +y?) (22 +2y—= ) =25 (20 — 292 |, == = ;at (3,1) == = —9/13.
(@ +y)<m+ ydx) <x ydx)’dm y[25—|—4(at:2—|—y2)}’a 3, )dx /
sda da da da 213 + 3a®
29. 4a®— —4t3 = 24 2at— lve for — to get — = ———.
“at 6(“ + adt)’sove at O d T 243 —6at
dw dw b2\
31. 2a°w— +2b’°A =0,50 — = ———.
et O T
dy dy . . dy . . .
33. 2z + T +y+ 2y% = 0. Substitute y = —2z to obtain —Bx% = 0. Since x = £1 at the indicated points,
d
ﬁ = 0 there.
y
\
1 1 1 1 1 1 X
4 4
2
35. (a) ]

37.

39.

41.

d
(b) Implicit differentiation of the curve yields (4y> + 2y) dy

d
—:233—1,50—y:00n1yifx=1/2buty4+y220
x dz

so ¢ = 1/2 is impossible.

—14 /(22 +1)2
2

(c) 22— 2 — (y* +9?%) =0, so by the Quadratic Formula, 2 = =1+ y? or —y?, and we have

the two parabolas r = —y%,z = 1 + y°.

The point (1,1) is on the graph, so 1 + a = b. The slope of the tangent line at (1,1) is —4/3; use implicit

d 2 2 4
differentiation to get & _ Y soat (1,1), ——,142a=3/2,a=1/4and hence b=1+1/4 =

dr 22+ 2ay “1+2a 3
5/4.
1d 0.0046  d d d
By implicit differentiation, 0 = };d—’; + md—f — 2.3, after solving for dit) we get dlt’ = 0.0046p(500 — p).

We shall find when the curves intersect and check that the slopes are negative reciprocals. For the intersection
1
solve the simultaneous equations x2 + (y — ¢)? = ¢? and (x — k) + y? = k? to obtain cy = kx = — (2 +y?). Thus

2
- -k
22+ 4% =cy + kzx, or y2 — cy = —z% + kz, and y—c¢__2 . Differentiating the two families yields (black)
4 Y

d d -k
o oy =

dr
other.

. But it was proven that these quantities are negative reciprocals of each
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43. (a)
(b) z~0.84

(c) Use implicit differentiation to get dy/dx = (2y — 322)/(3y? — 2x), so dy/dx = 0 if y = (3/2)x?. Substitute
this into 23 — 2zy + y® = 0 to obtain 272° — 162° = 0, 2% = 16/27, = 2*/3/3 and hence y = 2°/3/3.

dy  dydt d 2y° + 3t2
45. By the chain rule, ﬁ = d—i?% Using implicit differentiation for 23t + t3y = 1 we get d—zz = —ﬁ, but
a1 dy 2y3 + 3t%y

dr  cost’ Cdr ~(6ty? + t3) cost’

Exercise Set 3.2

1 1
1. —(5) = —.
5x(> T
1
3. .
1+
1 2z
5. ———(2z2) = .
xQ—l(x) 2 -1
d d 1 2x 1— 22
7. —Inz— —In(1+2%) = - — = )
dx na dx n(l+27) x 1422 z(1+2?)

d d 2
9. —(21 =2—Inzx = ~.
dx( nz) dx ne T

1 1 1
11. L(na)-172 () ———
2( ) x 2zvVInzx

1
13. nz+2z—=1+1Inz.
x

—242

15. 2z 10g2(3 — 21’) + m

2z(1 +logx) — z/(In 10)
(1 + log z)2 '

1 /1 1
19. — (- | = .
Inz (x) rlnz
1

tanx

17.

21. (sec® ) = secx csc .

1
23. —sin(lnz)—.
x
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25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

1 t
——————(2sinzcosz) = p
In10sin” z In10

d 3 8z 1122 — 8z + 3
— [3In(z = 1) +4In(2®+1)] = = .
gz B =D+ AnG® + D] = -7 g = e

3x

1
Incosz — 51n(473:c2) = —tanz + 3.2

a
dx

d 1
True, because d—y = —,s0as x=a — 07, the slope approaches infinity.
r

d d
True; if > 0 then %lnkc\ =1/z; if x < 0 then %ln|x| =1/x.

1 9 dy 3 1 22
1n|y|:1n|:17|+§1n‘1+x|,SO%:I 1+I2|::E+3(1—~_:L‘2>:|

1 1
In|y| = g111\:(:2—8|—i—§hr1|gc3—|—1|—ln|366—736—i—5|,so

dy (2> =8)'3Vad +1 2 32 625 — 7 ]

de 28 —Tr+5 3(x2—8)+2(a:3—|—1)_a:6—7x+5

Ine 1 d 1

log,e = =& = — g0 % [log, ] = — .
(2) log, e Inz  Inz dx[Og"Le] z(Inx)2

In2 d In2

, s0 —|log, 2] = oo

log, 2= —
(b) log, Inz dx

1
fllw) = —=e y—(-1)=elz—w) =ex—1, y=ex—2.
0

f(l'o) = f(ie) = 17 f/(x)|x:—e = 7%; y— 1= 7£(x+€), Yy = *%l'

a e e equation of the tangent line be y = ma and suppose that it meets the curve at (zg,yo). en
Let th ti f the t t i b d that it ts th t Th
1 1 1 Inx 1
m= — = —andyp=mzg+b=Inxy. Som=— = % and Inzg = 1,29 = e,m = — and the equation
T ) Zo Zo €

T=xq

1
of the tangent line is y = —z.
e

(b) Let y = ma + b be a line tangent to the curve at (xo,yo). Then b is the y-intercept and the slope of the

tangent line is m = —. Moreover, at the point of tangency, mzg+b=Inzg or —zg+b=1Inxg, b=1Inzg— 1, as
Zo Zo
required.

The area of the triangle PQR is given by the formula |PQ||QR|/2. |PQ| = w, and, by Exercise 45 part (b),
|QR| =1, so the area is w/2.

y

1L

P (w, nw)
O———— Ly

w 2
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49. If z = 0 then y =lne =1, andd—y: 1 .Bute¥ =z +e, so @*i:eiy
dr z+e dr eY
: : dy 1 _ :
51. Let y = In(z + a). Following Exercise 49 we get i rra_ e Y, and when x = 0,y =In(a) =0if a = 1, so let
z+a
a =1, then y = In(z + 1).
3 . f(z) = f(0) . In(1 4 3x)
— / e 4 — 4 = —_— = _—
53. (a) Set f(z) =In(1+ 3z). Then f'(x) = 532" f'(0) = 3. But f/(0) = ili% . ili% . .
-5 . f@) = f0) . In(l - 5z)
= — / = / = — / = =
(b) Set f(x) =In(1 — 5z). Then f'(x) T 5s £1(0) 5. But f/(0) ili% . il_}r% -
— 1

55. (a) Let f(x) = In(cosx), then f(0) = In(cos0) = In1 = 0, so f(0) = li%w = li_r% @7 and

f/(0) = —tan0 = 0.

FL+h) = f(1) (1+h)V2-1
(b) Let f(z) = V2, then f(1) = 1, so f/(1) = lim = lim ,and f'(z) =
h—0 h—0 h
V22V21 (1) = V2.
Exercise Set 3.3
1. (a) f'(z) =52* +322+1>1s0 f is increasing and one-to-one on —co < x < +0o0.
d 1 1 1
b 1)=3s0ol=f"13); —f (z) = (Y3 = ==
_ 2 . d ,_ 2 . -2 1

3. fi2) = i 3, so directly %f Yz) = o Using Formula (2), f'(z) = @+3)? SO 1) =

—(1/2)(f}(z) +3)*, and %f—l(mz—u/g) @) -3

x2’

5. (a) f'(z) =2¢+8; f/ < 0on (—oo0,—4) and f' > 0 on (—4,+00); not enough information. By inspection,
f(1) =10 = f(—9), so not one-to-one.

(b) f'(x) = 102* + 322 +3 > 3 > 0; f'(z) is positive for all z, so f is one-to-one.
(c¢) f'(z)=2+cosz>1>0 for all z, so f is one-to-one.

(d) f(z)=—(In2) ()" <0 because In2 > 0, so f is one-to-one for all a.

_ . dy 1 dy dy dy 1
T.y=f"" = =5y +y— 7, — = 15y —= = ; check: 1= 15y>—> + =, —= =
y=rf")z=fl)=5"+y 7’d YT+ “dr  15y2 41 chee da:+dx’dx 1592 + 1
dx dy 1 dy dy
Ly = L — =25 + 3+ 1, — = 10y* +3y%, = = —— check: 1 = 10y*—= + 322
9.y =fz),z=fly) =20 +y + 'y VLAY G0 T oy e b o 3y

dy 1
dr  10y* + 3y2°

11. Let P(a,b) be given, not on the line y = x. Let @1 be its reflection across the line y = x, yet to be determined.
Let @ have coordinates (b, a).

(a) Since P does not lie on y = x, we have a # b, i.e. P # @ since they have different abscissas. The line P_Q
has slope (b — a)/(a — b) = —1 which is the negative reciprocal of m = 1 and so the two lines are perpendicular.
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13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

(b) Let (¢,d) be the midpoint of the segment PQ. Then ¢ = (a +b)/2 and d = (b+ a)/2 so ¢ = d and the
midpoint is on y = x.

(c) Let Q(c,d) be the reflection of P through y = x. By definition this means P and @ lie on a line perpendicular
to the line y = x and the midpoint of P and @ lies on y = .

(d) Since the line through P and @ is perpendicular to the line y = x it is parallel to the line through P and Q1;
since both pass through P they are the same line. Finally, since the midpoints of P and @)1 and of P and @ both
lie on y = x, they are the same point, and consequently @ = Q1.

If 2 <y then f(z) < f(y) and g(x) < g(y); thus f(z) +g(z) < f(y) + g(y). Moreover, g(x) < g(y), so
flg(x) < f(g ( )). Note that f(z)g(x) need not be increasing, e.g. f(z) = g(x) = x, both increasing for all z, yet
f(x)g(z) = 22, not an increasing function.
dy _ Tx

e Te'".

%:$36$+31‘ e = x%e”(z + 3).

@ _ (ex + e—x)(eac + e—x) _ (e:c _ e—x)(eac _ e—x) _ (6232 + 2+ 6—23:) _ (6290 -2+ e—29c) _ 4/(ea N e—a:)2.

dI (ex + 67I)2 (693 +67m)2
d

ﬁ = (zsec® z + tanx)e” T,

d [> x

% =(1- 36330)6(1’763 ).

dy (z—1)e® z-1

dz 1—ze—= er — g

1
fl(z)=2"In2; y=2%, Iny =2x1n2, ;y’ =In2, 9 =yln2=2%In2.

1
fl(x) =7%"%(InT) cosx; y = m"% Iny = (sinx)Inm, —y = (In7)cosz, y = m2(In ) cos x.
Y

_ 2
Iny = (Inx) In(2® — 2z), i % %lner ! In(z® — 2x), % = (2® — 2z)0® B‘g_ Inz + — ! ln(x - 2x)}
Iny = (tanz) In(lnz), i % = 3311133 tanx + (sec? z) In(In ), Z—:;/ = (lnz)"™"* {m + (sec? ) In(In x)}
1 1
Iny = (Inz)(In(lnx)), dy/dx = (1/z)(In(lnz)) + (lnx)lﬁ = (1/z)(1 + In(Inz)), dy/dz = —(Inz)™*(1 + Inlnz).
nx x

d

ﬁ = (322 —dx)e” + (2% — 22° + 1)e” = (2° + 2 — da + 1)e”
dy = (22 + —)3”” + (2% 4+ v/2)3" In 3.

dx 2y/x

d : "

S _ g3sino—e In4(3cosz — e®).

dz
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43.

45.

47.

49.

51.

53.

55. ——

57.

59.

61.

63.

65.

67.

69.

dy 1 (—1/ 2) 1
S (/22 =

dr /1 —1/x2 ||V x?
dy 32 32

dr 1+ (23)2 T 14425

y=1/tanz = cot x, dy/dx = — csc? z.

d—y = L +e%sec
dr  |z|va? — 1 '
dy
— =0.
dx
dy
=0.
dz

dy 1 (1 1
- = —x =———.
dx 1+2\2 2(1+z)y/x
d
False; y = Ae® also satisfies Y _ Y.
dx
True; examine the cases x > 0 and z < 0 separately.

(a) Let z = f(y) =coty, 0 <y <m, —oo<x < +oo. Then f is differentiable and one-to-one and f'(f~!(x)) =

d 1 1
21 2 -1 .
— t = —z°—1%#0, and —|cot =lim —————~=-1 =—1.
csc?(cot™" x) x # 0, an T [cot™" z] » lim @) lm
d d 1 1 1 1
(b) If z # 0 then, from Exercise 48(a) of Section 0.4, . cot lx = . tan~! i (1/2)? = a1
1

For x = 0, part (a) shows the same; thus for —co < z < 400, %[co‘c_1 x] = e
(c) F < 4 < 400, by the chain rule it follows that - [cot~" 1] L du
¢) For —oco<u 00 e chain rule it follows that —[cot™ u] = —————.

Y dx u?2 +1dz

(322 + tan~Ly)(1 + ¢?)

! -1 ro
+ tan =eVy,y =
Y Y Y,y (1+y2)ey s

3 -1 2 <
x° + x tan =eY, 327 +
y ) 1 y2

(a) f(z)=2a3—32%+2z=2x(x—1)(z —2) so f(0) = f(1) = f(2) = 0 thus f is not one-to-one.

(b) f'(x) =322 —62+2, f'(r) = 0 when x = 0% ::36 =14v/3/3. f'(z) > 0 (f is increasing) if z < 1—+/3/3,

f'(x) < 0 (f is decreasing) if 1 —v/3/3 <z < 14+ +/3/3, so f(x) takes on values less than f(1 —+/3/3) on both
sides of 1 — \/3/3 thus 1 — \/5/3 is the largest value of k.

(a) f'(z) =42® + 32% = (42 + 3)2®> = 0 only at x = 0. But on [0, 2], f’ has no sign change, so f is one-to-one.

(b) F'(x) = 2 (29(x))g'(x) 50 F'(3) = 2f'(29(3))g/(3). By inspection f(1) = 3, s0 g(3) = f~'(3) = 1 and
g'(3) = (f71)(3) = 1/f(f71(3)) = 1/f(1) = 1/7 because f'(z) = 42° + 32°. Thus F'(3) = 2f'(2)(1/7) =
2(44)(1/7) = 88/7. F(3) = f(29(3)) = f(2-1) = f(2) = 25, so the line tangent to F'(x) at (3,25) has the equation
y— 25 = (88)7)(x — 3), y = (88/7)x — 89/7.
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T1. y = Aekt, dy/dt = kAekt = k(AeM) = ky.
73. (a) ¥ =—ze"4+e T=e"(1l—-2a), 2y =xe (1 —2)=y(l-—2).
(b) ¥ = —g2e77/2 o772 = 67“"2/2(1 —a?), zy = ze’mz/Q(l —2?) = y(1 —2?).
A
100 -~
2 P()
60
40
20+
! ! ! i
75. (a) 0 5 10 15 20
(b) The percentage converges to 100%, full coverage of broadband internet access. The limit of the expression in
the denominator is clearly 53 as ¢t — oo.
3
5 b=
4
1
(¢) The rate converges to 0 according to the graph
_sa oy — i JE) = FO) g s
77. f(x) =e’*, f'(0) Cll_r)% por = 3e |$:0—3.
10" —1
79. lim -2 T T In 10.
h—0 h dx o dx =0
9 1//3 Az)2 — 72
81, fim B (5 FADF M d g — 9(3sin ! #) P CLA N ST
Az 0 Ax dx o= VI—a2?|,_ s 37/1—(3/4)
. 1—ekt o 1—ek d ~kty . ) .
83. lim 98— =98 lim —— =9.8—(—¢ | = 9.81, so if the fluid offers no resistance, then the
k—0+ k k—0+ k dk k=0
speed will increase at a constant rate of 9.8 m/s%.
Exercise Set 3.4
dy dx
1. — =3—
dt dt
dy dr dx 1
— =3(2) =6. b) -1=3— =—-.
() - =30) (b) % @3
dx dy
3. 8— +18y— =0
dt + Yt
1 dy dy dx V5 dx
8—3 18—— =0, — =-2. b) 8 — — 18— -8 =0, — =6V5.
(a) 2V2 * 3v2dt T dt (b) (3>dt 9 dt V5
5. (b) A =22

dA dx
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7.

11.

13.

15.

17.

19.

dA

—| =203)(2) =12 ft*/min.

z=3

= 2. From part (c),

dA
d) Find —
(d) Find pm .

ven that &
1ven at —
& dt

z=3

(a) V =mr?h, so v _ 7r (1"2ﬁ —|—2rhﬂ>.

dt dt dt
av dh d d
(b) Find E‘hﬁ given that Tl = 1 and d_: = —1. From part (a), d_‘t/ i 7[10%(1)+2(10)(6)(—1)] =

3 r=10 r=10 r=10
—207 in®/s; the volume is decreasing.

r=10

dy dx
Y 9 ,d0 T Y do B cos?f [ dy dx
(a) tan@-;so sec 9%— p v a2 T V)
do dx dy 1 7r
Fi — i hat — =1 — = ——. Wh =2 =2 =2/2=1 = —
(b) Find 0t |oos given that 0t | and | 1 When z and y = 2, tand = 2/ so 6 1
1 do 1/v2)? 1
and cosf = COSZ =% Thus from part (a), = - = % {2 <4> - 2(1)} = 7136 rad/s; 6 is decreasing.
o

dA
Let A be the area swept out, and 6 the angle through which the minute hand has rotated. Find g given that

g « R S dAi g Am o5, .

% = % rad/mln, A = 57’ 6= 89, SO % = 8@ = E m /mln.
d dA dA d d 1 dA

Find & given that — = 6. From A = 7r? we get — = 2mrT 5o L= =Y qp A= 9 then mr2 = 9,
dt|,_, dt dt dt dt  2mr dt

dr 1 .
7’:3/ﬁ SO % o = W(G) = 1/\/E ml/h

av d 4 av d dv
Find r L given that d—; = —15. From V = 5777“3 we get o= 47rr2d—: 50— . = 47(9)*(—~15) = —4860r.
Air must be removed at the rate of 4860w cm?/min.
d d d d d d
Find d—f s given that d—i = —2. From 22 +y? = 132 we get 2xd—f—|—2yd—i = 0so d_ntc = —%d—gz Use 22 +12% = 169
dx 5 5
to find that x = 12 when y = 5 so — =——(-2) = - ft/s.
dt|,_s 12 6

AN
]

d d
Let 2 denote the distance from first base and y the distance from home plate. Then 22+60% = y? and 2:cd—g;_j = 2yd_§'
d d 50 125
When x = 50 then y = 10/61 so W_rer_ ———(25) = — ft/s.

dt — ydt  10V/61 V61
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& ;
First
Home
d d d d d d
21. Find el given that ar = 880. From 3? = 2 4 30002 we get 2y—y = 2:1:—3c SO @ _ T If
dt |, _ 4000 dt |, _ 4000 dt dt dt y dt
dy 4000
= 4000, th = 5000 — = ——(880) = 704 ft/s.
v reny G| e~ 500050 /s
Roiket
///I
P |
r
e !
Camera/// I
ﬁ<— 3000 ft ——|
23. (a) If x denotes the altitude, then r—z = 3960, the radius of the Earth. 6 = 0 at perigee, so r = 4995/1.12 ~ 4460;
the altitude is * = 4460 — 3960 = 500 miles. 6 = 7 at apogee, so r = 4995/0.88 =~ 5676; the altitude is
x = 5676 — 3960 = 1716 miles.
(b) If = 120°, then r = 4995/0.94 = 5314; the altitude is 5314 — 3960 = 1354 miles. The rate of change of the
. L dr dr drdf 4995(0.12sin6) df .
Ititud by —=—=——=——~——— £ — 0 = 120° and df/dt = 2.7° = (2. 1
altitude is given by — = - = -5 (11 012c0s0)7 dt Use 0° and df/ 7°/min = (2.7)(7/180)
rad/min to get dr/dt ~ 27.7 mi/min.
. . dh . d . . 1, .
25. Find 7 given that i 20. The volume of water in the tank at a depth h is V = 5777“ h. Use similar
h=16
2
. r 10 5 1 5 25 4 dV 25 ,dh dh
triangles (see figure) to get =g 0T = 12h thus V = 37 <12h) h = 4327Th i 1447rh T
144 dV dh 144 9
- = ——(20) = — ft/min.
25wh? dt dt |, 25r(16)2 2 = 5p5 ft/min
d dh 1 1 1_(hY 1 v 1 ,dh d
27. Find i given that — = 5. V = —ar?h, but r = ihso V= 37 <) h = —xh® v _ —mh?— V =

dt |10 dt 3
1 ‘
Z77(10)2(5) = 1257 ft /min.

2 1277 dt A dtdt|,_,,
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dh d 1
29. With s and h as shown in the figure, we want to find a given that d—i = 500. From the figure, h = ssin30° = —s

dh  1ds 1

h
\30°
Ground
d d d d d d
31. Find d_:: given that d_ntc . = —12. From 22 4 10? = 32 we get 2gcd—g;j = 2yd—i SO d—:l; = gd—f Use 22 + 100 = >
d 1569 /69
to find that z = /15,525 = 15v69 when y = 125 so d_z = 5125 (-12) = —3625 . The rope must be pulled at
the rate of 3669 ft /min.
25
Boat
d do 2 d do d
33. Find 2 given that — = miR— rad/s. Then x = 4tan@ (see figure) so o 4sec? —, er =
0=r /4 dt 10 5 dt” dtlg_. /4
4 (se(22 %) (%) = 87/5 km/s.
I X
|
|
4|
()
:—\
|
|
Ship
) dz . dx Y : 2
35. We wish to find o given —- = —600 and y = —1200 (see figure). From the law of cosines, z* =
r=2, r=2,
y=4 y=4
dz dx dy dy dr dz
24y -2 120° = 22 + 9% — 22y(—1/2) = 22 + 42 2 = 2 4 Y 4 r— 4 y—, — =
2 +y x;/cos 0 xd+y xy(—1/2) = 2* 4+ y* + zy, so S xdt+ ydt+xdt+ydt’dt
2 [(2x+y)d—f + (2y—|—m)d—ﬂ When 2 = 2 and y = 4, 22 = 22 + 42 + (2)(4) = 28, s0 z = /28 = 21/7, thus
z

1 42
(;—j = 22V [(2(2) +4)(—600) + (2(4) + 2)(—1200)] = —% = —600+/7 mi/h; the distance between missile

y=4
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and aircraft is decreasing at the rate of 6007 mi/h.
Py Aircraft
y
Z
Missile
dy . dx . . . 5 8 8,
37. (a) We want .., given that p = 6. For convenience, first rewrite the equation as zy° = 5 + =Y then
z=1, z=1,
y=2 y=2
dy dr 16 dy dy Y3 dac dy 23 .
3z — P = —y— —_ = ———(6) = —60/7 units/s.
16 o1, 16
: dy
(b) Falling, because I < 0.
39. The coordinates of P are (z,2z), so the distance between P and the point (3,0) is D = \/(z — 3)2 + (22 — 0)2 =
dD d aD 5x —3 d dD 12
Vbx? — 62+ 9. Find — given that a =-2. — ’ T 50 &2 =—(-2)=-4
dt |,_q dt|,_s dt «/ —6x+9 dt dt |,_s /36
units/s.
de  _dy ) . o 2, Y
41. Solve i 35 given y = z/(x2+1). Then y(z?+1) = z. Differentiating with respect to z, (z +1)d—+y(2x) =1.
x
d dy/dt 1
But ﬁ diédt = 350 (I2—|—1)§+2my =1, 22+ 1+6zy = 3,22 +1+622/(22+1) = 3, (22 +1)%+622— 322 —3 =
0, z* + 52% — 2 = 0. By the quadratic formula applied to 22 we obtain x? = (=5 + /25 + 8)/2. The minus sign is
spurious since x? cannot be negative, so 22 = (=5 + v/33)/2, and x = +/(-5 + V/33)/2.
) dS . S 1 1 1 1 ds 1 dS
43. Find o o given that p o = —2.  From 3 + 3 < 5 we get 2a Ca 0, so
ds S? ds 1 1 1 dsS 225
— = ———. If s = 10, then — + — = = ———(-2) =45 :
dt sdt - ° TS TG i) _, = 100 em/s
The image is moving away from the lens.
d
45. Let r be the radius, V the volume, and A the surface area of a sphere. Show that d—; is a constant given
d 4 av d
that —V = —kA, where k is a positive constant. Because V = —mr3, — = 47rr2—r. But it is given that
e dt av 3 dt dt av
o —kA or, because A = 4mr?, T —47r?k which when substituted into the previous equation for s gives
5 dr dr
—4mr?k = 4nr® — and — = —k.
wr mr? 7 and =
47. Extend sides of cup to complete the cone and let Vy be the volume of the portion added, then (see figure)

1, ro4 1 1 1 (hY 1, v 1 ,dh
V—gﬂrh—VOWhereh—12—3SOT—3handV—37T(3>h_vb—27ﬂ'h _VO7E—§7T}LE,

dh 9 dV dh 9

20
dt " d dt|, ) ) T gp /s
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Exercise Set 3.5

1.

11.

13.

15.

17.

(@) flz)~=f)+f(D)(@—-1)=1+3(—1).
(b) f(1+Az)=~ f(1)+ f'(1)Ax =1+ 3Az.

(c) From part (a), (1.02)% ~ 1 + 3(0.02) = 1.06. From part (b), (1.02)3 ~ 1 + 3(0.02) = 1.06.

. () f(z) = f(xo) + f'(wo)(x — z0) = 1+ (1/(2V/1)(x — 0) = 1 + (1/2)x, so with 2y = 0 and = —0.1, we have

V0.9 = f(=0.1) =~ 1+(1/2)(=0.1) = 1—-0.05 = 0.95. With 2 = 0.1 we have v/1.1 = f(0.1) ~ 1+(1/2)(0.1) = 1.05.

y
! = \dy
Ay I Ay
\
/ dy |
| |
: :
| |
| | X
(b)  -0.1 0.1

. f(x) = (1 +2)¥ and 29 = 0. Thus (1 + 2)'° &~ f(z) + f'(z0)(x — 20) = 1 + 15(1)*(x — 0) = 1 + 152.

tanx ~ tan(0) + sec?(0)(x — 0) = =

cx0=0,f(z)=¢", f'(x) =", f'(xg) =1, hence e* = 1+ 1 -2 =1+ =z.

zt~ (1) +4(1)3(x — 1). Set Az =z —1; then z = Az + 1 and (1 + Az)* =1 + 4Axz.

1 1 1 1 1 1
~ — —1 d2 = A ~ - — —Ax.
ot 211 (2 1)2 (iC ), an +x 3+ Az, so 3 X

3

Let f(r) = tan~"z, f(1) = m/4, /(1) = 1/2,tan="(1+ &) ~ T 4 S A

1 .
fz)=vVz+3and 20 =0,50 VT +3~ V3+ —(z—0) = V3 + \/gx and‘ (z) — (\/—+a:) < 0.1if

23 23
lz| < 1.692.

_2| T T 2

0.1
[0 - (45 + 55|
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19. tan2x ~ tan0 + (sec? 0)(2z — 0) = 2z, and |tan 2z — 22| < 0.1 if |z| < 0.3158.
0.06

0.8 \—— =N0.8
0

[£(x) = 2x]

21. (a) The local linear approximation sinz &~ x gives sin1° = sin(7/180) ~ /180 = 0.0174533 and a calculator
gives sin 1° = 0.0174524. The relative error |sin(w/180) — (7/180)|/(sinw/180) = 0.000051 is very small, so for
such a small value of x the approximation is very good.

(b) Use o = 45° (this assumes you know, or can approximate, v/2/2).

44 4 44 44
(c) 44° = Kj()r radians, and 45° = % = % radians. With « = Kg and zg = Z we obtain sin44° = sin é ~
44 2 2 (-
sin% + (cos g) (é — %) = g + % (é) = 0.694765. With a calculator, sin 44° = 0.694658.

23. f(x) =2, f'(z) =423, 2o = 3, Az = 0.02; (3.02)* ~ 3* + (108)(0.02) = 81 + 2.16 = 83.16.

1 1 1
25. f(z) =z, f'(z) = N =64, Az =1; V65 ~ \/@+1—6(1) =8+ 15 = 8.0625.

1 1
27. f(z) =z, f'(z) = 5 %0 =81, Az = —0.1; V80.9 ~ /81 + 73 (~0-1) ~ 8.9944,

NG

29. f(z) =sinz, f'(z) =cosz, zg =0, Az =0.1; sin0.1 ~ sin 0 + (cos 0)(0.1) = 0.1.

1
31. f(z) =cosz, f'(z) = —sinz, g = 7/6, Az = 7/180; cos 31° ~ cos 30° + (—§> (—

1
33. tan~1(1 + Az) ~ g + 5 Az, Az = —0.01 tan"" 0.99 ~ g — 0.005 ~ 0.780398.

35. V/8.24 = 81/3/1.03 ~ 2(1 + £0.03) ~ 2.02, and 4.08%/2 = 43/21.02%/2 = 8(1 + 0.02(3/2)) = 8.24.
37. (a) dy=(-1/2%)dx = (-1)(-0.5) =05and Ay =1/(z + Az) - 1/z=1/(1-05) - 1/1=2—-1=1.

Y

AN

AyiL
dy=0.5
17

(b) 05 1

39. dy = 3z%dx; Ay = (x + Ax)® — 2% = 2 + 322 Az + 32(Ax)? + (Az)® — 2° = 32°Ax + 3x(Ax)? + (Ax)?.

41. dy = (2z—2)dx; Ay = [(z+Ax)? —2(x+Az)+1]—[22 - 22 +1] = 22+ 22 Az+ (Az)> -2z —2Ax+1—2*4+2x—1 =
2z Az + (Ax)? — 2Ax.
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43.

45.

47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

(a) dy = (1222 — 14x)dx.

(b) dy = xd(cosx) + coszdx = z(—sinz)dx + coszdx = (—x sinx + cos x)dz.

(a) dy= <\/ﬁ N%) = ;/%dx.

(b) dy=—17(1 +z)"8dz.
False; dy = (dy/dz)dzx.

False; they are equal whenever the function is linear.

3 3
dy= ——— dz, z =2, do = 0.03; Ay ~ dy = >(0.03) = 0.0225.
Y= y~ dy = (0.03)

By A g e — 0 dr— 004 Ay~dy = -2 (—0.04) = 0.0048
y—(x2+1)2 x, =2, drx=—-0.04; Ay = dy = o .04) = 0. .

(a) A = x? where x is the length of a side; dA = 2z dx = 2(10)(40.1) = +2 ft*,
d +0.1
(b) Relative error in x is within o=

x 10
dA  2xd d
a = % = 2% = 2(£0.01) = £0.02 so percentage error in A is +2%.

= +0.01 so percentage error in x is +1%; relative error in A is within

. ™ ™ V3 7r
(a) = = 10sinf, y = 10cos@ (see figure), dr = 10cosfdd = 10 (cos 6) (i@) =10 (2> (:I:@) ~

£0.151 in, dy = —10(sin 0)df = —10 (sin %) (ﬁ:%) =10 (;) (ﬁ:%) ~ £0.087 in.

107,

\9

y
d
(b) Relative error in z is within @ _ (cot §)df = <cot %) (:l:—lgo) =3 (i—lgo) ~ £0.030, so percentage error
T
d 1
in z is ~ £3.0%; relative error in y is within ?y — —tanfdf = — (tan g) (i—lgo) =-— (i—lgo) ~ £0.010, so

percentage error in y is ~ +1.0%.

AR (—2k/r%)d d d dR
== ((k//;))r - —2%7 but 7T = %0.05 50 7 = ~2(0.05) = £0.10; percentage ervor in R is +10%.

1
A= 1(4)2 sin 260 = 4sin 20 thus dA = 8 cos 20d6 so, with § = 30° = 7/6 radians and df = £15' = £1/4° = +7/720
radians, dA = 8 cos(r/3)(£m/720) = +m/180 ~ £+0.017 cm?.

av

d 2d d d
x

V = 23 where x is the length of a side; — = =3—
14 x3 x

percentage error in V is £6%.

1 dA D/2)dD dD dA dD
A = ~7D? where D is the diameter of the circle; a = % = 26’ but a = 40.01 so 26 = 40.01,

o= +0.005; maximum permissible percentage error in D is +0.5%.
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67. V = volume of cylindrical rod = nr?h = 7r?(15) = 157r2; approximate AV by dV if r = 2.5 and dr = Ar = 0.1.
dV = 307rdr = 30m(2.5)(0.1) ~ 23.5619 cm?.

69. (a) a=AL/(LAT) = 0.006/(40 x 10) = 1.5 x 10~%/°C.

(b) AL =2.3 x107°(180)(25) ~ 0.1 cm, so the pole is about 180.1 cm long.

Exercise Set 3.6

_ 2?2 —4 . (z—-2)(z+2) .. z+2 2 _ a1
1. (a) igm—i%m—i%x+4—§or, usmgLHOpltalsrule,
z? —4 . 2z 2

lim ——— = lim = .
25222 4+ 20 —8 2522+ 2 3

2 lim >
2x — 5 T Stoco 2 2r—5 2
(b) lim < = 2L _ 2 or, using L'Hopital’s rule, lim z = lim - =-.
z—+oo0 3z + 7 34 lim ~ 3 z—=+oo 3x + 7  z=+0 3 3
T—400

3. True; Inz is not defined for negative x.

5. False; apply L’Hopital’s rule n times.

xT

7. lim =1.
z—0 COS T
2
9. lim 20 _ 1.
6—0 1
11. lim 2%~ 1
r—mt 1
13. lim 1/7:£ =0.
r—r+o0 1
. —csc2z . —x . -1
15. lim = lim —— = lim —— = —0c0.
a—0t  1/x z—0+ sinx -0+ 2sinx cosx
1 99 1 98 1 (1
17, tim 00T gy, (O00O9CT g G00)O98)--- (1)
T——+00 er z——+00 er T——+00 er
T _ A2
19. lim 2/17433 = 9.
x—0 1
. _ . x .
21. lim ze®= lim — = lim — =0.
T—+00 z—+oo eT z—+oo e’
: _ 2
23. lim zsin(n/z) = lim sin(r/x) = lim (=m/a”) cos(n/x) = lim wcos(n/x) = .
r—+o0 Tr——+00 1/32 r—+o0 —1/;1,‘2 r—+o0
5 —5sinb —5(+1 5
25. lim sec3xcosbr = Ilim cosoT lim s?n - (+1) = ——.
z—(m/2)~ z—(r/2)~ cos3x  z—(n/2)- —3sin3z  (—3)(—1) 3
B v . Im(1-3/xz) . -3 . 3
27 y= (1 B 3/58) ’ IEIJIrloolny o zgr}rlool/ix o z—+o00 1 — 3/1’ o 737 :EEIJIrlooy -
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In(e® T4+1
29. y= (e +2)"/*, lim Iny = lim n(e” +2) im &1 , 2
x—0 x—0 x z—0e? + x —0

) . In(2—2) _ 2sin?(mz/2) .
= — tan(mz/2) = B e E———— _ - = = 2/m
8l y=(2-2) ’ alrl—>ml Iy il—>ml cot(mx/2) }1—>ml (2 —x) 2/, ql~1—>mly e

. 1 1 . x—sinx . 1—cosz . sinx

3. lim{({——-——-)=lm———=lim———— =lim————— =0

z=0 \sinz = z—0 zrsinz z—0xcosT +siner z—02cosx — xsinx
. (2% + ) — 22 . T . 1

35, lim —(——= lim —— = lim — =1/2.
zotoo /a2 4 x4 wotee V244 wotee 14+ 1/z+1 /

37. lim [z—In(z?+1)]= lim [lne®*—In(z*+1)] = lim lni lim e lim e lim il +o0
T—+00 T—+00 o400 22+ 1’ 25F00 22 +1 z—+o00 21 z—+o00 2 ’
so lim [z —1In(z? +1)] = +o0

T—+00
. . . . Inx . 1/x . sinz
39. y=2""% Iny =sinzlnz, lim Iny = lim = lim ————— = lim (—tanz) = 1(-0) = 0, so
=0+ 20+ CSCX a0+ —cscxrcotr  z—0t \ T
lim 2%"% = lim y=¢" =1
z—0t z—0
17" In [— ] 1 x
41. y = |——| ,lny = zln[——], lim Iny = lim ——m — | — —2?) = — lim — =0
Y [ lnx} Ay =l [-55] Camor T Lo 1/z o0+ ( a:lna:) (=27 o0+ Inz 50
lim y=e’=1
z—0t
) . Inlnz . 1/(zlnx) )
= l/a: = = = _ = =

43. y = (lnz)"/* Iny = (1/x) lnlnx7wgr+rloo Iny wgrfoo - mgrfoo T 0, so wgrfooy 1.

In tan x (sec? x/tan x)

45. y = (¢ /2= Iny = 2 — z)Int li lny = 1 —— = = | A bt
y = (tana)"™5 Iy = (r/2 —)latans, Hm Iy = lm e = i a2

2 — 2 — 2 — 2 —
i 2z o 2= g W2 W20 00 s dm y= 1
z—(m/2)~ COoST S T z—(m/2)— CoOST z—(mw/2)— smx z—(m/2)~
. . 3z -2z +1 . . )
47. (a) L’Hopital’s rule does not apply to the problem hm1 a2 — o because it is not an indeterminate form.
r— Xre — 4T
3z2 —2r+1
b) lim —————— =2.
(b) 21 322 — 2z
0.15
100 1 1 1 1 1 1 1 1 1 /I 10000
49, lim o) o 2 0

m —7F—-
z—+oo \/xlnx

s—too 1/(2/7)
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25
N3/ . . 3lnsinz . T . 3
51. y = (sinz)?* ™% lim lny = lim ————— = lim (3cosz)—— =3, lim y=e".
z—0+ z—0t Inzx z—0+ sin x z—0+
1 “Plnx -1 | 1
53. Inx — € = lnz — = &; lim e “lnz = lim e lim ﬁ = 0 by L’Hopital’s rule, so
e~ e~ T—+00 z—+oo et z—+4oo et
. . e Flnxr—1 .
lim [lnz —e*]= lim —————— = —o0; no horizontal asymptote.
T— 400 z— 400 e T
0
0 M 3
-16
1 . . In(Inz) . ) : )
55. y = (Inx) /#  lim lny= lim = lim =0; lim y =1, y=1is the horizontal asymptote.
z—+00 z—+00 €T z—+oco lnax T—+00
1.02
100 L =/ 10000
1
57. (a) 0 (b) +oo (¢) 0 (d) - (e) +oo (f) —o0
14 2cos2 in 2 in 2
59. lim L hacosar does not exist, nor is it +oo0; lim TAEsnAr lim <1 + St x> =1.
r—+o0 1 r—+o0 xX r—r+00 €T
2 in 2 2 in 2
61. lim (2+ zcos2x + sin2x) does not exist, nor is it +oo; lim J;(—i—ismx) = lim M, which does not
T—400 T—+400 rz+1 z—+oo 1+ 1/x

63.

65.

67

exist because sin 2z oscillates between —1 and 1 as x — +o0.

Vt —Rt/L
e ™M _Vt

lim L
Rgr()l+ 1 L
t_ 1 1 t
() Tim (k7" —1) = lim L g R

400 t—0t 1 t—0+
(c) In0.3=-1.20397, 1024 ( **4/0.3 — 1) = —1.20327; In2 = 0.69315, 1024 ( **%/2 — 1) = 0.69338.

(a) No; sin(1/x) oscillates as z — 0.
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7

69.

0.05

-0.35 0.35

(b) -0.05

(c) For the limit as 2 — 0" use the Squeezing Theorem together with the inequalities —2? < 2?sin(1/z) < 22,

For x — 0~ do the same; thus lir% f(z) =0.
T—

sin(1/xz) . sinz
-0t (sinz)/z’ z2—0+ z—0+
xsin(1/z)

T — 400, so lim does not exist.

z—0t  sinx

Chapter 3 Review Exercises

11.

13.

15.

dy dy_2—y73x2

.(a) 3P+r—=+y—-2=0,—=

dx dx x
M) y=Q+2zx—23)/z=1/z+2— 2% dy/de = —1/2* — 2z.

dy  2-(1/z+2—2a”) - 3a®

2

=1 but lim sin(1/x) does not exist because sin(1/x) oscillates between —1 and 1 as

= —1/2% — 2z
(c) Ir - /x x
Jldy 1Ay
y2de a2 de a2’
dy dy dy ysec(zy) tan(zy)
—_— S t = — — = .
(m dx + y) sec(zy) tan(zy) dx’ dr 1 — zsec(zy)tan(zy)
dy _3r Py (49)(3)— (o)(dy/dr) _ 129 122(3x/(dy)) 127907 B34y o, o,
dr 4y’ da? 1642 - 162 T 16y 1643 v
dy  —3(7) 21
750 — = = ——.
dz? 16y3 16y3
dy dy dy dy dy 2
. — =tan(ny/2) + x(w/2) = sec*(wy/2), — =14+ (n/4)— (2), — = .
dx dx dx y=1/2 dx y=1/2 dx y=1/2 22—
Substitute y = ma into z? + zy + y®> = 4 to get 22 + mx? + m2?z? = 4, which has distinct solutions z =

+2/v/m? + m + 1. They are distinct because m? + m +1 = (m+1/2)? +3/4 > 3/4, so m? + m + 1 is never zero.
Note that the points of intersection occur in pairs (xg,yo) and (—zg, —yo). By implicit differentiation, the slope of
the tangent line to the ellipse is given by dy/dx = —(2z + y)/(x + 2y). Since the slope is unchanged if we replace
(x,y) with (—z, —y), it follows that the slopes are equal at the two point of intersection. Finally we must examine
the special case x = 0 which cannot be written in the form y = mz. If x = 0 then y = £2, and the formula for

dy/dx gives dy/dx = —1/2, so the slopes are equal.

By implicit differentiation, 322 —y—xy'+3y?y’ = 0, s0 y’ = (322 —y)/(x—3y?). This derivative exists except when
x = 3y?. Substituting this into the original equation 23 —zy+y3 = 0, one has 27y° —3y3 +y3 = 0, y3(27y>—2) = 0.
The unique solution in the first quadrant is y = 2'/3/3, 2 = 3y? = 22/3/3

y=In(z+1)+2In(z+2) — 3ln(x + 3) —41n(x + 4), dy/dx =
x

2 3 4

T+2 z+3 x+4



78 Chapter 3
dy 1
17. =— = —(2)=1/x.
dx 295( ) /@
19. @ = ;
dr  3z(lnz+1)2/3
dy Inlnz 1
21. = =1 Inz = ' = .
PR FET (In10)(zlnx)
23, y= Slnot b+ at), g = o 4 22
.y=—-Inz+-In x = — 4+ —.
Y73 2 T T U4
25. y=22+1s0y = 2.
d
27,y =2eVT 4+ Qxeﬁd—\/f =2eV7 4 \/zeV®,
i
2
29. Y = ————.
4 (1 + 4x2)
! 1 d, - 1 « "
31. Iny=¢€“Inz, Y o ( +1H1’>, YW e < +1n:17> =e" [xe e lnx]
Y x dx x
2
33. ¢y = )
2z + 1]/ (2e 4+ 1)2 -1
1 3 T 3x? x?
35. Iny =3lnz—-In(z®+1),y/y==-— ——, ¢y = — .
ny nx 2n(x+)y/y - x2+1y 2 +1 (221 1)32
y
6 =
4 -
2
T
37. (b) 1 2 3 4
d 1 1 d d,
() £:§—E,soﬁ<03‘cx:1and£>Oatm:e.
(d) The slope is a continuous function which goes from a negative value to a positive value; therefore it must
take the value zero between, by the Intermediate Value Theorem.
d
(e) ﬁszhenx:Z
d d d dy d d
39. Solve d—i = 3(% given y = xlnx. Then d—i = d—zd—j = (1 +1nx)d—3§, sol+Ilnz=3lnzx=2z=e
1 1 . .
41. Set y = logy « and solve y' = 1: 3/ = mh = 1sox= A The curves intersect when (z, ) lies on the graph
z1n n
Inx

of y = log, x, so = log, . From Formula (8), Section 1.6, log, = = from whichlnz =1, z =e¢, Inb=1/e,

Inbd
b= elle ~ 1.4447.
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43.

45.

47.

49.

51.

53.

55.

57.

Yes, g must be differentiable (where f’ # 0); this can be inferred from the graphs. Note that if f/ = 0 at a point
then ¢’ cannot exist (infinite slope).

Let P(z0,%0) be a point on y = €3* then yo = 3. dy/dr = 3e3* 0 Mian = 3€3%° at P and an equation of the
tangent line at P is y — yo = 3e3%°(x — x¢), y — €3%0 = 3e3%0(x — x(). If the line passes through the origin then
(0,0) must satisfy the equation so —e3%° = —3z¢e3?0 which gives 2o = 1/3 and thus yo = e. The point is (1/3,¢).

dy/d d
Iny =2xIn3+ 7zlnb; dy/dw =2In3+7Inb, or d—y =(2In3+ 7In5)y.
y X
Y = ae® sin bx + be® cos bx, and i’ = (a* — b?)e” sin bx 4 2abe®” cos bz, s0

Y —2ay’ + (a® + %)y = (a* — b*)e™ sin bz + 2abe™” cos bx — 2a(ae” sin bx + be® cos bx) + (a* + b?)e sin bz = 0.

0 =/ 8
(a) 20
(b) Ast tends to +o00, the population tends to 19: lim P(¢) = lim 95 = 9 = % =19
00, the popu "t too Ctotoo 5 —det/4 54 lim e /4 5
t—4o0

(c) The rate of population growth tends to zero.

0
0 =\ 8

—-80

In the case 400 — (—00) the limit is 4o00; in the case —oo — (4+00) the limit is —oo, because large positive
(negative) quantities are added to large positive (negative) quantities. The cases +00 — (+00) and —oco — (—o0)
are indeterminate; large numbers of opposite sign are subtracted, and more information about the sizes is needed.

x x x
lim (e® —2%) = lim 2?(e”/x® —1), but lim 6—2 — lim & = lim & = 400,50 lim (e”/x? —1) = 400
T—+00 T—+00 T—+00 I z—+oo 2% z—+oco 2 T—+00
and thus lim z%(e®/2? — 1) = +oo.
Tr—+o0

. z2e” . 3z 12 et 1
lim — 5 = | lim — Iim —| = —=.
z—0 sin” 3x z—0 sin 3x z—0 9 9
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59.

61.

63.

The boom is pulled in at the rate of 5 m/min, so the circumference C' = 2r7 is changing at this rate, which means

d d 1 d dA dAd
that dltj = d—f o = —5/(2r). A =7r? and d—z = —5/(2m), so rri ﬂd—z = 2mr(—5/27) = —250, so the area
is shrinking at a rate of 250 m?/min.
—1 —1 1 1
(a) Az =15-2=-0.5;dy= Az = —0.5) = 0.5; and Ay = — =2-1=1

(x—1)2 (2 - 1)2( (15-1) (2-1)
(b) Az =0—(—7/4) =7/4; dy = (sec*(—n/4)) (7/4) = 7/2; and Ay = tan 0 — tan(—m/4) = 1.

—x -0
V25— /25— (0)2

(¢) Az =3-0=3;dy = (3)=0;and Ay =v25-32 —v/25-02 =4 - 5= —1.

™

1
(a) h = 115tan¢, dh = 115sec? ¢ dp; with ¢ = 51° = %7‘( radians and d¢ = +0.5° = £0.5 (180
h £ dh = 115(1.2349) + 2.5340 = 142.0135 £ 2.5340, so the height lies between 139.48 m and 144.55 m.

) radians,

o1
(b) If |dh| < 5 then |d¢| < % cos? 80" ™ 0.017 radian, or |d¢| < 0.98°.

Chapter 3 Making Connections

1.

(a) If t > 0 then A(—t) is the amount K there was ¢ time-units ago in order that there be 1 unit now, i.e.

1 1
K-At)=1,so K=——.B K = A(-t). A(—t) = —.
(t) , 8O A0 ut, as said above, (—t). So A(—t) A0

(b) If s and t are positive, then the amount 1 becomes A(s) after s seconds, and that in turn is A(s)A(t)

after another ¢t seconds, i.e. 1 becomes A(s)A(t) after s + t seconds. But this amount is also A(s + t), so

A(s)A(t) = A(s+t). Now if 0 < —s < t then A(—s)A(s+t) = A(t). From the first case, we get A(s+t) = A(s)A(t).
1

1
If0 <t < —sthen A(s+1t) = A1) = A9 AD = A(s)A(t) by the previous cases. If s and t are both
1

1
negative then by the first case, A(s +t) = Y E— = A9 AD = A(s)A(?).

(¢) Ifn >0 then A <1> A (1> LA (1) =A (n1> = A(1), s0 A (1> = A(1)Y™ = b!/™ from part (b). If
n n n n n
AL
n

1 1
_ _ — A(l)l/n — bl/n
A(-L) T A

n

n < 0 then by part (a),

1 m
(d) Let m,n be integers. Assume n # 0 and m > 0. Then A (%) =A <n) = A(1)™/" = pm/m,

(e) If f,g are continuous functions of ¢ and f and g are equal on the rational numbers {T in #£ O}, then
n

f(t) = g(t) for all ¢. Because if z is irrational, then let ¢, be a sequence of rational numbers which converges to
x. Then for all n > 0, f(t,) = g(tn) and thus f(z) = 1ilf fltn) = hr}rl g(tn) = g(x) .
n—r+00 n—r+00
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Exercise Set 4.1

11.

13.

15.

17.

y y

/ i
(a) f'>0and f">0. — (b) f'>0and f” <O0. /

ky o
\\; \

(d) f' <0and f” < 0.

(¢) f/<0and f”>0.

. A dy/dz <0, d*y/dz? > 0, B: dy/dx >0, d*y/dz* <0, C: dy/dx <0, d*y/dx?* < 0.

. An inflection point occurs when f” changes sign: at x = —1,0,1 and 2.

(a) [4,6] (b) [1,4] and [6,7]. (c) (1,2) and (3,5). (d) (2,3) and (5,7). (e) x=2,3,5.

. (a) f is increasing on [1, 3].

(b) f is decreasing on (—oo, 1], [3, +00).

(¢) f is concave up on (—o0,2), (4, 4+00).

(d) f is concave down on (2,4).

(e) Points of inflection at z = 2, 4.

True, by Definition 4.1.1(b).

False. Let f(z) = (z —1)3. Then f is increasing on [0,2], but f/(1) = 0.

f(@) =2z —3/2), f'(z) =2.
(a) [3/2,4) (b) (—00,3/2] (¢) (—o0,+00) (d) nowhere (e) none

f(z) =62z +1)2, f"(z) =242z + 1).
(a) (—o00,+0) (b) nowhere () (-1/2,400) (d) (—o0,—-1/2) (e) —1/2

81
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19. f'(x) = 122%(x — 1), f"(x) = 36x(x — 2/3).
(a) [17+OQ) (b) (_0071] (C) (_0070)7 (2/3, +oo) (d) (072/3) (e) 072/3
o _3(.’)’}2 -3z + 1) g 61‘(296 — 8z + 5)
3-V5 3+V5 3-V5| [3+V5 V6 V6
(a) l 5 5 (b) (—oo, 5 , 5 ,—i—oo) (c) (0,2— 7), <2+ 7,4—00)
(d) (—o0,0), (2 V6 2+%> (e) 0,2— \f, +?
b 2x+1 won o 2@ +2)(x—1)
T | AR TP N S
(a) [-1/2,400) (b) (—o0,—1/2] () (=2,1) (d) (=00,-2),(1,+00) (e) —2,1
22/3 _ 25/3 1 o
25. e = O gy 2 0D 9937; )
(a) [-1,0],[1,+00) (b) (—o0,—1],[0,1] (c) (—o0,0), (0,400) (d) nowhere (e) none
27. f(z) = —me_"’”z/Q, f"(x) = (=1 +2%)e —2*/2,
(a) (=00,0] (b) [0,+00) (¢) (=00, -1), (1,400) (d (L1  (e) —L1
/ £ " a® —4
29. f'(z) = $2+47f (»T):—m~
(a) [0,+00) (b) (—00,0] (¢) (=2,2) (d) (—00,-2),(2,+00) (e) —2,2
2z 3zt — 222 -2
O e IO = P e
VIHVT V1+V7 VIHVTY (V1+V7
(a) [0+o00) (b) (—o00,0] (c) ( B f > (d) (oo7 Ve ), ( 7 ,+oo>
() LIV
33. f'(x) = cosx +sinz, f’(x) = —sinz + cosz, increasing: [—m/4, 3w /4], decreasing: (—m, —7 /4], [37/4, ), concave
up: (—3w/4,m/4), concave down: (—m,—3w/4), (w/4, ), inflection points: —3n/4, 7 /4.
1.5
-1.5
35. f(x) = —151302(55/2)7 f(x) = —%tan(m/Q)secQ(x/Q)), increasing: nowhere, decreasing: (—m,7), concave up:

(—m,0), concave down: (0, ), inflection point: 0.
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10
|t 1 E \ T
-10

37.

39.

41.

43.

45.

f(x) =1+sin2z, f'(z) = 2cos2x, f’(xr) = —4sin 2z, increasing: [—m, —37w/4], [-7/4, 7 /4], [37/4, 7], decreasing:
[—37/4, —7 /4], [n /4,37 /4], concave up: (—7/2,0), (7w/2,7), concave down: (—m, —m/2),(0,7/2), inflection points:
—m/2,0,m/2.

2
—\u I Y
0
Ay by 4Y
4_¥ 4l -
4L
| Ly ! L . L1 g
(a) : (b) 2 (c) 2
f'(x) = 1/3—1/[3(14x)?/3] so f is increasing on [0, +-00), thus if z > 0, then f(x) > f(0) =0, 1+2/3— YT +x > 0,
vV1i+z<l4+z/3.
25
0 : - —/ 10
0

x > sinz on [0,+00): let f(z) = x —sinz. Then f(0) = 0 and f'(x) =1 —cosz > 0, so f(x) is increasing on
[0,400). (f' =0 only at isolated points.)
4

0 ' : !

(a) Let f(z) =2 —1In(z+1) for x > 0. Then f(0) =0and f'(z) =1-1/(x+1) >0 for z > 0, so f is increasing
for x > 0 and thus In(x + 1) < x for > 0.

1
(b) Let g(z) :x—§m2—1n(x—|—1). Then g(0) =0 and ¢'(z) =1 -2 —1/(z +1) <0 for x > 0 since 1 — 22 < 1.
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. . 1,
Thus g is decreasing and thus In(z + 1) > = — 3% for z > 0.
2 1.2
0 ! =20 > 2
(c) 0
47. Points of inflection at x = —2,+2. Concave up on (—5,—2) and (2,5); concave down on (—2,2). Increasing on
[—3.5829,0.2513] and [3.3316, 5], and decreasing on [—5, —3.5829] and [0.2513, 3.3316].
250
v \FC/ 3
-250
90x3 — 81x? — 585z + 397
49. f'(z) = 2 x m Tt . The denominator has complex roots, so is always positive; hence the x-

51.

53.

55.

57.

59.

(322 — bz + 8)3
coordinates of the points of inflection of f(z) are the roots of the numerator (if it changes sign). A plot of
the numerator over [—5,5] shows roots lying in [—3, —2], [0,1], and [2,3]. To six decimal places the roots are
T ~ —2.464202,0.662597,2.701605.

f(z1) = f(z2) = 23 — 23 = (z1 + 22) (21 — 22) < 0 if 21 < @9 for 21, T2 in [0, +00), so f(z1) < f(xz) and f is thus
increasing.

(a) True. If 1 < xo where x; and z3 are in I, then f(z1) < f(x2) and g(z1) < g(x2), so f(x1) + g(z1) <
f(z2) + g(z2), (f + 9)(z1) < (f + g)(x2). Thus f + g is increasing on I.

(b) False. If f(z) = g(z) = = then f and g are both increasing on (—o0,0), but (f-g)(x) = 22 is decreasing there.

(@) f(z) ==, g(z) =2z (b) f(z) ==, g(x) =z +6 (c) flx) =2, g(x) =2

b b b
(a) f"(z) =6axr+2b=6a (x + 3—>, f"(x) =0 when z = ~35 f changes its direction of concavity at z = ~3,
a a a

SO ~34 is an inflection point.
a

(b) If f(z) = az® + bx® + cx + d has three z-intercepts, then it has three roots, say x, 2 and 3, so we can write
f(@) = alx — 21)(x — 22)(x — x3) = ax® + bx?® + cx + d, from which it follows that b = —a(x; + 29 + x3). Thus

~3. = 5(351 + x2 + x3), which is the average.

(c) f(z) = x(2® — 32+ 2) = z(z — 1)(x — 2) so the intercepts are 0, 1, and 2 and the average is 1. f”(z) =
6x — 6 = 6(x — 1) changes sign at = 1. The inflection point is at (1,0). f is concave up for x > 1, concave down
for x < 1.

(a) Let 1 < @9 belong to (a,b). If both belong to (a,c| or both belong to [¢,b) then we have f(x1) < f(z2) by
hypothesis. So assume x; < ¢ < z3. We know by hypothesis that f(z1) < f(c¢), and f(¢) < f(x2). We conclude
that f(z1) < f(z2).
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61.

63.

65.

67.

69.

71.

73.

(b) Use the same argument as in part (a), but with inequalities reversed.

By Theorem 4.1.2, fis decreasing on any interval [(2nm 4+ 7/2,2(n + 1) + 7/2] (n = 0,£1,42,...), because
f'(x) ==sinz+1<0on (2nm+7/2,2(n+ 1)m + 7/2). By Exercise 59 (b) we can piece these intervals together
to show that f(x) is decreasing on (—o0, 4+00).

AY
2_Inflecti0n
point
1_
t
y
4_
3 inflpts
,\
27
17
X
LAke ¥t LAk
)= —"" 5 s0y(0)=—_
() V() = (5 Aoz 0V 0) = 71

(b) The rate of growth increases to its maximum, which occurs when y is halfway between 0 and L, or when

1
t= Z In A; it then decreases back towards zero.

d
(c) From (2) one sees that %Y is maximized when y lies half way between 0 and L, i.e. y = L/2. This follows

since the right side of (2) is a parabola (with y as independent variable) with y-intercepts y = 0, L. The value
1
y = L/2 corresponds to t = z In A, from (4).

t~7.67 0

Since 0 < y < L the right-hand side of (5) of Example 9 can change sign only if the factor L — 2y changes sign,

1
which it does when y = L/2, at which point we have — 1=AeF t = Z In A.

2 " 1+ Ae—kt’

Sign analysis of f’(x) tells us where the graph of y = f(z) increases or decreases. Sign analysis of f”/(z) tells us
where the graph of y = f(z) is concave up or concave down.



86

Chapter 4

Exercise Set 4.2

11.

13.

15.

17.

- (a)

y y
f&x)

.

(b)

fx)
fx)

(c) (d)

. (@) f'(z) =6x—6and f’(z) =6, with f/(1) = 0. For the first derivative test, f/ < 0 for x < 1 and f’ > 0 for

x > 1. For the second derivative test, f”(1) > 0.

(b) f'(z) =32% —3 and f"(x) = 6z. f'(z) =0 at x = 1. First derivative test: f' >0 for x < —1 and = > 1,
and f' <0 for —1 < x < 1, so there is a relative maximum at = —1, and a relative minimum at = 1. Second
derivative test: f” < 0 at x = —1, a relative maximum; and f”/ > 0 at x = 1, a relative minimum.

. (@) fl(x)=4(x—1)3, ¢ (z) =322 -6z +3s0 f'(1) =¢'(1) = 0.

(d) f"(x) =12(xz —1)%, ¢"(x) = 62 — 6, s0 f"(1) = g"(1) = 0, which yields no information.

(¢) f'<O0forz<1and f >0 forz > 1, so there is a relative minimum at z = 1; ¢’(z) = 3(z — 1)®> > 0 on both
sides of z = 1, so there is no relative extremum at z = 1.

f'(z) = 1623 — 322 = 162(2% — 2), so x = 0,4+/2 are stationary points.

2
—z* =2z +3
fi(x) = (27+3)—2|—, so x = —3,1 are the stationary points.
x
2z
f'(x) = ——————+; so = 0 is the stationary point; x = +5 are critical points which are not stationary points.

3(a2 — 25)2/3°

cosxz, sinz >0
—cosz, sinx <0

sinx, sinx >0

. . , and f’(z) does not exist when = =
—sinz, sinx <0

fa) = lsinal = { 0 () = {

nm, n = 0,%1,42, ... (the points where sinz = 0) because lim f'(z) # lim+ f'(x) (see Theorem preceding
T—NT T—Nnm

Exercise 65, Section 2.3); these are critical points which are not stationary points. Now f’(x) = 0 when 4+ cosz = 0
provided sinx # 0 so ¢ =7/2+nm, n=0,4+1,£2, ... are stationary points.

False. Let f(x) = (x —1)?(2z — 3). Then f/(x) = 2(z — 1)(3z — 4); f’(z) changes sign from + to — at x =1, so f
has a relative maximum at z = 1. But f(2) =1 > 0= f(1).

False. Let f(x) = + (z — 1)2. Then f’(z) = 22 — 1 and f”(z) = 2, so f”(1) > 0. But f'(1) =1 # 0, so f does
not have a relative extremum at x = 1.
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Ay Ay
y=f1x) y=£"(x)
\I 1 1 1 1 X 1 1 1 1 1 X
N, ! 23 4 5 31//1'25215'
19.
21. (a) None.
(b) x =1 because f’ changes sign from + to — there.
(c) None, because f” =0 (never changes sign).
Ay
1 1 *
1 T T bl
(d)
23. (a) z = 2 because f’(z) changes sign from — to + there.
(b) x =0 because f’(x) changes sign from + to — there.
(¢) z=1,3 because f”(z) changes sign at these points.
Ay
\:/_
1 i 1 1 ;X
/ T2 3 4
(d)
-— - ?— - - (? ++ +
25. f: 0 5173 Critical points: « = 0,5'/2; 2 = 0: neither, = 5'/3: relative minimum.
- - —o‘o +++0- - —
27. " -2 2/3 Critical points: x = —2,2/3; © = —2: relative minimum, z = 2/3: relative maximum.
- - - 9 + + +
29. f”: 0 Critical point: z = 0; x = 0: relative minimum.
-— - 9+ + + (? -— -
31. f”: -1 1 Critical points: x = —1,1; x = —1: relative minimum, = = 1: relative maximum.

33. f'(z) =8 — 6a: critical point x =4/3, f(4/3) = —6 : f has a relative maximum of 19/3 at x = 4/3.

35. f'(x) = 2cos2x: critical points at = w/4,37/4, f"(n/4) = —4: f has a relative maximum of 1 at x = 7/4,
f"(3n/4) =4 : f has a relative minimum of -1 at z = 37 /4.
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- - - ? + + + 9 - - - 9 + + +
37. f'(x) = 42® — 1222 + 8x: 0 1 2 Critical points at x = 0, 1, 2; relative minimum
of 0 at x = 0, relative maximum of 1 at x = 1, relative minimum of 0 at z = 2.
39. f'(x) = 5a* + 823 + 32?: critical points at * = —3/5,—1,0, f”(—3/5) = 18/25 : f has a relative minimum of
—108/3125 at x = —3/5, f”(—1) = —2: f has a relative maximum of 0 at z = —1, f”(0) = 0: Theorem 4.2.5 with
m = 3: f has an inflection point at x = 0.
, 2(3?1/3 +1 ... . 1" 2 i i !
41. f'(z) = i critical point at x = —1,0, f”(-1) = -3 f has a relative maximum of 1 at x = —1, f/ does
x
not exist at x = 0. Using the First Derivative Test, it is a relative minimum of 0.
43. f'(x) = 5 no extrema
(z —2)* '
, 2z . . ” . .
45. f'(z) = CEeE critical point at z = 0, f(0) = 1; f has a relative minimum of In2 at z = 0.
T
47. f'(z) = 2e*® — €%; critical point # = —In2, f”(—1In2) = 1/2; relative minimum of —1/4 at z = —In 2.
. .. . 20 —3 if x<0orax>3;
! _ !/ _ 9
49. f'(z) is undefined at = 0,3, so these are critical points. Elsewhere, f'(x) = { 3_92 if 0<uz<3.
f'(z) = 0 for z = 3/2, so this is also a critical point. f”(3/2) = —2, so relative maximum of 9/4 at z = 3/2. By
the first derivative test, relative minimum of 0 at x = 0 and = = 3.
51.
y
2,49 F
75
( 7 - 57 ’0)
53. —80F (3,-76)

(3+7)




Exercise Set 4.2

Y 5 1615
57 125
04}
(@ HWI15
0.2+ 57125
X
Py >
1
(—ﬁ -4T5 o
5 7 125
ﬁ -16\5
59. 5° 125
61. (a) lim y= —oo0, lim y = 4o0; curve crosses z-axis at z = 0,1, —1.
T——00 r——+0o0
y
X

(b) lim y = 4+o00; curve never crosses r-axis.
r—Foo

AY

02

(¢) lim y=—o0, lim y = 4o0; curve crosses z-axis at z = —1
T—r—00 xT—r+00

04

-02

(d) lim y = +4o0; curve crosses z-axis at z =0, 1.
r—+oo
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Ay
-1
63. f'(x) =2cos2zx if sin2z > 0, f'(x) = —2cos 2z if sin2x < 0, f'(z) does not exist when x = 7/2,m,37/2; critical
numbers x = 7/4,3n/4,57/4,Tr /4,7 /2,7, 37/2, relative minimum of 0 at x = 7/2, 7, 37 /2; relative maximum of
1at x =n/4,3n/4,57/4, 7 /4.
1
0 > 2r
0
65. f'(x) = —sin 2x; critical numbers © = 7/2, 7, 37/2, relative minimum of 0 at « = 7/2, 37/2; relative maximum of
latz=m.
1
0 L /2
0
67. fl(x)=lnz+1, f"(z) =1/z; f'(1/e) =0, f’(1/e) > 0; relative minimum of —1/e at x = 1/e.
2.5
0 : ; '12.5
03
69. f'(x) = 22(1 —2)e > =0at 2 = 0,1. f"(x) = (42% — 8z + 2)e~2%; f”(0) > 0 and f”(1) < 0, so a relative
minimum of 0 at z = 0 and a relative maximum of 1/e* at z = 1.
0.14
-03\s ' J ' > 4
0
71. Relative minima at = ~ —3.58, 3.33; relative maximum at x ~ 0.25.
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73.

75.

7.

79.

81.

250

Relative maximum at x ~ —0.272, relative minimum at x ~ 0.224.

y

P
423 — sin 2 622 — 2 423 — sin 2z) (42 — sin 2
f(z) = w7 "x) = z —cosde  (dx Slf 2)( 296 3 szm x) Relative minima at = ~ +0.618,
2v/x* + cos? x Vat + cos’x 4(x* + cos? z)3/
relative maximum at x = 0.
AY
F o) i
| | | x
-2 \ 1
Jx) L
ok
5 k , k 22% — k , 3
(a) Let f(z) = 2° + —, then f'(z) = 22 — — = 5—- [ has a relative extremum when 2z° — k = 0, so
x x x

T k— 22

(b) Let f(z) = ———, then f'(z) =

= , . f has a relative extremum when k — 2% =0, s0 k = 22 = 32 = 9.
22 + k 2

(2 + k)

(a) f'(z) = —xf(x). Since f(x) is always positive, f'(z) =0 at z =0, f'(z) > 0 for z < 0 and f'(z) < 0 for
z >0, so z =0 is a maximum.

e (ewe)
\2m

(b) K

(a) Because h and g have relative maxima at xg, h(x) < h(z) for all z in I; and g(z) < g(xp) for all x in I,
where I; and Is are open intervals containing xg. If = is in both I; and I> then both inequalities are true and by
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83.

addition so is h(x) + g(x) < h(zo) + g(xo) which shows that h + g has a relative maximum at .

(b) By counterexample; both h(r) = —x? and g(x) = —2x? have relative maxima at = = 0 but h(z) — g(z) = 22

has a relative minimum at x = 0 so in general h — g does not necessarily have a relative maximum at xg.

The first derivative test applies in many cases where the second derivative test does not. For example, it implies
that |z| has a relative minimum at = 0, but the second derivative test does not, since |z| is not differentiable
there.

The second derivative test is often easier to apply, since we only need to compute f’(z¢) and f”(xq), instead of
analyzing f'(x) at values of x near xy. For example, let f(z) = 1023 + (1 — x)e®*. Then f'(x) = 3022 — xe®
and f”(z) = 60x — (z + 1)e®. Since f'(0) = 0 and f”(0) = —1, the second derivative test tells us that f has a
relative maximum at x = 0. To prove this using the first derivative test is slightly more difficult, since we need to
determine the sign of f/(z) for « near, but not equal to, 0.

Exercise Set 4.3

1.

5.

7.

Vertical asymptote z = 4, horizontal asymptote y = —2.
y .
5L / :x =4
|
! | ! Ly
A
- ____ [
y=-2 :
4l |
|
|
-6 |
|
. Vertical asymptotes x = £2, horizontal asymptote y = 0.

w AY

| 4+ |

| B |

| |
x=-21 2+ |

0
L [ il

| [ 4
RV

| “2F | x=2

0

[ N

No vertical asymptotes, horizontal asymptote y = 1.

Y
1.25+
S N =1 _.
0.75
| \1 , \ | ¥
—4 i
S RINCD

Vertical asymptote z = 1, horizontal asymptote y = 1.
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11. Vertical asymptote x = 1, horizontal asymptote y = 9.

—_———L

15. (a) Horizontal asymptote y = 3 as x — +o00, vertical asymptotes at x = +2.
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y
10
5 -
| F-\ | X
-5 5
-5+
(b) Horizontal asymptote of y = 1 as x — £o0, vertical asymptotes at © = £1.
y
10y
f— \ | X
-5 w 5
-10% |-
2
. z . 9
17. acgrinoo x—3 —($+3)’ _a:l}rinoo xS’ =0.
Ay .
| 4
- /
| /
o 7
I// y=x+3
7/|f
! // I ! ! ¥
s | 10
// I
Sk |1x=3
|
1 2 -1 223 + 1 \F 223 — 1)
19. y =22 — = = ; y-axis is a vertical as tote; y = ———, ¢y =0whenz = —{/ =~ —0.8; ¢y = =~———
y=x - - ; Y-axl1s 18 a vertl ymp Y ) ) Y when & 9 Y 23 )
curvilinear asymptote y = 22.
y
=~(-0.8, 1.9):
| | | | ‘.X
1,0
—2)3 122 — 8
21. y = M =z -6+ x2 so y-axis is a vertical asymptote, y = x — 6 is an oblique asymptote; 3’ =
x T
(.23 _ 2)2(37 + 4) " o__ 24(l‘ B 2)
T3 Y T T e
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|
-10
(-4,-135)
/

7
/
4
V.

23, y— LA 8 e g
Y= z+ 2 N x4+ 2
x — +o0.

so x = —2 is a vertical asymptote, y = 22 — 2z is a curvilinear asymptote as

\ |

\\ : 30
Y

N

A
(=3.23) \| 1oL

25. (a) VI (b) 1 (c) III ) Vv (e) IV (f) 1I

27. True. If the degree of P were larger than the degree of @), then Eril f(x) would be infinite and the graph would
not have a horizontal asymptote. If the degree of P were less than the degree of @), then liI:Itl f(z) would be
Tr—r 00

zero, so the horizontal asymptote would be y = 0, not y = 5.

1
29. False. Let f(z) = v/z — 1. Then f is continuous at z = 1, but lim1 f(x) = lim1 g(x —1)7%3 = 400, s0 ' has a
T— T—

vertical asymptote at z = 1.

4z 4 1
31. y=+V422 -1, Y = ———, vy’ = ——————— so extrema when z = £~ no inflection points.
y 7y 4$2—17y (41‘2_1)3/2 25 p
y
4l
3L
27
1L
| | | X
0 1
2 43

33. y=20+32%3 y =2+ 22 V3 ¢ = —gx_
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= 1/3 —_ N / = ——---- = ———
35' y T (4 J“)’ y 3$2/3 I y 9$5/3
10 Y
1,3)
1 L1 1 1 \ X
(-2,-632)
~10

37. y=a?3 2213 4 4, ¢/ =

(-8,12)

T
! L1 X
T
41. y = V3cosz +sinz; y = —/3sinz + cosz; y = 0 when = 7/6 + nm; v = —/3cosz — sinz; ¥y’ = 0 when
x =2m/3 4 nw.

2 2 4
22 —cosz; y = sinz(2cosxz +1); ¥ = 0 when 2 = —7,0, 7,27, 37 and when z = ~3M 3™ 3™

5

8
43. y = si 2
Yy = sin 3

y" =4dcos®x+cosz —2; y' =0 when x ~ £2.57, £0.94,3.71, 5.35, 7.22, 8.86.
(2.57,1.13) (371, L.13)

2w 5\ (2 5 4z 5\ (8z 5
3°4) (37 2 34 34
‘ A Y
(-2.57,1.13) li* (8.86,1.13)
S e

(-m 1) Q3m, 1)

-4/ N e “\1‘0

(~0.94,0.06) \ | (0.94,0]06) (7.22,0.06)

(5.35,0.06)
(0,-1)

-1 @m,-1)
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m ze® =0.

45. (a) lirf ze® = +oo, li
T—r1+00 T——00

(b) y=ze%; v = (z+ 1)e*; vy = (z + 2)e?; relative minimum at (—1, —e~!) ~ (-1, —0.37), inflection point at
(—2,—2e7?) ~ (=2, —0.27), horizontal asymptote y = 0 as ¥ — —oo0.

Ay
1,
5 -3
Ll L1 X
(-2,-0.27) / -1
(-1,-0.37)
2 22
47. (a lim — =0, lim —— = +4o0.
( ) z—+o00 2T T 2500 e T

(b) y = a%/e?® = 22727, ¢ = 22(1 —x)e "y = 2(22 —da + 1)e?%; y"" = 0 if 22% — 4z + 1 = 0, when

4416 -8
T=——\( = 1+ \/5/2 ~ 0.29,1.71, horizontal asymptote y = 0 as z — +o0.

(0.29, 0.05)

49. (a) liI:Itl 22e™™ =0,
T—r 100
(b) y=a2e:y =22(1—a2)e sy =0if x =0,41; y’ =2(1 — 522+ 224)e"; ¢/ = 0 if 20* — 52 +1 =0,

5+ V17
2% = — x = :l:%\/f) + V17 = +1.51, z = j:%\/5 — /17 = £0.47, horizontal asymptote y = 0 as x — £oo.

(-1.51,0.23) (1.51,0.23)

(~0.47,0.18) (047, 0.18)

51. (a) IEIPOO f(z) =0, lim f(z)=—o0.

T—r+00

o e(w=2) B vy €(x? —4x +5)
(b) f(a:)——W so f'(x) = 0 when z = 2, f (J;)——W

maximum when x = 2, no point of inflection, vertical asymptote = = 1, horizontal asymptote y = 0 as z — —o0.

so f"(x) # 0 always, relative



98 Chapter 4

Yo
=l
|
10+ |
lx=1
/|
—— | ! ! L X
-1 : 2 3 4
of |
-10 2
[ -
|
L
=20 |

53. (a) lim f(z)=0, zErPoo f(z) = +o0.

r—r+o0

(b) f'(z) = 2(2 — x)el 2, f(z) = (2? — 4o + 2)el =%, critical points at = = 0,2; relative minimum at z = 0,
relative maximum at = = 2, points of inflection at 2 = 2 + v/2, horizontal asymptote y = 0 as & — +o0.

1.8

““““k

: : . Inz : 1/x _
55 @) g v= g o= I e = S T LRy = e

() y=zlnz, v =1+Inz,y" =1/z,y =0 when x = e L.

(el —e™

57. (a) lim 2%In(2z) = lim (2®In2) + lim (z%Inz) = 0 by the rule given, lim ?Inz = +oc by inspection.
z—0t z—0t z—0t T—+00

(b) y=22In(2z), y = 2xIn(2z) + =, y" =2In(2x) + 3,y = 0if x = 1/(2V/e), v = 0 if x = 1/(2¢%/?).

y

|1 X

(o e
2¢377 " 8¢3
L/

1

2
\(L,,L

2ve 8e,

59. (a) lim f(z) = +oo, lirél+ f(z) =0.

T—r+00

2Inz + 3
_.2/3 I
(b) y=z"Ilnz, y = 3,173

x =2

3 —3+2Inx 3
4 = = —— = 73/2 " = — " = = —
, Y 0 when Inz 273: e Sy 97173 , Y 0 when Inz 5’
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61.

63.

65.

AY
5 -
i (23/2’ %Te)
3=
1 (-
| X
5
1 5‘673/25 7%
0.4
-0.5 3
(a) -0.2

(b) v = (1 —bx)e b ¢ = b?(x — 2/b)e~b; relative maximum at z = 1/b, y = 1/(be); point of inflection at
x = 2/b, y = 2/(be?). Increasing b moves the relative maximum and the point of inflection to the left and down,
i.e. towards the origin.

(a) The oscillations of e” cos z about zero increase as  — +00 so the limit does not exist, and lim e cosa = 0.

r—r—00

(b) y = e* and y = e* cosx intersect for x = 2zwn for any integer n. y = —e® and y = e® cosx intersect for
x = 2mn + m for any integer n. On the graph below, the intersections are at (0,1) and (m, —e™).

ax ax

(c¢) The curve y = e cosbz oscillates between y = e
when b increases.

and y = —e®. The frequency of oscillation increases

(a) z=1,2.5,4 and = = 3, the latter being a cusp.
(b) (_007 1]a [25a 3)

(c) Relative maxima for x = 1, 3; relative minima for x = 2.5.
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(d) z~0.6,1.9,4.

67. Let y be the length of the other side of the rectangle, then L = 2z + 2y and zy = 400 so y = 400/z and hence

800  2(x? + 400 800  2(x% — 400

L =22+ 800/x. L = 2z is an oblique asymptote. L = 2z + - = %, L =2-— P %
1600

LI/ — xg ,

)

L' = 0 when z = 20, L = 0.

L

100

69. y' = 0.12%(62 — 5); critical numbers: z = 0, z = 5/6; relative minimum at z = 5/6, y ~ —6.7 x 1073,
y

0.01

-1 U1

X

Exercise Set 4.4
1. Relative maxima at x = 2, 6; absolute maximum at x = 6; relative minimum at x = 4; absolute minima at z = 0, 4.

y

L ¥ |\2/

3. (a) 10 (b) (c)

5. The minimum value is clearly 0; there is no maximum because lim f(z) = oco. z =1 is a point of discontinuity

r—1—
of f.

7. fl(x) =8z —12, f'(z) =0 when = = 3/2; f(1) =2, f(3/2) =1, f(2) = 2 so the maximum value is 2 at = 1,2
and the minimum value is 1 at = 3/2.

9. f'(z) = 3(x —2)% f'(z) = 0 when z = 2; f(1) = —1, f(2) = 0, f(4) = 8 so the minimum is —1 at x = 1 and the
maximum is 8 at x = 4.

11. f'(x) = 3/(42® + 1)3/2, no critical points; f(—1) = —3/v/5, f(1) = 3/v/5 so the maximum value is 3/v/5 at = = 1
and the minimum value is —3/v/5 at © = —1.

13. f'(z) =1 —2cosz, f'(z) = 0 when x = 7/3; then f(—n/4) = —7w/4+/?2; f(1/3) =7/3 —/3; f(7)2) =7/2 — 2,
so f has a minimum of 7/3 — /3 at z = 7/3 and a maximum of —7/4 + /2 at x = —7/4.
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15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

_ p2 < _
10—, |2 <3 f’():{ 2o, o <3 thus f/(x) = 0 when z = 0, f'(x) does

_ 2|
fla) =149 =27 {—8+x2, |z| >3 ° 2z, |x|>3 "
not exist for z in (—=5,1) when = —3 because hné fl(x) # 111113 . f'(x) (see Theorem preceding Exercise 65,
z——3" z——

Section 2.3); f(—=5) =17, f(—3) =1, f(0) = 10, f(1) = 9 so the maximum value is 17 at x = —5 and the minimum
value is 1 at x = —3.

True, by Theorem 4.4.2.
True, by Theorem 4.4.3.

fl(x) =22 -1, f'(x) =0 when x = 1/2; f(1/2) = —9/4 and E?tl f(x) = 4o0o. Thus f has a minimum of —9/4

at = 1/2 and no maximum.

f/(z) = 122%(1 — x); critical points z = 0, 1. Maximum value f(1) = 1, no minimum because lirf f(z) = —c0.
T—r+00
No maximum or minimum because lirf f(x) =400 and lim f(z) = —o0.
T—r+00 T—r—00
. . .. . , 22 4+2zx—1
lim f(z) = —o0, so there is no absolute minimum on the interval; f'(z) = ~—————-— =0 at z = —1 — /2,
rz——1— (LL' + 1)2

for which y = —2 — 2/2 ~ —4.828. Also f(—5) = —13/2, so the absolute maximum of f on the interval is
y:—2—2\/§, taken at z = —1 — /2.

lirin = 400 so there is no absolute maximum. f'(z) = 4z(x — 2)(z — 1), f’(z) = 0 when = = 0,1,2, and

T—r 00

f(0)=0,f(1) =1, f(2) =0 so f has an absolute minimum of 0 at z = 0, 2.
8

2\ - 14
0

/ 5(8 — LL‘) / / :

fi(z) = 5175 f'(x) =0 when z = 8 and f'(x) does not exist when x = 0; f(—1) = 21, f(0) =0, f(8) = 48,

x

£(20) = 0 so the maximum value is 48 at x = 8 and the minimum value is 0 at = = 0, 20.
50

f'(r) = —1/2%; no maximum or minimum because there are no critical points in (0, +0o0).
25
0 Il 1 1 1 1 1 1 1) 10
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, 1—-2cosz
35. f'(z) = ————; f'(z) = 0 on [r/4,3n/4] only when z = 7/3. Then f(r/4) = 2v2 -1, f(r/3) = V3 and
sin” x
f(37/4) = 2¢/241, so f has an absolute maximum value of 2¢/2 41 at « = 37/4 and an absolute minimum value
of /3 at x = /3.
”[ | ! 3n
4 X 4
0
! 2 —2x ! : : -2 27 -3 -8
37. fl(x) = 2*(3 — 2x)e~*", f'(x) = 0 for x in [1,4] when = = 3/2; if z = 1,3/2,4, then f(z) = e g e ,64e™°;
27
critical point at 2 = 3/2; absolute maximum of ge_‘g at 2 = 3/2, absolute minimum of 64e~% at z = 4.
0.2
1 1 1 ) 4
0
322 — 10z + 3 1 1 10
39. f'(z) = —%, f'@) = 0 when @ = 2, 3. f(0) =0, f(g = 5ln <§> ~ 1, f(3) = 5In10 — 9,
f(4) =5In17—12 and thus f has an absolute minimum of 5(In 10 —1n9) — 1 at « = 1/3 and an absolute maximum
of 5In10 -9 at = = 3.
3.0
O | 1 | 4
NS
-2.5
41. f'(z) = —[cos(cosz)]sinx; f/(xz) = 0 if sinz = 0 or if cos(cosz) = 0. If sinz = 0, then x =  is the critical point
in (0,27); cos(cos ) = 0 has no solutions because —1 < cosz < 1. Thus f(0) = sin(1), f(7) = sin(—1) = —sin(1),
and f(27) = sin(1) so the maximum value is sin(1) 2 0.84147 and the minimum value is —sin(1) ~ —0.84147.
1
0 \\// i
1
43. f'(z) = 4, =<l o f'(z) =0 when z = 5/2, and f’(z) does not exist when x = 1 because lim f'(z) #
2z —5, x>1 z—1-

lil?+ f'(x) (see Theorem preceding Exercise 65, Section 2.3); f(1/2) =0, f(1) =2, f(5/2) = —1/4, f(7/2) = 3/4

so the maximum value is 2 and the minimum value is —1/4.
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45.

47.

49.

51.

53.

55.

57.

The period of f(z) is 2w, so check f(0) = 3, f(2r) = 3 and the critical points. f’(z) = —2sinx — 2sin2z =
—2sinz(14+2cosz) = 0on [0, 27] at = 0,7, 27 and « = 27/3, 47 /3. Check f(7) = —1, f(27/3) = =3/2, f(4x/3) =
—3/2. Thus f has an absolute maximum on (—oo,+00) of 3 at x = 2kw,k = 0,4+1,£2, ... and an absolute mini-
mum of —3/2 at © = 2kw £ 27 /3,k =0,£1,42,....

Let f(x) = x —sinz, then f'(z) =1 —cosx and so f’(z) = 0 when cosz = 1 which has no solution for 0 < x < 27
thus the minimum value of f must occur at 0 or 2. f(0) =0, f(27) = 27 so 0 is the minimum value on [0, 27]
thus  —sinz > 0, sinz < z for all z in [0, 27].

Let m = slope at z, then m = f/(z) = 322 — 62+ 5, dm/dx = 6x — 6; critical point for m is x = 1, minimum value
of mis f/(1) = 2.

lim f(x) = +o0, lim+ f(x) = 400, so there is no absolute maximum value of f for z > 8. By Table 4.4.3 there
r—8

T—r+o0

22(—520 + 192z — 2422 + 23)
(z—8)
critical points. But it is easy to see that © = 0 and = = 10 are real roots, and the other two are complex. Since
2 = 0 is not in the interval in question, we must have an absolute minimum of f on (8, +00) of 125 at z = 10.

must be a minimum. Since f'(x) = , we must solve a quartic equation to find the

The absolute extrema of y(t) can occur at the endpoints ¢t = 0,12 or when dy/dt = 2sint = 0, i.e. t = 0,12, km,
k =1,2,3; the absolute maximum is y = 4 at ¢t = m, 3m; the absolute minimum is y = 0 at t = 0, 2.

b b
f'(z) = 2ax + b; critical point is z = ~3g" f"(z) = 2a > 0so f (—2> is the minimum value of f, but
a a
b b\ b —b% + 4ac b —b% + 4ac
) = _ _ [ — > 01 i - > _— >
f< 2a> a( 2a> +b( Qa) +c o thus f(z) > 0 if and only if f( 2@) >0, 1 >0,

—b% +4ac > 0, b*> — 4ac < 0.

If f has an absolute minimum, say at @ = a, then, for all z, f(z) > f(a) > 0. But since hr—f f(z) =0, there is
r—+00
some x such that f(x) < f(a). This contradiction shows that f cannot have an absolute minimum. On the other

hand, let f(x) = T Then f(z) > 0 for all z. Also, hrf f(z) = 0 so the x-axis is an asymptote, both
T—r+00

@17+
as x — —oo and as « — +o0. But since f(0) = 2 < 1= f(1) = f(—1), the absolute minimum of f on [—1, 1] does
not occur at x =1 or x = —1, so it is a relative minimum. (In fact it occurs at = 0.)
Ay
1__
X
302 -1 1 2 3

Exercise Set 4.5

1.

3.

Ify=a+1/x for 1/2 <x < 3/2, then dy/dx =1—1/2? = (22 — 1) /22, dy/dx = 0 when x = 1. If z = 1/2,1,3/2,
then y = 5/2,2,13/6 so

(a) y is as small as possible when z = 1.
(b) y is as large as possible when x = 1/2.
A = zy where 2+ 2y = 1000 so y = 500 — /2 and A = 500z — 22 /2 for z in [0, 1000]; dA/dx = 500 —z, dA/dx = 0

when & = 500. If x = 0 or 1000 then A = 0, if x = 500 then A = 125,000 so the area is maximum when x = 500
ft and y = 500 — 500/2 = 250 ft.
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Stream

5. Let x and y be the dimensions shown in the figure and A the area, then A = zy subject to the cost condition
3(2z) + 2(2y) = 6000, or y = 1500 — 3z/2. Thus A = x(1500 — 3z/2) = 1500z — 322/2 for x in [0, 1000].
dA/dx = 1500 — 3z, dA/dx = 0 when z = 500. If z = 0 or 1000 then A =0, if x = 500 then A = 375,000 so the
area is greatest when x = 500 ft and (from y = 1500 — 32/2) when y = 750 ft.

Heavy-duty

Standard y

7. Let z, y, and z be as shown in the figure and A the area of the rectangle, then A = xy and, by similar triangles,
2/10 = y/6, z = 5y/3; also /10 = (8 — 2)/8 = (8 — 5y/3)/8 thus y = 24/5 — 122/25 so A = x(24/5 — 122/25) =
24x /5 — 1222 /25 for z in [0, 10]. dA/dx = 24/5 — 24x/25, dA/dx = 0 when z = 5. If x = 0,5, 10 then A =0,12,0
so the area is greatest when =5 in and y = 12/5 in.

Al
A

——

9. A = xy where 22 + y? = 202 = 400 so y = V400 — 22 and A = 2400 — 22 for 0 < z < 20; dA/dz =
2(200 — 22)/v/400 — 22, dA/dx = 0 when z = /200 = 10v/2. If z = 0,10v/2,20 then A = 0,200, 0 so the area is
maximum when z = 104/2 and y = /400 — 200 = 10v/2.

11. Let = length of each side that uses the $1 per foot fencing, y = length of each side that uses the $2 per foot
fencing. The cost is C' = (1)(2z) + (2)(2y) = 2z + 4y, but A = 2y = 3200 thus y = 3200/x so C = 2z + 12800/x
for x > 0, dC/dx = 2 — 12800/22, dC/dx = 0 when z = 80, d*C/dz* > 0 so C is least when z = 80, y = 40.

13. Let z and y be the dimensions of a rectangle; the perimeter is p = 2z + 2y. But A = a2y thus y = A/z so
p=2x+2A/x for x > 0, dp/dx = 2 — 2A /2% = 2(z? — A) /22, dp/dx = 0 when z = VA, d’p/dz? = 4A/2> > 0 if
x> 050 p is a minimum when z = v/A and y = v/A and thus the rectangle is a square.

15. Suppose that the lower left corner of S is at (x,—3x). From the figure it’s clear that the maximum area of the
intersection of R and S occurs for some z in [—4,4], and the area is A(z) = (8 — z)(12 + 3z) = 96 + 12z — 322
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17.

19.

21.

23.

25.

27.

Since A'(z) = 12 — 6z = 6(2 — z) is positive for x < 2 and negative for x > 2, A(z) is increasing for = in [—4, 2]
and decreasing for z in [2,4]. So the maximum area is A(2) = 108.

12

-12

Suppose that the lower left corner of S is at (z, —6x). From the figure it’s clear that the maximum area of the
intersection of R and S occurs for some z in [—2,2], and the area is A(x) = (8 — z)(12 + 62) = 96 + 362 — 622
Since A'(z) = 36 — 122 = 12(3 — x) is positive for z < 2, A(x) is increasing for x in [—2,2]. So the maximum area
is A(2) = 144.

12

[\

-6x

-12

Let the box have dimensions x, z,y, with y > 2. The constraint is 4z 4+ y < 108, and the volume V = z2y. If we
take y = 108 — 4z then V = 22(108 — 4z) and dV/dz = 12z(—z + 18) with roots x = 0,18. The maximum value
of V occurs at x = 18,y = 36 with V = 11,664 in®. The First Derivative Test shows this is indeed a maximum.

Let x be the length of each side of a square, then V = z(3 — 2x)(8 — 2x) = 423 — 2222 + 24x for 0 < z < 3/2;
dV/dz = 122? — 44z + 24 = 4(3x — 2)(z — 3), dV/dx = 0 when z = 2/3 for 0 < x < 3/2. If x = 0,2/3,3/2 then
V' =10,200/27,0 so the maximum volume is 200/27 ft3.

Let o = length of each edge of base, y = height, k = $/cm? for the sides. The cost is C' = (2k)(222) + (k)(4zy) =
4k(z? + xy), but V = 2%y = 2000 thus y = 2000/2% so C = 4k(z? + 2000/z) for x > 0, dC/dx = 4k(2x —
2000/z2), dC/dx = 0 when z = v/1000 = 10, d*C/dz?® > 0 so C is least when z = 10, y = 20.

Let 2 = height and width, y = length. The surface area is S = 222 + 3zy where 2%y = V, so y = V/2? and
S = 222 + 3V/x for x > 0; dS/dz = 4z — 3V/2?, dS/dx = 0 when z = {/3V/4, d*>S/dx? > 0 so S is minimum

Whenngg :é?’ﬂ
VY T3V

Let » and h be the dimensions shown in the figure, then the volume of the inscribed cylinder is V = mr2h. But

R\ h2 h2 R3 dv
2 ) = R? 2 - R = 2 = 2p — = < h < . — =
e+ 2) R sor R 1 Hence V W(R 4>h 7r<Rh 4)f0r0_h_2R an
T (32 — Zh2>7 —ZZ =0 when h = 2R//3. If h = 0, 2R/+/3,2R then V = 0, —3%1%3,0 so the volume is largest

when h = 2R/+/3 and r = \/2/3R.
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1 v
h
29. From (13), S = 27r? + 27rh. But V = 7r?h thus h = V/(7r?) and so S = 27r% + 2V/r for r > 0. dS/dr =
4rr —2V/r?,dS/dr = 0 if r = 3/V/(27). Since d?S/dr? = 47 + 4V/r® > 0, the minimum surface area is achieved
when r = ¢/V/2r and so h = V/(nr?) = [V/(7r3)|r = 2r.
31. The surface area is S = 7r? + 27rh where V = 7r?h = 500 so h = 500/(7r?) and S = mr? + 1000/r for r > 0;
dS/dr = 27r —1000/r? = (2773 —1000) /r?, dS/dr = 0 when r = {/500/7, d*S/dr? > 0 for r > 0 so S is minimum
2/3
when r = {/500/7 cm and h = 2 _ 500 (;Tm) = {/500/7 cm.
r T
s
N ‘
h
RN \
N
33. Let x be the length of each side of the squares and y the height of the frame, then the volume is V' = 22y. The total
length of the wire is L thus 8z +4y = L, y = (L — 8z)/4 so V = 2?(L — 8x)/4 = (Lx® — 823) /4 for 0 < x < L/8.
dV/dx = (2Lx — 2422)/4, dV/dx = 0 for 0 < x < L/8 when z = L/12. If x = 0, L/12, L/8 then V = 0, L3/1728,0
so the volume is greatest when z = L/12 and y = L/12.
1
35. Let h and r be the dimensions shown in the figure, then the volume is V = —zr?h. But 72 + h? = L? thus
1 1 av 1 av
r2=1>-h?s0V = gw(ﬁ —h*h = g7r(L2h—h3) for0<h<L. —= gw(ﬁ —3h?). = = O when h = L/\/3.
2
Ifh=0, L/\/g,O then V =0, 9—\7/%L3, 0 so the volume is as large as possible when h = L/\/§ and r = /2/3L.
1
37. The area of the paper is A = nrL = wrvr2+h%, but V = §7T7“2h = 100 so h = 300/(7r?) and A =

r2

7r/r2 + 90000/ (72r%). To simplify the computations let S = A%, § = 722 (T2 + =
w2r

1 A(x2r6 — 4
80200 _ Al = 5000) 1S /dr = 0 when r = $/45000/7, d2S/dr? > 0, s0 S and

,
300 .

hence A is least when r = {/45000/72 = v/2/75/7 cm, h = — /w2 /45000 = 2{/75/7 cm.
m

90000) 2 4 90000
TrT 4+

d
for r > 0, —S = dn%rd —
dr
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39.

41.

43.

45.

47.

49.

h L
1 r R Rh
The volume of the cone is V = —mr?h. By similar triangles (see figure) — = , T = o)
3 3 Y glos (see figure) 3 = = V% —2Rh
1 h 1 h AV 1 _,h(h—4R) dV
V=c-nR’——— = _71R? for h > 2R, — = —mR*—~———2 — =0 for h > 2R when h = 4R, b
37V —2rn 3 v h—2r T G T3 i—2re an O o s vhen =

the first derivative test V is minimum when h = 4R. If h = 4R then r = v/2R.

1
The revenue is R(x) = (225 — 0.25z) = 2252 — 0.252%. The marginal revenue is R'(z) = 225 — 0.5z = 5(450 —x).
Since R/(z) > 0 for x < 450 and R'(x) < 0 for & > 450, the maximum revenue occurs when the company mines

450 tons of ore.

(a) The daily profit is P = (revenue) — (production cost) = 100z — (100, 000 + 50z + 0.002522) = —100, 000 +
502 — 0.0025z2 for 0 < z < 7000, so dP/dx = 50 — 0.0052 and dP/dxr = 0 when x = 10,000. Because 10,000 is
not in the interval [0, 7000], the maximum profit must occur at an endpoint. When « = 0, P = —100, 000; when
x = 7000, P = 127,500 so 7000 units should be manufactured and sold daily.

(b) Yes, because dP/dx > 0 when & = 7000 so profit is increasing at this production level.
(c¢) dP/dx =15 when x = 7000, so P(7001) — P(7000) ~ 15, and the marginal profit is $15.

The profit is P = (profit on nondefective) — (loss on defective) = 100(x — y) — 20y = 100x — 120y but y =
0.012 + 0.00003z2, so P = 100z — 120(0.01z + 0.00003x2) = 98.8x — 0.003622 for > 0, dP/dx = 98.8 — 0.0072z,
dP/dz = 0 when z = 98.8/0.0072 ~ 13,722, d>P/dx? < 0 so the profit is maximum at a production level of about
13,722 pounds.

1
The area is (see figure) A = 5(2 sinf)(4 + 4cosf) = 4(sinf + sinfcosf) for 0 < § < w/2; dA/df = 4(cos —

sin? 0 + cos? @) = 4(cosf — [1 — cos? 0] + cos? 0) = 4(2cos? 6 4 cos — 1) = 4(2cosf — 1)(cos§ + 1). dA/dH = 0
when 6 = /3 for 0 < § < 7/2. If § = 0,7/3,7/2 then A = 0,3+/3,4 so the maximum area is 3/3.

4 cos 0
> 2 sin 6
C]
2cos 6
| 4 |
1= kCOS¢, k the constant of proportionality. If & is the height of the lamp above the table then cos¢ = h/¢ and

€2
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51.

53.

55.

57.

59.

h h dl 7"2*2h2 dI
_ 2 2 =k =k——-— T T Mo T o2 g
=V s I = kg = ke v h > 0 Gp = by

derivative test I is maximum when h = r/v/2.

= 0 when h = r//2, by the first

The distance between the particles is D = /(1 — t — )2 + (t — 2t)2 = v/5t2 — 4t + 1 for t > 0. For convenience,
we minimize D? instead, so D? = 5t2 — 4t + 1, dD?/dt = 10t — 4, which is 0 when t = 2/5. d?>D?/dt?> > 0 so D?
hence D is minimum when ¢ = 2/5. The minimum distance is D = 1/+/5.

If P(z0,y0) is on the curve y = 1/2?%, then yo = 1/x3. At P the slope of the tangent line is —2/x3 so its equation

isy— 2= —?(m —xg), or y = —?az + pol The tangent line crosses the y-axis at pot
0 0 0 0 0
9

9
The length of the segment then is L = |/ — + ng for 2o > 0. For convenience, we minimize L? instead, so
\/ Zo

and the z-axis at 5950.

9 9 dL? 36 9 9(x§ — 8) . d?*L?
L’ = x—é ng, d—xo = —x—g + 51‘0 = QOTS’ which is 0 when z§ = 8, 7o = V2. Wg >0 so L? and hence L
is minimum when zo = v/2, yo = 1/2.
d 2 d 2(3z% — 1
At each point (z, y) on the curve the slope of the tangent line is m = % = —ﬁ for any x, % = W,
d
dm =0 when = = +1/+/3, by the first derivative test the only relative maximum occurs at = —1/+/3, which is
x

the absolute maximum because lirf m = 0. The tangent line has greatest slope at the point (—1/v/3,3/4).

Tr—r =00
Let C be the center of the circle and let 6 be the angle /PWE. Then /PCE = 20, so the distance along the shore

20 2cosf 6
from E to P is 26 miles. Also, the distance from P to W is 2 cos # miles. So Nancy takes ¢(6) = — 87 _

s 2 4
cos 6 hours for her training routine; we wish to find the extrema of this for ¢ in [0, g] We have t'(6) = 1 sin @, so

1 1 1. v15

1
the only critical point in [0, g] isf = sinfl(i). So we compute ¢(0) = 1, t(sinfl(i)) =1 sinfl(z)—i—T ~ 1.0314,
and t(g) - g ~ 0.3927.

™

(a) The minimum is t(z) =3 ~ 0.3927. To minimize the time, Nancy should choose P = W; i.e. she should jog
all the way from F to W, 7w miles.

1 1 V15
(b) The maximum is t(sinfl(z)) = isinfl(i) -~ 1.0314. To maximize the time, she should jog

1
ZSin_l(i) ~ 0.5054 miles.

With z and y as shown in the figure, the maximum length of pipe will be the smallest value of L = x + y.

L 12
m 8z SOL:x+87xfora:>4,d—:1 &

VZ—16' ' T VaE =16 2% — 16 dr (a2 —16)372

By similar triangles % =
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61.

63.

65.

67.

69.

dL , , ( (
== =0 when (x% —16)3/2 = 128, 22 — 16 = 128%/3 = 16(2%/3), 2 = 16(1 + 22/3), 2 = 4(1 + 22/*)1/2 d?L/dx?* =
X

384z /(x> — 16)°/2 > 0 if x > 4 so L is smallest when = = 4(1 4+ 2%/3)1/2, For this value of =, L = 4(1 + 22/3)3/2 ft.

Let x = distance from the weaker light source, I = the intensity at that point, and k the constant of pro-
ortionality, Then I = 5 4 389 g oo, M _ 2kS | 16kS - 2kS[82° — (90 —2)7] _
P v 22 (90 — )2 “dr a3 (90 — x)3 23(90 — x)3 N
kS(z — 30)(z* + 2700)

dI dI
25z — 90)° , which is 0 when x = 30; T < 0if z < 30, and s > 0 if x > 30, so the intensity is
minimum at a distance of 30 cm from the weaker source.

18

do 12 2 10(24 — 2?)
— — -1 -1 — — —
0 =a—p8 = cot” " (z/12) — cot™'(z/2), I __144+x2+4+x2 = (144+x2)(4+x2),d9/dm—0when

x = /24 = 21/6 feet, by the first derivative test 6 is maximum there.

The total time required for the light to travel from A to P to Bist = (time from A to P)+ (time from P to B) =

2 2 _ 2 b2 dt —
V® t+a +\/(C )? + , — = v — S but z/vx? + a? = sinf; and
vl () dz vivVa2+a®  vay/(c—2)2+ b2
dt in6 inf dt in6 in 0
(c —x)/+/(c — )% + b% = sinby thus — = SN SP2 o £ = 0 when vt = B2
dzx o Vg dzx o Vg
s= (21 —2)2+ (22— 2%+ + (xn — 2)%, ds/dT = —2(x1 — %) — 2(x2 — %) — -+ — 2(z,, — Z), ds/dT = 0

when (1 —Z) 4+ (22 —Z)+ -+ (2 — %) =0, (11 + 22+ -+ 2,) —nT =0, T = ﬁ(ml—kxg—l----—i-xn),

1
d*s/dz* =2+2+---+2=2n >0, s0 s is minimum when Z = —(z1 + z2 + - + x,).
n

If we ignored the interval of possible values of the variables, we might find an extremum that is not physically
meaningful, or conclude that there is no extremum. For instance, in Example 2, if we didn’t restrict x to the

interval [0, 8], there would be no maximum value of V, since lirf (480 — 9222 + 423) = +o0.
T—>+00

Exercise Set 4.6

1.

(a) Positive, negative, slowing down.

(b) Positive, positive, speeding up.



110 Chapter 4

(c) Negative, positive, slowing down.

3. (a) Left because v = ds/dt < 0 at 1.
(b) Negative because a = d?s/dt? and the curve is concave down at tq(d?s/dt? < 0).
(¢) Speeding up because v and a have the same sign.

(d) v<0anda>0att; so the particle is slowing down because v and a have opposite signs.

s (m)
A
» 1 (S)
5.
A vl
151 4
15
10 i
51 f\ /\
0 L N ! L L Lot
1 2 3 4 5 6 L 6
5L N
7. —10| -15

9. False. A particle is speeding up when its speed versus time curve is increasing. When the position versus time
graph is increasing, the particle is moving in the positive direction along the s-axis.

11. False. Acceleration is the derivative of velocity.

13. (a) At 60 mi/h the tangent line seems to pass through the points (5,42) and (10,63). Thus the acceleration
would be v1 —vo 5280 63 —42 5280

. - . ~ 6.2 ft/s2.
t—ty 602 10—5 602 /s

(b) The maximum acceleration occurs at maximum slope, so when ¢t = 0.

15. () [+ 1 2 3 4 5
s| o071 1o00| o071| 0.00]|-0.71
v| 0.56] 0.00]-056]—-0.79]—0.56
a

—0.44 | —0.62 | —0.44 0.00 0.44

(b) To the right at t = 1, stopped at ¢t = 2, otherwise to the left.

(c) Speeding up at ¢t = 3; slowing down at ¢t = 1, 5; neither at ¢t = 2,4.
17. (a) v(t) = 3t? —6t, a(t) = 6t — 6.

(b) s(1) = -2 ft, v(1) = =3 ft/s, speed = 3 ft /s, a(1) = 0 ft/s%.

(c) v=0att=0,2.
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19.

21.

23.

25.

(d) For ¢t > 0, v(t) changes sign at ¢t = 2, and a(t) changes sign at t = 1; so the particle is speeding up for
0<t<1land2<tand is slowing down for 1 <t < 2.

(e) Total distance = [s(2) — s(0)| + [s(5) — s(2)| = | — 4 — 0] + |50 — (—4)| = 58 ft.
(a) s(t) =9 —9cos(nt/3), v(t) = 3rsin(rt/3), a(t) = 72 cos(nt/3).

(b) s(1) =9/2 ft,v(1) = 3mv/3/2 ft /s, speed = 3mv/3/2 ft/s,a(1) = 72/2 ft/s>.

() v=0att=0,3.

(d) For 0 <t <5, v(t) changes sign at t = 3 and a(t) changes sign at t = 3/2,9/2; so the particle is speeding up
for 0 <t < 3/2and 3 <t < 9/2 and slowing down for 3/2 <t <3 and 9/2 <t < 5.

(e) Total distance = |s(3) — s(0)| + |s(5) — s(3)| = |18 — 0] + 9/2 — 18| = 18 4+ 27/2 = 63 /2 ft.
(a) s(t) = (2 +8)e /3 ft, v(t) = (—1t2 + 2t — 8) e /3 ft/s, a(t) = (32 — 3t + B) /3 fr/s%.
(b) s(1) =9e~ /3 ft, v(1) = —e~ /3 ft/s, speed= e~ /3 ft /s, a(1) = %6_1/3 ft/s°.

(c) v=0fort=24.

(d) v changes sign at t = 2,4 and a changes sign at ¢ = 6 £+/10, so the particle is speeding up for 2 < t < 6 —+/10
and 4 <t < 6 4 v/10, and slowing down for 0 <t < 2,6 — 10 <t <4 and t > 6 + /10.

(e) Total distance = |5(2)—s(0)|4|s(4)—s(2)|+|s(5)—s(4)| = [12e2/3 —8|+|24e*/3 —12e2/3|+|33e~5/3 —24e=4/3|
= (8 —12e72/3) + (24e™4/3 — 12e72/3) + (24e=4/3 — 33e7%/3) = 8 — 24e7%/3 + 48¢~4/3 — 33e¢75/3 ~ 2.098 ft.

5—t2 2t(t — 15)
t) = s, a(t) = ot
o) = gy AW = Ty
0.25 0.2 0.01
off—— 10
0| =20
-0.05 -0.15

s(t) v(t) a(t)

(a) v=0att=+/5.
(b) s=+/5/10 at t = /5.

(c) a changes sign at t = v/15, so the particle is speeding up for v/5 < t < v/15 and slowing down for 0 < ¢t < /5
and V15 < t.

s=—4t+3, v=—-4,a=0.

Not speeding up,
_ not slowing down
1=32  1=3/4 t
| |
-3 0

0 N

Wi @

27. s =13 -9t + 24, v = 3(t — 2)(t — 4), a = 6(t — 3).
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Speeding up
Slowing down
(Stopped) t = 4
i=0e =3 t = 2 (Stopped)
T / L1 1 S}
0 161820
Slowing down
29. 5= 16te /8 v = (—4t2 + 16)e /8 @ = t(—12 + 2)e /8,
Speeding up
t= 2\/§/
(=4 ® °
oe N § =2 (Stopped)
s
0 10 2 >
Slowing down
31 _J cost, 0<Lt<2rm _ —sint, 0<t<2m _ —cost, 0<t<2rw
T, t>om U7 0, t>om 097 0, t>om
Slowing down (Stopped
permanently)
i t=3m/2 [=01
=7 ® e/=0
| t=7r/2| T [
-1 0 \J !
Speeding up
33. (a) v =10t — 22, speed = |v| = |10t — 22|. d|v|/dt does not exist at t = 2.2 which is the only critical point. If
t=1,2.2,3 then |v| = 12,0,8. The maximum speed is 12 ft/s.
(b) The distance from the origin is |s| = [5t2 — 22t| = [t(5t — 22)|, but t(5t —22) < 0 for 1 < t < 3 so
|s| = —(5t% — 22t) = 22t — 5t2, d|s|/dt = 22 — 10¢t, thus the only critical point is t = 2.2. d?|s|/dt? < 0 so the
particle is farthest from the origin when t = 2.2 s. Its position is s = 5(2.2)% — 22(2.2) = —24.2 ft.
6t — 12 6(3t% — 12t + 11)
35. s =1In(3t? — 12t + 13 =, a=— .
s = In( = e 1 T T BE 12+ 13)2
(a) a=0whent=24+/3/3;s(2—3/3) =In2;5(2++3/3) =In2; v(2 —v3/3) = —v/3;v(2 +/3/3) = V3.
(b) v =0 whent=2;s(2) =0;a(2) =6.
1.5
0 \ 1 1 1 1 ) 5
37.(a) O
2t 2
b) v=——, lim v=— =2
(B) V2t2 417 todoo /2
. . 1, 1, 39 . .
39. (a) s1 = sg if they collide, so it —t+3= _Zt +t+1, Zt — 2t + 2 = 0 which has no real solution.

3 3
(b) Find the minimum value of D = |s1 — s9| = ‘4t2 — 2t + 2'. From part (a), th — 2t + 2 is never zero, and for

3 dD 3 4 d?D
t = 0 it is positive, hence it is always positive, so D = ZtQ —2t+ 2. T = 51& —2=0whent= 3 e >0soD
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41.

4 2
is minimum when t = -, D = —.
3 3
1
c) u=t—1lvu=—t+1 11 <0if0<t <,y >0ift>1;v9<0ift>2 vy >0if 0 <t <2 They are
2
moving in opposite directions during the intervals 0 <t < 1 and ¢ > 2.

r(t) = /02(t), r'(t) = 20(t)V'(t)/[24/v2(t)] = v(t)a(t)/|v(t)| so r'(t) > 0 (speed is increasing) if v and a have the
same sign, and 7/(¢) < 0 (speed is decreasing) if v and a have opposite signs.

43. While the fuel is burning, the acceleration is positive and the rocket is speeding up. After the fuel is gone, the

acceleration (due to gravity) is negative and the rocket slows down until it reaches the highest point of its flight.
Then the acceleration is still negative, and the rocket speeds up as it falls, until it hits the ground. After that
the acceleration is zero, and the rocket neither speeds up nor slows down. During the powered part of the flight,
the acceleration is not constant, and it’s hard to say whether it will be increasing or decreasing. First, the power
output of the engine may not be constant. Even if it is, the mass of the rocket decreases as the fuel is used up,
which tends to increase the acceleration. But as the rocket moves faster, it encounters more air resistance, which
tends to decrease the acceleration. Air resistance also acts during the free-fall part of the flight. While the rocket
is still rising, air resistance increases the deceleration due to gravity; while the rocket is falling, air resistance
decreases the deceleration.

fuel gone

launch

crash

Exercise Set 4.7

cf@) =2 -2 -2, f(2) = 322 - 2,101 = Xy —

. There are 2 solutions. f(x) = x*+22—4, f(v) = 423 +22, Ty 11 = Ty —

2
-2
f@) =22 -2, f(x) =22, xpy1 = T — m;T; 1 =1, z9 = 1.5, 3 &~ 1.416666667, ..., T5 ~ 16 ~ 1.414213562.
3
-6
. f@) =236, f(x) = 322, zpy1 = 20 — 58372; r1 = 2, o ~ 1.833333333, x3 ~ 1.817263545, ..., x5 =~ x¢ ~

1.817120593.

3 — 2, —2

5 ;1 = 2,9 = 1.8,x3 ~ 1.7699481865, x4 ~
3zz — 2

1.7692926629, x5 ~ x¢ ~ 1.7692923542.

5 4
Ty + T, — 95

flz) = 2°+a'=5, f'(z) = 5o’ +42°, 2pi1 = 20— Sud + 43

z7 ~ 1.224439550.

4 2
—4
Z, + Ly T = _1’$2 ~ —133337553 ~

4z3 + 2z,
—1.2561, 24 =~ —1.24966, ..., 7 =~ g ~ —1.249621068.
16
2211 ¥:/' 112.2

cx1 =1, 70 ~ 1.333333333, 3 ~ 1.239420573, . .., 26 ~
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. . ’ . 2cosx —x
11. Thereis 1 solution. f(z) =2cosz—uz, f'(z) = —2sinz—1, 41 = e e L 1,29 = 1.03004337, 23 ~
—2sinz —
1.02986654, x4 ~ x5 ~ 1.02986653.
8
-2m|L ) t \/" 2r
-6
. . . , 2 9 T, —tanx,
13. There are infinitely many solutions. f(z) = x —tanx, f'(z) =1 —sec’x = —tan’z, Tpe1 = Tp + ———5——;

15.

17.

19.

tan? T
r1 = 4.5, r9 = 4.493613903, x3 ~ 4.493409655, x4 ~ x5 ~ 4.493409458.

100
T J 3_”
2 ) 2
-100

The graphs of y = x® and y = 1 — z intersect once, near x = 0.7. Let f(z) = 2 + 2z — 1, so that f'(z) = 32 + 1,

3
W1
3ﬁ§f§§;7f4< If 2, = 0.7 then x5 = 0.68259109, =3 ~ 0.68232786, 24 ~ 5 ~ 0.68232780
x’ﬂ

and Tp41 = Ty —

4

112

T =

The graphs of y = 22 and y = /22 + 1 intersect twice, near x = —0.5and x = 1.4. 22 = 2z + 1, 2* - 22 -1 = 0.

492z, —1
Let f(z) = 2 — 22 — 1, then f'(z) = 423 — 2 50 Ty 41 = Ty — % If 21 = —0.5, then x5 = —0.475, 23 ~
T3 —
—0.474626695, 24 ~ x5 ~ —0.474626618; if 71 = 1, then x5 = 2, 3 ~ 1.633333333, ..., 75 ~ zo ~ 1.395336994.
4
-0.5 2
0

Between z = 0 and « = 7, the graphs of y = 1 and y = e® sinz intersect twice, near = 1 and « = 3. Let f(x) =

1 —e?si
1—e"sinz, f'(x) = —e*(cosx+sinz), and 1 = Tp + EnSMTn g 21 = 1 then xo = 0.65725814, x3 ~

ez(coszy, + sinzy,)

0.59118311,..., 75 ~ xg ~ 0.58853274, and if z; = 3 then xo ~ 3.10759324, 25 ~ 3.09649396, ..., 15 ~ zg ~
3.09636393.
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21.

23.

25.

27.

29.

31.

33.

35.

37.

m—re——

True. See the discussion before equation (1).

False. The function f(z) = 2® — 2% — 110z has 3 roots: z = —10, x = 0, and z = 11. Newton’s method in
3 — 22 —110 23 — 22

this case gives xp+1 = T, — ;;% _ngn — 1?8 = 322 f"%nz_"llo. Starting from z; = 5, we find o = —5,

r3 = x4 = x5 = --- = 11. So the method converges to the root x = 11, although the root closest to z; is z = 0.

n—a 1
(@) f(z)=22—a, f'(z) =22, 2pi1 = Tp — x’; @ _ 3 (xn + i).
xn n

(b) a=10; z; = 3, z2 ~ 3.166666667, x5 ~ 3.162280702, x4 ~ x5 ~ 3.162277660.

f(z) = 2% + 22 — 5; solve f’(z) = 0 to find the critical points. Graph y = 23 and y = —2z + 5 to see that
3 + 2w, —5

3z2 +2
1.3317757009, x3 ~ 1.3282755613, x4 ~ 1.3282688557, x5 &~ 1.3282688557 so the minimum value of f(x) occurs at
x &2 1.3282688557 because f”(x) > 0; its value is approximately —4.098859132.

they intersect at a point near x = 1.25; f”(x) = 322 + 2 80 Tpy1 = Tp — 1 = 1.25, 29 ~

A graphing utility shows that there are two inflection points at x ~ 0.25, —1.25. These points are the zeros of

f(z) = (x* + 423 + 822 + 4o — 1)m It is equivalent to find the zeros of g(z) = z* + 42 + 822 + 4z — 1.
T
One root is z = —1 by inspection. Since ¢'(z) = 423 + 1222 + 162 + 4, Newton’s Method becomes z,41 =
T kT GNP 0.18572695 0.179563312 0.179509029
— ith 29 = 0.25, 21 =~ 0. 29 = 0. x3 ~ 0. Ty R X N
4I%+12I%+16In+4 0 s L1 s L2 s 43 s L4 5

0.179509025. So the points of inflection are at x ~ 0.17951,z = —1.

Tn

Let f(x) be the square of the distance between (1,0) and any point (z, 2?) on the parabola, then f(z) = (z —1)?+
(22 - 0)? = 2%+ 2% — 22+ 1 and f'(z) = 42 + 22 — 2. Solve f'(x) = 0 to find the critical points; f”(z) = 1222 +2
4xf’+2xn72 2x3 4z, — 1
W =Ty — W T = 1, Ty =~ 07142857147 Ir3 =~ 0605168701, T R R

0.589754512; the coordinates are approximately (0.589754512,0.347810385).

S0 Tp41 = Tp —

(a) Let s be the arc length, and L the length of the chord, then s = 1.5L. But s = rf and L = 2rsin(0/2) so
rf = 3rsin(6/2), 6 — 3sin(0/2) = 0.

0, — 3sin(6,,/2)

(b) Let f(0) = 6 — 3sin(6/2), then f/(0) = 1 — 1.5c08(0/2) s0 0,11 = 0, — 1= 1.5 cos(0,/2)

2.991592920, 03 ~ 2.991563137, 04 ~ 05 ~ 2.991563136 rad so 6 ~ 171°.

.01:3,02%

If z =1, then y*+y = 1, y*+y—1 = 0. Graph z = y* and z = 1—y to see that they intersect near y = —1 and y = 1.
4
n— 1
Let f(y) = y* +y — 1, then f'(y) = 4y® + 1 50 Yps1 = Yn — %. If y1 = —1, then yo ~ —1.333333333,
Yn
ys ~ —1.235807860,...,ys ~ yr ~ —1.220744085; if y; = 1, then yo = 0.8, y3 ~ 0.731233596,...,ys ~ y7 ~
0.724491959.

5(25) = 250,000 = %OO [(1+14)% —1]; set f(i) =50i — (14+14)% +1, f'(i) = 50 — 25(1 +14)*}; solve f(i) = 0. Set

ig = .06 and ip41 = i — [50i — (1 +1)2° + 1] / [50 — 25(1 + 4)?*]. Then 4 ~ 0.05430, iy ~ 0.05338, i3 ~ 0.05336,
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39.

41.

..., i~ 0.053362.

(a) T T2 T3 Ty Iy Te xT7 xTs ZT9 10
0.5000 | —0.7500 | 0.2917 | —1.5685 | —0.4654 | 0.8415 | —0.1734 | 2.7970 | 1.2197 | 0.1999

(b) The sequence x,, must diverge, since if it did converge then f(x) = 22+ 1 = 0 would have a solution. It seems
the x,, are oscillating back and forth in a quasi-cyclical fashion.

Suppose we know an interval [a, b] such that f(a) and f(b) have opposite signs. Here are some differences between
the two methods:

The Intermediate-Value method is guaranteed to converge to a root in [a, b]; Newton’s Method starting from some
x1 in the interval might not converge, or might converge to some root outside of the interval.

If the starting approximation x; is close enough to the actual root, then Newton’s Method converges much faster
than the Intermediate-Value method.

Newton’s Method can only be used if f is differentiable and we have a way to compute f’(z) for any x. For the
Intermediate-Value method we only need to be able to compute f(z).

Exercise Set 4.8

1

11.

13.

15.

f is continuous on [3,5] and differentiable on (3,5), f(3) = f(5) =0; f'(z) =22 —8,2¢c—8=0,c=4, f'(4) =0.

. f is continuous on [7r/2, 37 /2] and differentiable on (7/2,37/2), f(7/2) = f(37/2) =0, f/(x) = —sinz, —sine = 0,

C=T.

. f is continuous on [—3, 5] and differentiable on (—3,5), (f(5) — f(=3))/(5—(=3))=1; fl(x) =20 —1;2c—1 =

1, c=1.

X

f is continuous on [—5,3] and differentiable on (—5,3), (f(3) — f(=5))/(3 — (=5)) = 1/2; f'(x) = —W;
-z

C
“Um—a = Wre=-Vh

. (a) f(=2) = f(1) = 0. The interval is [-2,1].

6

(b) ¢~ —1.29. )
(c) zo=—1, a1 = 1.5, x5 = —1.328125, 23 ~ —1.2903686, x4 ~ —1.2885882, x5 ~ m¢ ~ —1.2885843.

False. Rolle’s Theorem only applies to the case in which f is differentiable on (a,b) and the common value of f(a)
and f(b) is zero.

False. The Constant Difference Theorem states that if the derivatives are equal, then the functions differ by a
constant.

(a) f'(x) =sec?z, sec? c = 0 has no solution. (b) tanz is not continuous on [0, 7).
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17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

(a) Two z-intercepts of f determine two solutions a and b of f(x) = 0; by Rolle’s Theorem there exists a point ¢
between a and b such that f'(c) =0, i.e. ¢ is an z-intercept for f’.

(b) f(z) =sinz =0 at © = nm, and f'(z) = cosz = 0 at £ = nxw + 7/2, which lies between nm and (n + 1),
(n=0,+1,42,...)

Let s(t) be the position function of the automobile for 0 < ¢ < 5, then by the Mean-Value Theorem there is at
least one point ¢ in (0,5) where s'(¢) = v(c) = [s(5) — s(0)]/(5 — 0) = 4/5 = 0.8 mi/min = 48 mi/h.

Let f(t) and g(t) denote the distances from the first and second runners to the starting point, and let h(t) =
f(t) — g(t). Since they start (at t = 0) and finish (at ¢ = ¢1) at the same time, h(0) = h(t1) = 0, so by Rolle’s
Theorem there is a time ¢ for which h/(t2) = 0, i.e. f/(t2) = ¢'(¢2); so they have the same velocity at time t.

(a) By the Constant Difference Theorem f(z) — g(x) = k for some k; since f(xo) = g(xo), k =0, so f(x) = g(x)
for all .

(b) Set f(z) = sin? x+cos? x, g(z) = 1; then f'(x) = 2sinz cosz—2coszsinz = 0 = ¢'(z). Since £(0) = 1 = ¢(0),
f(x) = g(z) for all x.

By the Constant Difference Theorem it follows that f(x) = g(z) + ¢; since g(1) = 0 and f(1) = 2 we get
c=2; f(x) = xe® —e* 4 2.

=T — 0 s0 15w - 1) = 17/l — ol <

M|z — y|; if z > y exchange x and y; if x = y the inequality also holds.

(a) If z,y belong to I and = < y then for some ¢ in I,

(b) f(x) =sinz, f'(z) = cosw, |f'(z)] <1 =M, so |f(z) = f(y)| < |z —y|or [sinz —siny| <[z —y|

(a) Let f(z) = v/z. By the Mean-Value Theorem there is a number ¢ between z and y such that

VY-V
y—x

1 1 Yy—x

Tﬁ<ﬁf0rcin(x,y),thus\/gj—\/5< NG

1
(b) Multiply through and rearrange to get \/zy < 5(3@ +y).

(a) If f(z) = 2® + 42 — 1 then f'(x) = 322 + 4 is never zero, so by Exercise 30 f has at most one real root; since
f is a cubic polynomial it has at least one real root, so it has exactly one real root.

(b) Let f(z) = ax® +b2x® + cx +d. If f(x) = 0 has at least two distinct real solutions 71 and 7, then
f(r1) = f(r2) = 0 and by Rolle’s Theorem there is at least one number between 71 and ro where f'(z) = 0. But
() = 3ax® + 2bx + ¢ = 0 for x = (—2b £ V4b%2 — 12ac)/(6a) = (—b £ /b2 — 3ac)/(3a), which are not real if

b* — 3ac < 0 so f(z) = 0 must have fewer than two distinct real solutions.

tan~'2z —tan"'0  tan! 1
By the Mean-Value Theorem on the interval [0, x], e 1 - AT for ¢ in (0,x), but
. z—0 x 1+ 2
1 1 . 1 tan™ " T 1
m<m<lf0rcm(0,x),sol+w2< - <1,1+x2<tan x < T

(a) %[ﬁ(:ﬂ) + g%(x)] = 2f (x) f'(z) + 29(x) g (z) = 2f (x)g(z) + 2g(x)[— f(x)] = 0, so f2(z) + g*(z) is constant.

(b) f(x)=sinz and g(x) = cosz.
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37.

39.

41.

43.

45.

(a) Similar to the proof of part (a) with f/(c) < 0.
(b) Similar to the proof of part (a) with f/(c) = 0.

If f is differentiable at © = 1, then f is continuous there; liI?Jr fz) = HI{l flx) = f1) =3, a+b = 3;
r—r T—1"
lim f(xz) =a and linla f(x)=6s0a=6and b=3—6=—3.
r—1-

r—1t

From Section 2.2 a function has a vertical tangent line at a point of its graph if the slopes of secant lines through the
point approach +o0o or —oo. Suppose f is continuous at © = g and lim f(z) = +00. Then a secant line through

Tz
x1, f(x1)) and (zg, f(xg)), assuming x1 > xg, will have slope M By the Mean Value Theorem, this
1 — X0

quotient is equal to f’(c¢) for some ¢ between xy and x;. But as z; approaches g, ¢ must also approach xg, and

it is given that lim+ f'(¢) = +o0, so the slope of the secant line approaches +o0o. The argument can be altered
C*}.TO

appropriately for x1 < o, and/or for f’(c¢) approaching —oco.

If an object travels s miles in ¢ hours, then at some time during the trip its instantaneous speed is exactly s/t
miles per hour.

Chapter 4 Review Exercises

3. fl(x) =22 -5, f"(x) =2.
(a) [5/2,4) (b) (—-00,5/2] (c) (—o00,+0) (d) none (e) none
/ - 4x 1 _ 3x2 -2
(2) [0,4+00) (b) (=00,0] () (—v/2/3,v/2/3) (d) (—o0,—V/2/3), (V2/3,+00) (e) —\/2/3,\/2/3
/ dz+1) ., A(z —2)
7. f(l”):wyf (33):93675/3
(@) [-1,400) (b) (—o0,—1]  (¢) (=0,0), (2,+00) (d) (0,2) (e) 0,2
9. i) =25 ()= 22D
(@) (=000 (b) [0,400) (c) (—00,—Vv2/2), (V2/2,+00) (d) (=V2/2,v2/2) (e) —V2/2,V2/2
11.

f'(x) = —sinz, f"(x) = —cosz, increasing: [, 27|, decreasing: [0, ], concave up: (7/2,3m/2), concave down:
(0,7/2), (37/2,2m), inflection points: 7/2, 37/2.
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13.

15.

17.

19.

25.

27.

N/
N

-1

f'(x) = cos2zx, f"’(x) = —2sin 2z, increasing: [0,7/4], [37/4, 7], decreasing: [r/4,3m/4], concave up: (7/2,7),
concave down: (0,7/2), inflection point: /2.
0.5
0 / : . |
\_
-0.5
y M
4l 4r
Lo ¥ ___x_l_l_l_l_f L1 Ly
(a) 2 (b) 2 (c) 2

f(x) = 2ax +b; f'(x) > 0or f/(z) < 0 on [0,+00) if f/(x) = 0 has no positive solution, so the polynomial is
always increasing or always decreasing on [0, +00) provided —b/2a < 0.

The maximum increase in y seems to occur near z = —1, y = 1/4.
AY
0.5
0.25
| | | | X
2 -1 1 2
(a) f'(z)=(2—2%)/(x?+2)?, f'(r) =0 when x = ++/2 (stationary points).

(®) f'(z) =8z/(x* +1)2, f'(x) = 0 when z = 0 (stationary point).

Tz —T)(r—1
(a) f'(z)= %; critical numbers at = 0,1, 7; neither at = 0, relative maximum at z = 1, relative
x

minimum at z = 7 (First Derivative Test).

(b) f'(z) =2cosx(14+2sinz); critical numbers at = 7/2,37/2, 77 /6, 117 /6; relative maximum at z = 7/2, 37/2,
relative minimum at x = 77/6, 117/6.

_3_3\/1‘—1

(c) f'(x) — critical number at z = 5; relative maximum at x = 5.
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29. lim f(x) = +oo, EIE f(z) = 400, f'(x) = z(42® — 9z + 6), f"(z) = 6(2z — 1)(z — 1), relative minimum at
r—r—00 xr o0

x = 0, points of inflection when z = 1/2,1, no asymptotes.

31. lirin (z) doesn’t exist, f'(z) = 2zsec?(x? + 1), f”(x) = 2sec?(z? + 1) [1 + 4% tan(x? 4 1)], critical number
T—>T0o0
at x = 0; relative minimum at x = 0, point of inflection when 1 + 422 tan(z? + 1) = 0, vertical asymptotes at

z=+y/r(n+3)-1,n=0,1,2,...

\

y

)

\ i
-2 1 2
2
4
223 4+ 1522 — 2
33. f'(z) = m, f'(x)=— %, critical numbers at x = —5, 0; relative maximum at z = —5,

relative minimum at z = 0, points of inflection at © ~ —7.26, —1.44, 1.20, horizontal asymptote y = 1 as x — Fo0.

| |
20 -10 10 20

x, <0

-2z, x>0
point at x = 0 (f changes concavity), no asymptotes.

35. lim f(z) = 400, lirf f(x) = —o0, f'(z) = { critical number at = 0, no extrema, inflection
r——+00

Tr—r—00

37. f'(x) = 322 + 5; no relative extrema because there are no critical numbers.
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39.

41.

43.

45.

47.

49.

4 5. . : . L
f(z) = gxfl/d; critical number = = 0; relative minimum of 0 at « = 0 (first derivative test).

f'(z) = 2x/(z? + 1)?; critical number z = 0; relative minimum of 0 at z = 0.

f'(z) = 22 /(1 + 2?); critical point at x = 0; relative minimum of 0 at z = 0 (first derivative test).

L/
-

(a) -40
, s 1, . : 1 . : 1 : -
(b) fl(z)=2a*— 100° 1" (x) = 2z, critical points at z = :I:%; relative maximum at x = ~30° relative minimum

at t = —.
20

(c) The finer details can be seen when graphing over a much smaller z-window.

0.0001

4

y = x appears to be an asymptote for y = (2% — 8)/(2? + 1).

3-8 8 8 3-8
(b) i2+1 :m—;_:_l. Since the limit of 52_:_1 as r — £0o isO,y:xisanasymptotefory:fc2+1.

20— 1)(z*+2 -7 P4x—7
fz) = ((25 1))((;;212 1)) = ;;219; —T® # 1/2, horizontal asymptote: y = 1/3, vertical asymptotes:

= (—1++/13)/6.

|
:
|
|
|
|
:
|
|
|
|
|
|
+

5_
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51

53.

55

57.

(a) f(z) < f(xg) for all z in I.
(b) f(x) > f(xo) for all z in T.

(a) True. If f has an absolute extremum at a point of (a, b) then it must, by Theorem 4.4.3, be at a critical point
of f; since f is differentiable on (a,b) the critical point is a stationary point.

(b) False. It could occur at a critical point which is not a stationary point: for example, f(z) = |z| on [—1,1]
has an absolute minimum at x = 0 but is not differentiable there.

(a) f'(z) =2z — 3; critical point x = 3/2. Minimum value f(3/2) = —13/4, no maximum.

(b) No maximum or minimum because 1ir_£1 f(x) = 400 and Em f(z) = —o0.
T—r1+00 x — 00
(r—2
(c) li161+ f(z) = lir_~r_1 f(z) = +oo and f'(z) = LB), stationary point at & = 2; by Theorem 4.4.4 f(x) has
r— T—>1+00 X

absolute minimum value e?/4 at x = 2; no maximum value.

(d) f'(z) = (14 Inx)z®, critical point at = = 1/e; gclir{)IJr f(z) = lim ¢*™® =1, lim f(z) = +o0; no absolute

z—0t T—400
maximum, absolute minimum m = e~¢ at x = 1/e.

(a) (2% —1)? can never be less than zero because it is the square of 22 — 1; the minimum value is 0 for = = +1,
no maximum because lim f(z) = 4o0.
r—+00

10

-2 2

(b) f'(x) = (1—2?)/(x? + 1)?; critical point = 1. Maximum value f(1) = 1/2, minimum value 0 because f(z)
is never less than zero on [0,400) and f(0) = 0.
0.5

0 1 1 ! 1 1 ! & 20

(c) f'(x) = 2secxtanz — sec’x = (2sinz — 1)/cos’z, f'(z) = 0 for z in (0,7/4) when x = 7/6; f(0) = 2,
f(r/6) = /3, f(r/4) = 2¢/2 — 1 so the maximum value is 2 at £ = 0 and the minimum value is v/3 at = = 7/6.
2
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59.

61.

63.

65.

(d) f'(z) =1/2+2x/(2®> + 1), f'(x) = 0 on [-4,0] for = —2++/3; if 2 = -2 — /3, -2 + /3, then f(z) =
—1-+3/24+In4+1In(24+3) ~ 0.84, =1 ++/3/2 +In4+1n(2 — /3) ~ —0.06, absolute maximum at z = —2 — /3,
absolute minimum at z = —2 + /3.

1

_4| I I 0

-0.5

(b) Minimum: (—2.111985, —0.355116), maximum: (0.372591, 2.012931).

If one corner of the rectangle is at (z,y) with 2 > 0, y > 0, then A = 4dxy, y = 3y/1—(z/4)?, A =
dA 8 — z2
122+/1 — (x/4)? = 32V16 — 22, — = 6——,
VI=(@/A? = 30V =
and A > 0 otherwise, there is an absolute maximum A = 24 at x = 2v/2. The rectangle has width 2z = 4+4/2 and
height 2y = A/(2x) = 3v/2.

critical point at = 2v/2. Since A = 0 when z = 0,4

V=x(12-21)2 for 0 < 2 < 6; dV/dx = 12(z — 2)(z — 6), dV/dx = 0 when z = 2 for 0 < z < 6. If z = 0,2,6
then V' = 0,128, 0 so the volume is largest when x = 2 in.

|
| |

1| | | |12-2x
| |
|

(a) Yes. If s = 2t — t? then v = ds/dt = 2 — 2t and a = dv/dt = —2 is constant. The velocity changes sign at
t = 1, so the particle reverses direction then.

AY

N

t

»

N
N

(b) Yes. If s=t+e !thenv=ds/dt=1—e""and a =dv/dt =€ *. Fort >0, v >0and a > 0, so the particle
is speeding up. But da/dt = —e™* < 0, so the acceleration is decreasing.
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67.

69.

71.

73.

75.

77.

—_

t(tt + 2t — 1) 38 + 105 — 12t — 6t2 + 1
2 a=
(t*+1)2 (t*+1)3

a
0.2 1
L1 4 %

-02} 2

(a) v=-

(b)
(c) It is farthest from the origin at ¢ ~ 0.64 (when v = 0) and s ~ 1.2.

(d) Find t so that the velocity v = ds/dt > 0. The particle is moving in the positive direction for 0 < ¢ < 0.64,
approximately.

(e) It is speeding up when a,v > 0 or a,v < 0, so for 0 < ¢ < 0.36 and 0.64 < ¢ < 1.1 approximately, otherwise it
is slowing down.

(f) Find the maximum value of |v| to obtain: maximum speed ~ 1.05 when ¢ ~ 1.10.
T ~ —2.11491,0.25410, 1.86081.

At the point of intersection, 23 = 0.5z — 1, 2 — 0.52 + 1 = 0. Let f(z) = 2® — 0.5z + 1. By graphing y = 3
and y = 0.5z — 1 it is evident that there is only one point of intersection and it occurs in the interval [—2, —1];

3 —0.5x, +1
note that f(—2) < 0 and f(—1) > 0. f'(z) = 32% — 0.5 50 Tpy1 = Ty, — %; rp = —1, x9 = —1.2,
z2 — 0.
23~ —1.166492147, . .., 75 ~ x6 ~ —1.165373043. "

MU |

Solve ¢ — 0.0934sin ¢ = 27(1)/1.88 to get ¢ ~ 3.325078 s0 r = 228 x 10%(1 — 0.0934 cos ¢) ~ 248.938 x 10¢ km.

(a) Yes; f/(0) = 0.
(b) No, f is not differentiable on (—1,1).
(c) Yes, f'(y/7/2)=0.

f(z) = 28 — 222 + x satisfies f£(0) = f(1) = 0, so by Rolle’s Theorem f’(c) = 0 for some ¢ in (0, 1).
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Chapter 4 Making Connections

2
1. (a) g(x) has no zeros. Since g(z) is concave up for x < 3, its graph lies on or above the line y = 2 — ga:, which

2
is the tangent line at (0,2). So for z < 3, g(x) > 2 — 3% > 0. Since g(x) is concave up for 3 < z < 4, its graph

lies above the line y = 3z — 9, which is the tangent line at (4, 3). So for 3 <z < 4, g(z) > 32 — 9 > 0. Finally, if
x >4, g(z) could only have a zero if ¢’(a) were negative for some a > 4. But then the graph would lie below the
tangent line at (a, g(a)), which crosses the line y = —10 for some x > a. So g(x) would be less than —10 for some
x.

(b) One, between 0 and 4.

(c) Since g(x) is concave down for z > 4 and ¢'(4) = 3, ¢'(z) < 3 for all x > 4. Hence the limit can’t be 5. If it
were —5 then the graph of g(x) would cross the line y = —10 at some point. So the limit must be 0.

y

34

3. ¢"(z) =1—7'(x), so g(x) has an inflection point where the graph of y = r'(x) crosses the line y = 1; i.e. at z = —4
and z = 5.



126 Chapter 4




Integration

Exercise Set 5.1

1 2 — 1
1. Endpoints O - = n

WWF

n ) 50 100
A, 0.853553 0.749739 0.710509 0.676095 | 0.671463

; using right endpoints,

T 27 n—1)m
3. Endpoints 0, —, —, ..., !, m; using right endpoints,
n' n n

A, = [sin(n/n) +sin(27/n) + - - + sin(n(n — 1) /n) + sin | %

n 2 ) 10 50 100
A, | 1.57080 | 1.93376 | 1.98352 | 1.99935 | 1.99984

n+1 n+2 2n —1

5. Endpoints 1, , N ,2; using right endpoints,
n n n
A - n + n 4t n + 171
"n4+1l n+2 2n—1  2|n
n 2 5 10 50 100

A, | 0.583333 | 0.645635 | 0.668771 | 0.688172 | 0.690653

2 n—1
Sy , 1; using right endpoints,
n n

3\>—‘

7. Endpoints 0,

1\° 2\° —1\? 1
Ap = \/1—<> +\/1—(> 4o 1—<n> +0| —.

n n n n
n 2 5 10 50 100
A, [0.433013 | 0.659262 | 0.726130 | 0.774567 | 0.780106

2 4 2
9. Endpoints —1,-1+4+ —, -1+ —,...,1 — —,1; using right endpoints,
n n n

ne

2 4 6 2
A, = [e‘“‘ﬁ et et 44l + el} 2

n 2 5 10 50 100
A, | 3.718281 | 2.851738 | 2.59327 | 2.39772 | 2.37398

1 n—1

. , 1; using right endpoints,

11. Endpoints 0

g
"n’n’’
1 -1 1
A, = |:Sln <) + sin”~ ( ) +... +sin? (n) —&—sinl(l)} —.
n n n

127
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13.

15.

17.

19.

21.

23.

25.

27.

n 2 5 10 50 100
A, | 1.04729 | 0.75089 | 0.65781 | 0.58730 | 0.57894

3(xz —1).

z(z + 2).
(z+3)(z—1).
False; the area is 4.

True.

A(6) represents the area between x = 0 and = = 6; A(3) represents the area between z = 0 and =z = 3; their

1
difference A(6) — A(3) represents the area between z = 3 and x = 6, and A(6) — A(3) = 5(63 —3%) = 63.

B is also the area between the graph of f(x) = y/z and the interval [0,1] on the y—axis, so A + B is the area of
the square.

The area which is under the curve lies to the right of 2 = 2 (or to the left of x = —2). Hence f(z) = A'(z) =
22;0 = A(a) = a® — 4, so take a = 2.

Exercise Set 5.2

1

=

13.

15.

17.

19.

21.

. i{ x3+5}:

(a) /mdx— V1422 +C. (b) /(z+1)exdz:xez+0.

3z

b 3 +C
2vx3 +5 50/2\/x3+ *

dx

d .. ~ cos (2y/x) cos (2v/x) , .
7z [sin (2v/z)] = —z SO Tdm =sin (2v/z) + C

2
. (a) 2°/9+C. (b) ! 227 4 . (©) §x9/2—|—0.

12

2 2 [ 1 5., 2/-1\1 5., 1
-3 1/4 2 -3 1/4 2 1 —2 12 5/4 8 3
[x -3z —|—8x]dx: x °de—3 [ v/ dx+8 mda::—ix -7 —|—§x +C.

/(m+x4)dx:x2/2+x5/5+0.

1/3 N 1/3 43 | 73\ g a3 12 25 3 103

/(4 —dr+2%)de = | (da/° — 4™ + 2'7)dx = 3z - +1—0x +C.
/(m+2x_2 —2 Yde =2*/2 - 2/x+1/(32%) + C.

2
/ LC +3e$} dx =2In|z| 4+ 3e* + C.
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23. /[3sinm —2sec® z]dx = —3cosz — 2tanz + C.

25. /(8662 x +secrtanz)dr = tanz +secx + C.

27. /Secedez/seCQQdQZtanﬁ—i—C.

cos

29. /Secxtanmdx =secx + C.

31. /(1+sin9)d9 =0—cosf+C.

1 3 1., »
33. /[2\/@14_%2} dx:ism x—3tan” x4 C.

1—si 1 —si
35. /Lnfdx:/ﬁdtx:/(sec2m—secxtanx)dx:tanx—secm—l—C.
cos? &

1 —sin“x

37. True.

39. False; y(0) = 2.

==

_51
41.
43. (a) y(x o 3dr = 4/3+C’, y(l):§+C:2,C:§;y(z):§x4/3+§.
4 4 4 4
1
(b) y(t :/blnt—i—l :—cost—|—t—|—C,y<z)=—7+I+C=1/2,C:1—z;y(t):—cost—i—t—i-l—z
3 2 3 3 3
212 4 12 2 32 1/2 8 8 2 32 1/2
(c) ylx +ax7 %) dx T =g + 2z +C7y(l):O:§+C,C:—§,y(x):§x + 2% — =

45. (a) y:/4ewdx:4eI+C,1:y(0):4+C,C:—3,y:4e"’”—3.

(b) y(t) = /tildt =lnt|+C,y(-1)=C=5,C=5; y(t) =1Inlt| + 5.

47. s(t) = 16t + C; s(t) = 16t> + 20.

49. s(t) = 2632 + C; s(t) = 2632 — 15.

2 4
51. f'(x) = §x3/2 + Cy; flz) = Exm + Cyx + O,
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53.

55.

57.

65.

dy/d:zc:2a:+1,y:/(2x+1)dm:x2—|—x+C’;y:OWhenx:—3, so (=3)2 + (=3)+C =0, C = —6 thus
y=224+2—6.

f'(x) =m = —sinz, so f(z) = /(—sinx)dm =cosz+C; f(0)=2=14+C,s0 C =1, f(z) =cosz+ 1.

dy/dx = /Gxd:c = 322 +C}. The slope of the tangent line is —3 so dy/dx = —3 when x = 1. Thus 3(1)24+C; = —3,

Cy = —6 so dy/dx = 32®> — 6, y = /(33:2—6)dx =2° —6r+Cy. Ifz =1, theny =5—3(1) = 2 so
(1)2—-6(1)+Cy =2,Cy = 7 thus y = 2 — 62 + 7.

(b)

Theorem 5.2.3(a) says that /cf(x) dx = cF(x) + C, which means that /0 -0dx = O/de + C, so the "proof”

is not valid.
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1

67. () F'(a) = - G/(0) = + (;) 1—|—1l/x2 - 1+1x2 — Fl(a).

(b) F(1) =7/4;,G(1) = —tan~ (1) = —7/4, tan"' 2 + tan—(1/z) = 7/2.

(c) Draw a triangle with sides 1 and = and hypotenuse v/1 + z2. If a denotes the angle opposite the side of length

x and if 8 denotes its complement, then tana = z and tan 8 = 1/z, and sin(a + 3) = sinacos 8 + sin § cos a =

x2 1 -1 1-2

T3 22 + 1522 =1, and cos(a+ ) = cosacosf — sinasin § = 1722 1122
zero and the sine of a + 3 is 1; consequently a + 3 = 7/2, i.e. tan~ ! x + tan=1(1/z) = 7 /2.

= 0, so the cosine of o + 3 is

69. /(seczx —1)dx =tanz —z + C.

1 1 1 1
71. (a) 5/(1—cosx)dx:g(x—sinx)—i—C. (b) 5/(1+cosx)dac:i(x—i—sinx)—i—C.
1087 1087 1087
73. v = T=Y24dT = ——TY? + ¢, v(273) = 1087 = 1087+ C so C =0, v = —T"/? ft/s.
24/273 V273 V273

Exercise Set 5.3

1. (a) /u23du:u24/24+C’: (% +1)%* /24 + C.
(b) —/usdu = —u'/44C = —(cos’z)/4+ C.
1 ) 1 1
3. (a) 1/ see udu = itanu—i—C: itan(élx—i— 1)+ C.

1 . 1
(b) /ul/QdU = éud/z +C = 6(1 + 2y2)3/2 + C.

A~ =

1 1
5. (a) —/udu:—iuz—i—C:—icotzx—ﬁ—C’.

1 1
97 _ 10 1404 o
(b) /u du T +C 10( +sint)"” +C

2 4 2 2 4
7. (a) /(u —1)2u!2du = /(u‘r’/2 — 2032 4 ) du = ?u7/2 - 3“5/2 + §u3/2 +C = ?(1 + )72 - 5(1 + )% 4
2

5 +2)%% 4+ C.
(b) /csczudu = —cotu+ C = —cot(sinzx) + C.

1
9. (a) /aduzln|u|+0:1n|lnx|+6’.

1 1 1 .
(b) 75/@“6['&: 736“+C:75670I+C

1 du 1 _
11. (a) u:x3,§/1+u2 = 3 tan L) + C.
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(b) u=Inz, uw=sin"*(Inz) + C.

1
—d
/\/1—u2
15. u=4x -3 1/ugdu:ium—i—C:i(4x—3)10+0
) T4 40 40 .

17. u =Tz, %/sinudu:f%coqurC’:f%cos?erC.

1 1
19. u = 4x, du = 4dx; /secutanudu = Zsecu—i—C = Zsecélm—i—C.

NG

1 1 1
21. u =2z, du = 2dz; i/euduzie“—i—C:ie%—l-C.

1

1 1
23. u=2r, = | ——du==
u 1'72/ 1_u2 U 2

sin71(2x) + C.

1 1 1
25. u =712 + 12, du = 14t dt; T /u1/2du = iug/? +C= ﬁ(n? +12)32 4 C.

1 1\ 1 301
27 u=1-20,du=-2dz,~3 [ —du=(-3)(->)=+C="2 C.
u x, du x, /u5 u = ( )( 2) el 2(172@2-&-
1 [ du 11 1
29. u =5z +2, du=202de, — [ “du=-———+C=-—"— +C.
U= 0T 42 au = 200z, 20/u3 YT owe T 100527 + 22 ©

31. u =sinz, du = cosz dx; /e“duze“—FC’:esmx—t—C’.

; 1 1 1
33. u= 223 du = —62?, fg/e“du = 766“ +C = fge*Z:z:S +C.

1
35. u=¢e", /mdu:tanfl(ew)—kC.

1 1 1
37. u=5/z, du = —(5/x?)dx; ~E /Sinudu = gcosu—i— C= gcos(5/:v) +C.
39 3t,d 3sin3tdt 1/ Yd Loro=—Lesarc
. u=cos3t,du = —3sin —— [ udu=——u = ——cos .
’ T3 15 15
) 1 ) 1 1 )
Al w=2a% du=2wdv; 5 | sec udu:itanu+C’:§tan(1:)+C’.
; L[ 1 L s/ 1 C0\3/2
43. u =2 —sin46, du = —4 cos 46 db; 1] du = —gY +C = 76(2751n49) +C.

45. u = tanz, du = sin™*(tanz) + C.

1
/\/1—u2
1 2 L 3 L3
47. u = sec2x, du = 2sec 2x tan 2z dx; 3 u“du = gu +C’=6$ec 2z + C.

49. /e*zd:c; u=—zx, du = —du; —/e“du =—e"4+C=—-"+C.
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51.

53.

1 1 -
uzQﬁ,du:—dﬂc;,/—du:—e_'“+C:—e_2ﬁ+C.
NG el

1 1 1.
“(u—1)—=du = —u®? - \/—JrC’f (2y+13/2 \/2y+ +C.

=2 1, du = 2dy;
u y+1,du ya/4 Ja 6

1 1 1
55. /sin2 20 sin 260 df = /(1 — cos? 20) sin 20 df; u = cos 26, du = —2sin 20 db, —3 /(1 —u?)du = —§u+ gug—l-C’ =
1 1
—§c0529+6c0s320+0.
1
57. /<1+;>dt=t+lnt|+0.
59. In(e”) +In(e™*) = In(e®e™*) =In1 =0, so /[ln( )+ In(e™)]dz = C.
61. (a) sin"!(z/3) +C. (b) (1/v/5)tan"*(z/v/5) + C. (c) (1/y/m)sec™!|z/\/7|+C .
b n+1
63.u:a+bx,du:bdx7/(a+bx b/ _ a—f—ni)l) +C.
65. u = sin(a + bx), du = beos(a + bx)dx l/u"du = ;um‘1 +C = ;sinnﬂ(a—l—bx) +C
) ’ " b b(n+1) b(n+1) '
. . 1, 1.5
67. (a) With u=sinz, du =coszdz; [ udu= FU +Cy = 5 sin x+ Cq;
. . L o L
with u = cosx, du = —sinz dx; — [ udu = —5u +Cy = —5 cos” x + Co.
(b) Because they differ by a constant:
1 1 1
(5 sin2x+Cl> — <—§ cos2x—|—02> = i(sin2x—|—coszx) +C1—Ce=1/24C1 — Cs.
2 5 2 2 158
69. y = [ Vhzx+1ldx = 1—5(5x+1) +C;-2 = y3) = ﬁ64+07 SOC:—2—1—564:—1—5, and y =
2 158
l 1)3/2 = 222,
TR 15
1 1 1 13
1y = — [ 2t = — 12t _ _ ! _ 19
Y /e d 5¢ +C,6 =y(0) 2+C,y 5¢ +2
73.

1 1
(a) u:x2+1,du:2xdx;§/7du:\/ﬂ—i—C:\/x2+1+C.
u
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75. f'(z) = m =3Bz +1, f(z) = /(3:1:—1— DY 2de = 3(31'4- 3240, f0)=1=>+0C, C = g, so f(x) =

e

2 7
Z(B3x4+1)%2 + .
9(x+ ) +9

y(t) = /(ln 2) 2420 dt = 20 - 21/20 4+ C; 20 = y(0) = 20 4+ C, so C = 0 and y(t) = 20 - 2/29. This implies that

y(120) = 20 - 2120/20 = 1280 cells.

1
Zgec! ¢ + C.
a a

20+12+6+2+0+0=40

(f) 040+0+0+0+0=0.

3
(2+ 3)4; When [2, 5] is subdivided into n

1
79. If u > 0 then u = asecl, du = asectan 6 db; / =-0=
ux/u2 —a? a
Exercise Set 5.4
1. (a) 1+8+427=36. (b) 5+8+ 11+ 14+ 17 = 55. (c)
(d 1+1+1+1+14+1=6. () 1-24+4-8+16=11.
10
3. ) k
k=1
10
5. 2k
k=1
6
7. ()P (2k—1)
k=1
50 50
9. (a) ) 2k (b) > (2k-1)
k=1 k=1
1
11. 5(100)(100 + 1) = 5050.
1
13. <(20)(21)(41) = 2870.
30 30 30 30 1 1
15. 2 — = 3 — = 3 — = — 2 2 - .= == .
S k(P —4)=> (K —4k) =Y K —4> k 1 (30)%(31)% — 4+ 2 (30)(31) = 214,365
k=1 k=1 k=1 k=1
" 3k - 31
17. = =2 A 1 1
kz::" kZ:jl = oon(nt1) = S(n+1)
n—1 k3
19. n22k3 n71) =-(n—1)
=1
21. True
23. False; if [a, b] consists of positive reals, true; but false on, e.g. [—2,1].
4 4 4 4
3 3 6 3 9 3 3(n—1 3
25. (a) <2+> -, (2+) =, (2+> — ., <2+(n)) =,
n) n n) n n) n n n
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27.

29.

31.

33.

35.

3

3 3 3
equal intervals, the endpoints are 2,2+ —,24+2-—2+3-—,...,24+ (n —1)—,2+ 3 = 5, and the right endpoint
n n n n

4

approximation to the area under the curve y = x* is given by the summands above.

n—1 4
3 3
(b) Z (2 +k- ) — gives the left endpoint approximation.
prd n) n
Endpoints 2,3,4,5,6; Ax = 1;

4
(a) Left endpoints: »  f(2})Az =7+ 10+ 13 + 16 = 46.
k=1

4
(b) Midpoints: » _ f(z})Az =85+ 11.5 4 14.5+ 17.5 = 52.
k=1

4
(c) Right endpoints: Y f(z})Az =10+ 13+ 16 4 19 = 58.
k=1

Endpoints: 0,7/4,7/2,3w/4,7; Ax = 7 /4.
4
(a) Left endpoints: Z f(zi) Az = (1 +V2/2+0- \/5/2) (m/4) = /4.

k=1

4

(b) Midpoints: Z f(z}) Az = [cos(w/8) + cos(37/8) + cos(5m/8) + cos(7w/8)] (w/4) =

k=1
= [cos(m/8) + cos(37/8) — cos(37/8) — cos(w/8)] (w/4) = 0.

(c) Right endpoints: Zf(x,*g)Ax = (\/5/2 +0-v2/2 - 1) (m/4) = —m/4.

k=1
(a) 0.718771403, 0.705803382, 0.698172179.
(b) 0.692835360, 0.693069098, 0.693134682.
(c) 0.668771403, 0.680803382, 0.688172179.
(a) 4.884074734, 5.115572731, 5.248762738.
(b) 5.34707029, 5.338362719, 5.334644416.

(c) 5.684074734, 5.515572731, 5.408762738.
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37. Axfé **O+k‘§'f(x*)Ax* 979]{:—2 3
n Ly = n? k - n2 n?
"L = 2\ 3 21 k? )
Zf(xk)Ax—Z<9—9n2)n—n (1—n) 27——Zk
k=1 k=1 k=1
pr— p— 2 P =
A= lim [27 Zk] 27 — 27< ) 18.
4 4 4.1%4 32 2 17 32 6 12 8
39. Ax = —, 2} =2+ k—; f(z})Ax = (2})’Ax = |2+ —k| —=Z |14+ Zk| == |14+ —k+ =k + =k,
n n n n n n n n n? n3
L 32 | 6 12~ 5 8 x5
Zf(xk)Ax:n[ZI—ank—f—nQZk +n?)Zk]:
k=1 k=1 k=1 k=1 k=1
32 6 1 12 1 8 1
== - = | DH@2n+1) + — - —n? 1)?] =
- [n—l—n 2n(n+ )+n2 6n(n—|— )(2n + )+n3 ik (n+ )}
1 1)(2 1 1)2
:32[1+3”+ Lolnt )(2"+ )+2(”+2)},
n n n
, 1 1 1 1\*
A= lim 32[1+3(14+=)+2(14+=)(2+=)+2(1+=) | =321 +3(1) +2(1)(2) + 2(1)%] = 320.
n—-+00 n n n n
3 . 3 . 1, 1 313 113 9
41. Ax:ﬁ,xkzl—i—(k—l)f, f(xk)Ax—gxkAm: 5 [1+(k—1)} i {n+(k_1)2]’
" . 1|3 9 &« 1 9 1 3 9n—1
Zf(:ck)Aa:_§ Zn+rﬂz(kl)]_2{3+ 5 2( 1)n}_2+4 —,
k=1 k=1 k=1
. 3 9 1 3 9 15
3 3 (k—1)2] 3
43. Ax = —, 27, =0+ (k—1)—; Ax=19-9 —
o= 2o =0 - nEisaas = [o-ot 1] 2,
- . KN (k—1)2]3 27T (k—1)2\ _ 27 K24 54
Zf(wk)ﬁf—2[9—9 el e =7 —27_$Z 72
k=1 k=1 k=1 k=1 k=
A= lim :27—27<1>+0—|—O=18.
n—-+o0o 3
4 8 4n—-1) 4 2 6 10 n—6 4n—2
45. Endpoints 0, — —,...,M,—n—él and midpoints —, —, —, ..., n , " . Approximate the area with
n’'n n n’'n’ n n n
4k — 1)
the sum Z2< ) [ nin + —n}—>16 (exact) as n — +o00.
k=1
1, 2k-1 . k—121 K k1 . l &, 1¢ -~
k=1 k=1 k=1 k=1
1 1
ing Th 44, A= 1 DAz = - =-.
Using Theorem 5.4.4, n_l)rfoo;f(xk) x 3+0+0 3
2, 2k 2 2 T . 4
49. AI:E,IkiflJr g flap)Azr = (1+n)n+4 Q,I;f(xk)Ax:fQJrﬁ];k:fQJr
n(n+1) 2 L - . B
ET__2+2+ﬁ’A_nEr+noo§:1f(xk)Ax_
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51.

53.

55.

57.

59.

61.

63.

65.

The area below the x-axis cancels the area above the z-axis.

2 2% 2k \ 2 2 8k:2 2 O
A = — *:—' * = e —1 = —_ A _7
x n7xk n7f(xk> l(n) ] § f x
= . 16 2
2, A= ngg—loo kgil flzp) Az = 5 2= 3

3\@

(a) With z} as the right endpoint, Az =

4 2 4 2
%M,A: lim b(1+1) =b1/4.
n

n—-+o0o 4

b— b—
(b) First Method (tedious): Az = Ta’ Ty = a+ -—a
b—a [a3 n 3a(b—a) b 3a(b ; a)2k2 n (b —3a)3k3 ,
n n n

n+1l 1 s(n+1)(2n+1)

2

. 3
g:lf zp)Ax = (b—a) {a + 50 (b—a) - + 2a(b a)

n

A= lim Zf(xZ)Aa: =(b—a) {ag’ + gaZ(b— a) +alb—a)* + i(b - a)g}

n—-+o0o

;TMS

4

L (b* —at).

nn+1)(2n+1)

Alternative method: Apply part (a) of the Exercise to the interval [0, a] and observe that the area under the curve

1
and above that interval is given by Za‘l. Apply part (a) again, this time to the interval [0, b] and obtain Zb4' Now

1
subtract to obtain the correct area and the formula A = 1(b4 —a%).

m
1
Ifn:2mthen2m+2(m—1)+---—|—2-2+2:22k}:2~%:mm—l—l):
m+1 B m41 m—+1
then (2m + 1)+ (2m—1)+--+5+3+1=Y (2k-1)=2) k- 1=2-
k=1 k=1 k=1

2_nz—|—2n—i—1

(m+1) 1

(3° =34+ (3° = 3%) +--- + (37 = 31%) =37 — 3%
LAY (L_o AN, (L Ly _ Lo 39
22 12 32 22 202 192) 202 400

= 1 1« 1 1
(a) ;(Qk—l)(2k+1) 2;<2k—12k+1>
Uy Loy,
T2 3 3 5

1

n
b li _— =,
( ) n—l>r-&r-loo 2n+1 2

n

=1

Both are valid.

n? + 2n

(m+1)(m+ 2)
2

n

S+l

}

n n n 1 n n n
(x; — ) = T; — T = T; —nT, but T = — x;, thus T; = NI, SO (x
b) n b bl
i=1 i=1 i=1 i=1 i=1 i=1

n+1

—Z) =nT —nZ = 0.

;ifn=2m+1

—(m+1) =
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67. Z(ak—bk): (a1—b1)+(a2—b2)—|—-~-—|—(an—bn):(a1+a2+---+an)—(b1+b2+~-~+bn):Zak—Zbk.
k=1 k=1 k=1

Exercise Set 5.5
1. (a) (4/3)(1) + (5/2)(1) + (4)(2) = 71/6. (b) 2.

3. (a) (—9/4)(1) + (3)(2) + (63/16)(1) + (=5)(3) = —117/16. (b) 3.

2
. / 22 dx
-1

3
7. / 42(1 — 3z)dx

-3

4

n *

. (a) lim O;ZxZAxk; a=1b=2. (b) lim Z ”

©

max Axy—> max Axy—0

11. Theorem 5.5.4(a) depends on the fact that a constant can move past an integral sign, which by Definition 5.5.1 is
possible because a constant can move past a limit and/or a summation sign.

y
y
2 1 X
A
A
X
3 g 1 1
13. (a) A= 5(3)(3) =9/2. (b) —A:—§(1)(1+2) =-3/2.
l\y y
A
A, = 5 >
-1 X Ay
A, 4
1
(C) —A1—|—A2=—§—|—8:15/2 (d) —A1 +A2:0
Ay
2
1 A
| | | | ¥
15. (a) > A=2(5) = 10. (b) 0; A; = A by symmetry.
st
\’ 14y
i A A
_All y x
-1 32 -1 ' 1
2 1 5 1 1 13 1
Al+A4==-05)=+=(1)= = —. A= [r(1)}] =n/2
(c) A= S (B) 5y =0 () [r(1)2) =/
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17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

(a) /02 f(z)dx = /02(:17+2) dx.

Triangle of height 2 and width 2, above z-axis, so answer is 2.

(b) /Zf(a:)dx:/O(x+2)da:+/20(2—x)dx.

—2
Two triangles of height 2 and base 2; answer is 4.

6 2 6
© |x—2|dmz/(2—x)dm+/(ac—2)da:.
0 0 2
Triangle of height 2 and base 2 together with a triangle of height 4 and base 4, so 2 4+ 8 = 10.

() /if(x)dx_/42(:z:+2)dx+/02(1:+2)dm+/02(2:zr)da:+/26(x2)d:1:.

Triangle of height 2 and base 2, below axis, plus a triangle of height 2, base 2 above axis, another of height 2 and
base 2 above axis, and a triangle of height 4 and base 4, above axis. Thus [ f(z) = =242+ 2+ 8 = 10.

(a) 08  (b) =26  (c) —18  (d) —0.3

/_21 f(x)dx+2/_219(x)dx —542(—3) = —1.

/15 f(z)de = /05 f(@)dz — /01 flz)de =1—(-2) =3.

4/3 da:—5/3 wdy = 44— 5(—1/2+ (3-3)/2) = —

1 1
/ vda + 2/ V= 22dz = 1)2 4 2(w/4) = (14 7)/2.
0 0
False; e.g. f(z) =1if 2 > 0, f(x) = 0 otherwise, then f is integrable on [—1, 1] but not continuous.
False; e.g. f(xz) =« on [-2,+1].
(a) v >0, 1—x<0on [23]so the integral is negative.
(b) 3—cosz >0 for all z and 22 > 0 for all x and 22 > 0 for all z > 0 so the integral is positive.

If f is continuous on [a, b] then f is mtegrable on [a, b] and, considering Definition 5.5.1, for every partition and

choice of f(z*) we have ZmAxk < Zf i) Az < ZMAxk This is equivalent to m(b—a) < Zf ) Axy <

k=1 k=1 k=1 k=1
M (b — a), and, taking the limit over max Az, — 0 we obtain the result.

\/25— (z — 5)2dz = 7(5)/2 = 257 /2.

/1(3x +1)dz = 5/2.
0

(a) The graph of the integrand is the horizontal line y = C. At first, assume that C' > 0. Then the region is a
b

rectangle of height C' whose base extends from = = a to = b. Thus / C'dz = (area of rectangle) = C(b—a). If
C < 0 then the rectangle lies below the axis and its integral is the neg(;tive area, i.e. —|C|(b—a) =C(b—a).
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43.

45.

n

(b) Since f(z) = C, the Riemann sum becomes maxhgglck—w kz_l fzh)Axy, = maxhgglckeo ; CAxy, =

b
= lim C(b—a) = C(b— a). By Definition 5.5.1, / f(z)dx =C(b—a).

" max Azy—0

Each subinterval of a partition of [a,b] contains both rational and irrational numbers. If all z} are chosen to be
n

rational then E flap)Axy = E (D)Azy, = E Az, =b—a so liAm . E flep)Azy = b—a. If all o} are
max Axr—
k=1 k=1 k=1 k=1

n
irrational then lim Z f(zr)Azr = 0. Thus f is not integrable on [a, b] because the preceding limits are not
max Az —0 =1

equal.
(a) f is continuous on [—1,1] so f is integrable there by Theorem 5.5.2.

(b) |f(x)] <1 so fisbounded on [—1,1], and f has one point of discontinuity, so by part (a) of Theorem 5.5.8
f is integrable on [—1,1].

(¢) f is not bounded on [-1,1] because lin%)f(x) = 400, so f is not integrable on [0,1].
Tr—r

1
(d) f(x) is discontinuous at the point © = 0 because lin%) sin — does not exist. f is continuous elsewhere.
T—> X
—1< f(z) <1for zin [—1,1] so f is bounded there. By part (a), Theorem 5.5.8, f is integrable on [—1,1].

Exercise Set 5.6

1.

“

B\

©

. (a) ’ ® ! ©)

(a) /02(21:)51:0 - (2:0—3:2/2)}3 —4-4/2=2.

1

(b) /_11 2z — 24 —2(1) — 2(—1) = 4.

-1

(c) /13(x+1)dx= (x2/2+m)}j =9/24+3—(1/2+1)=6.

y y=x+1

M ) =2

2 ) =2—x v=2 / 2

X
1 (Xj/.t(X*))

|
|
|
1

V =

0

|
[
|
[
|
|
[
|
2

3

3
/x3da:x4/4} =81/4 —16/4 = 65/4.
2 2

4 4
./3\/£dx=2m3/2] =16 —2=14.

1 1

In2

In2
1 1 3
2z 2z
: dz = - —tuop =3
/0 e dz = ge ] 2( ) 5

0
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4
ot ==,

3 3
11. (a) /0 Vrdr = :23;33/2} =2V3 = f(2")(3 - 0), so f(z*) 3

_2
0 V3

0 1 1 ,]°
(b) / (2 +2)dx = §x3 + 2x2] =504, so f(z*)(0 — (=12)) = 504, (x*)? + 2* = 42, x* = 6,—7 but only
—12 —12

—7 lies in the interval. f(—7) =49 — 7 = 42, so the area is that of a rectangle 12 wide and 42 high.

1 1
1 1
13. / (:17261:+12)d:cx33172+12x] =--3+12- (81224> = 48.
2 3 5, 3 3

4y 4
15./ 2dx——4as1] =—-14+4=3.
1 T 1
9

4
17. xW} = 844/5.
5 4

19. —cos 0]7:/:/2 =0.

21. sinz]™”?, = V2.

—7/4 =

23. 5e*]% = 5e® — 5(2) = 5¢® — 10.

25. sin~! x} =sin"1(1/V2) —sin"1 0 = 7 /4.

27. sec”! :c] =sec '2—sec V2 =n/3—7/4=17/12.
4

20. (2vi-260)| =12

31. (a) /_11|2x—1dx:/1/2(1—2x)dx+/1 (2:16—1)dm:(x—xQ)]l/Q—F(xz—x)]l :g.

-1 1/2 -1 1/2
w/2 37/4 /2 3n/4
(b) / cosz dx +/ (—cosz)dr = sinx} — sin x] =2-2/2.
0 /2 0 /2
0 1 0 1
33. (a) / (1—e’”)dw+/(em—l)dx:(m—ex)] —i—(e“‘—x)} = 1—-(-l—-eH4e-1-1l=ce+1/e—2.
-1 0 -1 0

2 4

2 4
2 —9
(b)/ xdm+/ < dx:2lnm] —1+2—21nx] —2In2+1-2In4+2m2=1
1 T 2 T 1 2

35. (a) 17/6 (b) F(z) =

37. False; consider F(x) = 2?/2 if > 0 and F(z) = —2%/2 if < 0.

39. True.
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39 17°
41. 0.665867079: / —dez——] —2/3.
1 1

X €T

1

43. 3.106017890;/

1
sec? z dx = tan x] = 2tan1 ~ 3.114815450.
—1
-1

3 1 3
45. A= / (22 + 1)dx = (—x?’—l—x)} =12.
0 3 0

27/3 27/3
47. A:/ BSinmdx:—?)cosx] =9/2.
0
0

1 2
49. Area:—/ (I2—m)dx—|—/ (2 —x)dr =5/6+1/6 = 1.
0 1

AY

[ —
y =

0 1
51. Area:—/ (e”—l)dm—&—/ (e —=1)dz=1/e+e—2.
0

-1
Ay
2

0.8 0.8

dr =sin" 'z = sin"1(0.8).

53. (a) A= —_—
(a) Ao .
(b) The calculator was in degree mode instead of radian mode; the correct answer is 0.93.
55. (a) The increase in height in inches, during the first ten years.

(b) The change in the radius in centimeters, during the time interval ¢ = 1 to ¢t = 2 seconds.

(¢) The change in the speed of sound in ft/s, during an increase in temperature from ¢ = 32°F
to t = 100°F.

(d) The displacement of the particle in cm, during the time interval ¢ = ¢; to t = 5 hours.
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x T d
57. (a) F'(r)=32>-3. (b) / (3t —=3)dt = (t* - 3t)| = —3x +2, and d—(ac?’ — 3z +2) =322 - 3.
1 1 X
59. (a) sinz? (b) evV®
x
61. —
COS T
4
63. F/(z) = Va2 19, F'(z)= 0. a) 0 b) 5 c) -
@ @M= @0 B (©
-3
65. (a) F'(z) = 527” = 0 when z = 3, which is a relative minimum, and hence the absolute minimum, by the first

derivative test.
(b) Increasing on [3, +00), decreasing on (—o0, 3].

2
- —2)(1
(c) F'(z)= 7(+26j_ 7)§ = (7( jlf 7; 3;); concave up on (—1,7), concave down on (—oo, —1) and on (7,400).
x x

67. (a) (0,+00) because f is continuous there and 1 is in (0, +00).
(b) At 2 =1 because F(1) =0.

69. (a) Amount of water = (rate of flow)(time) = 4¢ gal, total amount = 4(30) = 120 gal.

60
(b) Amount of water = / (44 t/10)dt = 420 gal.
0

120
(c¢) Amount of water = / (10 4 V/t)dt = 1200 + 160v/30 ~ 2076.36 gal.
0

S k S k
71. kg_li;secz (Zn) = g:lf(xZ)Ax where f(z) = sec’z, z} = Z—n and Azx = % for 0 < 2z < % Thus
n n /4 /4
im 3 Tosec? (T5) = tim S pap) A = 20 do = _
ngrfw 2 1 sec <4n> = nll)r_iloo 2 flap)Ax —/0 sec” xdx = tangc}0 =1

73. Let f be continuous on a closed interval [a,b] and let F be an antiderivative of f on [a,b]. By Theorem 5.7.2,
F(b)—F ’ ’
M f(z)dx = F(b) — F(a), ie. / f(z)dx =

—a ,
Fl(a")(b—a) = f(z")(b - a).

= F'(x*) for some z* in (a,b). By Theorem 5.6.1, /

a

Exercise Set 5.7

3 3
1. (a) displ = s(3) — s(0) = / dt = 3; dist = / dt = 3.
0 0

3 3
(b) displ = s(3) — s(0) = —/0 dt = —3; dist = /0 lv(t)| dt = 3.

2 3

+ (t2/2 — 3t)] = —1/2;dist =
2

3 2 3
(c) disp1:5(3)fs(0):/0 v(t)dt:/o (17t)dt+/2 (t3)dt(tt2/2)]

/03 lv(t)]dt = (t — tQ/Z)I +(t*/2 - t)] —(t2/2 - 37:)} ’ =3/2.

2

0
2

1
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11.

13.

15.

17.

/2
. (a) displacement = s(w/2) — s(0) = / sin tdt = — cos t}
0

1 2 3 3
(d) displ = s(3) — 5(0) = / tdt = [ tdt+ [ dt+ [ (5—2t)dt = t2/2} +t} + (5 t—t2)} = 3/2;dist =

0 1 2 2

1 5/2 3

/tdt+/ dt+/5/25—2t)dt+/5/2(2t— )dt—t/2h+t]1 (5t—t2)L + (2 —5t)L/2:2.

¢
. (a) v(t)y=20+ / a(u)du; add areas of the small blocks to get v(4) ~ 20+ 1.4+ 3.0+ 4.7+ 6.2 = 35.3 m/s.
0

(b) v(6) =v(4)+ /46 a(u)du ~ 35.3+7.5+8.6=51.4 m/s.

(@) s(t)=t3—t2+C;1=5(0)=C, 50 s(t) =t> -2 + 1.

1
(b) v(t) = —cos3t+ C1;3 =v(0) = =1+ C4,Cy =4, so v(t) = —cos3t + 4. Then s(t) = —3 sin 3t + 4t 4 Co;

1
3=15(0) = Cs, so s(t) = ~3 sin 3t + 4t + 3.

(a) s(t):gt2+t+0;4:s(2):6+2+C,C:—4ands(t):gt2+t—4.

() v(t)=-t1+C,0=v(1)=-1+0C1,0; =1and v(t) = —t" ! +1s0s(t) = —Int+t+ Cy2 = s(1)
14+ C5,Cy=1and s(t) = —Int +¢t+ 1.

/2 /2
= 1 m; distance = / |sint|dt =1 m.
0 0

2 27

(b) displacement = s(27)—s(w/2) = /

/2
27
/ costdt = 3 m.
3m/2

cos tdt = sin t}

w/2 /2 /2

3 3
(a) v(t) =1t —3t2 +2t = t(t — 1)(t — 2), displacement = / (t3 — 3t + 2t)dt = 9/4 m; distance = / lv(t)|dt
1 2 3 0 0
/ v(t)dt +/ fv(t)dtJr/ v(t)dt = 11/4 m.
0 1 2

3 3 3
(b) displacement = / (Vt — 2)dt = 2v/3 — 6 m; distance = / lv(¢)|dt = —/ v(t)dt = 6 — 2v/3 m.
0 0 0

2 2

13
v = 3t — 1, displacement = / (3t — 1) dt = 4 m; distance = / |3t — 1| dt = 3 m.
0 0

2 2
v = /1/\/3t+ 1dt = g\/?)t—i- 1+ C;v(0)=4/3s0 C=2/3,v= g\/3t+ 1+ 2/3, displacement

5 5
2 2 296 2 2 296
= SV3t+1+ - | dt = —- m; dist = SV3t+1+ -
/1 <3 + 1+ 3> 27 m; distance = /1 (3 + 1+ 3) o7 m.

1 2 1 2 2 1 2
(a) SZ/SiH*TI’lfde-*COS*?Tf-I-C,SZOWhentZOWhiChgiVGSCZ*SOSZ—*COS*ﬂ't—F*.
2 T 2 T T 2 T

d 1
dit] %cos2wt Whent=1:s=2/m,v=1,|v|]=1,a=0.

27 37 /2
= —1 m; distance = / | cost|dt = 7/ cos tdt+
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3 3
(b) v= —3/tdt= —§t2+01, v =0 when ¢t = 0 which gives C; =0so v = —§t2.

3 1 1
s:—§/t2dt:—§t3+02,s:1Whent:0Whichgive502zlsos:—§t3+1. When t =1: s =1/2,

v=-3/2, |v]| =3/2, a=-3.

19. By inspection the velocity is positive for ¢ > 0, and during the first second the ant is at most 5/2 cm from the

T
starting position. For T' > 1 the displacement of the ant during the time interval [0, 7] is given by / v(t)dt =
0

T T
5/2 + / (6vt —1/t)dt = 5/2 4+ (4t —Int)| = —3/2+4T%% —InT, and the displacement equals 4 cm if
1 1
AT3/? —InT =11/2,T ~ 1.272 s.

2 2
21. s(t) = /(20t2—110t+120) dt = §0t3—55t2+120t+6‘. But s =0 whent =0,s0C =0and s = §t3—55t2+120t.

d
Moreover, a(t) = —v(t) = 40t — 110.

Cdt
180 180 130
[ O E | | | | | 6
i 6
0 Ve
0 -130

s(t) a(t)

23. True; if a(t) = ag then v(t) = agt + vo.
25. False; consider v(t) =t on [—1,1].

27. (a) The displacement is positive on (0, 5).

5.5

(b) The displacement is g —sinb 4 5cos b ~ 4.877.

29. (a) The displacement is positive on (0, 5).
0.5




146 Chapter 5

(b) The displacement is % + 6e7".

0, t<4
31. (a) a(t){ 10 t>4

25, t<4
(b) ”(t)_{ 65— 10t, 1> 4

20
| t

_20,
—40 -
25¢, t<4 3 o 3
(c) =(t) _{ 65t — 52— 80, ¢4 » %0 %(8) =120, 2(12) = —20. (d) z(6.5) = 131.25.

33. a = ag ft/s%, v = agt + vo = apt + 132 ft/s, s = agt?/2 + 132t + so = agt?/2 + 132t ft; s = 200 ft when v = 88
12 20
ft/s. Solve 88 = aot + 132 and 200 = agt?/2 + 132t to get ag = = when t = ==, so s = —12.1¢% + 132¢,

11’
121
121 242 70 60
(a) ag=——— ft/s% (b) v=>55mi/h = — ft/s whent = — s. (c) v=0whent=—s.
5 3 33 11
35. Suppose s =s9g =0, v=vg=0att =ty =0;s=5; =120, v =vy at t =t1; and s = 9, v = vo = 12 at t = t».
From formulas (10) and (11), we get that in the case of constant acceleration, a = 2(;%). This implies that
S — 8o
vi — g 2 . . v3 — vt 2
26 =a = ———,v] = 2as7 = 5.2(120) = 624. Applying the formula again, —1.5 = a = ———— v =
2(81 — 80) 2(82 — 81)

v3 — 3(s2 — 1), 80 89 = 51 — (V2 —v?)/3 =120 — (144 — 624)/3 = 280 m.

37. The truck’s velocity is v = 50 and its position is sy = 50t + 2500. The car’s acceleration is ac = 4 ft/s?, so
vo = 4t, s¢ = 2t% (initial position and initial velocity of the car are both zero). sy = s¢ when 50t + 2500 = 22,
22 — 50t — 2500 = 2(t + 25)(t — 50) = 0, t = 50 s and s¢ = sp = 2t = 5000 ft.

39. s=0and v =112 when t = 0 so v(t) = —32t + 112, s(t) = —16t> + 112¢.
(a) v(3) =16 ft/s, v(5) = —48 ft/s.

(b) v = 0 when the projectile is at its maximum height so —32¢t + 112 = 0, t = 7/2 s, s(7/2) = —16(7/2)® +
112(7/2) = 196 ft.

(c) s =0 when it reaches the ground so —16t? + 112t = 0, —16t(t — 7) = 0, t = 0,7 of which ¢t = 7 is when it is
at ground level on its way down. v(7) = —112, |v| = 112 ft/s.
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41.

43.

45.

(a) s(t) =0 when it hits the ground, s(t) = —16t> + 16t = —16t(t — 1) =0 when t = 1 s.

(b) The projectile moves upward until it gets to its highest point where v(t) = 0, v(t) = —32¢ + 16 = 0 when
t=1/2s.

s(t) = so + vot — 3gt* = 60t — 4.9t> m and v(t) = vy — gt = 60 — 9.8t m/s.
(a) v(t) =0 when ¢t =60/9.8 ~ 6.12 s.

(b) s(60/9.8) ~ 183.67 m.

(c) Another 6.12 s; solve for ¢ in s(t) = 0 to get this result, or use the symmetry of the parabola s = 60t — 4.9¢>
about the line ¢ = 6.12 in the ¢-s plane.

(d) Also 60 m/s, as seen from the symmetry of the parabola (or compute v(6.12)).

s(t) = —4.9t% + 49t + 150 and v(t) = —9.8¢ + 49.
(a) The model rocket reaches its maximum height when v(¢) =0, —9.8t +49 =0, ¢t =5 s.

(b) s(5) = —4.9(5)% +49(5) + 150 = 272.5 m.

(c) The model rocket reaches its starting point when s(t) = 150, —4.9t% + 49¢ + 150 = 150, —4.9¢(t — 10) = 0,
t=10s.

(d) v(10) = —9.8(10) + 49 = —49 m/s.

(e) s(t) = 0 when the model rocket hits the ground, —4.9t2 + 49t + 150 = 0 when (use the quadratic formula)
t~ 12.46 s.

(f) v(12.46) = —9.8(12.46) + 49 ~ —73.1, the speed at impact is about 73.1 m/s.

Exercise Set 5.8

1.

7.

1 4
(a) fave:—/ 2z dr = 4. (b) 2z* =4, z* =2.
4_0 0

A~
T T 1

(c)
3 3

fave 3T1 ) 3xdx = —3:2:| ) =6

T . P 9
Jave = /smxdwcosz] ==,

0 o

1 “1 1 1
fave = —— —dx = (lne—1Inl) =

e—1/), x e— e—1
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11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

1 V3 dg 1 . 1 7 o« 1
. Jave = = tan " x = (———) = .
1

1+22 3-1

(a) é[f(0.4) + f(0.8) + f(1.2) + f(1.6) + f(2.0)] = %[0.48 +1.92 + 4.32 4 7.68 + 12.00] = 5.28.

(b) %3[(0.1)2 +(0.2)2 4+ ... +(1.9% + (2.0)%] = ig(l) = 4.305.

1/ 1.7
(c) fave:§/0 Sdex:QxS] =4.

0

(d) Parts (a) and (b) can be interpreted as being two Riemann sums (n = 5, n = 20) for the average, using right
endpoints. Since f is increasing, these sums overestimate the integral.

(a) / / (l—t)dt—i—/j( 3)dt:—%,so vavez—é.

1 3 1
(b)/ t)dt = /tdt+/ dt—l—/ —2t+5)d §+1+0:§,80Uave=§.

a+b>_1 R _f(a)—i—f(b)‘

Linear means f(axzq + fz2) = af(x1) + Bf(x2), so f (

False; f(z) = z,g(z) = —=1/2 on [-1,1].
True; Theorem 5.5.4(b).

T 1789 263
ave — o 2 = -
() v 471/1(3t+)dt 2=z

s(4) —s(1) 100 -7

ave — = = 31.

(b) v i 3 3

Time to fill tank = (volume of tank)/(rate of ﬁlhng = [n( ) 5]/(1) = 457, weight of water in tank at time
t = (62.4) (rate of filling)(time) = 62.4¢, weight,,, = / 62.4t dt = 1404w = 4410.8 1b.

2910

30
/ 100(1 — 0.0001£%)dt = 2910 cars, so an average of = 97 cars/min.
0

40t, 0<t<l1
From the chart we read e flt)y=4q 40, 1<t<3 .
20t 4+100, 3<t<5
It follows that (constants of integration are chosen to ensure that V(0) = 0 and that V() is continuous)
202, 0<t<l1
V(t)=1{ 40t 20, 1<t<3 .
—10t2 + 100t — 110, 3<t<5
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31.

Now the average rate of change of the volume of juice in the glass during these 5 seconds refers to the quantity

1 1
E(V(5) —-V(0)) = 5140 = 28, and the average value of the flow rate is

1 1 1 3 5 1
favezé/ fydt = - U 40tdt+/ 40dt+/ (—20t+100)dt} = £[20 480 — 160 + 200] = 28.
0 0 1 3

k k
2 2
Solve for k : / V3x dx = 6k, so \/§3$3/2:| = g\/§k3/2 =6k, k = (3V3)? = 27.
0

0

Exercise Set 5.9

1.

11.

13.

15.

17.

19.

21.

23.

25.

. (a) ;/_lle"du (b) /12udu
3

I 1 1
.u=2x—|—1,7/ uddu = —u*| =10, or —(2z +1)*| = 10.
2 8 1 8

/2

5 25 2
(a) %/1 Fdu (b) % Vi @ %/ cosudu  (d) /1(u+1)u5du

—m/2

1

0

1 1
u=2x—1, 5/ udu = 0, because u* is odd on [~1,1].
~1

9 9 2 2 4" 2 2 i
. u =14z, / (u—1D)ut2du = / (W?? —ut?)du = Zu®/? — ZuP?| =1192/15,0r (1 +2)%%2 = Z(1 +2)%?| =
. . 5 3' ) 5 3 .
1192/15.
/4 w/4 /2
u:x/Q,S/ SinudUSCosu] =8—4V?2, or 8COS(:U/2):| =8 —4V2.
0 0 0
3 -1
I 1 11
2242 - | uPdu=——| =-1/48,or —~———| = —1/48.
u x+,2/6u u ), /48, or 1@+, /
—In3 1 13 In3
u=e"+4, du=e"dr,u=ce +4:§+4:§Whenx=—ln3,u:e“ +4=3+4+4=7when z =1n3;
7 7 In3
1
/ —du = lnu] = In(7) — In(13/3) = In(21/13), or In(e” + 4)] =1In7—1In(13/3) = In(21/13).
13/3 U 13/3 —~In3
Vi v ’
u=/z, 2/ THduz?tan_lu =2(tan"'v/3—tan"'1) = 2(7/3 —7/4) = /6, or 2tan~' /x| = 7/6.
1 u 1
1

1[5 11 2
g/ V25 —u?du= - {27r(5)2} = —57r.

3

0
—1/ \/1—u2du:% \/1—u2du:%-£[7r(1)2]:7r/8.
1

2

1
1 1
/ sinmcdx:—cosmc] =——(-1-1)=2/7 m.
0 0
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27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

= ——dz = f/ ———du = —sin” u} =7/18.
/o V1 —9z2 3Jo  V1—u? 3 0 /

2

1 2 T 11 1 1
fave: dt = — - ———— = ==
2-0/), (5z2+1)2 210522 +1], 21

u—2x—11 gldu—\/ﬁ] =2
2.1 Vu 1'
2 L
g(m?’ +9)1/2} = g(\/10—2\/5)~
-1

28

w2y = uw] VB - V2= 2T ).

12

28

1
u=2z%+4z +7, 7/
2 J12

2 sin? m]g/4 =1.
5 VT
3 sm(:cQ)] . = 0.
1 /3 1 w/3
u =30, 7/ seczudu—tanu] = (V3-1)/3.
3 m/4 3 w/4
43 1(4 | d L 1/116—8u+u2d 1
u = — = - — U = ——du, —— —_——du = —
y7 y 3 ) y 3 ) 27 4 u1/2 27
4
1 16 2
2 3out/2 2232 20520 — 106/405.
5 [3 u 3 U + £l ) 06/405
1 e 1 In3
52z + e)}o = (n(3) ~Ine) = ==,

V3
1 1 1 U 1 T T
u:\/§x2, / du = sin_l— = (=)= —.
il v wa | cwa ) e

V3
; 1/\/g Lo L 1
u=3x, - ——du=—-tan " u =--=

"3y 1+u? 3 33

/6 1., 1 O T
(b)/ sin4x(1—sin2x)cosmdm=(Sin‘)x—sin7x)
o 5 7 .
1 4
(a) u:3x+1,§/ flu)du =5/3.
1

1 9
(b) u =3z, 5/0 Fu)du = 5/3.

0 4
(c) u=2? 1/2/4 f(u)du:fl/Z/O flw)du=-1/2.

23

T 160 896 4480

4
/ (16u=Y% — 8ut/? + w3/ H)du =
1
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55.

57.

59.

61.

63.

65.

67.

69.

71.

/2 /2 0 /2
sinx = cos(mw/2—x), / sin” x dr = / cos"(mw/2—x)dx = —/ cos" udu (withu = w/2—x) = / cos" udu =
0 0 /2 0

w/2
/ cos” x dz, by replacing u by x.
0

4

e V2 ¢ 5et} ~ 8.85835,

1
Method 1: / 5(e7 0% — e dt =5——
0

0 —0.2

4 4

1 4

Method 2: / 4(e 02— dt = 4W670'2t + 3€3t:| ~ 9.6801, so Method 2 provides the greater availability.
0 — Y. 0

4

1
e~ 04t 5.78136_1'3{| ~ 7.11097,

0

4
Method 1: / 5.78(e 04 — e 13 dt = 5.78 ——
0 —-0.4

4 4
1 4.15
Method 2: / 4.15(e7 04 — 73 dt = 4.15m6_0'4t + 36_3t:| ~ 6.897, so Method 1 provides the greater
0. 0

availability.

y(t) = (802.137) / el P28 dt = 524.959¢1528 1 C; 4(0) = 750 = 524.959 4+ C, C' = 225.041, y(t) = 5249591528t 4
225.041, y(12) ~ 48,233,500,000.

1
(a) ?[0.74 +0.65 4 0.56 + 0.45 + 0.35 4 0.25 + 0.16] = 0.4514285714.

1 7

(b) = / [0.5 + 0.5sin(0.213z + 2.481) dz = 0.4614.
0
k k
1 1 1
/ e*dx = 3, €2I:| =3,-(e?*-1)=3e*=7k=-In7.
o 2 2
1

(a) / sinedr = 2/7.

0

(a) Let u = —z, then / flx)dx = —/ f(—u)du = f(—u)du = — f(w)du, so, replacing u by x in

the latter integral, flz)dx = — f(z)dz, 2 f(z)dx = 0, f(z)dx = 0. The graph of f is symmetric

0 a a 0 a
about the origin, so f(x)dx is the negative of / f(x)dx thus f(z)dz = flz)dz + / fl@)dx =
0 —a —a 0

—a

0

a a 0 0 0
(b) f(x)dm = f(z dx—i—/ f(z)dz, let w = —z in f(x)dx to get f(z)dx = —/ f(=

/f du—/f du—/f )dzx, so _af dx—/f dm—i—/f dm—?/f )dzx. The graph of

) is symmetric about the y-axis so there is as much signed area to the left of the y-axis as there is to the right.

a—1u fa—u + f(u) f(u)
(@) 1=~ /‘fa—u+f fla— )+ Ila /Cm_/)fa—w+f(ﬂ“1_a .
so 2l =a,I =a/2.

(b) 3/2 (c) /4
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Exercise Set 5.10

Ay AY
3 3
2 2
- s
¢ >
1 2 3 1 &2
1. (a) (b) (©)
ac 1/c
3. (a) lnt] =In(ac) =lna+Inc="7. (b) lnt] L= In(1/c) = 5.
1
alc a®
(c) lnt] =lIn(a/c)=2—-5=-3. (d) lnt} =Ina® =3Ilna=6.
1 1
5. In 5 midpoint rule approximation: 1.603210678; In 5 ~ 1.609437912; magnitude of error is < 0.0063.
7. (a) =71 z>0. (b) 2% 2 #0. () —2% —c0 <z < +o00. (d) —z, —0 <z < +o0.
(e) 23, x>0. ) nz 4z, 2 >0. (g) v— Yz, —0o <z < +00. (h) 6?,ac>0.
9. (a) 37 =emn3, (b) 2V% =¢V2In2,
1\% 1 2071/2 1\Y 1/2
o . = o = _ 1 _ 1/2
11. (a) y= QI,IEIEOO <1 + 296) zglfoo <1 + 296) ] ygrfoo [(1 + y) ] e’=.
2
_ : 2/y _ { l/y} _ .2
(b) y =2z, lim (1+y) Jim 1(1+) e
13. ¢'(x) =22 —x
1 2 3 Inzx 1
sin x (22 +1)cos z — 2rsinx
17. F'(z) = ———, F'(z) =
@)= '@ (22 +1)2
(a) 0 (b) 0 (c) 1
19. True; both integrals are equal to —Ina.
21. False; the integral does not exist.
2
d x
23. (a) . / tv1+tdt = xZ\/m(Qx) =223/1 4 22.
T J1
$2
2 2 4+/2
(b) / I+ tdt = —= (2% +1)%2 + Z(2® +1)%/% - —\/_
1 3 5 15
3 tan? x 9 2
25. (a) —cosz (b) — sec” x = —tan” .

1+ tan?zx
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3r—1 x?—1

27. —3 .
002 11 T A

29. (a) sin®(2?)(322) — sin®(2?)(2x) = 322 sin*(23) — 2 sin? (2?).

1 1
1 _
1+m( )

(b) (-1)=

.2 (for -1 <z <1).

3 5 7 10 10
31. From geometry, / f(®)dt =0, / f(t)dt =6, / f(#)dt = 0; and / f®)dt = / (4t — 37)/3dt = —3.
0 3 5 7 7
(a) F(0)=0, F(3)=0, F(5) =6, F(7) =6, F(10) = 3.
(b) F is increasing where F' = f is positive, so on [3/2,6] and [37/4, 10], decreasing on [0, 3/2] and [6,37/4].

(c) Critical points when F'(z) = f(z) = 0, so x = 3/2,6,37/4; maximum 15/2 at = 6, minimum —9/4 at
x = 3/2. (Endpoints: F(0) =0 and F(10) = 3.)

F(x)
6,
4,
2,
! ! ! ! L ¥
2/ 4 6 8 10
o

33. 1< 0: Flz) = / (—t)dt = —lt‘zr - %(1 —a?),

(1-2%)/2, <0
(1+22)/2, >0

x

C2% 41
35. y(as):2—|—/ ; dt:2+(t2—|—lnt)] =22+ Inz + 1.
1 1

37. ylx) =1+ / (sec?t — sint)dt = tanx + cosx — v/2/2.
/4

39. P(z)=F —|—/ r(t)dt individuals.
0

41. II has a minimum at x = 12, and I has a zero there, so I could be the derivative of II; on the other hand I has a
minimum near x = 1/3, but II is not zero there, so II could not be the derivative of I, so I is the graph of f(x)
and I1 is the graph of [ f(t) dt.

43. (a) Where f(t) = 0; by the First Derivative Test, at ¢ = 3.

(b) Where f(t) = 0; by the First Derivative Test, at t = 1, 5.
(¢) At t=0,1 or 5; from the graph it is evident that it is at ¢t = 5.

(d) At t=0,3 or 5; from the graph it is evident that it is at ¢t = 3.

(e) F is concave up when F” = f’ is positive, i.e. where f is increasing, so on (0,1/2) and (2,4); it is concave
down on (1/2,2) and (4, 5).
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F(x)
1 —
0.5+
| | | | X
1 3 5
-0.5+
1k
(f)
45. C'(x) = cos(mx?/2), C"(x) = —mwasin(rz?/2).
(a) cost goes from negative to positive at 2km — 7/2, and from positive to negative at t = 2kw + 7/2, so C(x)
has relative minima when 72%/2 = 2kt — 7/2, x = £/4k — 1, k = 1,2,..., and C(x) has relative maxima when
722/2 = (4k + 1)1/2, v = +VAE + 1, k=0,1,.. ..
(b) sint changes sign at ¢t = k7, so C(x) has inflection points at 72%/2 = kr, x = +v2k, k = 1,2,..; the case
k = 0 is distinct due to the factor of z in C”(z), but = changes sign at = 0 and sin(72?/2) does not, so there is
also a point of inflection at z = 0.
47. Differentiate: f(x) = 2e%*, so 4 —|—/ f)dt =4+ / 2e%dt =4+ e?'| =4+ e — 2 = % provided €2 = 4,
a=(In4)/2=1n2. ‘
150
49. From Exercise 48(d) |e — (1 + 50) < y(50), and from the graph y(50) < 0.06.

0.2

0 =/ 100
0

Chapter 5 Review Exercises

8 372
—@—&-ga: +C.

. —4cosz+ 2sinx + C.

. 3213 —5e® + C.

tan~ 'z 4 2sin" 'z + C.

L (@) y@) = 2vF— 2292 + C; y(1) = 0,50 C = — =, y(a) = 2T — 2a%/2 - 2.

3 3 3 3
(b) y(z) =sinz —5e"+C,y(0) =0=—-5+C, C =5, y(x) =sinx — 5e” + 5.

é + §$4/3.

=2 t3dt =2+ Z¢'P| =
(c) yl(x) +/ +1 11

1 1

2

¥ 1 1
(d) y(x) :/o te!’dt = 56"” ~ 3
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11.

13.

15.

17.

19.

21.

23.

27.

29.

31.

33.

35.

37.

(a) If u = secx, du = secx tanzdz, /SeCQ:vtanxdm = /udu =u?/2+C

du = sec? zdx, /secQItanzdx:/udu:u2/2+02 = (tan®z)/2 + Co.

(b) They are equal only if sec? x and tan? x differ by a constant, which is true.

u=2x%—1,du=2xdz,

}/ du
2) uwur—-1 2

1 1 1
u =5+ 2sin 3z, du = 6 cos 3zdz; /—du =ul? 40 = g\/5—|—251n3$+0.

6/ 3

1 1
u=——+C

d =+ C.
3au? 3au 3a2x3 + 3ab +

u=az’+b, du = 3az?dx; /

14 19
(a) Y (k+4)(k+1) (b) > (k—1)(k—4)
k=5

k=0

1 1
=—sec ! |u|+C = 3 sec ! |x? — 1|+ C.

(sec’>x)/2 + Cy; if u = tanaz,

n(n+1)2n+1)

| 4k 4R\ 4 L6 ) . 64 [n2(n+1)
. [471 B <n) ] p =l e 2 (b = k) =l o { 2
k=1 k=1
32
3 _ _
ngl-i{loo 6n3 [ = n] 3
0.351220577,0.420535296, 0.386502483.

1 1 3 1 3 3 35

S =t b) —1--=-=. —1-2) =22
@ 3+3=3 (b) 2~ 2 (C)5( 4) 4
(e) Not enough information. (f) Not enough information.

(a) /_11 dz + /_11 V1= 2dz = 2(1) + 7 (1)2/2 = 2+ 7/2.

b) (s 13/23 3)%/4 = L1092 ~ 1) — 9m/4
() 3+ 1P| —m@/a = 007 ~1) —on/a

1! 1
(c) u=2?% du=2xdr; 5/ V1—u2du = 5%(1)2/4:7r/8.
0

1 0
(x3 — 2% + 790)} = 48.
3 -3
3

3 1
/ x2dm} =2/3.
1 Tl

(;x2 — sec zﬂ 1 = 3/2 — sec(1).

0

6

(d) —2

3/2 2
/ (3—2x)d;v+/ (22 — 3)da = 3z — 22)]2 + (2 = 30)]},, = 9/4 + 1/4 = 5/2.
0 3

/2 3/2
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9 9
2 3/2 2
39. Vade = -z = -(27-1) =52/3.
1 3 ;3
3 3
41. / edr = e$] =ed—e.
1 1
2 1 3 2
43. A:/ (—2? + 3z —2)dr = [ ——2® + ~2% — 22 =1/6.
1 3 2 1
1 3
45. A=A + Ay = / (1 —2%)dx +/ (2 — 1)dr = 2/3 +20/3 = 22/3.
0 1
3 L4 Y1, 5 o 3
47. (a) 2°+1 (b) F(x)= Zt +t =1 +x—Z;F(x):ac +1.
1
49. v
51. |z — 1|
53, —
1+sin”z
57. (a) F'(z) = ! + ! (—1/2?) = 0 so F is constant on (0, +00)
’ 1422 14 (1/x)2 B ’ '
LS| L
(b) F(1)= /0 e dt —|—/0 e dt =2tan"'1 =7/2, so F(z) = tan~' = + tan~'(1/2) = 7 /2.
59. (a) The domain is (—o0,+00); F(x) is 0 if = 1, positive if > 1, and negative if < 1, because the integrand
is positive, so the sign of the integral depends on the orientation (forwards or backwards).
(b) The domain is [-2,2]; F(x) is 0 if z = —1, positive if —1 < & < 2, and negative if —2 < 2 < —1; same reasons
as in part (a).
1 ? 1/2 * 4
61. (a) fove =35 [ 2'/%dv= 2V3/3; Vr =2v3/3, x* = 3
0
(b) f 1 /e ld 1 | © 1 1 1 . 1
v = — —_— = n = 7; —_—= y = — .
e e —1 1xx e—1 xl e—1 z* e—lx c
63. For 0 < = < 3 the area between the curve and the z-axis consists of two triangles of equal area but of opposite
signs, hence 0. For 3 < x < 5 the area is a rectangle of width 2 and height 3. For 5 < 2 < 7 the area consists of
two triangles of equal area but opposite sign, hence 0; and for 7 < 2 < 10 the curve is given by y = (4¢t — 37)/3
10
1
and / (4t — 37)/3 dt = —3. Thus the desired average is E(O +6+0-3)=0.3.
7
. L o
65. If the acceleration a = const, then v(t) = at + vg, s(t) = iat + vot + Sp.
3 2 Ly 23 Lova 2.3 Ly 23
67. s(t) = [ (t =26 +1)dt = ;' — 22+ 1+ C, 5(0) = 2(0)' = S(0° +0+C =1, C =1, 5(t) = ' = 2t +t+ 1.
69. s(t) = /(2t—3)dt:t2 —3t+C,s5(1)=(1)*=3(1)+C=5C=17,s(t)=t>*—3t+7.
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71.

73.

75.

e

79.

81.

83.

85.

87.

89.

6 6
displacement = s(6) — s(0) = / (2t — 4)dt = (t* — 4t)} =12 m.
0 0

6 2 6
distance:/ |2t—4|dt:/ (4—2t)dt+/ (2t—4)dt:(4t—t2)}
0 0 2

displ t—/s LY —1ys
1splacement = ) B t2 = m.

3 V2 3
distance = / lo(t)|dt = 7/ v(t)dt +/ v(t)dt = 10/3 — 2v/2 m.
1 1 V2

v(t) = =2t + 3;

4
displacement = / (=2t + 3)dt = —6 m.
1

4 3/2 4
distance = / | — 2t 4+ 3|dt = / (—2t+3)dt Jr/ (2t — 3)dt = 13/2 m.
1 1 3/2

Take ¢t = 0 when deceleration begins, then a = —10 so v = —10t + C, but v = 88 when t = 0 which gives C; = 88
thus v = —10t + 88, ¢ > 0.

(a) v=45mi/h =66 ft/s, 66 = —10t + 88, t = 2.2 s.

(b) v =0 (the car is stopped) when t = 8.8 s, s = /vdt = /(—IOt + 88)dt = —5t* 4 88t + Cy, and taking s = 0
when ¢t =0, Oy = 0 so s = —5t2 + 88t. At t = 8.8, s = 387.2. The car travels 387.2 ft before coming to a stop.

1 5 . 1 5, . -
From the free-fall model s = —igt + vot + sg the ball is caught when sg = —Qgt1 + vot1 + So with the positive

IS
root t; = 2vg/g so the average speed of the ball while it is up in the air is average speed = o / |lvg — gt|dt =
1Jo

g vo/g 2v0/g
- / (vo —gt)gt+/ (gt — vo) dt| = vo/2.
0 1

2vg vo/9g

3 1

1 [? 1 1
u=2x+1, 5/1 u4du_10u5}1 =121/5, or 10(2x+1)5]0_121/5.

9 1
(3 + 1)1/2} =2/3.
3 0

1 1
— sin® 7T.I:| =0.
3T 0

/1 e 2dx = 2(1 — 1//e).
0

o ()] Lo (o] -

) 1 y/3 ) 1 yq1/3 13
(b) y=3z, lim (14— =lim |14 - =e/".
y—0 Yy y— Yy
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Chapter 5 Making Connections

n n n n—1

1. (a) Z2x2Amk = Z(xk +zp_1)(TK — TR—1) = Z(wi —2i )= Zxﬁ -y i =v"-d>

k=1 k=1 k=1 k=1 k=0

(b) By Theorem 5.5.2, f is integrable on [a, b]. Using part (a) of Definition 5.5.1, in which we choose any partition
and use the midpoints z} = (zx + zx—1)/2, we see from part (a) of this exercise that the Riemann sum is equal to
22 — 2% = b* — a®. Since the right side of this equation does not depend on partitions, the limit of the Riemann
sums as max(Axy) — 0 is equal to b? — a?.

3. Use the partition 0 < 8(1)3/n3 < 8(2)3/n3 < ... < 8(n — 1)3/n® < 8 with x} as the right endpoint of the

. . - 8k 8(k—1)3 " 16
k-th interval, z} = 8k®/n3. Then Zf(wk)Axk = Z v/ 8k3 /n? (n3 - (nd)) = Z ﬁ(k4 —k(k—1)%) =
k=1 k=1 k=1
16 3nt 4 2n3 —n?

3
- 1 —>161212asn—>oo.

5. (a) Y glei)Azy = Y 203 f((@i)) Az = Y (an + 2o f((@0)) (= 2m1) = Y F((@7)?)(@F — aiy) =

k=1 k=1 k=1 k=1

n n

n
Z fu;)Aug. The two Riemann sums are equal.
k=1

(b) In part (a) note that Auy = Az? = 23 — 27, = (¥ + Tx—1)Azy, and since 2 < z, < 3, 4Azy, < Auy, and

3 n
Auy, < 6Axy, so that max{uy} tends to zero iff max{xy} tends to zero. / g(x)de = lim Zg(xZ)Axk =
2 k=1

max(Axzy)—0 £

> [
lim Fwp)Aug = f(u) du.
k=1 e 4

max(Aug)—0 £—

(c) Since the symbol g is already in use, we shall use « to denote the mapping u = () = 22 of Theorem 5.9.1.

Applying the Theorem, Ag flw)du= /23 fy(@)Y (x)de = /23 f(x®) 2z dx = /jg(m) dz.



Applications of the Definite Integral in
Geometry, Science, and Engineering

Exercise Set 6.1

2

1. A:/2($2+1—x)dx:(x3/3+:13—ac2/2)] =9/2.

2 2
3. A=/1(y—l/yz)dy=(y2/2+1/y)] =1L

4
(b) A= / (Vi — /2 dy = 4/3.

5. (a) A= 2(23:—:172)6137:4/3.

0

Ay
A+ 24

y=2x

y=x?

\ B¥]

1
7. A:/ (Vx —2%)dx = 49/192.
1/4

/2 /2
9. A:/ (O—cos?x)dx:—/ cos2xdr =1/2.
w/4 /4

159
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11.

In2
13. 21/2.
0
Ay
af
2F
= y=e"l
[ A R AR B
In2
15.A:/ — — || dxz?/ —— — —z)de= |4tantz—2®| =71
-1 1+.’I}2 0 1+ZC2 0

AY

-1 1

17. y = 2 gl dmmest o P ) d S 142)| do =
Ly=2+z—-1] = lte o>1° —/_5 —gx—I— - (3-1) x—l—/1 —Ex—i— —(1+2z)| de =
e ° 6
/ (—m+4) dx—l—/ (6— —x) dx =72/5448/5 = 24.
5 \b 1 5
y
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1 3
19. A= / (2% — 42 + 32) dw + / [— (2% — 42? + 3z)) dx = 5/12 + 32/12 = 37/12.
0 1

4

e

~

-8

57 /4
21. From the symmetry of the region A = 2/ (sinz — cosz) dr = 4V/2.
/4

1

0 1
23-A:/ (y3fy)dy+/0 —(° —y)dy =1/2.

Vin2 2 1 =2 In2 1
25. The curves meet when z =0, vIn2, so A = / (2x — xe® )dx = <x2 - iex ) } =In2- 3
0 0
pY
25+
2 I
1.5
1_
05
I | | 1 ¥
0.5 1

b b
27. True. If f(z) — g(z) = ¢ > 0 then f(z) > g(z) so Formula (1) implies that A = / [f(z) — g(z)]dx = / cdr =

b b
c(b—a). If g(x) — f(z) = ¢ > 0 then g(z) > f(x) SOA:/ [g(z) —f(x)]dx:/ cdx =c(b—a).

29. True. Since f and g are distinct, there is some point ¢ in [a, b] for which f(c) # g(c). Suppose f(c) > g(c). (The
case f(c) < g(c) is similar.) Let p = f(c)—g(c) > 0. Since f— g is continuous, there is an interval [d, e] containing ¢

e b
such that f(x)—g(z) > p/2 for all z in [d, €]. So/ [f(z)—g(x)] dx > ‘g(efd) > 0. Hence 0 = / [f(z)—g(x)]dx =
d

a
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d e b d e
[ @ —s@lde+ [ @) - g@lde+ [1@ -a@ide. > [ (1) - g@lde+ [ (1) = g@) do.so
a e a
least one of / [f(z) — g(z)] dz and / [f(z) — g(z)] dz is negative. Therefore f(t) — g(t) < 0 for some point ¢ in
a b
one of the intervals [a,d] and [b, e]. So the graph of f is above the graph of g at = ¢ and below it at & = ¢; by
the Intermediate Value Theorem, the curves cross somewhere between ¢ and ¢.
T if z<0;
(Note: It is not necessarily true that the curves cross at a point. For example, let f(z) = 0 if 0<z<1;
r—1 if z>1,
2
and g(z) = 0. Then / [f(z) — g(z)] dx = 0, and the curves cross between -1 and 2, but there’s no single point at
-1
which they cross; they coincide for z in [0, 1].)
k
31. The area is given by / (1/3/1 =22 — z)de = sin~ ' k — k?/2 = 1; solve for k to get k ~ 0.997301.
0
33. Solve 3 — 2z = % + 22° — 32* + 22 to find the real roots = —3,1; from a plot it is seen that the line is above
1
the polynomial when —3 <z < 1,s0 A= / (3 — 22 — (25 + 22° — 32* + 2%)) dz = 9152/105.
-3
35. / 2\/§dy:/ 2/ dy; / y/? dy :/ y'/% dy, §k3/2 = 5(27*’“3/2)’ k3% =27/2, k= (27/2)*/3 = 9/V/4.
0 k 0 k
y
\ /
\ [
v=k
X
2
37. (a) A= / (22 — 2?) dz = 4/3.
0
(b) y = ma intersects y = 2z — 2% where ma = 2z — 22,22 + (m — 2)x = 0,z(x + m —2) = 0soz = 0 or
2—m 2—m
x =2 —m. The area below the curve and above the line is / (22 — 22 —ma) dx = / [(2—m)z —2?]dx =
) 0 0
1 1 —m
[5(2 —m)z® — ga:g} = 6(2 —m)®so (2—m)?/6 = (1/2)(4/3) =2/3,(2 —m)> =4,m =2 — V4.
0
b
39. The curves intersect at x = 0 and, by Newton’s Method, at = ~ 2.595739080 = b, so A =~ / (sinz — 0.22) dx =
, 0
- [cosx - o.1x2] ~ 1.180898334.
0
41. By Newton’s Method the points of intersection are x = x; ~ 0.4814008713 and = = x5 = 2.363938870, and
o 1
A / (ﬂ —(z— 2)) dx ~ 1.189708441.
T €
43. The x-coordinates of the points of intersection are a ~ —0.423028 and b ~ 1.725171; the area is

b
A= / (2sinz — 22 + 1) dz ~ 2.542696.
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45.

47.

49.

51.

/GO[vg(t) —v1(t)] dt = $2(60) — s2(0) — [s1(60) — s1(0)], but they are even at time ¢t = 60, so $3(60) = s1(60).
0

Consequently the integral gives the difference s1(0) — s2(0) of their starting points in meters.

The area in question is the increase in population from 1960 to 2010.

Solve /2 +y1/2 = /2 for y to get y = (a'/? —2'/?)? = a — 2a' /22?2 + 2, A :/ (a—2a'22Y? + z) dz = a?/6.
0

First find all solutions of the equation f(z) = g(x) in the interval [a,b]; call them ¢1,---,¢,. Let ¢ = a and

Cnt1 = b. For i =0,1,---,n, f(z) — g(z) has constant sign on [¢;, ¢;11], so the area bounded by z = ¢; and
Cit+1 Cit1

T = ¢j41 is either / [f(z) — g(z)]dz or / [g(x) — f(z)]dz. Compute each of these n + 1 areas and add

them to get the area ibounded by ¢ =a and z = b.

Exercise Set 6.2

1.

3
V:ﬂ'/ (3 —z)dx = 8.

-1

2
1
. V:w/ ~(3 —y)*dy = 137 /6.
0

4

w/2
. V=7T/ coszdr = (1 —/2/2)r.

2
9. V:/ xt dr = 32/5.
0
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4 4
11. V= 7r/ [(25 — 2%) — 9] dx = 27r/ (16 — 2?) dx = 2567/3.
—4 0

y _
y:V@S—f

y=3

4
7r/ (162 — z*) dz = 20487 /15.
0

3mw/4
21. V:7r/ esc?ydy = 2.
/4
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[SIE]

= x=cscy

13

Ndy = 727/5.

1
™
25. V = Wy == (e —1).
/0 wedy = 7 (2 1)
27. False. For example, consider the pyramid in Example 1, with the roles of the z- and y-axes interchanged.

29. False. For example, let S be the solid generated by rotating the region under y = e® over the interval [0, 1]. Then
A(z) = m(e®)?.

a 12
31. V=7T/ Z—Q(az—m2)dm=4ﬂab2/3.

—a

Yy

p| y=aVa -2

N

,a\ya >

35. Partition the interval [a,b] with a = 29 < 21 < 22 < ... < Zp—1 < 2z, = b. Let z} be an arbitrary point of
[zk—1,x]. The disk in question is obtained by revolving about the line y = k the rectangle for which z;_1 < x < xy,
and y lies between y = k and y = f(x); the volume of this disk is AV}, = 7(f(z}) — k)*Azy, and the total volume

b

is given by V = 77/ (f(z) — k)2 d.

a
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37.

39.

41.

43.

45.

(a) Intuitively, it seems that a line segment which is revolved about a line which is perpendicular to the line
segment will generate a larger area, the farther it is from the line. This is because the average point on the line
segment will be revolved through a circle with a greater radius, and thus sweeps out a larger circle. Consider the
line segment which connects a point (z,y) on the curve y = /3 — = to the point (x,0) beneath it. If this line
segment is revolved around the z-axis we generate an area my?2.

If on the other hand the segment is revolved around the line y = 2 then the area of the resulting (infinitely thin)
washer is m[2? — (2 — y)?]. So the question can be reduced to asking whether y? > [22 — (2 — y)?],y? > 4y — y?, or
y > 2. In the present case the curve y = /3 — x always satisfies y < 2, so V5 has the larger volume.

3

(b) The volume of the solid generated by revolving the area around the z-axis is V; =« / (3—z)dx = 8w, and
s ~1
4
the volume generated by revolving the area around the line y =2 is V5 = 7r/ 22— (23 —2)?de = 3071
—1

3 3
V= 7r/ (9—y*)?dy = 77/ (81 — 18y? + y*) dy = 6487 /5.
0 0

The region is given by the inequalities 0 <y <1, \/y < & < {/y. For each y in the interval [0, 1] the cross-section
of the solid perpendicular to the axis x = 1 is a washer with outer radius 1 — ,/y and inner radius 1 — &y.
The area of this washer is A(y) = 7[(1 — /7)? — (1 — ¢9)?] = n(—2y"/2 +y + 2y/3 — y2/3), so the volume is
1 1 1
4 1 3 3

V=/ A(y)dy=ﬂ/ (=297 +y+ 2" =y dy = |2y 4 Sy 4 Sy - Sy = D

0 0

Ay

2¥ T3 57 |, T 15

\ %}

20
A(z) = w(2?/4)* = 72 )16,V = / (mx*/16) dz = 40,0007 ft3.
0
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1 1
47. V:/ (xfz2)2dx:/ (z2—2x3+x4)dx:1/30.
0 0

49. On the upper half of the circle, y = v/1 — 22, so:

(a) A(w) is the area of a semicircle of radius y, so A(x) = 7y?/2 = 7(1 —2%)/2; V = ;T

|
(i
—~
~
|
8
[\
S—
QL
8
Il

w/dax%dIQWB.
0

1 1
(b) A(z) is the area of a square of side 2y, so A(z) = 4y? = 4(1 —2?); V = 4/ (1—2?)dr = 8/ (1—2?)dr =
-1 0
16/3.

y=V1-x? 2y

3
(c) A(z) is the area of an equilateral triangle with sides 2y, so A(x) = %(Zy)2 = V3?2 = V3(1 - 2?);

V:[1ﬁ(1_x)d$:2ﬁ/() (1 —z?)dx = 4V/3/3.

2y 2y

2y

b w/2
51. The two curves cross at * = b ~ 1.403288534, so V' = 7r/ ((2z/m)? —sin'C z) da +7r/ (sin'® z — (22/7)%) do ~
b
0.710172176. ’

%.V:w[?ywmw%@:m
55. (a) V= 71'/Th(r2 —y?) dy = m(rh® — h*/3) = éwh2(37’ —h).

h
(b) By the Pythagorean Theorem, r? = (r — h)? + p?, 2hr = h? + p?; from part (a), V = 7T?(Shr —h?) =
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wh (3 1
2 Z(p2 2y _p2 = Z7h(30% + h2
3 (50207 1) = Grntsg? )
Ay
h/é;\xz +y2=7r2
P X
y
57. (a) The bulb is approximately a sphere of radius 1.25 cm attached to a cylinder of radius 0.625 cm and length
4 .
2.5 cm, so its volume is roughly §7r(1.25)‘3 + 7(0.625)2 - 2.5 ~ 11.25 cm. (Other answers are possible, depending
on how we approximate the light bulb using familiar shapes.)
5
(b) Az =5 =05 {yo.y1, -y} = {0,2.00,2.45,2.45,2.00,1.46, 1.26,1.25,1.25, 1.25, 1.25};
9 Uiy 2 10 Uiy 2
_ i ~ . rioht — Yi ~ RV _ 3
left = w; <5> Az ~ 11.157; right = WZ; ( , ) Az~ 11.771; V ~ average = 11.464 cm?.
y by
NI R — >
\h—‘*x_ /
&M
v
59. (a) 0sh<2 (b)
If the cherry is partially submerged then 0 < h < 2 as shown in Figure (a); if it is totally submerged then
2 < h < 4 as shown in Figure (b). The radius of the glass is 4 cm and that of the cherry is 1 cm so points on
the sections shown in the figures satisfy the equations 22 + y?> = 16 and 22 + (y + 3)2 = 1. We will find the
volumes of the solids that are generated when the shaded regions are revolved about the y-axis. For 0 < h < 2,
h—4 h—4 -2
V=7r/ [(16—y2)—(1—(y+3)2)]dy=67r/ (y+4)dy=37rh2;for2§h§4,V=7r/ [(16 — y*) —
- h—4 5 h—4 1 -
(1—(y—|—3)2)}dy—|—7r/ (16—y2)dy=6ﬂ'/ (y+4)dy—|—7r/ (16—y2)dy:127T+§7T(12h2—h3—40):
-2 —4 -2
) 3mwh? if0<h<2
—m(12h* —h* —4),50 V=4 .
3 g7(12h% —h? —4) if2<h<d
1 L, L oo 9 2 2 2 f il
61. tanf = h/x so h = xtanf, A(y) = §hx =5 tanf = 5(7“ —y?)tanf, because 2 = r* — y*, and this implies
1 " " 2
that V = 3 tan@/ (r? —y*)dy = tan@/ (r? —y*)dy = grs tan 6.
—r 0
h
a
X
1 T
63. Bach cross section perpendicular to the y-axis is a square so A(y) = 2* = r* —y?, -V = / (r? — y*)dy, so
0

8
V =8(2r%/3) = 16r°/3.
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65. Position an z-axis perpendicular to the bases of the solids. Let a be the smallest z-coordinate of any point in either

solid, and let b be the largest. Let A(z) be the common area of the cross-sections of the solids at z-coordinate x.
b

By equation (3), each solid has volume V = / A(x) dx, so they are equal.

a

Exercise Set 6.3

2 2
1. V= / oma(2?) de = 277/ 23 dx = 157/2.
1 1
1 1
3. V:/ 27ry(2y—2y2)dy:47r/ (v* —y*)dy = /3.
0 0

1 1
5 V= / 277(x)(x‘3) dr = 271'/ 2t dr = 27/5.
0 0

2 2
9. V= / 27z|(2x — 1) — (22 + 3)] da = 8”/ (2% — x) dw = 207 /3.
1 1
Y @)

1, 1)

X

/ \

2,-D

1 1
11. V:27r/ %dl‘:ﬂ'ln(12+1)i| =mln2.
0 X +1 0
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13.

15.

17.

19.

21.

23.

25.

27.

True. The surface area of the cylinder is 27 - [average radius] - [height], so by equation (1) the volume equals the
thickness times the surface area.

True. In 6.3.2 we integrate over an interval on the z-axis, which is perpendicular to the y-axis, which is the axis
of revolution.

2 2
V= 277/ xe® dx = 2m(x — 1)6’”} = 27é?.
1 1

k
The volume is given by 271'/ xsinzdr = 2n(sink — k cosk) = 8; solve for k to get k ~ 1.736796.
0

1
(a) V= / orz(2® — 32° 4 2x) dr = Tn/30.
0

(b) Much easier; the method of slicing would require that « be expressed in terms of y.

(a) For z in [0,1], the cross-section with z-coordinate x has length x, and its distance from the axis of revolution

1
is 1 — z, so the volume is / 27(1 — z)x de.
0

(b) For y in [0,1], the cross-section with y-coordinate y has length 1—y, and its distance from the axis of revolution

1
is 1 + y, so the volume is / 2r(14+y)(1 —y) dy.
0
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2 2
29. V= / 2n(x +1)(1/23) dx = 271'/ (x72 + 273 dx = Tr/4.
1 1

)

-1

Y
x+1

( y=1/x°
N «
27h

1x 2
h . . . " h "
31. z = —(r —y) is an equation of the line through (0,7) and (h,0), so V = 2ny |—(r—y)| dy=— [ (ry—
T 0 r "

y*) dy = nr?h/3.
by

O, r)
\ {

33. Let the sphere have radius R, the hole radius r. By the Pythagorean Theorem, 72 + (L/2)? = R?. Use cylindrical

shells to calculate the volume of the solid obtained by rotating about the y-axis the regionr < z < R, —VR? — 22 <
R

R
4 ; 4
y<VvVRZ—22:V = / (2mx)2V/ R? — 22 dx = fgw(Rz v el gw(L/2)3, so the volume is independent of
R. ' ’

b b
1
35. Vx:w/ — da = 7(2 - 1/b), y_zw/ dv = m(2b—1); V, =V, if 2—1/b=2b— 1, 26> — 3b+ 1 = 0, solve
12 % 1/2
to get b=1/2 (reject) or b = 1.

37. If the formula for the length of a cross-section perpendicular to the axis of revolution is simpler than the formula

for the length of a cross-section parallel to the axis of revolution, then the method of disks/washers is probably
easier. Otherwise the method of cylindrical shells probably is.

Exercise Set 6.4

1. By the Theorem of Pythagoras, the length is \/(2 —1)2 + (4 —2)2 = /1 +4 = /5.

2
(a) %:2,L:/ V1+4dz = V5.
1

(b) d—x:E,L:/4\/1+1/4dy:2m=\/5.
dy 2 9

3/271!
3. f’(a:)zgg;l/?,u[f’( )2 —1+—a: L= / V1+81z/4 da:—gg(l-i-il ) ] = (85V/85 — 8)/243.

0
40
5. @ _ g _1/3 1 + dy -1 + éx_2/3 _ 9_((;2/3 —|—4 vV 9;1;‘2/3 dp = i 40 1/2du _ iu3/2 _
dr 3" dx 9 S 0g2/3 3213 18 27 13

1 1 a9 d
—(40v40—-13Vv'13) = — 80\/ 10 —13v13) (we used u = 9x2/3 +4); or (alternate solution) x = y3/2 o _ §y1/2,
27

Tdy 2
2
4
1+<j_§> :1+%y +9y , L=~ /\/4+9 dy——/ u'?du = 7(80\/10—13\/13).
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1 1 1 1 1 1
. _ . ) / :72_2—21 / 2:1 e 4—4 :74 - 4—4:
Toaw=gly) = 5" +2 " g w) = v — 277 1+ [ (v)] +<64y 5 T4y GV ta Ty
1 ¥ e
—y?4+2y72), L= / —y? 42y~ %) dy =17/6.
8 2 \8
9. False. The derivative dy _ = ——2__ is not defined at z = +1, so it is not continuous on [—1,1]
' dr~ Viea? - o
11. True. If f(z) = ma + c then the approximation equals Z\/l—i—mQ Az, = Z\/l +m? (xp — xTp—1) =
k=1
vV1+m? (z, —x9) = (b—a)yv/1+m? and the arc length is the distance from (a,ma + ¢) to (b,mb + ¢), which
equals /(b —a)2 + [(mb+c) — (ma+¢)]2 = \/(b—a)? + [m(b—a)]?2 = (b — a)v/1+ m2. So each approximation
equals the arc length.
sec x tan /4
13. dy/dx = oz = tanz, \/1+ (¥)?2 = V1+tan®’z = secz when 0 < z < 7/4, bOL—/ secxdr =
0
In(1+ v2).
7}7
- (8.4)
r-LD
>~
1 Y L f
15. (a) (b) dy/dx does not exist at z = 0.
3/2 1 3 172 ! ! 8 (13
(€ = =9l =y"%dW = v L= | VI+9/ady + | Vi+9y/ddy = oo VI3-1)+
0 0
8
57 (10VI0 1) = (13v/13 4+ 80v/10 — 16) /27.
17. (a) The function y = f(z) = 2? is inverse to the function z = g(y) = /¥ : f(g(y)) =y for 1/4 <y < 4, and

g(f(x)) = x for 1/2 < x < 2. Geometrically this means that the graphs of y = f(x) and z = g(y) are symmetric
to each other with respect to the line y = x and hence have the same arc length.

y

4l

3L

2 4 2
1
(b) Ly = / V14 (22)2dx and Ly = / 1+ (M) dx. Make the change of variables z = ,/y in the first
1/2 1/4 €z
4 2
1
integral to obtain L / /1 — dy / () + 1dy = Lo.
b 1/4 1/4 2y ?

(¢) L= //4“1—1— 2\[ dy, Lo = //2 V14 (2y)2 dy.

3 3k 10
(d) For Ly, Az = —,x = —|— k— = +

h
20 2 T 9 59 nd thus
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19.

L~ Y VB2 + [flen) — f@r)P = (230> N ((3k + 10)1&) (3k + 7)2
k=1 ot

2
) ~ 4.072396336.

3k 3k+2

3 1
For Ly, Ax = — = — = - _ h
or Lo, Ax m 8,xk 4—|— 3 3 , and thus
10 2 2
3 3k +2 \/31: -1
Lo ~ — — ~ 4.071626502.
2 kzzl (8) - [\/ 8 8 1

(e) Each polygonal path is shorter than the curve segment, so both approximations in (d) are smaller than the
actual length. Hence the larger one, the approximation for Ly, is better.

3 6k+17

3 R | 1
(f) For Ly, Az = 20 the midpoint is z}, = 3 + <k 2) 0= a0 and thus
10 2
3 6k 4 17

L ~ —4 /1 2 ~ 4.072396336.

! ; oA ( 40 )

15 U 1\ 15 6k+1

For Ly, Ax = 0 and the midpoint is z}, = 1 + (k 2) 0= 16 and thus

16

2 4 2
1
() L :/ VIt (22)2 dz ~ 4.0729, L, :/ J1+ () da ~ 4.0729.
1/2 1/4 2\/x

(a) The function y = f(z) = tanz is inverse to the function x = g(y) = tan=' 2 : f(g(y)) = y for 0 < y < /3, and
g(f(z)) = x for 0 < z < w/3. Geometrically this means that the graphs of y = f(z) and x = g(y) are symmetric
to each other with respect to the line y = x.

y

10 -1
15 6k +1
Ly~ E 0 1+ (4 ) ~ 4.066160149.
k=1

2k
1.5+
1k

0.5

w/3 V3 1
(b) Ly = / V1+sectzdr, Ly = / {1+ mdw. In the expression for L; make the change of
0 0 x
V3 1 VE] 1
variable y = tan x to obtain le/o \/1+(W)41+y2 dy:/o m-}—ldy:[,z,

V3 /3
1
(c) L1:/ 1+ ——= dy, L2:/ V1 +sectydy.
0 (1+y?) 0
T

= k%, and thus

(d) For Ly, Az = —, x4,

30

10

10 3
Ly~ Y (Azp)? + [f(zn) — flae—)2 =) \/<37;) + [tan(km/30) — tan((k — 1)7/30)]2 ~ 2.056603923.
k=1
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21.

23.

25.

27.

29.

31.

33.

35.

For Lo, Az, = ﬁ,xk = k\{—g, and thus

10
10 V3 2 V3 V3 2

k=1

(e) Each polygonal path is shorter than the curve segment, so both approximations in (d) are smaller than the
actual length. Hence the larger one, the approximation for Lo, is better.

1
(f) For Ly, Axy = %, the midpoint is zj = (k - 2) ;—O, and thus

10
T 1\ «

L = —u /1 dik—=) —=|~2 44217.

! ;30 + sec K 2) 30} 050944217

3 1 3

For Lo, Axy = %, and the midpoint is z}, = (k — 2) %, and thus

LS Y3 1y b 057065130,
2 R R (CAEESE

w/3 V3 1
(g) L= / V1+sectxdr =~ 2.0570, Ly = / (/14 (EENTE dx =~ 2.0570.
0 0 Y

f'(z) =secxtanz, 0 < secxrtanz < 2v/3 for 0 < z < 7/3 so il <L< z\/13.
3 3

If we model the cable with a parabola y = az?, then 500 = a - 21002 and then a = 500/21002. Then the length of
2100

the cable is given by L = V' 1+ (2az)? dr ~ 4354 ft.
—2100

b
y=0at x =b=12.54/0.41 ~ 30.585; distance = / V1 + (12.54 — 0.822)2 do ~ 196.31 yd.
0

(dz/dt)? + (dy/dt)? = (t2)> + (t)? = 2(t> + 1), L = /1 tt? + 1)2dt = (2v/2 —1)/3.
0
/2
(dz/dt)? + (dy/dt)? = (—2sin2t)? + (2cos2t)> =4, L = / 2dt = .
0
/2
(dz/dt)? + (dy/dt)? = [e!(cost — sint)]? + [e'(cost + sint)]? = 2%, L = / V2eldt = v2(e™? - 1).
0

2m
(a) (dz/dt)? + (dy/dt)?> = 4sin®t + cos®t = 4sin’t + (1 —sin®t) = 1 + 3sin’t, L = V14 3sin?tdt =

0
w/2
4/ V1 + 3sin®tdt.
0

48
(b) 9.69 (c) Distance traveled = V14 3sin®tdt ~ 5.16 cm.
15

The length of the curve is approximated by the length of a polygon whose vertices lie on the graph of y = f(x).
Each term in the sum is the length of one edge of the approximating polygon. By the distance formula, the length
of the k’th edge is \/(Axk)2 + (Ayx)2, where Azy, is the change in z along the edge and Ay is the change in
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y along the edge. We use the Mean Value Theorem to express Ay, as f'(x})Axy. Factoring the Az out of the
square root yields the k’th term in the sum.

Exercise Set 6.5

1.

11.

13.

15.

17.

19.

21.

23.

25.

f) =

1 1
S = / 21 (72)V/1 + 49 dx = 70m6/ x dz = 357V/2.
0

0

2 1

fx) = —z/VA— 22, 1+[f'(x)]2=1+74$ == 1 2,5:/1 27T\/4—x2(2/\/4—x2)dx:47r/ da = 87.
-z -z -1 -1

2 2
. sz/ 27r(9y+1)\/8>2dy:27r\/8>2/ (9y + 1) dy = 40m\/82.
0 0

"(y) = —y/VI—y% 1+ g () =

dy—67r/ dy = 24r.

3
L S= [ 21/9— 42
92 / § y* =

1 1 1 1 1 1Y
o2 Loy 1oN2 o R I DU 5 sy B SN U/
5T 57 , 1+ [f(2)] 1—1—496 5t 1% <2x +3 ),

° 12 1 3 Loy 1 oap T [ 2
S = o (1% — 23/ g2 gt/ d,r:f/(3+2x—3:)dx:167r/9.
: 3 2 2 3/,

2
1 ~ ~ 11 1
r=g9y)=-yv'+zy % dy=y"—-y 3,1+[9’(y)]2=1+<y6—2+16y 6>=<y3+4y 3),

(1 1 1
S = o =yt + =y 2 ) (P + -y 2 ) dy = il / (8y” + 6y +y~°) dy = 16,9117/1024.
17 78 4 16 J,
f'(z) =cosz, 1+ [f'(2)]> =1+cos’z, S = / o sinay/1 + cos? zdx = 2r(vV/2 + In(v2 + 1)) ~ 14.42.
0

1
fl@)=e" 1+ [f'(@))?=1+¢€2, S = [ 2me"\/1+ e2® dx ~ 22.94.

0

True, by equation (1) with y =0, ro = r, and | = v/r2 + h2.

n

True. If f(z) = ¢ for all « then f'(z) = 0 so the approximation is Z 2re Az, = 2me(b — a). Since the surface is
k=1
the lateral surface of a cylinder of length b — a and radius ¢, its area is also 2wc(b — a).

n=20,a=0,b=m Az = (b—a)/20 = 7/20,x) = kr/20,

20
S ~ WZ[Sin(k —1)7/20 + sin km/20]\/(7/20)2 + [sin(k — 1)7/20 — sin k7 /20]2 ~ 14.39.
k=1

b
S:/ 2 f () + KT+ P (@) da.

flx) = V2 =22, f'(z) = —x/ViZ— 2%, 1+ [f/(2)]? = r2/(r2 — 2?), S = /_ 2m\/r2 — 22(r/\/1? — 22) do =

T
27Tr/ dx = 472,
.
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27.

29.

31.

33.

35.

37.

39.

Suppose the two planes are y = y; and y = yo, where —r < y; < yo < r. Then the area of the zone equals the
area of a spherical cap of height r — y; minus the area of a spherical cap of height r — yo. By Exercise 26, this is
2rr(r —y1) — 27r(r — y2) = 27r(ys — y1), which only depends on the radius r and the distance yo — y; between
the planes.

Note that 1 < secx < 2 for 0 < z < 7/3. Let L be the arc length of the curve y = tanx for 0 < = < 7/3.
w/3

Then L = v 1+ sec?2xdx, and by Exercise 24, and the inequalities above, 2rL < S < 4xL. But from
0

the inequalities for secx above, we can show that \/571'/3 < L < \/571'/3. Hence, combining the two sets of

inequalities 2r(v/21/3) < 2nL < S < 4rL < 4m\/57/3. To obtain the inequalities in the text, observe that

2 o
%<2 fT<2nL<S<4wL<4wQ<7\/13.

Let a = tg < t1 < ... < tp—1 < t, = b be a partition of [a,b]. Then the lateral area of the frustum of

slant height ¢ = \/Ax3 + Ay; and radii y(¢1) and y(¢2) is 7(y(tx) + y(tk—1))¢. Thus the area of the frustum Sy,

is given by Sy = 7(y(tx_1) + y(tx) v/ (Ek) — 2 D)Z + [(Ek) — 5B 2 with the linit as max Aty — 0 of
b

S= / 2my() /7 (2 + 5 (D2 dt.

4
o =2ty =2,(x") + () =4t> +4, S = 27r/ (2t)\/4t2 + 4dt = 87r/ tV/12 4+ 1dt = 17\F —1).
0

0

=1,y =4t, (') + () =1+16t% S = 277/ tv/1+ 1612 dt = 17\/ —1).
0

™ s
2’ = —rsint, y =rcost, (2)? + (y)2 =r% S = 27r/ rsintVr2dt = 27rr2/ sintdt = 4mr?.
0 0

Suppose we approximate the k’th frustum by the lateral surface of a cylinder of width Az and radius f(z}),
where z} is between zy_1 and x,. The area of this surface is 27 f(z}) Azg. Proceeding as before, we would
conclude that S = f: 27 f(x) dz, which is too small. Basically, when |f’(z)| > 0, the area of the frustum is larger
than the area of the cylinder, and ignoring this results in an incorrect formula.

Exercise Set 6.6

3 3
1
1. W= / x)dr = / (x4+1)dx = |:2.Z‘2 + x} = 7.5 ft-lb.
0
3. Since W = / x)dx = the area under the curve, it follows that d < 2.5 since the area increases faster under
the left part of the curve. In fact, if d <2, Wy = / F(x)dx = 40d, and W = / F(x)dx =140, so d = 7/4.
0 0
5
5. Distance traveled = t)dt = / —dt = 0 = 10 ft. The force is a constant 10 1b, so the work done is
10 - 10 = 100 ft-1b.
7. F(z) = kzx, F(0.2) = 0.2k = 100, £k = 500 N/m, W = / 4 500x dx = 160 J.
0

11.

1
.W:/ kaxdr = k/2 = 10, k = 201b/ft.
0

False. The work depends on the force and the distance, not on the elapsed time.
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13. True. By equation (6), work and energy have the same units in any system of units.

9/2 9/2
15. W = / (9 — 2)62.4(257) dx = 156071'/ (9 — z) de = 47,3857 ft-1b.
0 0

o

2 2
17. w/d =z/3,w=4x/3, W = / (3 — 2)(9810)(42/3)(6) dz = 78480/ (3z — 2?) dz = 261,600 J.
0 0

9 9
19. (a) W = / (10 — 2)62.4(300) dz = 18,720/ (10 — z) do = 926,640 ft-1b.
0 0

(b) To empty the pool in one hour would require 926,640/3600 = 257.4 ft-1b of work per second so hp of motor
= 257.4/550 = 0.468.

100
21. W = / 15(100 — z) dz = 75,000 ft-Ib.
0

Pulley
4
—— 100

100 —x

23. When the rocket is x ft above the ground total weight = weight of rocket+ weight of fuel = 3+[40—2(2/1000)] =
3000

43 — /500 tons, W = / (43 — 2/500) dz = 120,000 ft-tons.
0
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A
= 3000
ﬂ] X
Rocket
=0
25. (a) 150 = k/(4000)%, k = 2.4 x 10°, w(z) = k/z* = 2,400,000,000/z2 1b.
(b) 6000 = k/(4000)?, k = 9.6 x 10'%, w(z) = (9.6 x 10'°) /(x + 4000)? Ib.
5000
(c) W= 9.6(10'%)2~2 dx = 4,800,000 mi-1b = 2.5344 x 10'° ft-1b.
4000
Lo 1 o5 1 50,2 2 5 3 8
27. W = MUy — 5w = 54.00 x 10°(vy —20%). But W = F -d = (6.40 x 10°) - (3.00 x 10°), so 19.2 x 10° =
2.00 x 1051;]2c —8.00 x 107,19200 = 21)]20 — 800, vy =100 m/s.
1 1
29. (a) The kinetic energy would have decreased by §mv2 = 54 -105(15000)% = 4.5 x 10 J.
14 15 1000
(b) (4.5 x10'*)/(4.2 x 10'°) =~ 0.107. (c) F(O.lO?) ~ 8.24 bombs.
31. The work-energy relationship involves 4 quantities, the work W, the mass m, and the initial and final velocities

v; and vy. In any problem in which 3 of these are given, the work-energy relationship can be used to compute the
fourth. In cases where the force is constant, we may combine equation (1) with the work-energy relationship to

1 1
get F'd = —mv? — —mv?. In this form there are 5 quantities, the force F', the distance d, the mass m, and the

initial and final velocities v; and vy. So if any 4 of these are given, the work-energy relationship can be used to
compute the fifth.

Exercise Set 6.7

1.

(a) m; and mg are equidistant from x = 5, but ms has a greater mass, so the sum is positive.

(b) Let a be the unknown coordinate of the fulcrum; then the total moment about the fulcrum is 5(0 — a) +
10(5 — a) + 20(10 — a) = 0 for equilibrium, so 250 — 35a¢ = 0, a = 50/7. The fulcrum should be placed 50/7 units
to the right of m;.

By symmetry, the centroid is (1/2,1/2). We confirm this using Formulas (8) and (9) with a =0,b=1, f(z) = 1.

1 1
1 1 1

The area is 1, so T :/ rdr = - and g:/ —dx = =, as expected.
0 2 0 2 2

. By symmetry, the centroid is (1,1/2). We confirm this using Formulas (8) and (9) with a =0, b = 2, f(z) = 1.

1 [? 121
The area is 2, SOTZ—/ xdleandy:—/ —dxr = —, as expected.
2 Jo 2 /o 2

2

By symmetry, the centroid lies on the line y = 1 — 2. To find T we use Formula (8) with a =0, b =1, f(z) = «.
1

Th is 1. 50 T 2/1 24p = 2 H g=1-2=Ladm troid is [ 2
e area 1S —, SO r = X xr = —. ence = — — = — an € centrola 1s — = |-
2 o 3 Y 373 33
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1
9. We use Formulas (10) and (11) with a = 0, b = 1, f(z) = 2 — 2%, g(x) = 2. The area is / (2 -2 —x)dr =
0

1 1 . )
1 1 7 6 6 5 6 1
|:2x—3;1;3_2x2:|0:6750$:7/0 {L‘(2—5C _55 dx 7[ —*:L'4 3L=Mandy:7/0 5[(2—$2)2—
1 1
1
IQ]dIZ%/O (4*5I2+:E4)d$:§ |:4I256 +5 5]03 The centroid is (154 3?)

2
11. We use Formulas (8) and (9) with a = 0, b = 2, f(x) =1 — The area is 1, so T = / x (1 - g) de =
0

|8

2

1, 132 2 /21 T\ 2 1/2 9 1 2 13 1
—x®— = =-and §y = 7<1—7) dr = = 4 —dx + z°)dr = = 4o — 227 + = = —. Th
[21‘ GxL 3an Y . 2 5 T 3 0( T a:)a: 3 T T 3x . 3 e

(21
centroid is | =, = |.
3’3

13. The graphs of y = 22 and y = 6 — 2 meet when 22 =6 — 2, so z = —3 or z = 2. We use Formulas 10 ) and (11)

2
125
with @ = =3, b = 2, f(x) = 6 — x, g(x) = 2. The area is / (6 -2 —2%)dx = |:6S(J—3? 3% }
-3

-3

2 1, 1,7 1 |
SOE:i x(6—x—x2)dx:6{3x2—x3—x4] :—fandy:i [(6—x) — (2%)?) dx =
3

125 125 3 4 2 125
kR (36 — 122 + 22 — 2t) do = 31362 — 622 + I Ly L 4. The centroid is [ ——,4
125 ) 5 S 125 3 57 5 2°° )
15. The curves meet at (—1,1) and (2,4). We use Formulas (10) and (11) with a = =1, b = 2, f(z) = = + 2,
2 2 2
1 1 9 2

g(z) = 22 Theareals/(x—i—Q—a: Ydr = |z2® 42z — a3 = -, sofzf/ r(x 4+ 2 — 2 dr =
. 2 37,7 2 9/,

2 [1 1,1 1 2 (21 1 [?

S geman=f [ Glerr - d =g [ @ rderamatin-

1[1 1 8 18
=3 [3953 + 222 4 4z — 5 5] B =5 The centroid is (27 5).

17. By symmetry, § = Z. To find T we use Formula (10) with a = 0, b = 1, f(z) = V/x, g( ) = 2%, The area is
1 1 1
2 1 2 1 9
/(\/:E—xg)dx: A :f,sofz?)/ r(vVr —a?)de =3 |Z2%? — 22t = =
3 3 0 5 1",

0 3 20°
99
20°20)°
19. We use the analogue of Formulas (10) and (11) with the roles of « and y reversed. The region is described by

2 2 2
1 1
1<y<2 y?<az<y Theareais / (y—y Hdy = [2y2 +y‘1] =1,50T = / S* = () dy =
1 1
1 /2 171 1 .17 49 2 1 2 7
f/ (y2 — y_4) dy = 3 [y?’ + y_3] = —andy= / yly — y_2) dy = [3@/3 — lny} =3~ In 2. The centroid
1 1

3 3 . 48 1
4
is —9 z—ln2
48’ 3

21. An isosceles triangle is symmetric across the median to its base. So, if the density is constant, it will balance on
a knife-edge under the median. Hence the centroid lies on the median.

The centroid is

1

2 2
23. Theregion is described by 0 < 2 < 1,0 < y < y/z. The areais A = / Vodr = 3’ so the massis M = §A = 2-—

3 _3[2,00) _ 3 _3/11 ) _3/1 3
/mfda: [5 }0—5andy—202(\/5)039;—409;6[3:—8.

C».’)

4
3 By Formulas (8) and (9), T
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25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

33
The center of gravity is (5, 8>'

The region is described by 0 <y <1, —y < z < y. The area is A = 1, so the massis M = A =3-1=3. By

1
symmetry, T = 0. By the analogue of Formula (10) with the roles of « and y reversed, y = / yly — (—y)]dy =
0
1

o, 2 2 2
/ 2y“ dy = y‘ﬂ = —. The center of gravity is (O, )
0 37 ], 3 3

s
The region is described by 0 < z < 7w, 0 < y < sinz. The area is A = / sinxdr = 2, so the mass is
0

1 /™1
M =§A =4-2=38. By symmetry, T = g By Formula (9), 5 = 5/ i(sin x)¥dr = g The center of gravity is
(55) O
2'8/°

2
The region is described by 1 < < 2,0 <y <Inx. The areaisA:/ Inzdr =2In2—1=1n4—1, so the mass
1

1 2 1 3 4ln4 -3
is M =0A =In4—1. By Formulas (8) and (9), T = ma_ 1/1 rlnxdr = a1 (ln4— 4) = m and

1 1 In2)?—In4+1
a1 /1 i(ln z)%dr = (nin4—_nl+ The center of gravity is <

_ 4In4 —3 (1n2)21n4+1)
7= .

4(In4 — 1)’ In4—1
True, by symmetry.
True, by symmetry.

b b
By symmetry, 7 = 0. We use Formula (10) with a replaced by 0, b replaced by a, f(z) = —SE, and g(z) = .
a a

1 [* (b b 2 [ 2 a® 2 2
The area is ab, sof:—/ T S dmz—z/ dea::?-a—:—a. The centroid is —a,O .
ab Jo a a a* Jo a* 3 3 3

We will assume that a, b, and ¢ are positive; the other cases are similar. The region is described by 0 < y < ¢,

—a — —ay <z<La+ ;ay. By symmetry, T = 0. To find y, we use the analogue of Formula (10) with the
c c

1 ¢ b— b—
roles of z and y reversed. The area is c(a 4+ b), so § = 7/ yila+ —ay — | —a— ay dy =
c(a+0d) Jo c ¢
1 ¢ 2(b—a) o 1 5  2(b—a) 31° cla+2b) . cla +2b)
2 e dy = = . Th troid 0,——— |.
cla+0b) /0 ( oW+ c Y Y cla+b) Wt 3c Y o 3la+b) ¢ comtroidis A % 3(a+1b)

Z = 0 from the symmetry of the region, ma?/2 is the area of the semicircle, 277 is the distance traveled by the
centroid to generate the sphere so 4ma®/3 = (mwa?/2)(27Y), ¥ = 4a/(37).

Z=ksoV = (mab)(27k) = 2w2abk.

1 1
The region generates a cone of volume —mab® when it is revolved about the z-axis, the area of the region is §ab

1 1 1
) gﬂ'azb2 = (2ab) (277), 7 = b/3. A cone of volume gﬁazb is generated when the region is revolved about the

1 1
y-axis so gmfb = <2ab) (27T), T = a/3. The centroid is (a/3,b/3).

The Theorem of Pappus says that V = 2w Ad, where A is the area of a region in the plane, d is the distance from
the region’s centroid to an axis of rotation, and V' is the volume of the resulting solid of revolution. In any problem
in which 2 of these quantities are given, the Theorem of Pappus can be used to compute the third.



Exercise Set 6.8 181

Exercise Set 6.8

1.

11.

13.

(a) F = phA =62.4(5)(100) = 31,200 Ib, P = ph = 62.4(5) = 312 Ib/ft*.

(b) F = phA = 9810(10)(25) = 2,452,500 N, P = ph = 9810(10) = 98.1 kPa.

2 2
. F :/ 62.4x(4) do = 249.6/  dx = 499.21b.
0 0

0] 4

X

5 5
. F= / 9810x(21/25 — 22) dx = 19,620/ (25 — 2%)Y? dx = 8.175 x 10° N.
0

0

A
0 5Y
X y =25 —x2
5] 2v25-x2

w(z) 10—z
6 8

10
By similar triangles, ,w(x) = Z(l() —z),s0 F = / 9810z E(lo - m)} dx =
2

10
= 7357.5 / (10z — 22) dz = 1,098,720 N.
2

0

6

w(x)

10 -——

b

b b
. Yes: if py = 2p; then Fy = / pah(x)w(x) de = / 2p1h(x)w(x) dx = 2/ prh(x)w(x) de = 2F7.
a a

a

wi(z) oz w
V2a N \/§a/2’

V2a/2 wa(x a—x V2a
2p/0 22dr = V2pa®/6, \;éa) = \/55@/2 , wo(z) = 2(V2a — z), Fy = /\/5 /2px[2(\/§a — z)]dz =

V2a
Qp/ (V2ax — %) dr = V2pa® /3, F = Fy + Fy = V2pa® /6 + V/2pa® /3 = pa®/V/2 1b.
V2a/2
0|

\/§a/2
Find the forces on the upper and lower halves and add them: 1(x) =2z, Fy = / pzr(2z) dx =
0

True. By equation (6), the fluid force equals phA. For a cylinder, hA is the volume, so phA is the weight of the
water.
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15

17.

19.

21.

23.

False. Let the height of the tank be h, the area of the base be A, and the volume of the tank be V. Then the fluid

force on the base is ph A and the weight of the water is pV'. So if hA > V', then the force exceeds the weight. This

hA
is true, for example, for a conical tank with its vertex at the top, for which V = 3

Place the z-axis pointing down with its origin at the top of the pool, so that h(x) = z and w(x) = 10. The
angle between the bottom of the pool and the vertical is § = tan=1(16/(8 — 4)) = tan~! 4, so secf = v/17. Hence

8 8
F= / 62.4h(z)w(zx)sec dx = 624\/ﬁ/ x dx = 14976V/17 ~ 61748 1b.
4 4

Place the z-axis starting from the surface, pointing downward. Then using the given formula with 6 = 30°,

50v/3
secf = 2/v/3, the force is F = / 98102(200)(2/V/3) dz = 4,905, 000,000v/3 N.
0

h+2
(a) The force on the window is F = / pox(2) dx = 4pg(h + 1) so (assuming that pg is constant) dF/dt =

h
4po(dh/dt) which is a positive constant if dh/dt is a positive constant.
(b) If dh/dt = 20, then dF'/dt = 80p¢ Ib/min from part (a).

Lo P 14.71b/in?
~ p  4.66 x 10-°1b/in3

at higher altitudes, and it’s difficult to define where the “top” of the atmosphere is.

~ 315,000in ~ 5mi. The answer is not reasonable. In fact the atmosphere is thinner

Exercise Set 6.9

1.

3.

(a) sinh3~10.0179.  (b) cosh(—2) ~ 3.7622.  (c) tanh(In4) = 15/17 ~ 0.8824.

3

(d) sinh™'(—2)~ —1.4436.  (e) cosh '3~ 1.7627.  (f) tanh™' 1~ 0.9730.
1 1 1 4

(a) sinh(ln3) = 5(61113 —e 3 = 3 (3 - 3) =3

o _1 —1In2 In2 _1 1 _§
(b) cosh( 1n2)—2(e +e )—2 2+2 =-.

e2In5 _ ,—2In5 C25-1/25 312
25 4 ¢-2n5 251 1/25 313

(c) tanh(2Inb) =

- _ L sm2_ smey_ 11 o\ _ 63
(d) sinh( 31112)—2(6 e )72 3 8| = 6

sinhxg | coshzg | tanhxq | coth xg | sech xg | csch zg

(a) 2 V5 2/V5 | VB2 | 1/V5 1/2

)| 3/4 | 5/4 | 3/5 5/3 | 4/5 | 4/3

)| 4/3 5/3 4/5 5/4 3/5 3/4

(a) cosh®zg =14sinh*zg =1+ (2)2 =5, coshzg = V/5.

. 25 9 . 3
(b) sinh? 2o = cosh®? 2y — 1 = 6~ 1= e sinh zg = 1 (because zg > 0).
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4 1 inh
(c) sech?zo = 1 — tanh?zg = 1 — <5> - — 2%) sech g = g, coshzg = soch 70 = g, from i:;hzz =
4
tanh t sinhxzg = [ = Z =
anh xg we get sinh g (3) (5> 3
d 2x 1 Va2 —1+zx 1
7. — cosh™ —ln (z+ Ve = = .
dx dz 1:+\/ ( x21> c+vVrZ2—1 Va2-—1 2 —1
d 1 [l1+=x 11 (1—x)-1—(1+x)(—1) 2 1
— 1 h 1 = — | = = — . . = = .
dz T T [2“(1-;)] 2 T 1 1) 21+2)1-2) 1-22
d
9. ﬁ = 4 cosh(4z — 8).
d 1
11. ﬁ = esch?(Inz).
d 1
13. ﬁ = csch(1/x) coth(1/x).
15 dy 2+ 5cosh(5z) sinh(5z)
dz 4x + cosh?(5x)
d 5
17. d—y = 2°/? tanh(v/z) sech?(v/z) + 322 tanh?(/z).
x
dy 1 1
19. 2= ——— (2) =1/V/9+22
dx 1+22/9 <3> /
d
21. ﬁ =1/ {(cosh_1 x)Vx? — 1].
23. dy _ —(tanh™ 2)72/(1 — 2?).
dx
dy sinh z sinh 1, z>0
25. — = = — = 1 0"
dr \/cosh?z —1 |sinhz| -1, z<
27 dy + ¢® sech™'y/z
" dx 2zv/1—2x ’
. 6 L. 7
29. u =sinhz, [ v’ du= ?smh x+C.
31. u:tanhx,/\fdu— “(tanhz)3/% 4 C.
1
33. u = coshz, /fduzln(cosh:c)—i-C.
u
1 ) In3
35. —sech3:c] = 37/375.
3 In2
37 31/ du= Y sinh ' 30 4 C
cu=3z, - | ——du = = sin x .
3J) V1+u? 3
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39

41.

43.

45.

47.

49.

51.

53.

55.

57.

59.

1
Lu=¢€" | ———du=—sech 1 (e®) + C.
/u\/17u2 (")

u =2z = —csch™Hu| + C = —csch™*|2z| + C.

/ du
") a1+

1 Y2 _ _ 1. 1+1/2 1
1 _ 1 _ Loy== =—
tanh x]o =tanh™ " (1/2) — tanh™ " (0) 5 In =12 " 2 In3.

e +e ™ e —e "

True. coshx —sinhx = 5 — 5 = e~ is positive for all x.
True. Only sinh z has this property.

In3 1 In3 1
A= / sinh 2z dx = 2cosh2m} = g[cosh(ani’)) — 1], but cosh(2In3) = cosh(In9) =

0 0
1 1
5(9F1/9) =41/9 50 A = S[41/9 - 1] = 16/9.
5 5

V= 7r/ (cosh? 22 — sinh® 2z) dx = 7r/ dzx = 5.

0 0

In2 In2
y =sinhz, 1+ (y)> = 1 +sinh®z = cosh’z, L = / coshz dz = sinhz = sinh(In2) =
0 0

1
L L\_3
2 2) "1

1
(a) lim sinhz = lim —(e®*—e™*) =400 — 0= +o0.
xr——+00 r——400
. . 1 e
(b) lim sinhz= lim —(e*—e*)=0—00=—00.
T——00 T——00
x _ T 1— —2z
(¢) lim tanhz = lim € 7° _gm S =
z—~400 z—+4o00 T 4+ e~ zo+o00 1 4+ e—22
r _ ,—x 2x 1
(d) lim tanhz = lim S T
T——00 rz——oco e¥ 4+ e~ % -0 €2 4 1

(e) lim sinh™'z= lim In(z+ 22+ 1) = 4oo.
T —+00 T—400

1
(f) lim tanh 'z = lim <[
Tz—1— z—1-

In(1+ z) — In(1 — )] = +o0.

1

5(61109 +€—1n9) _

%(eln2 _ e—1n2) _

1 1 1
sinh(—z) = =(e™* — %) = —5(61 —e %) = —sinhz, cosh(—z) = 5(6_90 +e%) = i(ez + e ®) =coshz.

(a) Divide cosh? 2 — sinh? z = 1 by cosh® z.

sinhz  sinhy
(b) tanh(z +y) = sinh z cosh y + C(.)Shit s?nhy _ m C(?shy _ tanhz 4 tanhy .
coshzcoshy + sinhzsinhy ~ sinhzsinhy 1+ tanhz tanhy

cosh x cosh y

(¢) Let y =z in part (b).
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61.

63.

65.

67.

69.

71.

73.

75.

(a) %(cosh_lz) LA it SN/

r+Vr2 -1
(b) %(tanh_lx) = % E(ln(l +z)—1In(1 —x))] = % (HLI + ﬁ) =1/(1—2%).

d
If |u| < 1 then, by Theorem 6.9.6, / 17u2 = tanh™' u+C. For |u| > 1,/ = coth ' u+C = tanh ™' (1/u)+

u
— 1_ o2
C.

-1
(a) lim (cosh™'z—Inz) = 1i5[_1 n(z++v2?2—1)—Inz] = lim lnﬁix = lim In(1++/1-1/22) =
Tr—r+00

z—+00 T——+00 xT T—>+00
In 2.
. coshx e 4e™® 1 “omy
1 a
Let z = —u/a, /7du: —/4d9c: —cosh ™t 24+ C = —cosh ™ (—u/a) + C.
/ Vu? —a? avrz? —1 (—u/a)

—cosh Y (—u/a) = —In(—u/a+ /u2/a2 —1) = In

—u+Vu? —a?u+Vu? —a?

V)
a utvu a]:ln‘u—&-\/uQ—aQ‘—lna:

1
Vu? — a2 — JuZ — a2
In |u+Vu a|+Cl,so/mduf1n‘u+ u a’JrCQ.
“ 1 “ 1 2sinh at
/ et‘”daztem} :E(e“tfe*“t): SH; a for ¢ # 0.
“a a

From part (b) of Exercise 70, S = acosh(b/a) — a so 30 = acosh(200/a) — a. Let u = 200/a, then a = 200/u so

shuy, — 0.15u, — 1
30 = (200/u)[coshu —1],coshu — 1 = 0.15u. If f(u) = coshu — 0.15u — 1, then w, 1 = up — €0’ siqu;}blu — 0u1”5 ;
up = 0.3,...,u4 = us ~ 0.297792782 =~ 200/a so a ~ 671.6079505. From part (a), L = 2aginh(b/a) R~

2(671.6079505) sinh(0.297792782) ~ 405.9 ft.

Set a = 68.7672, b = 0.0100333, ¢ = 693.8597, d = 299.2239.

650

d
(b) L= 2/ 1+ a2b? sinh? bx dz ~ 1480.2798 ft.
0

(c) =~ £283.6249 ft. (d) 82°

(a) When the bow of the boat is at the point (z,y) and the person has walked a distance D, then the person is
located at the point (0, D), the line segment connecting (0, D) and (x,y) has length a; thus a? = 22 + (D — y)?,

D =y++va? — 22 = asech ! (x/a).

1+4++/5/9
b) Find D when a = 15, = 10: D = 15sech™(10/15) = 151n +7/ =~ 14.44 m.
2/3
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a? x 1 a® 1 a? — z? a?
dd:— = - - __ 2721 /2:1 _ .
(c) dy/dx pay7 Ay \/az—xQ[ x“”] —Va—a? 14 [y] +— oL
15 925 1515 o
Witha=15,L:/ —2dx:/ da:=15lnx] =15In3 =~ 16.48 m.
5 €z 5 T 5
77. Since (cosht,sinht) lies on the hyperbola 22 — y? = 1, we have cosh?t —sinh? ¢t = 1. Since it lies on the right half

of the hyperbola, cosht > 0. From the symmetry of the hyperbola, cosh(—t) = cosht and sinh(—t) = —sinh¢.
sinh ¢
SIY ond sech t = ——.

Next, we can obtain the derivatives of the hyperbolic functions. Define tanht = cosh 1 p——

Suppose that h is a small positive number, (xg,yo) = (cosht¢,sinh¢), and (z1,y1) = (cosh(t+h),sinh(¢+h)). Then

h/2 = (t+ h)/2 —t/2 is approximately the area of the triangle with vertices (0,0), (zo,¥o0), and (z1,y1), which

equals (zoy1 — 21Y0)/2. Hence coshtsinh(t + h) — cosh(t 4+ h) sinht ~ h. Dividing by cosht cosh(t + h) implies
h

d
tanh(t + h) — tanh ¢ ~ ~ h sech®t. Taking the limit as h — 0 gives o tanh ¢t = sech? . Dividing

cosht cosh(t + h)

1 d
cosh®t — sinh®t = 1 by cosh®¢ gives 1 — tanh®*t = ot so cosht = (1 — tanh? t)*l/z. Hence 7 cosht =
cos
1 d d d

—5(1 — tanh?¢)~%/2(—2) tanht - 7 tanht = cosh®ttanht sech®t = sinht and 7 sinht = a(coshttanh t) =
d d 1+ sinh®¢

cosht - — tanht + tanht - — cosht = cosh t sech® t + tanh ¢ sinh ¢ = 1Asmit = cosht.
dt dt cosht

Chapter 6 Review Exercises

7.

11.

13.

15.

17.

19.

21.

b c d
(a) A= / (f(2) - g(x)) da + / (9(z) — f(2)) du + / (f(2) — g(x)) d.

o . ! 3 S 1 1. 9 11
(b) A= (20 —2)de+ | (z—2)de+ | (2@ —2)de=-+-+-=—.
. 0 . 1717171

Find where the curves cross: set 23 = 22 4+ 4; by observation x = 2 is a solution. Then

2 4352
_ 2 42 _ (23)2 _ Aoz
V 77/0 [(z= +4) (x°)] dx 1057r

4 1)° 3

e . dy y\L/3 dyz_ Y3 a2/3 423 4 VS
By implicit dlfferentlatlon%——(g) ;80 1+ e _,_(7) = /_8 W

T
9.

22/3 p2/3”

dr =

16
c=n | V10l —dzds = % (653/2 . 373/2).

A= 2mv/25 — 1 — | d
/g; m 1‘\/ +(2\/25—l‘) 9

A cross section of the solid, perpendicular to the z-axis, has area equal to 7(secz)?, and the average of these cross
1 /3 3 /3
sectional areas is given by A.ve = —/ 7(sec x)2 drx = —mtanx = 3V3.
/3 Jo ™ 0

1 1 1/4 L
(a) F:kx,ﬁzkz,k:ZW:/ kxdr =1/16 J. (b) 25:/ kxdr = kL?/2, L =5 m.
0 0

2 2
The region is described by —4 <y < 4, yz <z <24 % By symmetry, 7 = 0. To find T, we use the analogue of

4 2 2 4 2 374
1 Secti s A — U B WP PPl R
Formula (11) in Section 6.7. The area is A = [4 (2+ 3 4) dyi/,;; <2 8> dy = [Qy 24} LT3
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23.

25.

3
Sox—ﬁ _45

centroid is (i , O) .

1
(a) F:/ px3dx N.
0

2\ 2 2\ 2 4 2 4 3 574

] ] 3 y- 3y 3 Yy 3y 3
242 ) — [ dy = — 44+ — L ) dy = — |4y+ L — = = —. Th
(+8> (4)] 4 64/_4<+2 64) Y 64[y+6 320}_4 5

2
(b) By similar triangles, ek 7 , w(x) =2z, 80 F = / p(1+ )2z dx 1b/ft2.
0

z
4 2
. 8 0 125
(c) A formula for the parabola is y = 9% 10, so F = 9810|y|2 ?(y +10)dy N.
~10

h(x)=1+x

IDAN

2r 4

A\j

(a) cosh3x = cosh(2z + x) = cosh2x coshz + sinh 2z sinhz = (2 cosh? z — 1) coshz 4 (2sinh z coshz) sinh . =
2 cosh® 2 — cosh x + 2sinh? z cosh & = 2 cosh® 2 — cosh z + 2(cosh? z — 1) cosh z = 4 cosh®  — 3 cosh z.

(b) From Theorem 6.9.2 with = replaced by g: coshz = 2COSth -1, 2cosh2g = coshz + 1, cosh2§ =

1 1
i(coshx +1), coshg =4/ i(coshx + 1) (because coshg > 0).

(¢) From Theorem 6.9.2 with z replaced by g: coshx = 2sinh2§ + 1, 2Sinh2§ = coshz — 1, sinth =

1 1
i(coshx -1, sinhg =4 §(coshx —1).

Chapter 6 Making Connections

1.

1
(a) By equation (2) of Section 6.3, the volume is V = / 2rxf(2?)dr. Making the substitution u = 2,
0

1 1
du =2z dz givesV:/ 27rf(u)~%du:7r/ f(u)du=mA;.
0 0

(b) By the Theorem of Pappus, the volume in (a) equals 2w AT, where T = a is the z-coordinate of the centroid
7TA1 Al

27TA2 - 2—142

of R. Hence a =

The area of the annulus with inner radius r and outer radius 7 + Ar is 7(r + Ar)? — 7r? ~ 27rAr, so its mass is

a
approximately 277 f(r)Ar. Hence the total mass of the lamina is / 2mr f(r) dr.
0

(a) Consider any solid obtained by sliding a horizontal region, of any shape, some distance vertically. Thus the
top and bottom faces, and every horizontal cross-section in between, are all congruent. This includes all of the
cases described in part (a) of the problem.

Suppose such a solid, whose base has area A, is floating in a fluid so that its base is a distance i below the surface.
The pressure at the base is ph, so the fluid exerts an upward force on the base of magnitude phA. The fluid also
exerts forces on the sides of the solid, but those are horizontal, so they don’t contribute to the buoyancy. Hence
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the buoyant force equals phA. Since the part of the solid which is below the surface has volume hA, the buoyant
force equals the weight of fluid which would fill that volume; i.e. the weight of the fluid displaced by the solid.

(b) Now consider a solid which is the union of finitely many solids of the type described above. The buoyant
force on such a solid is the sum of the buoyant forces on its constituents, which equals the sum of the weights of
the fluid displaced by them, which equals the weight of the fluid displaced by the whole solid. So the Archimedes
Principle applies to the union.

Any solid can be approximated by such unions, so it is plausible that the Archimedes Principle applies to all solids.



Principles of Integral Evaluation

Exercise Set 7.1

1 1 1
1. u=4-2z, du = —2dz, —§/u3du:—§u4+C=—§(4—2x)4+C.

1 1 1
3. u =22 du=2xdz, §/scc2udu: itanu—l-C': itan(;l:Q)—FC'.

1 [d 1 1
5. u =2+ cos3z, du = —3sin3zdxr, — 3 - f§1n|u| +C = fgln(2+cos3x) +C.
u

7. u=¢% du=e*dx, /sinhudu = coshu + C = coshe” + C.

9. u = tanz, du = sec? zdzx, /e“du:e“—i-C:eta”—«—C.

1 1 1
11. u = cosbx, du = —5sin bzxdzr, —g/u5du:—%u6—|—02 —%cos65x—|—0.
13 Tod *d / du 1n(u+ u2—|—4>+C’ ln(ez—&— e2~"’3+4)—|—0
. u=¢e", du = e*dx, —_— = = .
V4 + u?
1 —
15. U:Vl‘—l, duzﬁd@“, 2/e“du:2e“+C:2e ac_l-f—c.

1
17. u=+/z,du = de, /QCoshudu:QSinhu—&—C:Zsinh\/E—i-C.
x

1 2du 2 2
19. — du = d -9 —ulnSd - _ —uln3 C=— 3—\/5 C.
9. u=+/, du NG T, / o /e U m3¢ + 3 +
2 2 1 1 1 2
21. u=—, du=——dx, —f/csch2udu:fcothu+6': —coth— + C.
T 2 2 2 2 T
. . du 1. 124w 1. 124¢e7"
23. u=-¢e ,dU:—e d.’L‘, —/4_1112_—411/1‘2_1‘ +C__41n‘2_e_,r +C

e® dx

d
7:/7u:sin71u+C:sinfle”+C.
V1—e2 V1—u?

25. u = ¢€", du = e*dx,

1 d 1 1 1
27. u =22, du = 2xdz, §/cscuu = i/sinudu:—§Cosu+C’:—§cos(x2)+C.

189
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" " 1 1 -
29. 477" = e_‘zh“l, w=—2’In4, du = —2zIndds = —xlandm,—m/e“du = —1n16e“+0 = —me_“L21”4+
1 2
C=—-——-4" +C.
In16 *
. 14 1.4
31. (a) u=sinz, du = coszdx, udu:§u +C:§SIH x+C.
, 1 [ 1 1,
(b) Slnxcosxdm:§ sm2xd:r:—1c082x+C:—Z(cos x —sin“z) + C.
1. 5 . 9 1 . 9 . 9 1 1.4 L
(c) —z(cos x —sin J;)—i—C':—z(l—sm x —sin x)—i—C:—Z—&—asm x+ C, and this is the same as the answer
in part (a) except for the constants.
2 1 1
33. (a) L - —
tanz  cos?xztanxz  coszsinz
1 1 1 sec? 1
(b) csc2x = — = — - X ac’ SO /csc2xd:c = — Intanz 4 C, then using the substitution u = 2z
sin2x  2sinzcosx 2 tanx 2
we obtain that /cscxdx = In(tan(z/2)) + C.
() secw= —— = —ose(r/2—a), 50 [ secwds =~ [ esc(n/2- ) de = ~ Intan(n/1 - 5/2) + C
c Secm_cosx_sin(wﬁ—:p)_CSCW z),s0 [ secxdr = cse(m z)dx = —Intan(m x

Exercise Set 7.2

1

1 1 1 1
1. u=z, dv=e"2dx, du =dx, v = —56_296; /xe_zmdx = —5336_21 + / ae_hdac = —ixe_h — 16_21 +C.

3. u =22 dv = e%dx, du = 2xdx, v = €%; / edr = z2e” Z/xec”dx. For /ace“’dm use u = x, dv = e*dz,

du = dz, v =" to get /xezdx =zxe® —e* + (] so /z2emd:17 = 2%e® — 2ze” + 2¢° + C.

1 1 1 1
5. u =z, dv = sin3xdx, du = dx, v = —gcos?m; /a:sin?)xdx = —gajcosSw—l— g/cos?mdx = —§$COS3$—|—

1
§sin3x+0.

7. u=2x2, dv=cosxzdr, du =2xdx, v=-sinxz; /zzcosxda::a:QSinx—2/a:sinxdx. For /xsinxdx use u = x,

2 2

dv = sinx dx to get/a:sinxdx:—xcosx—i—sinx—i—cl so/x cosrdr =zx“sinz + 2z cosz — 2sinz + C.

1 1 1 1 1 1
9. u=Ilnz, dv=xde, du=—dz,v=-2% [ zlnzde=—-2’lnz—= [ ade=-2’lnz— ~2>+C.
x 2 2 2 2 4

1
11. v = (In2)?, dv = dz, du = 2ﬂdx, v =1 /(lnx)de = z(lnx)* — 2/1nxdm. Use u = Inz, dv = dz to get
x

/lnxdx:xlnxf/dx:xlnx—z+cl SO /(lnx)de:m(lnx)272xlnx+2x+0.

3 3z 3z
13. v =In(3z — 2), dv = dx, dU_Sx—2 x,/ln 3z — 2) x—xln(3x—2)—/3m_ dz, but/3$_2da:_

2 2 2
/<1+3x2>d:g:x+3ln(3x—2 )+ Ch so/ln (3x — 2)dr = xIn(3 x—2)—x—§ln(3x—2)+0.
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15. u = sin 'z, dv = da, du = 1/V/1 - 22dz, v = x; /sin_lxdx = zsintz — /x/vl—ﬁdw = zsin"tz +
Vvi-22+C.

17. u = tan"*(3z), dv = dx, du = 37

mdl‘ = xtan71(3x) —

3 . —1 _ —1
15 022 dz, v = x; /tan (3z)dx = xtan™ " (3z) /

1
g1+ 92?) + C.

19. u=¢%, dv =sinz dzx, du = e*dx, v = — cos x; /e””sinacdx:—e””cosx—&—/emcosxdx. For/ezcosxdx use u =
e*, dv = cosx dx to get/emcosx:ezsinxf/e“"sin:rdx, so/exsinxdx: fe“"cosx+ezsinxf/e“"sinzdx,

2/6”’:sinacdgc:ew(sinac—cosa:)—i—Cl7 /e"csinxdm: §ex(sina:—cosa:)+0.

cos(lnx)

21. v = sin(lnz), dv = dz, du = de, v = m; /sin(lnx)daj = zsin(lnz) — /cos(lnx)dx. Use u =

T

cos(lnz), dv = dx to get /cos(ln x)dzx = xcos(Inz) + [ sin(lnx)dz so /sin(ln x)dx = xsin(Inz) — z cos(lnz) —

/sin(ln x)dx, /Sin(lnx)dx = %x[sin(ln x) —cos(lnz)] + C.

sinx

dr =

23. u = 2, dv = sec’zdz, du = dr, v = tanuz; /xsecz:rdx = rtanz — /tanxdz = xrtanx 7/
cos T

ztanz + In|cosz| + C.

. 1 - 1 . 1 1
25. u=z2, dv = xe‘zdx, du=2xdzx, v= ielz; /x3e*2dx = ixQG"LQ - /erde = §$26I2 — §€I2 +C.

2 1 2z 2 2z 1 2x ? 1 2 2x 4 1 2x 4 1 4
27. u =z, dv = e**dz, du = dx, v = —e*; zefdx = —ze — = | efdzx=¢"—-e =e" ——(e"=1)
2 ) 2 ) 4 4
(3¢ +1) /4.

1 1 © 1 R 1 c 1 1
29. u = Inz, dv = 2?dz, du:fdx,v:fx:;;/ ?*Inzdr=-23Inz —f/ e = - — —a3| = -ed— —(e3 -
X 3 1 3 1 3 1 3
1) = (2¢* +1)/9.

Vo

dr =In3+1Inl—

31. u =Iln(z +2), dv = dzx, du =

1 1
= x; 1 2 =zl 2 —
+2d$,v x; [1 n(z + 2)dz = xIn(x + )}1 /,1x+2

1 1
/ {1 2 }dmlnS[len(w+2)]} =In3—-(1-2In3)+(-1—-2Inl1)=3In3—2.
1 .'L'+2 1

1 4 1 1 oy 1 1
— 0 5 —0s S — =4s 2—
20\/ﬁd97 v 9, /2 sec \/éd@ 9 sec \/§:| , 9 /2 9 1d9 sec

2sec_1\f—\/mr:4(ﬂ-)—2(1)—\/5—!-1:5(?—\/5—1—1.

33. u=sec 10, dv = db, du =

3

™

1 4 1 1 (7
35. u = x, dv = sin2zxdx, du = dx, v = —§c052m; / rsin2zxdr = —QmCOSQx] + 5/ cos2xdr = —mw/2 +
0 0

0
™

L in2 /2
— SIN 2T = —T/ 4.
4 0

2 3 2 8
37. u = tan"'\/x, dv = adzr, du = dr, v = §$3/2; / Vztan ! yVader = §x3/2tan_1\/a? —
1 1

1
2/z(1+ )
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1% 2 2 S 1 2 11 3
- = %2 tan™! - 1- dr = |Z2%/ % tan™ ' Vo — Zz + = In|1 = (2V3m —
3/1 1+xdx g2/ tan \/EL 3/1 [ 1+$} x 5@/ tan x 3:r+3n| +x|1 (2V/3m
m/2—-2+1n2)/3.

39. True.

41. False; e® is not a factor of the integrand.

43. t =z, t? = x, dov = 2tdt, /e\/gdx:2/tetdt; u:t,dv:etdt,duzdt,v:et,/eﬂdx=2tet—2/etdt:
2t — el + C = 2(vz —1)e¥® + C.

45. Let fi(x), f2(z), f3(z) denote successive antiderivatives of f(z), so that fi(z) = fa(z), fi(x) = fi(x), fi(z) = f(x).

Let p(x) = ax? + bx + c.

diff. antidiff.

ar’® +bxr + ¢ flx)
N+

2az +b fi(x)
N —

2a fa(x)
N+

0 f3 (1‘)

Then /p(x)f(x) dr = (az? 4+ bx +c) f1(z) — (2az +b) fo(x) + 2af3(x) + C. Check: % [(az? 4+ bz +c) f1(x) — (2ax +

b) f2(x) + 2af3(x)] = (2az + b) f1(2) + (a2® + b + ¢) f(x) — 2afa(x) — (2ax +b) fi(2) + 2af2(z) = p(z) f ().

47. Let I denote /(33:2 —x+2)e""dx. Then

diff. antidiff.
32—z +2 e "
N+
6xr —1 —e "
N —
6 e "
N+
0 —e "

I= /(3952 —2x4+2)e =32 —x+2)e " — (6 —1)e " —6e " +C = —e *[322 +5x + 7]+ C.

49. Let I denote /41:4 sin 2z dx. Then
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diff. antidiff.
424 sin 2x
N+
1
1623 5 cos 2z
N 1
4872 ~1 sin 2x
N+
1
96x 3 cos2x
N 1
96 6 sin 2z
N+
1
0 35 cos 2x

I= /4364 sin 2z dx = (—2x* + 622 — 3) cos 2z + (42> — 6x)sin 2z + C.

51. Let I denote /e’” sin bz dx. Then

diff. antidiff.
e sin bx

N+

1

ae®” ~3 cos bx

N —
a’e®™ 2 sin bx

1 a (12 ax
1= /e‘” sin bx dx = —ge‘”” cos bxr + b—Qe‘”“’ sinbx — b—zl, sol = m(asinba: —bcosbz) + C.
53. (a) We perform a single integration by parts: u = cosx,dv = sinz dx,du = —sinx dz,v = — cos z,

/sinxcosxdz = —cos? xf/sinxcosxdx. This implies that 2/Sinxcoszdx = — cos? x+C,/sinxcos:cdz =

2
—= C.
5 cos” x +

1 1
Alternatively, u = sinz, du = cosxdx,/sina:cosxdm = /udu = §u2 +C = 3 sin?z + C.
(b) Since sin?x + cos?x = 1, they are equal (although the symbol ’C” refers to different constants in the two
equations).
€

55. (a) A:/llnwdm:(mlnx—x)] =1
1 1

(b) V= ﬂ/le(lnx)2dx = 77{(:c(lnm)2 —2zlnz + 21‘):|j =7(e—2).

57. V= 277/ zsinzdxr = 2n(—xz cosx + sinw)} =272,
0 0

™
59. Distance :/ 2 sin tdt;
0
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diff. antidiff.
t3 sint
N+
3t2 —cost
N —
6t —sint
N+
6 cost
\ —
0 sint
/ t3sintdr = [(—t® cost + 3t sint + 6t cost — 6sint)]} =% — 6.
0 0
1 3 1 3 1 1 1
61. (a) /sin4:13d33 =-1 singsccosa:—i-z/siand:c =-7 sin3mcosx—|—z (—2 sinz cosx + 2:6) +C = 1 sin® z cos x—
gsinxcosx+ §x+C.
/2 1 /2 4 /2 ) 4 1 ™/2 9 /2
(b) / sin® xdx = ——sin* z cos —l-f/ sinzdr = - [ —=sin®zcosx —1—7/ sinz dx
0 5 o 5 Jo 5 3 0 3 Jo
/2 8
= ——cosx = —
15 ., 15
63. u = sin" 'z, dv = sinzdz, du = (n — 1)sin" 2zcoszdr, v = —cosz; /sin”xdx = —sin" lzcosz +
(n —1) [ sin" 2?zcos*xdr = —sin" tacosxr + (n — 1) [ sin" ?x (1 — sin’z)de = —sin" tzcosz + (n —
1)/sin"_2xdxf(nfl)/sin”xdx, son/sin”xdz = fsin”_lxcosx+(n71)/sinn_2xd1, and/sin”xdm =
1 -1
——sin" zcosz + —— [ sin""2 zda.
n n
4 L. 3 2 L. 3 L. 3
65. (a) [ tan xdaszgtan r— [ tan J:dx:gtan r —tanz + dngtan r—tanz +x + C.
4 L 2 2 2 L 2 2
(b) sec” x dx = 3 sec rtanx + 3 | sec rdr = 3 sec rtanx + gtanx—l—C.
(c) / e"dr = x3e” — 3/x26$dac = 2%" — 3 [mzew —2/xewd4 = 23" — 32%" + 6 {xew —/e"”dx] =
e — 3x%e” + 6we” — 6e” + C.
1 1
67. u=ux,dv=f"(x)dz, du:dx,v:f'(x);/ zf'(z)de = xf(x ] / f'(x ' )—i—f/(—l)—f(:r)} =
- —1
FO)+ 0 = F1) + f(=D).
dx
69. uzln(x—l—l),dvzdm,du:?,v:x—i—l; In(z+1)de= [ udv=ww— [vdu=(z+1)In(z+1)— [ dz =
x
4+ 1) In(z+1)—z+C.
1 1 1 2 -1 1 2
71. v = tan~ ' z,dv = zdr,du = ——dz,v = —(z*+ 1) [ztan " adx = [ udv = wv — [ vdu = =(z* +
1+ 22 2 2

1 1 1
1tan~ o — 5/ dzr = 5(132 +1)tan"ta — §ac+C’.
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Exercise Set 7.3

1
1. u = cosz, —/quu: —Zcos4x+C.

95

1 1 1
.92 _ =+ . _tp_ 1
. /sm 50 = 2/(1 cos 100) df 29 50 sin 100 + C.

9

1 1
. /sin3a€d9:/sina9(1—COSQaH)dHZ—gcosa9+3—cos3a0+0. (a #0)
a

1 1
7. u=sinaz, f/udu:—sinzax—l—c. (a #0)
a 2a

1 1
9. /sinztcos?’tdt = /sim2 t(1 —sin®t) cost dt = /(sin2 t —sint) costdt = 3 sin® ¢ — £ sin®t + C.
11 /SiIIQ:L'COSQCEd:E = 1/sin22acdac = 1/(1 — cosdx)dx = lx - iSirlélac +C
) 4 8 8 32 '
. 1 . . 1 1
13. [ sin2zcos3zdr = 3 (sin bz —sinx)dr = —1g 8 S5x + 5 cos® +C.
: 1 : : 1
15. [ sinzcos(xz/2)dx = 3 [sin(3z/2) + sin(z/2)|dx = —3 cos(3x/2) — cos(z/2) + C.
w/2 w/2 1 /2 9
17. / cos® x dx = / (1 —sin® z) cos x dz = {sinx — —sin® x} =-.
0 0 3 0 3
T{'/S ﬂ‘/& 1 1 77/3
19. / sin? 3z cos® 3z dx = / sin 3z(1 — sin® 3z) cos 3z dz = | — sin® 3z — —sin” 3z| = 0.
o o 15 21 .
w/6 1 /6 1 1 /6
21. / sin 4z cos 2z dx = 5/ (sin 2z + sin 6z)dx = [—4 cos2x — Th 64 =[(-1/4)(1/2) — (1/12)(-1)] —
0 0 0

[—1/4 —1/12] = 7/24.

1 1

23. u =2z —1, du = 2dz, i/seczudu = §tan(2x -1 +C.
25. u=e * du=—e " dz; —/tanudu =In|cosu|+ C =1In|cos(e™ )| + C.

1 1
27. u =4z, du = 4dz, 1 secudu = Zln\sec4x+tan4x\ +C.

2 L. 3
29. u = tanx, udu:gtan xz+C.
2 2 3 2 Lo o 1 4

31. [ tandx(1 + tan” 4x)sec” dx dx = [ (tandx + tan® 4a) sec” 4 dx = gtan 4x+1—6tan 4+ C.

1 1
33. /sec4 z(sec’ z — 1) secx tanz dx = /(sec6 x — sect z) sec z tan z dx = = sec’  — = sec’x + C.
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35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

55.

57.

59.

61.

1
/(sec2x—1)QSecxd1‘: /(Sec5x—2seCSx+secx)dx:/sec5xdx—2/sec3xdx+/secxdm: Zsec?’mtanx—i—
3 3 3 1 4 51 1
1] sec xdr—2 [ sec® x dz+In|secx+tanz| = 15¢¢ xtanx—z §Secxtanx+§ln|secx+tanx\ +In|secz+

1 3
tanx|+C’:Zsecgztanx—gsecxtanx+§ln|sec:c+tanx|+C.
2 L .3
sec” t(secttant)dt = 3 sec t+C.
1
/sec4xdx: /(1+tan2x)se(:2mdx:/(seczx—&—taanseczx)da::tanx—l—gtan?’x—l—C.
_ 1 s 101, 1, 1
u = 4x, use equation (19) to get 1 tan” u du = 1 itan u+1In|cosu|| +C = gtan dx + Zln|cos4x| +C.

2 2
/\/tanx(l + tan® 2) sec® x dr = 3 tan/2 2 + - tan™/ 2z + C.

/8 1 /8
/ (sec® 2z — 1)dx = [2tan2x—x} =1/2—-7/8.
0 0

/4

/4 1
u:x/2,2/ tan® u du = {2tan4u—tan2u—2ln|cosu|} =1/2—-1-2In(1/V2) = -1/2+n2.
0 0

1 1
/(csc2 x — 1) csc? z(csc x cot ) dx = /(csc4 x — csc? x)(cscx cot x)dr = — csc® x + 3 csc® x4+ C.

1
/(csc2 x—1)cotzdr = /cscx(cscxcot x)dr — / BT = —=csc?a —In |sinz| + C.
sin 2
True.
False.
2m 2m N 2m
(a) / sin ma cosnx dr = = / [sin(m+n)x+sin(m—n)z]de = |— cos(m +n)z _ cos(m = n)x , but we know
0 2 Jo 2(m +n) 2(m—n) |,
27 27
that cos(m + n)x} =0, cos(m — n)x} =0.
0 0
2m 2m
(b) cos mx cosnx dx = 5 / [cos(m + n)x + cos(m — n)x]dz; since m # n, evaluate sine at integer multiples
0 0
of 27 to get 0.
2m 2
(c) sinmasinnzdr = = / [cos(m — n)x — cos(m + n)x] dx; since m # n, evaluate sine at integer multiples
0

0
of 27 to get 0.

/4 /4
y = tanz, 1+ (y’)2 = 1+ tan2z = Sec2x, L = / Vsec2xdr = / secxdx:1n|secx+tanm|]g/4 =
0 0
In(v2 +1).
/4

w/4 /4 1
V= 7r/ (cos? x — sin® z)dx = 7r/ cos 2z dx = 3™ sin 2z =7/2.
0 0
0
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B /180

Bm/180 L
/ secxdr = — In|secx + tan x| =
am/180 27 /180

L

L
- = In
2w

L |sec (° + tan 3°
2w

seca® +tana° |

63. With 0 < o < 3, D = D — D,

65. (a) /cscxdx:/sec(ﬂﬂ—x)da::—1n|sec(7r/2—a:)+tan(7r/2—a:)|+C’:—ln|cscx+cotx|+0.

1 | cscx — cot x|
(b) —Infescz +cotz| = In—————— = In——-——5— = In|cscx — cotz|, —In|cscx + cotz| =

| csc x + cot x| | ese? z — cot® ]

1 i 2si 2 2
Cnl|— cosw| | sz | sin(x/2) cos(z/2) ~ In|tan(z/2)|.
sinz  sinz 1+ cosz 2 cos?(x/2)
a b
67. asinx + bcosw = a2 + b? { sinx + cosx] = v/ a? + b2(sinx cos 6 + cos xsin #), where cosf =
Va? 1+ b2 Va? +1? ( )

a/va?+b? and sinf = b/+va? + b2, s0 asinz + beosx = va? + b? sin(x + ) and then we obtain that

dx 1 1
/asinx+bcosx = m/csc(x—i—ﬁ)dm——Wlnksc(x—i—ﬂ)—ﬁ—cot(x—l—(?ﬂ+C’_

. 1 In vaz+b%2+acosx —bsinx e
Va1 b2 asinz + bcosx '
/2 9 /2 1-
69. (a) /0 sin?’xdac:g. (b) /0 Sin4xdx:£~g:37r/16.
w/2 2.4 /2 1-3-
(c)/O sin’ wde = S = 8/15. (d)/0 sin6xd:z::2.i'2og:57r/32.

Exercise Set 7.4
1. z = 2sinf, dr = 2cosfdb, 4/00529d9 = 2/(1 + cos26)df = 20 + sin20 + C = 20 + 2sinfcosf + C =
QSin_l(x/2)+%x\/4fx2+C.

3. x = 4sinf, dr = 4cosdb, 16/sin20d9 = 8/(1 — c0s20)df = 80 — 4sin20 + C = 89 — 8sinfcost + C =

8sin~t(2/4) — %a:\/ 16 — 22 + C.

1 1 1 1 1 1
5. r = 2tanf, dr = 2sec?0do, g/idﬁ = g/COS29d9 = —/(1 + cos20)df = —0 + ——sin20 + C =
s

ec? 0 16 16 32
1 1 1 T T
— 60+ —sinfcosf+C=—tan ' S 4 ——— + C.
6 +16sm cost + 16 an 2+8(4+x2)+

7. © =3secl, de = 3secHtanfdb, 3/tan29d9:3/(86029—1)d9:3tan0—39+C: \/x2—9—3sec_1§—|—0.

9. x =sinf, do = cosfdb, 3/5in30d9 = 3/ [1—cos®@]sinfdf = 3 (—cosf +cos® @) + C = =3/ 1 — 22+ (1 —
22)3/2 4 C.

11. :vzgsec@7 dx = gsecﬁtan&al@, §/Ldﬁz §/cos@dﬁz§sir19—&—C’:i\/9x2—4—|—0.
3 3 4 ) sect 4 4 4x

1
13. v =sinb, dzzcos@d@,/md@z/sec20d¢9ztan9—|—C':a:/\/1—:c2+C.
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15. © = 3sech, dv = 3secftan b do, /sec9d921n|sec9+tan9|+C=ln

1 1

3 3 sec 0 tan 6 df 1 cos 11 1
17. 1 = Ssech, dv = SsecOtanfdf, = [ o T 87 49 = —— = — csch -
T et ar = g secrian / 27tan®® 18 ) sin2¢ Bsing T ¢ T TgE O
x
- +C.
9v4x2 -9
. ) 1 11, 1. a1,
19. ¢® =sin#, e*dx = cosfdf, | cos 9d0:§ (1+C0829)d9=§9+181n20+02581n (e )+§e V1—e24C.
1 1 /2
21. x =sin6, dx = cos 6 db, 5/ sin® 0 cos? 0 df = 5 [3(:05 9+5cos 0} =5(1/3-1/5) =2/3.
0 0

/3 /3
23. r =sech, dz = secHtan 6 db, df = / cosfdf = Slr19]7r/3 (V3 -v2)/2.
/4 beca /4

1 7'r/3 0 1 ﬂ'/3 30 1 7T/317 . 29
25. = v/3tand, dz = v3sec? 0 do, §/ ﬂdezf/ C,ldesz .Siinacosedo

/6 tan4 0 9 x/6 Sln4 0 9 /6 S
v ’ V3/2 V3/2
: - 1 1 1 1 1
— ,/ 4“ du (with u = sin ) = / (™t — u)du = - [_ n } _ M
9 )12 U 9 1/2 9| 3.3 " u 2 213
27. True.

29. False; x = asecf.

1 /1 1 1
31. u=22+4, du = 2xdx, §/fdu:§1n|u|+0:§1n(x2+4)+0; or x = 2tanf, dr = 2sec? 0 db, /tan@d@:
u
z? +4 2 1/2 1 2 .
1n|sec9|+C’1:1nT+Clzln(:v +4) 71112+01:§1n(x +4)+ C with C =Cy —In2.
1 1 1 [22 1 a2 gecB g
33.y':f,1+(y’)2:1+—2:$+ / x—|— ———dx; v = tan0, dov = sec?0df, L = / 5 740 =
x x /4 tan ¢
(2)t 29 1 ta ()
/ usec&d@-/ (sec@ta119+cscﬂ)d9— [se09+lncsc0—cot9|]
/4 tan _— n/4
) 2+2v2
=V5+1n i—— [f+ln|ﬂ—1|}:\/57x/§+ln \[.
14+V5

1 tan™'2

1 1
35. y =22, 1+(y)? = 14422, S = 27r/ 221+ da2dx; x = 5 tan @, dx = 5 sec?0dh, S = Z/ tan? fsec® 6. df =
0 0

tan~1 2 tan~12
il / (sec? 0 — 1) sec® 0 df = T / (sec® O — sec® 0)df =
4 Jo 4 Jo

-1
1 1 1 tan™ " 2
== sec® 9 tand — - sectand — —In|secf + tan 6| = 1[18\/5—ln(2+ V5)].
1|4 8 8 . 32

1 _ -1

39./1dxsin_1< _1>+C’
Vi —(x—1)2 2
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41.

43.

45.

47.

49.

51.

/de:ln(m_3+m)+c'

1
/ 4_(x+1)2dx7 letx+1:281n97/4cos29d9:/2(1+C0829)d9:29+Sin29+0:2sin*1 <x_2|' >+
1
5(Hl)\/:‘erC.

1 1 1 1
————dx = = dxr = tan~!/2/5 1)+ C.
/2(x+1)2+5 v 2/(x+1)2+5/2 v= gt v/ E
2 2 2
1 1 r—2
7da:=/ — dr=sin"" } =7/6.
/1 Vix — x? 14— (z—2)? 2 L /
. 9 . 1 1 .1
u = sin z,du:231nxcosxdz;§ \/l—uzduzz[u 1 —u2+sin u}—FC:

1
- [Sin2x 1 —sin*  + sin™! (sin? ;v)] +C.
(a) x =3sinhwu, dv = 3 coshudu, /du =u+C =sinh ' (z/3) + C.

(b) x =3tand, dv = 3sec? 0 db, /sec9d9 = In|secO+tanf|+C =In (\/502 +9/3 +x/3)+C, but sinh~*(z/3) =
In (x/3 +/22/9+ 1) =1In (z/3 4+ V22 +9/3), so the results agree.

Exercise Set 7.5

11.

13.

3r—1 A B

" @=3)@+d) (@=3)  @td)

2r—3 A B C

xz(xfl)_x+x2+x—l'

1-2> A B C Dz+E

(@2 +2) z 22 23 2242

42 —x  Az+B Cz+D
(x2+5)2 2245 (22 +5)2

1 A B 1 11 1 1 1 1 1
= A=, B=—g,s0 - [ ——dr—— dz = —In|z—4]— -1 1+C =
@G-D@+1) z-4 z+1° 5 5805/x—4m 5/x+1$ pnle—df=ginfz+1f+
1 r—4
—1 C.
5nx+1+
11z + 17 A B

1 1 5
= i A=5 B=3 5 dx+3 dr = =In|2x—1|+31 4]+ C.

222 — 9z — 9 A B C 1 1 1
r—9 A4 —~ i A=1B=20C=-1, Zda +2 dr —
z(x + 3)(x — 3) x+x+3+x—3 So/x v /a:+3 * /x—S
x(r +3)2

r—3

dr =

In|z|+2Injz+3]—Injz —3|+C =In + C. Note that the symbol C' has been recycled; to save space

this recycling is usually not mentioned.
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2 _ 1 1 1
15.$ 8:x73+ /(z3+ )da::z:23:c+1n|:17+3+c.

x+3 r+3’ T+ 3 2
3z2 — 10 122 — 22 120 — 22 A B 1

17 — =3 = i A=12, B =2 3d 12 d
2 — 4z +4 +:U2—496—|—47 (z —2)2 x—2+(x—2)2’ ’ ’SO/ T / et

1

d
19. u:x2—3x—10,du:(2x—3)dm,/?u=1n|u\+C=ln|x2—3x—10\+C.

x5+x2+27x2+1+x2+x+2 ?*+2+2 A B C

-z Tzz+1)(z—-1) ;+x+1+x—1’

3 —x

2 1 2 1, 1,
—dz+ dx+ dr = -z’ +x—2In|z|+ln|z+1|+2In|z—1|+C = zz°+z+In
T rz+1 r—1 3 3

21.

i A=-2,B=1,C=2,s0 /(:chrl)dxf

(x+1)(z —1)2

+C.

22% +3 A B C 1 1 1
23, — = — i A=3, B=-1,C=5 3 [ —dr — d 5 [ ——=dzr =
x(z —1)2 x+x—1+(w—1)2’ ’ ’ ) 50 /CL‘ v /a: Pt /( v

3ln|z| —In|z—1|-5/(z—1)+ C.

2z? — 10z + 4 A B C 1 1 2
25. = i A=1,B=1 =2 - — =
5 (x +1)(x — 3)? :E+1+:E—3+(x—3)2’ ’ O ,so/x+1dw+/x_3dx /(m—?))de

2
In|lz+1]+Injz -3+ ——= + Ci.
z—3

x? A B C 1 2 1
27. = iA=1,B=-2C=1 ——dx— | ———=d ——dr =
@1 e+l @+D? @rp ’ ’S°/x+1 v /<x+1>2 “/<x+1>3 !

2 1
1 1 — .
n|z+ |+.73+1 2(x+1)2+0

222 — 1 A Bx+C 222 — 1
29. = . A = —14/17, B = 12/17, C = 3/17 e _dr =
G- D)@+ -1 @2+’ 2 /7, / ’SO/(4171)(992+1) *
7 3
——Infdz — 1|+ —In(z® + 1) + — tan~" .
34 n |4z |+17 n(z® + )—|—17tan x+C

2 +322+z+9
(22 4+ 1)(22 + 3)

*+ 32 +2+9 Ar+B  Cx+D
(22 +1)(z2+3) 2241 x2+37
1

§ln(w2—|—3)+0.

31. dr = 3tan" 'z +

A:O,B:?’,C:LD:O,SO/

23— 222 4+ 22— 2 T 23— 322 4+22 -3 1, 1 9
33. o] :x—2+x2+1,so/ o] dmzix —2x—|—§ln(m +1)+C.
35. True.
37. True.
1 1 A B
39. Let x = sinf ¢t t [ ————dx, and = i A=-1/6, B =1/6, t
et x = sinf to ge /x2+4x—5 x, an B @D $+5+$_1 / /6, so we ge

1 1 1 1
77/ d:rJrf/ da:zlln
6) z+5 6) x—1 6

3x 2
41. u:em,duze””dx,/e;zﬁdz:/#Hdu:u—2tan71%+C’:em—2tan71(ex/2)—|—0.

r—1 1 1—sinf
— (=% e
x+5‘+c 6n(5+sin0)+c
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43.

45.

a7, 24—

49.

51.

53.

> gt z* 1822 —81 1822 — 381 1822 — 81 A B
V=nm dx, =1+ , = = 4 +
o (9—2a2)2 x4—18$2+81 xt — 1822+ 817 (9—22)2 (x4 3)? (:I:—3) z+3 (z+3)?
C D 9 9 9 9 9/4 9/4 1?
JA= -2 c=2p=2 wovorlr-2me+3 -2 s -
x—3+(x—3)’ pP=peV=mz- et s =T pinfr =3 - —3}0
19
2?2 +1 Az + B Cx+ D 2?2+ 1
= L A=0,B=10C=D= -2 S —" -
(22 + 2z + 3)? :172Jr2:z:+3+(x2+2:17+3)27 ’ ’ ’So/(x2+2x+3)2 .
1 20 + 2 1 S x+1 9
——dr— | —————dr = —1t 1 2 3)+C.
/(m+1)2+2 ! /(m2+2x+3)2 T=p g TV
1 A B C D
3237224270 —18 = (z—1)(z—2)(z—3 3 = :
S (z=1)@=2)(@=3)(z+3), (z —1)(z—2)(z —3)(z +3) x—1+x—2+x—3+aﬁ—|—3

dx
x4 — 33 — 722 4 272 — 18

1
A=1/8 B =-1/5, C =1/12, D = —1/120, so / 1n|:c — 1= glnfz — 2+

1 1

1 1

x 1 1 1 17
Let u = 22, du = 2z d 7 _drx== — = du= -tan ! - _
et u=x*,du acx,/o o 13’5 2/01 3 u 2an u} 572

If the polynomial has distinct roots r1,79,71 # 72, then the partial fraction decomposition will contain terms of
B

the form ,
rT—7T1 & —7T9

, and they will give logarithms and no inverse tangents. If there are two roots not distinct,

say = r, then the terms will appear, and neither will give an inverse tangent term. The only
1

aletgn) te—b

x—r (x—r)?

other possibility is no real roots, and the integrand can be written in the form

which will

b
yield an inverse tangent, specifically of the form tan~* [A (m + 3 )} for some constant A.
a

Yes, for instance the integrand whose integral is precisely tan~! z + C.

1
2 +1’

Exercise Set 7.6

1.

11.

13.

. Formula (65): ln

4
Formula (60): 3 |:3.%‘ +In|-1+ 31“:| +C.

C
5+ 2z +

. Formula (102): %(x —1)(2z + 3)3/2 L.

V4 -3z -2
F la (108 1 +C.
ormula (108): 5 In| A=
1 4
. Formula (69): gl $+4‘ +C.

Formula (73):

\/xQ—S—gln’x+\/x2—3‘+C.
vai+4-2In(z+ Va2 +4)+C.

o8

Formula (95):

|8
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9
15. Formula (74): g 9— 22+ 3 sin ™ g +C.

2+ V4 — 22
T

17. Formula (79): v4 — 22 — 21n

1 1
19. Formula (38): 1 sin(7z) + B sinz + C.

4
21. Formula (50): % dlnz —1]+C.

—2x
23. Formula (42): 613 (—2sin(3z) — 3cos(3x)) + C.
- - 1 wdu 1 4 %
25. u = e** du = 2¢**dz, Formula (62): i/m =13 [4_3621 +In|4—3e @ +C.

2 d 1
27. u =37, du = %dm, Formula (68): 3 / 72 _7_4 = gtan_l % +C.

29. u = 2z, du = 2dx, Formula

1 du 1
= _— = = + 42—9‘—1—0.
(76) 2/m 2ln‘2x Vix

1 2d 2 1
31. u = 222, du = 4xdz,u?du = 1625 dr, Formula (81): 1 \/% = —% 2 — 4zt + 1 sin~(v2z?) + C.

1 1
33. u =Inz,du = dz/z, Formula (26): /sinQudu =3 Inz — Zsin(anx) +C.

1 1
35. u = —2z,du = —2dz, Formula (51): 1 /ue“ du = 1(—233 — e ™ +C.

1 du 1 1 sin 3z
. u = si = F la (67): = == 1 C.
37. u = sin 3z, du = 3 cos 3z dz, Formula (67) 3/u(u+1)2 3 {1+Sin3x+ n‘1+sin3x ]+
1 d 1 4r? — 1
39. u = 422, du = 8zdz, Formula (70): §/u27ﬁ1 = ;ln 4”;2“‘ +C.

1 1 3 1
41. u = 2e®,du = 2e"dx, Formula (74): 5/\/3—112 du = Vi 3—u? 4+ Zsinfl(u/\/g) +C = 56”” 3 —4e?r +

Zsinfl@em/\/g) +C.

1 ) 1 ) ) 25 6u —5
43. u = 3z,du = 3dz, Formula (112): g/\/gu—tﬁdu =3 (U_G) gu—u2 + 21681n1< u5 ) +C =

18z — 5 25 18 —5
— 922 + ——sin”! C
36 5r — 9z~ + 516 sin ( 5 > +C.

45. u = 2z, du = 2dz, Formula (44): /usinudu = (sinu — ucosu) + C = sin 2z — 2x cos 2z + C.

47. u = —/z,u? = x,2udu = dz, Formula (51): 2/ue“du =2z +1)e VE+C.



Exercise Set 7.6 203

49.

51.

53.

55.

57.

59.

61.

63.

65.

67.

69.

71.

73.

75.

e

1
du L

w2—16 8

r—1
x+7

22+ 6x —7=(x+3)? - 16;u = x + 3, du = dz, Formula (70): /

u—4 1
=21
u+4‘+0 g

e

u+2 du — udu +2/ du B
) V9 —u? V9 —u? V9 — u?
—\/9—u2—|—2$in71%—|—0 = /5442 — 22+ 2sin" ! (xg) +C.

2?2 —4x — 5= (r —2)> —9,u = x — 2,du = dx, Formula (77):

2 4 2
u=+z—2, v =u?+2, dv = 2udu; /2u2(u2—|—2)du:2/(u4—|—2u2)du: 7u5—|—7u3—|—C’=g(x—2)5/2—|—7(a:—
2)3/2 1 C.

2 2 2
u=+Vz3+1, 23 =u® -1, 32°dz = 2udy; g/uz(u2 — 1)du = g/(u4 —u?)du = —u® — ZuP +C = —(2® +

2
1)°/2 — 5(3:3 +1)%2 ¢ C.

3u? 1 1 3
u:xl/?’,x:u?’,dx:Squu;/ Y du:3/Ldu:3/ + duzfln‘x1/3_|_1|_|_
u? —1 2( 2

ud —u u+1)  2(u-—1)

gln|z1/371|+c.

u=al/t =y dx—4u3du'4/;du—4/ l—i— L du—4lnL/4+C’
N T T ’ u(l—w) u l—u B |1 — z1/4 )

3 1
u:xl/ﬁ,x:uG,dm:6u5du;6/ Y 1du=6/[u2+u+1+1] du = 222 4+ 3213 + 621/ + 6 ln\:cl/6—
u— u—
1|+ C.

1 .
u=+v1+22 22 =u? -1, 2zdx = 2udu, vdx = udu; /(u2 — 1D)du = §(1+z2)3/2 — (1+z2)1/2 + C.

1 2 1
u:tan(:c/Q),/ 5 T 1+u2du:/u+1du:ln\tan(x/2)+l|+0.
1+

14+u?2  1+u?

1—cos ) u?

u = tan(0/2), /L /idu: —% +C = —cot(8/2)+C.

u = tan(x/2), %/ ! —uu du = %/(1/u—u)du = %ln|tan(x/2)| - itanQ(x/2) +C.

| 1 t 1" 1 x 1 z 1 x
— = _dt=-In——| (Formula (65), a = 4,b = —1) = - |1 —Inl| =-ln——) -1 =
/Qt(47t) i } (Formula (65), @ = 4, ) 4[n4x n} L el R

0.5, In 1 f - =2 =% x=4e* — %x, x(1+e?) = 4e?, v =4e? /(1 + €%) ~ 3.523188312.

Q]

4 4
1 25 25 4
A= / V25 —22dx = (296\/ 25 —a? 4+ > sin ! 33)] (Formula (74), a =5) =6 + 5 sin™! 5~ 17.59119023.
0 0

5

4

1
_ — ~ In9 ~ 0.054930614. (Formula (69
1)y 5™ 20 Mu—s||, 20" (Formula. (69),

1 4
1 1 1 1 u+95
o 25 — 1622 T, U X, /0 U —1n ’:|
)

a=2>5

/2 /2
V= 277/ x cosz dx = 2m(cosx + x sin x)} = m(m — 2) ~ 3.586419094.  (Formula (45))
0 0
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3 -3 -3
79. V = 277/ ze Ydr;u=—z,V = 27r/ uedu = 2me" (u— 1)] =27(1 —4e™3) =~ 5.031899801. (Formula (51))
0 0 0

2 8 8
1 1 1
81.L:/ \/1+16x2dm;u:4m,L=Z/ \/1+u2du:(; 1+u2+§ln<u+ 1+u2)>}
0 0

4 0

1
(Formula (72), a® = 1) = V65 + 3 In(8 + v/65) ~ 8.409316783.

b —1 1
83. S:27r/ (sinz)/1 + cos? z dx; u = cosz,a® = 1, S:—27T/ \/1+u2du:477/ V1+u?du
0 1 0

1
1
=4 (g 1—|—u2+§ln (u—l— 1—|—u2)>} =27 {\@—f—ln(l—l—\@)} ~2 14.42359945. (Formula (72))
0
¢
2 4 1
85. (a) s(t)z?—i—/ QOCosﬁusin?’udu:7—051112tcos7t7—0cos7t+ﬁ.
o 9 63 63
s(1)
4l
3w
2
1L
1 1 1 1 1 I
(b) 36 9 12 15
87. (a) /seca:dx—/ ! dsr:—/ 2 du =1n Ltu —|—C’—ln1+ta7n(z/2)—|—0—
) ) ocosz T ) 1—uw2 T |1-u |1 —tan(x/2) B

cos(x/2) + sin(z/2)

2 i 2 1 i
cos(x/2) + sin(x/ )‘}—FC’:IH‘W +C =lIn|secz + tanz| + C.

zln{

cos(z/2) — sin(x/2) | | cos(z/2) 4 sin(x/2) CoS &
t T +t r 1+t JS
an — + tan = an —
(b) tan(erf): 4 = 233 = 323
42 l—tanztan§ 1—tan§

89. Let u = tanh(z/2) then cosh(z/2) = 1/sech(z/2) = 1/4/1 — tanh?(z/2) = 1/v/1 — u2,

sinh(z/2) = tanh(z/2)cosh(x/2) = u/V/1—wu2, so sinhx = 2sinh(z/2)cosh(x/2) = 2u/(1 — u?), coshz =

dz
h?(z/2) + sinh®(z/2) = (1 + u?)/(1 — u? :2th—1d:21—2d-/—:
cosh(z/2) + sinb®(z/2) = (14 w?)/(1 — u?), & = 2tawh~bude = /(0 w?)du; [T
1 2 _12u+1 2 _1 2tanh(z/2) + 1
——————du = —=tan"* +C0="ctan ' L 4 (.
/u2+u+1 V3 V3 V3 V3
1
91. /(60832xsin30x—cos?’oxsin32 x)dx:/cos30xsin30 z(cos® z — sin® x)da::ﬁ sin®? 2z cos 2z dx =
.31
sin®" 2z
=_—— +C.
31(281) ©

1 1 1 1 1
93. ———dr=—= | —du=—=1 C=—-—-In|l -+ C.
/x10(1+x79) x g/u U 9 n|u|—|— 9 Il| +x |+



Exercise Set 7.7

205

Exercise Set 7.7

1. Exact value = 14/3 ~ 4.666666667.

(a) 4.667600662, | Ep| ~ 0.000933995. (b) 4.664795676, |Ex| ~ 0.001870991. (c) 4.666666602, |Es| ~ 9.9 - 107.

3. Exact value = 1.

(a) 1.001028824, |Ex/| ~ 0.001028824. (b) 0.997942986, | E7| ~ 0.002057013. (c) 1.000000013, |Eg| ~ 2.12-10~7.

1
5. Exact value = 5(6—2 — e %) ~ 0.06642826551.

(a) 0.065987468, |Exr| ~ 0.000440797. (b) 0.067311623, |Ex| ~ 0.000883357. (c) 0.066428302, |Eg| ~ 5.88-10~7.

7. f@) =V + 1, f'(x) =

27
Eyl < 1/4) = 0.002812
(a) | M\_MOO(/) 0.002812500.
81
E—) 10156250.
(c) |Es| < 0310000 0.000007910156250

9. f(z) =cosz, f'(x) = —cosz, [V (z) =cosz; Ko

(a) |Enm| < 2460( 1) ~ 0.00161491.
5/32
(c) |Es| < m/ (1) ~ 3.320526095 - 10~".

~ 180 x 20*

@), [ )

1
fl—Z(erl) 2. Ky =1/4, K4, = 15/16.

27
(b) |Er| < —(1/4) = 0.00562500.

1200

— K, =1.

3
(b) |Er| < /8 (1) ~ 0.003229820488.

— 1200

11. f(z) = e~ %", f”( ) =4e 2 fB(2) = 1672, Ky =4e 2% Ky = 1672

(a) |Eml <3 400 ———(4e7?%) ~ 0.0018044704.
2 —2
() |Es| < 1557 5gu (16677) = 0.00000240596.
[ @ena/4) Y
13. |~ 2370 =24
@) 7> | 555 x 109 1

©) 7> | 450)(5 x 101

_ /2
15. (a) n> WS)(}?’))] ~ 12.7; n = 13.

[(24)(10

HCHELIOR AN
(C) n > _(180)(10_3):| ~ 27, n = 4.
- -2y 112
17. (a) n> ((284))((4106))] ~~ 42.5; n = 43.
(3201671
(c) n> (180)(106)} ~7.9;n=S8.

19. False; T}, is the average of L,, and R,,.

[ (243)(15/16) T/“ e ln—g
A5 Gx 10T 1in=8

(b) |Br| < opo(4e™) ~ 0.0036089409.
@)/4) 17 s

/8)(1) 1'/*
(b) n> {((12)62)(_3))} ~ 1797, n = 18.

(8)(4e™?)

1/2
(b) n> {(12)(106)} ~ 60.2; n = 61.
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21

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

False, it is the weighted average of Mss and Tos.

9(Xo) = aXg +bXg+c=4a+2b+c= f(Xo) =1/Xo = 1/2; similarly 9a + 3b + ¢ = 1/3,16a + 4b + ¢ = 1/4.

Three equations in three unknowns, with solution a = 1/24,b = —3/8,¢c = 13/12,g(x) = 2%/24 — 3x/8 + 13/12.
4 4/ 2

x 3r 13 25 Az 111 4 1 25

do = L2 22 ) de =22, SEf(X) + 4f(X X)) =>lz4-+2] =22

Jawro= [ (5 -5+ 1) do= 35 UK + 4700+ A = 5 [543+ 1] =

1.49367411, 1.493648266.
3.806779393, 3.805537256.

0.9045242448, 0.9045242380.

2
Exact value = 4tan~!(z/2)| =m.

0
(a) 3.142425985, [E| ~ 0.000833331. (b) 3.139925989, |Er| ~ 0.001666665.
(c) 3.141592654, |Es| ~ 6.2 x 10710,

S14 = 0.693147984, | Eg| ~ 0.000000803 = 8.03 x 10*7; the method used in Example 6 results in a value of n which
ensures that the magnitude of the error will be less than 1076, this is not necessarily the smallest value of n.

sinz, f’(z) = 2cosz — zsinz, |f’(z)] < 2|cosz| + |z||sinz] < 2+ 2 = 4, 50 Ko < 4, n >

1/2
)} ~ 115.5; n = 116 (a smaller n might suffice).

f@) =V (@) = Tzl | (@) = o

x x Uy
s(x) = / V14 (y'(t)2dt = / V1+cos?tdt, ¢ = / V1 + cos?tdt ~ 3.820187624.
0 0 0

30 29
/ vdt ~ %1—5[0 + 4(60) + 2(90) + 4(110) + 2(126) + 4(138) + 146] ~ 4424 ft.
0

180

1

/ vdt ~ %[o.oo +4(0.03) + 2(0.08) + 4(0.16) + 2(0.27) + 4(0.42) + 0.65] = 37.9 mi.
0

16 16

16

V= / mrdy = 71'/ ridy ~ wm[(&w +4(11.5)% 4 2(13.8)% + 4(15.4)% + (16.8)?] =~ 9270 cm® ~ 9.3 L.
0 0

(a) The maximum value of |f”(x)| is approximately 3.8442. (b) n=18. (c) 0.9047406684.

- (4) ~
(a) K4 Oléljgl\f ()] =~ 12.4282.

(b — a)5K4
180n4

4
10(4,71>5.12, son > 6.

1
< 107* provided n* > 0

(b)

K
(c) ﬁ -6* ~ 0.0000531 with Sg ~ 0.983347.

(a) Left endpoint approximation = 2-a [Yyo+y1+...+Yn—2+Yn—1]- Right endpoint approximation ~ 2-a [y1 +
n n

b—al
Y2+ ...+ Yn—1 + Yn]. Average of the two = T§[y0 +2y1 4+ 2y2+ ...+ 2Yn—2 + 2yn—1 + Yn.
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53.

(b) Area of trapezoid = (xp41 — xk)% If we sum from k& = 0 to k = n — 1 then we get the right hand
side of (2).

Ay

37

2_

1_

Yk
Ye+1 | 1
Xk X+ 1

Given g(z) = Az? + Bz + C, suppose Az = 1 and m = 0. Then set Yy = g(—1),Y; = g(0),Y2 = g(1). Also
Yo =g(-1)=A—-B+C,Y; =g(0) =C,Y; = g(1) = A+ B + C, with solution C = Y;,B = (Y2 — V), and

3 3
which is exactly what one gets applying the Simpson’s Rule. The general case with the interval (m — Az, m+ Ax)

1 1
2 1 2 1
A= L1(Yo+Ys)-Yi. Then/ g(z)dz = 2/ (Az*+C) dx = §A+20 = g(YO+1/2)——Y1+2Y1 = —(Yo+4Y1+Ys),
-1 0

and values Yy, Y7, Y3, can be converted by the change of variables z = % Set g(z) = h(z) = h((x—m)/Az) to

m+Az 1
get dr = Az dz and Ax/ h(z)dz = / g(x)dz. Finally, Yo = g(m — Az) = h(-1),Y1 = g(m) = h(0),Ys =
m—Ax —1
g(m+ Az) = h(1).

Exercise Set 7.8

1.

11.

13.

(a) Improper; infinite discontinuity at « = 3. (b) Continuous integrand, not improper.

(¢) Improper; infinite discontinuity at = 0. (d) Improper; infinite interval of integration.
(e) Improper; infinite interval of integration and infinite discontinuity at « = 1.

(f) Continuous integrand, not improper.

14
1 1 1
hm (-56_2z):|0 = 5 ’ hm (_6_2[ + 1) = 5

£—400 — 400

¢
lim —2coth™! x} = lim (2 coth™'3 — 2coth™* E) = 2coth™!3.
{—+o00 3 V4

. 1 7° i L1y
im — = lim |[————+=|==.
t=too 2In?z), totoo | 2In%0 0 2 2

. [ R | 5

0
1 1 1 1
lim =e**| = lim |- — =¢e¥| ==,
f——oc0 3 y == |3 3 3
+o00 0 +oo +00
/ x dx converges if / x dx and / 2 dx both converge; it diverges if either (or both) diverges. / rdr =
—o0 0 0

1 4 1 +oo
lim —xz] =, lim 562 = +00, SO / x dx is divergent.
0 —+00

— 00
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15 /mzd S S L L@ +3)+1/3 = L similarl /O — T _dr=-1/6
o @3 T N 221 3)],  rotee2 T A | @yt
o0
x
———dr=1/64+(—1/6) = 0.
‘ 11
17. lim — = i —— == = di t.
P S -
¢
19. lim —In(cos 33)} = lim —In(cos?) = +oo, divergent.
L—m/2— 0 L—m/2~
¢
21. lim sinlsc} = lim sin ' ¢ =7/2.
£—=1— 0 £—=1—
/2
23. lim \/1—20051‘] = lim (1—+v1-—2cosf)=1.
tsm/3+ , t—m/3+
2 da ¢ 3
25. / = lim In|z — 2|] = lim (In|¢ —2| —1In2) = —o0, so / is divergent.
0o T—2 t—2- 0 t—2- 0o T —
8 3 8 3 0 3 ¢
27. / 2 3dz = lim 332/3} = lim =(4 —¢%/?%) :6,/ e 3dx = lim x2/3] = lim (62/3 1) = -3/2,
0 £—0+ ) =0+ 2 1 £1—0— 2 1 £1—0— 2
8
S0 / e V3de =6+ (=3/2) = 9/2.
~1
+oo q a1 too q 1 !
29. / —dm = / —dx —|—/ —dx where a > 0; take a = 1 for convenience, / —dr = lim (-1/z)| =
0 o X a €T o T £—0+ ¢
+oo 1
ZlirélJr (1/¢ —1) = 400 so /0 Pdw is divergent.
31. Let u = /z,x = u?,dx = 2udu. Then /dim = /Zdiu = 2tan"'u + C = 2tan" 'z + C and
’ Ve T e ’ Vr(z+1) w241 B
1 1
X - . 1 o . _ 1 -
/0 m = 261_1)%1+ tan \/5:|€ = 261_1)%1+(7T/4 tan \/g) = 71'/2
33. True, Theorem 7.8.2.
35. False, neither 0 nor 3 lies in [1, 2], so the integrand is continuous.
Foo o —VE +o0 ¢
37. / de = 2/ e “du=2 lim (—e‘“)} =2 lim (1 —e_z) =2.
0 \/5 0 £—+00 0 £—+o00
+o0 \[
39. = lim 2 = lim 2(1 —V¥{)=2.
R = / Vi eho IL Parer ( )
41. lim e Pcosxdr= lim —e “(sinz — cos x)} =1/2.
{—+o00 0 {—4o00 0
43. (a) 2.726585 (b) 2.804364 (c) 0.219384 (d) 0.504067
d 4—2%3 4 ’
¥y _ —r _9.2/3 _
45. 1+ <dm> 71+W7 2/3,thearclengthls/ de 322/ ] =12.
0
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1 1 1
47. /lnxdx =zhe -2+ C, / Inzdr = lim Inzdr = lim (zlnz—z)| = lim (-1 —{Inf + £), but
0

L—=0* Jp £—0+ ¢ £—0+

1 1
lim ¢Inf = lim It _ lim (—¢) =0, so / Inzdr =—1.
€0+ o+ 1/0 oot 0

o ¢ 1 S|
49. / e dr = lim e dr = lim —-e 3% =2.
0 £—+o00 0 {—+o00 3 0 3

+oo 4
51. (a) V= 71'/ e dr = —% lim 6_2$:| =/2.
0

{—+00 0

—+o0
b) S=7+27 e "1+ e 22dy, let u=e"" to get
( V g

0

0 1
1
S:W—Qw/ \/l+u2du:7r+27r[; 1—|—u2+21n‘u+\/1+u2” :w+w[\/§+ln(1+x/§)].
1 0
53. (a) Forax>1,22> x,e‘wz <e 7,

+oo ¢ ¢
(b) / e ¥dr= lim e "dr = lim —e‘”‘} = lim (e!—e ) =1/e
1 L—+o00 1 £—+o00 1 L—+o00

2

+oo
(c) By parts (a) and (b) and Exercise 52(b), / e”® duz is convergent and is < 1/e.
1

Y4 ¢ 4
55. V = lim (r/x?)dr = lim —(7‘(‘/33)} = lim (r—7n/f) =m, A=7n+ lim 2n(1/z)\/1 4 1/zt dx; use
£—+00 £— 00 £—+oo Jq

L—+oo Jq 1

Exercise 52(a) with f(z) = 27/, g(z) = (2r/x)y/1+ 1/2* and a = 1 to see that the area is infinite.

1 < 1
57. The area under the curve y = ———, above the z-axis, and to the right of the y-axis is given by / .
1 + sz 0 1 + xz
: 1y . : . . iy
Solving for x = y/ —=, the area is also given by the improper integral —=dy.
Y 0 Y
y
1
0.5
| | | X
1 2 3 4 5
dx 1 1 . x
59. Let x :Ttane to get /(/”2—|—x2)3/2 = ﬁ/COSGdG = erSIHQ—I—C: W +C, SO
27N Ir x ¢ orNT 27N
= li = li L/ r2 + 02 —a//1r? 2)] = 1—a/Vr? 2).
YT TR eJTmrz\/mL S GV B eVt et = == (L —a/ Vit + af)
61. / 5% —e ) dt = lim —25¢7"% + 5] = 20; / 4(e7 02 T3 dt = lim —20e 02 4 —e73| =
0 {—+o00 0 {—+o00 3 0

56
3 so Method 1 provides greater availability.
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63. (a) Satellite’s weight = w(z) = k/2? Ib when 2 = distance from center of Earth; w(4000) = 6000, so k = 9.6 x 101°

4000+b
and W = 9.6 x 101927 2dx mi-lb.
4000
+o00 14
(b) 9.6 x 101°272dz = lim —9.6 x 1010/3:] =2.4x 10" mi-lb.
4000 £=too 4000
+oo 4
65. (a) L{f(t)} = / te™*tdt = lim —(t/s+ 1/32)e—8t] = .
0 L—~o00 0 S
+o0 ¢
(b) L{f(t)} :/ t?e~*'dt = lim —(t2/8+2t/82+2/83)68t:| = .
0 {—+o00 0 S

© £irwy - [ [, _%str:

{—+oc0 S 3 S

oo 2 2 oo 2
67. (a) u=+/az,du = +/adx, 2/ e~ dx = 7/ e~ du=+/7/a.
0 @ Jo

2 +OO 2 2 2 +OO 2
b) = =+20u,dr = /20 du, e 2 dy = —/ e " du=1.
(b) v2 v2 V2o /0 VT Jo

4
1
69. dr ~ 1.047; 7w/3 ~ 1.047
@) [ srpde~ 1047 7/

e t e tee
(b) / 5 dr = / 7dz+/ ———dx,s0 E = / ——dr <
1 1 1 1—
d d p
71. If p = 1, then / 2 _ fim lnx] = +o0; if p # 1, then / & _ im 2
0o =0+ ¢ o TP t=0+t1-—p

+-00, p>1"

{ 1/(1-p), p<1

1
73. 2/ cos(u?)du ~ 1.809.
0

Chapter 7 Review Exercises

1 2
1. u=4+49z,du =9dz, §/u1/2du:ﬁ(4+9x)3/2+0.
_ 12, 2 3
3. u=cosf, — | u du——gcos 0+ C.

1 1
5. u = tan(x?), §/u2du: gtan3(z2)+0.

7. (a) With u = \/z: /\/Wz?dx = Z/ﬁdu = 2sin"Y(u/V2) + C = 2sin"(\/z/2) + C; with u =

1 1

1
the square: - dr=sin" Y z—-1)+C.
a /\/1—(3:_1)2 (==1)

dx = 72/7 du = —2sin"!(u/V?2) + C = —2sin"'(v/2 — £/V/2) 4 C1; completing
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9.

11.

13.

15.

17.

19.

21.

23.

25.

(b) In the three results in part (a) the antiderivatives differ by a constant, in particular 2sin™!(y/z/2) =

7 —2sin (V2 —x/V2) = 7/2 +sin" !z — 1).
u=ux,dv=e *dr, du=dx,v=—e""; /xe‘”’dm = —xe T+ /e‘xdx =—ge *—e"+C.

2z
2x+ 3

3 3 3
L= =z — - In(2 In(2 = rIn(2 _ Z1n(2 )
/( 2x+3>dx x 2n(x+3)+01,so/n(x+3)dx zln(2z + 3) x+2n(a?+3)+0

dx =

2 2z
u=1n(2z + 3), dv = dz, du %o+ de, v =1 / n(2z + 3)dx = x1n(2z + 3) /2m+3da§, but /

Let I denote / 8z cos 2 dz. Then

diff. antidiff.
8zt cos2x
N+
3223 % sin 2x
> 1
9622 —7 0 2x
N+
1
192x ~3 sin 2x
N 1
192 6 cos2x
N\ +
1
0 33 sin 2x

I= /8364 cos 2z dr = (4z* — 1227 + 6) sin 2z + (82° — 122) cos 22 + C.
/sin2 50 df = 1/(1 — cos100)df = Ly isin109+ c
2 2020 '
. 1 . . 1 1
/smxcosQchx = 5/(sm3m —ginz)dr = —gcos3x+ Qcosx—FC.

1 1 1 3 1
u = 2x, /sin42xdm: f/sin4udu: — —fsin?’ucosu—l—f/sinQudu = ——sin®ucosut
2 2 4 4 8
1 1 1 3 3 1 3
—|—§ {—2Sinucosu+2/du} :—gsingucosu—l—ﬁsinucosu—l—l—ﬁu—i—C’:—gsin32xcos2x—Esin?xcosQw—i—

x = 3siné, dx = 3cosfdb, 9/sin29d0 = g/(l — cos20)do = 29 - %sinQG—i—C = g@ - gsin900s9+0
1
= gsinfl(x/3) - 53:\/9 —22+C.

x = secl, de = secftanf db, /secﬂd@ = In|secf + tan 6| +C:1n‘m+ Va?— 1’ +C.

x = 3tand, dm:3sec29d979/tan295ec9d9:9/sec39d9—9/se09d9: gseCGtane—g1n|sec€+tan9|+0

1 9 1 1
:51‘\/9—}—302—§ln|§\/9+x2+§x|—|—0.
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1 A B 1 1 1 1 1 1
27. = i A=——, B=— — | ——dx + = d:_71 4 1 -
CETNCES)) ;1:+4+9371’ 5 5 80 /:z: x + /:z:flx nlx 4+ |+ n |z

114C =gl

-1

242 6 6 1
29.x+ :x—2+,/(x—2+ )dmzx2—2x+6lnm+2|+0-

T+ 2 x+2 x+2 2
x? A B C 1 1 1
31. _ A=1,B=—4,C =4, do—4 | ———— dz+4 dz =
@+28 242 (@22 (wr2p SO/x-i—Q v /(Hz)z v /(x—|—2)3 v
4 2
In|z+ 2|+ - +C.

2+2 (241272

V2 —1

2] + C; valid for |z| > 1.
x

33. (a) With © = sec6: / dx:/cotGdﬁzln\sinﬁ\—i—C:ln

R

1
(b) With x =sin6: / o
V1— a2

||

1
dx:—/idﬁ /2csc29d9——1n|cs<329—c0t29\+0 In | cot 0] +
x sin 6 cos 0

C=In +C, 0<|z| <1

A B C 1 1 1 1
- 1 7 ; dr = —1 1 1+=1 1|+C,

x+x—1+x+1 x+2(3;_1)+2(3;+1) /a:3—a: n|x\+ nlr— |+ nlz+1|+
valid on any interval not containing the numbers x = 0, 1.

1 1
35. Formula (40); - cos2x — 39 08 16x + C.

)i
1,0, I .

37. Formula (113); ﬂ(&c -2z —-3)Vr—a2+ 1g Sin 2z —1)+C.

39. Formula (28); tan 20 —x+C.

41. Exact value = 4 — 2v/2 ~ 1.17157.

(a) 1.17138, | Ep| ~ 0.000190169. (b) 1.17195, | Ex| ~ 0.000380588. (c) 1.17157, |Eg| ~ 8.35 x 1075,

1 3 105 3 105
43. = 1) = e, fD(2) = —— (2 + 1)/ Ky = K, = :
f(x) \/ma f (.T) 4($ T 1)5/2? f (37) 16(53 I 1)9/2 (Jf + ) 9 2 24\/§a 4 28\/§
25 3 1
E A~ 4.419417 x 1074
@ 1Evl < 566215 ~ Tomiva .
23 4
b 8.838834 x 1074,
(b) Ex |—120024f .
25 105 7
E = ~ 3.2224918 x 107"
(c) | s|_180 2015 3.101.295 X
8.3 102
45. (a) n*>10*————— son > ——— ~21.02,n > 22,
24 x 24/2 2221/4
10* 102
(b) n?> ,so0m > ——— & 29.73,n > 30.
23./2 2.23/4
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47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

67.

69.

P K, 2 105 7 7\
Let n = 2k, th f— <1 k4>14 = 10* k>10( —— ~
(c) Letn , then wan T802k)T = 0~4 or 0 13021 . 2573 0 29.3\5,50 > 10 32973
2.38;80k>3,n>6

L
lim (—e™ )| = lim (—e ‘+1)=1.
Z—:Eloo( € ):|0 é—}f-noo( ¢ + )

lim —2+v/9 —x} = lim 2(—v9—¢+3) =6.

£—9— —9—

g -1 nz]’
A:/ nxQ dz = lim cm] =1/e.
e X £—~00 T |,
oo d:E . 1 —1 ¢ . 1 —1 ™
; P leinooatan (z/a) OZeETmEtan (E/a):%:La:W/Q.
x:\/gtanﬂ, d:c:\/gse(329d0, 1/i 0 = 1/(:ost9dt9: 1sin@—i—C: L—«—C
3/ sech 3 3 33 + z2
/4 1 /4 1 /4 1 /4 /4
Use Endpaper Formula (31) to get / tan’ 0 df = — tan® 9} — — tan® 9} + ~ tan? 9} + In| cos 0@ =
L1 . 0 6 0 4 0 2 0 0
g—zﬁ-i—ln\/izﬁ—ln\/i

1 1
/sin2 2z cos® 2z dx = /sin2 22(1 —sin? 2z) cos 2z dx = /(sin2 22 —sin’ 22) cos 2z dx = g sin® 2z — 10 sin® 224 C.

1 1 2
u=e* dv=cos3xdr, du=2e*dx, v= 3 sin3x; [ €** cos3xdr = 562 sin 3x — /62“7 sin 3z dz. Use u = 27,

1 2 1
dv = sin3xdzx to get /62“’ sin3zxdr = —562”” cos 3x + §/€2I cos3x dz, so / Tcos3rdr = §62I sin 3z +
2 4 1 1 1
5621 COS3.Z‘*§/62I cos 3z dz, 53/62“" cos 3z dr = g€ 27 (3 sin 322 cos 3z) +C’1,/ cos 3z dx = EGZI(3SiH3I+
2cos3z) + C.
1 A B C 1 1 1 1 1 1
@-D@+2)x-3) z-1 212 z-3 7 1" 100 6/33—1 ST R S
1 1 1 1
— [ ——der=—-Injz— 1|+ —1 2|+ —1Injz — 3|+ C.
10/11731' 6m|:1c |+15 n|z+ |—|—10 n|z— 3|+

2 2

2 2
2 4
u = x—4,x:u2—|—4,d:c:2udu,/ “ du-?/ 1———|du=|2u—4tan '(u/2)| =4—.
0 u2+4 0 U2+4 0

2 2 1 1
W= VEFT ¢ = 1w = (i - 1), dw1ﬂﬁ1du’/qﬂ—1du/{u—1u+1]dum|U1
ver+1—-1
mut1l+C=m¥e "2 ¢
ver +1+4+1
1 1 1/2 . ) 1/2 1/2 z 1 11
u=sin" "z, dv =dzx, du = ——=dzx, v = T; sin" " xdr =xsin” " x — ———dr = —sin” " = +
— 2 /0 L o V1—a? 2 2
1/2
1
\/1—952] =7(3)+ By Im LV
o 2\6 4 12 2
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3
T dx let u = z+1,

V(x+1)? /\/u2
Va2 +2z42 +251nh (x+1)+C.

Alternate solution: let z + 1 = tan6, /(tan@ + 2)secfdf = /sec@tan@d& + 2/sec9d0 =secl + 2In|secH +

tanf|+C = vz?+2x+2+2In(vVa22+2z+2+x+1)+C.

2
|:U(U2 —+ 1)_1/2 + \/uQ—T:| d’U, =V U2 + 1+2 sinhfl U+C =

4
73. lim b lim |— ! + ! = !
Ciotee 22+ 1)], eotee| 22+1)  2@+1)|  2(a+1)

Chapter 7 Making Connections

b b b b
1. (a) u:f(x),dv:dx,du:f’(x),v:x;/ f(a:)dx:xf(x)] —/ xf'(x)dxzbf(b)—af(a)—/ xf'(z) dz.

a

b f(®)
(b) Substitute y = f(x),dy = f'(z) dx,z = a when y = f(a), v = b when y = f(b), / xf(x) dxz/ xdy =
a f

(a)
f(b) L
/ £ (y) dy.
f(a)

(¢) From a = f~1(a) and b = f~1(B3), we get bf(b) — af(a) = Bf~1(B) — af*(a); then / =t

f(b) B
/ iy dy = / f_l(y)dy, which, by part (b), yields / f Y z)dx = bf(b) — af(a / f(zx
F7H8)

f(a)
4B
BFHB) — af () - /
(e

and Ay + Ay = Bf~Y(B) — af~(«a), a "picture proof”.

B
f(x)dz. Note from the figure that A; = / fHx)dr, Ay = / f(z)dz,
o f=H (o)

3. lim —e '] = lim (—e *+1)=1.
{— 400 0 {—4-o00
400 +oo “+o00
(b) T(z+1) = tYetdt; let u = t*, dv = e7tdt to get T'(z + 1) = —txe_t] + 33/ t*le7tdt =
0 0 0

+oo
tCL’
—txet} +al(x), , li+m te”" = lim — = 0 (by multiple applications of L'Hopital’s rule), so I'(z+1) = xT'(z).
0

() T2)=((1) =(1)(1) =1,T(3) =2I'(2) = (2)(1) =2, T'(4) = 3I'(3) = (3)(2) = 6. Thus I'(n) = (n — D! if
n is a positive integer.

@ T (%) - /(J+oot‘1/2e‘tdt - 2/0+OO = du (with u = Vi) = 2(J/7/2) = V7.

0 5(2)-3()-ber(®)-3r() -1
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5. (a) +/cosf —cosfy = \/2 [sin®(6p/2) — sin®(6/2)] \/2 k2 — k2sin® ¢) = \/2k2cos2 ¢ = V2k cos p; ksing =
sin(6/2), so kcos ¢ dp = fcos (0/2)db = ,\/1 —sin?(0/2) do = ,\/1 — k2 sin® ¢ df), thus df = _ 2keosd d¢
2 2 2 V1 — k2sin? ¢

L [™* 1 2 L [/? 1
and hence T = 8—/ . keos g dp =4 —/ —d¢
g Jo V/2k cos ¢ 1 — k2sin? ¢ 9 Jo 1 — k2sin? ¢

do
2(n/18) sin® ¢

~ 1.37 s.

2
(b) If L =1.5ft and 6y = (7/180)(20) = 7/9, then T = \f/
\/1 — sin
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Mathematical Modeling with Differential
Equations

Exercise Set 8.1

1.

11.

13.

15.

17.

19.

y = 922e*” = 322y and y(0) = 3 by inspection.
d d
. (a) First order; ﬁ =c(1+ x)ﬁ =(1+z)c=y.
(b) Second order; y' = ¢y cost — cosint, y”’ +y = —cysint — cgcost + (¢ysint + cg cost) = 0.
. False. Tt is a first-order equation, because it involves y and dy/dz, but not d"y/dz™ for n > 1.

True. As mentioned in the marginal note after equation (2), the general solution of an n’th order differential
equation usually involves n arbitrary constants.

. (@) Ify=e"2"then y = —2¢72% and 3y’ = 4e 2% oy’ + 9 — 2y = de 2% 4+ (—2e72%) — 2e72¢ = (.

If y=e®theny =e” and y’ =e*, s0y”" +y — 2y =e® +e* — 2e* = 0.

(b) Ify = c1e72® +c9e® then v = —2c1e72% +coe® and 3y’ = de1e™ 2 +coe®, 50 Y +1y' — 2y = (dere™ 2% + ce®) +
(—2c1e72% + cpe®) — 2(c1e7 2% 4 c2e®) = 0.

(a) Ify = e2* then 3 = 2¢%* and 3" = 4e%?, so y" — 4y’ + 4y = 4e®* — 4(2%%) + 4e* = 0.

If y = 2e?® then y = (22 + 1)e?® and 3" = (4o +4)e?®, so y" — 4y’ + 4y = (4o + 4)e®® — 4(2x + 1) + 4ze?* = 0.
(b) If y = c1€2® + cowe® then y' = 2c1e*® + co(2x + 1)e?® and ¢y = 4c1e®® + ca(dx + 4)e*, so v — 4y’ + 4y =
(4e1€® + co(dr + 4)€%®) — 4(2c1e* + c2(22 + 1)e?®) + 4(c1e?® + cpwe?®) = 0.

(a) If y = sin 2z then 3y’ = 2cos 2z and y” = —4sin 2z, so y”’ + 4y = —4sin 2z + 4sin 22 = 0.

If y = cos 2z then ¢y = —2sin 2z and y” = —4cos 2z, so y” + 4y = —4 cos 2z + 4 cos 2z = 0.

(b) If y = c¢18in2x + o cos2x then y' = 2¢; cos 2z — 2¢o sin 2z and y”’ = —4e; sin 2x — 4eg cos 2z, so y” + 4y =
(—4cq sin 2z — 4eg cos 2z) 4 4(¢q sin 2z + ¢p cos 2z) = 0.

From Exercise 9, y = c1e72% + c9€? is a solution of the differential equation, with y’ = —2c1e72* + cpe®. Setting
y(0) = —1 and ¢/(0) = —4 gives ¢; + 2 = —1 and —2c; +co = —4. So¢; = 1, co = —2, and y = e~ 2% — 2¢°.

From Exercise 11, y = c1€2* + coxe®® is a solution of the differential equation, with 3 = 2¢1e%* + o (2 + 1)e?*.

Setting y(0) = 2 and 3/ (0) = 2 gives ¢; = 2 and 2¢; + co = 2, 50 ¢3 = —2 and y = 2e%* — 27e2*.

From Exercise 13, y = ¢ sin 2z + ¢3 cos 2 is a solution of the differential equation, with 3y’ = 2¢; cos 2z — 2¢s sin 2.
Setting y(0) = 1 and ¢’ (0) = 2 gives co = 1 and 2¢; = 2, s0 ¢; = 1 and y = sin 2z + cos 2.

217
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21

23.

25.

27.

29.

31.

33.

35.

y =2 — 4z, soy:/(2—4x)dm:—2x2+2x+0. Setting y(0) = 3 gives C' = 3, so y = —222 + 2z + 3.

d 1
If the solution has an inverse function z(y) then, by equation (3) of Section 3.3, & =y % So
dy dy/dx
3 3 2
T = /y_zdyz —y ' 4+C. Whenz=1,y=2,50 C = 3 and z = 3 — 4™, Solving for y gives y = 395" The

solution is valid for z < ok

d

By the product rule, d—(x2y) = 2%y + 22y = 0, so 2%y = C and y = C/x>. Setting y(1) = 2 gives C = 2 so
x

y = 2/x2. The solution is valid for z > 0.

d d
(a) di; = ky?, y(0) = yo, k > 0. (b) d% = —ky*, y(0) = yo, k > 0.
ds 1 d*s ds
— = =s. b) — =2—.
@ % =3° ®) & =24
. . . dy . .
(a) Since k > 0 and y > 0, equation (3) gives pri ky > 0, so y is increasing.
d? d d
(b) ﬁg = $(ky) = kditj = k?y > 0, so y is concave upward.

(a) Both y =0 and y = L satisfy equation (6).

d d

diz{ = ky(L—y); we wish to find the value of y which maximizes this. Since T [ky(L—y)] =
Y

k(L — 2y), which is positive for y < L/2 and negative for y > L/2, the maximum growth rate occurs for y = L/2.

k . k dx k k k . k APz
If £ = ¢1cos — t | + casin — ¢t | then — = c¢94/ — cos —t ] —c1y\/ —sin —t] and — =
m m dt m m m m dt?
k | k k [k k d?
—c1— Cos —t| —cp—sin —t|] =——z. So m—x = —kux; thus z satisfies the differential equation for
m m m m m dt?

the vibrating string.

(b) The rate of growth is

Exercise Set 8.2

1.

1 1
—dy = —dz, In|y| =In|z|+ Cy, In ’Q‘ = (1, LA o - C, y = Cxz, including C = 0 by inspection.
y x x z

dy €z —V1¥z2 _C —V1+z? V1422
=— de,In|l4+y|=—V1+22+C1,1+y=de VT = Qe VT o= Ce=VIH2* 1 C £0.
2(1+y%)

dy = e®dx, 21n|y| + y* = ¢ + C; by inspection, y = 0 is also a solution.

sinx

eYdy = dx =secxtanx dr, e¥ =secx + C, y = In(secz + C).

cos? x

d d 11 -
23/ _ '$7/[_+}dy:/cscxdx,lny
Y=y s x Yy yfl

C(cscx —cotz), y =

-1
=+ (cscz—cotx) =

‘ = In|ecsc x—cot z|+C,

,C # 0; by inspection, y = 0 is also a solution, as is y = 1.
1 —C(cscx — cot x)
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11.

13.

15.

17.

19.

21.

23.

25.

27.

(2y + cosy) dy = 3z% dx,y* +siny = 2 + C, 72 +sinm = C,C = 1%, y* + siny = 2 + 72

2y —Ddy = 2t +1)dt,y> -2y =12+t +C,1+2=C,C =3,9y> -2y =12+t + 3.

d d 1
(a) ?y = %, In|y| = 5 In|z| + C1, |y| = Cs|x|'/?, y? = Cx; by inspection y = 0 is also a solution.
x = 0.5y Y
Lt
)czfl.Sy2 4

(b) 12=C-2,C=1/2,y* =2x/2.

dy xdz 1 9 C
—=———lnlyl=—hn@*"+4)+C,y = —.
1.5
/—'\ cor
C=0f——T—— |,
2| : 2
R — Vo g |
\/ €=-2
-1
v 2P
(1—y2)dy:x2d$,y—§:?+01,x3+y3—3y20.
2
: . 1 dy .
True. The equation can be rewritten as Tl) dx = 1, which has the form (1).
y) dx

True. After ¢ minutes there will be 32 - (1/2)! grams left; when ¢ = 5 there will be 32 - (1/2)% = 1 gram.

1 1
CycRel all pass through the point (O, C) and thus never through (0,0). A solution
72 —
of the initial value problem with y(0) = 0 is (by inspection) y = 0. The method of Example 1 fails in this case
because it starts with a division by y2 = 0.

Of the solutions y =

d 2
d—y =xe Y eVdy =xdr, e’ = %—i—C’,x:ZWheny:Oso 1=2+C,C=—1,ey =2%/2—1,s0 y =1In(2?/2 - 1).
x
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dy t/50
29. (a) i 0.02y, yo = 10,000. (b) y = 10,000e*/°°.
1 45,000
T=——1In2= 34.657 h. d) 4 =1 /50 ¢ = 50In ——— = 75.20 h.
(c) 007 ™ 34.657 (d) 45,000 0,000e*/°° 50 In 10,000 75.20
dy - 1 In2
31. — =k 0)=5.0x10";383=T=—1n2 k= — =~ 0.1810.
(a) 4= —ky, y(0) =50 x 10, T2 so k=
(b) y=5.0x 107 0-181¢,
(c) %(30) = 5.0 x 107e0-181060) ~ 219,000.
In0.1
d) y(t) = (0.1)yo = yoe ™, —kt =In0.1, t = — = 12.72 days.
(d) y(t) = (0.1)yo = yoe ™™, n0.1, 01810 72 days
1
33. 100e%°2t = 10,000, €202t = 100, t = 0.0z In 100 = 230 days.
—kt —kt —k(5) L, 35 1
35. y(t) = yoe " = 10.0e"*, 3.5 = 10.0e , k= — lnm ~ 0.2100, T = z In2 ~ 3.30 days.
In2 In2 69.31 70
39. (a) T = HT; and In2 &~ 0.6931. If k is measured in percent, k" = 100k, then T' = % ~ o ~ w
(b) 70 yr (c) 20 yr (d) ™%
t In0.2 t
41. From (19), y(t) = yoe %0012t If 0.27 = yy(o) = ¢ 0000121 thep ¢ = f% ~ 10,820 yr, and if 0.30 = yy(o)
In0.30
then ¢t = —W ~ 9950, or roughly between 9000 B.C. and 8000 B.C.
In2
43. (a) Let 77 = 5730 — 40 = 5690, k1 = ;— ~ 0.00012182; T» = 5730 + 40 = 5770, ko ~ 0.00012013. With
1
1 1
y/yo = 0.92,0.93, t; = —k—lnyg = 684.5,595.7; ty = —k—ln(y/yo) = 694.1,604.1; in 1988 the shroud was at
1 0 2
most 695 years old, which places its creation in or after the year 1293.
(b) Suppose T is the true half-life of carbon-14 and 77 = T'(1 4+ r/100) is the false half-life. Then with k =
In2 In2
HT, 1= ;— we have the formulae y(t) = yoe ™", y1(t) = yoe *'%. At a certain point in time a reading of the
1
carbon-14 is taken resulting in a certain value y, which in the case of the true formula is given by y = y(¢) for some
t, and in the case of the false formula is given by y = y;(¢1) for some ¢;. If the true formula is used then the time
1
t since the beginning is given by t = ——In ﬂ. If the false formula is used we get a false value t; = - In E;
Yo 1 Yo
note that in both cases the value y/yo is the same. Thus ¢, /t = k/k; = T1/T = 1+ /100, so the percentage error
in the time to be measured is the same as the percentage error in the half-life.
kt kt kta oo k(ta—t1) In2
45. (a) If y = yoe™, then y; = yoe™t, yo = yoe2, divide: yo/y; = e*271) k= In(ye/y1), T = — =

to — 11 k

(tQ - t1) lIl 2 —k _ _ — —
= Ify = t, th = K yy = kta = e hlt2—t) | = — 1 T =
(g2 00) Y = yoe ', then y1 = yoe ", y2 = yoe 2, ya/y1 = e ; P— n(y2/y1),
In2 to —t1)In2 to —t1)In2
e —%. In either case, T is positive, so T = ‘(21)11‘
k In(y2/y1) In(y2/y1)
In2

(b) In part (a) assume to = ¢; + 1 and yo = 1.25y;. Then T = ~ 3.1 h.

In1.25
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47. (a) A =1000e(*9®0) = 1000e%* ~ $1,491.82.

49.

51.

53.

55.

57.

(b) Pe98)(10) — 10,000, Pe® = 10,000, P = 10,000e~% ~ $4,493.29.

(¢) From (11), with k =r =0.08, T = (In2)/0.08 ~ 8.7 years.

d 1 1
(a) Given d—i =k (1 — 2) y, separation of variables yields (— + L—> dy = kdt so that In 7 y Iny —
Y

L —y -y
s i . Yo Y Yo Y kt__ Yo
In(L — y) = kt + C. The initial condition gives C' = In so In =kt +1In , ——— = eV ——
-y & L—yo L-y L—yo L—y L—yo

yoL

dyt) = .
and y(t) Yo + (L — yo)e=kt

(®) If yo > 0 then yo + (L — yo)e ™™ = Le ™" + yo(1 —e™*) > 0 for all t > 0, so y(t) exists for all such ¢.
YoL

Since tiigloo e M =0, tiigrnooy(t) = o (L—10)-0 = L. (Note that for yo < 0 the solution “blows up” at
1 _
t= % In _y(;o, SO tliglooy(t) is undefined.)
2 2
0\& | | | J 2 0 Il | | | 2
(a) k=L=1,90=2. 0 (b) k=L=yo=1. 0
Zr 10
0 1 1 | 5 0 F
(c) k=yo=1L=2 0 (d) k=1,90=05L=10. O
2, L = 8; since the curve 28 asses through the point (2,4), 4 16 6e 2 =2, k
~ ~ 8; urve y = ————— rou in = — = =
310 ) ; Sl Yy 2+ 6e_kt p g p s E)y 2+ 66_2k7 )
—In3 = 0.5493.
2
(a) yo=5. (b) L=12. (c) E=1.
(d) L/2—6—$ 5+ 7e =10, t = —In(5/7) ~ 0.3365
B4 Te IR T

(&) = 55u(12 ), y(0) =5,

(a) Assume that y(t) students have had the flu ¢ days after the break. If the disease spreads as predicted
YoL

by equation (6) of Section 8.1 and if nobody is immune, then Exercise 50 gives y(t) = ,
y equation (6) y gives y(t) o £ (L —yo)eF

20000 1000 .
where yo = 20 and L = 1000. So y(t) = 20 + 98001000k — 14 49¢—1000k%" Using y(5) = 35 we find that
__aos/say) 1000
- 5000 Y 11 49(193/343)1/5
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(b)
t o|1}2 3|45 |6 |7|8|9|10(11]12]|13]14
y(t) {20122 25|28 |31[35(39 |44 (49|54 |61 |67|75|83]093
y
100
75r
501
251
\\\\\\\\\\\\\\t
(c) 3 6 9 12
59. (a) From Exercise 58 with Ty = 95 and T, = 21, we have T = 21 + 74e~** for some k > 0.
e 64 2 ¢1n(32/37) 32\’
(b) 85 =T(1) =21+ Tde ™", k= —Ino = —InTo, T = 21+ Tde =21+74( =), T =51 when
t
30 (82, Z GO 6 09 min,
74~ \37 In(32/37)
dv ck
6l. (a) — = —+ —g,v=——cln(mog —kt) —gt + C;v =0 when t = 0s0 0 = —clnmo + C, C = clnmg,v =
dt mo — kt
clnmg — cln(mg — kt) — gt = cln ey i gt.
(b) mg — kt = 0.2mg when ¢t = 100, so v = 2500In Ogl;; —9.8(100) = 25001n 5 — 980 = 3044 m/s.
2my
9 dh 0
63. (a) A(h) = 7(1)* = m 7 = —0.025\/E,ﬁdh = —0.025dt,27vVh = —0.025t + C;h = 4 when t = 0, so
0.025
4 = C, 27V h = —0.025t + 47, Vh = 2 — o thhe (2 — 0.003979)2.
T
(b) h =0 when ¢ ~ 2/0.003979 ~ 502.6 s ~ 8.4 min.
dv 1 1 1 1 1 1 1 1 1 128
65. — = ——v?, —dv=——dt,——=——t+C;v=128whent=0s0 ———==C, —— = ——t — — v =
dt 32“’11261” . e WP E R T s T Ty T T2 1 T a1
cm/s. But v = d%‘j S0 d—j ek 32In(4t+ 1)+ Cy; 2 =0whent =0s0 C; =0,z = 32In(4¢ + 1) cm.
Hd dH d
67. Suppose that H(y) = G(x) + C. The @ﬁ = G'(z). But m = h(y) and e g(z), hence y(x) is a solution
of (1).
69. If h(y) = impli - —0= - dy _g(x)
. y) = 0 then (1) implies that g(x) = 0, so h(y)dy = 0 = g(x) dz. Otherwise the slope of L is ar - hy) Since
€ Y
: y2—y1 _ g(z) _ ; _
(z1,11) and (z2,y2) lie on L, we have —=———— = =—=. So h(y)(y2 —y1) = g(x)(xz2 — x1); i.e. h(y)dy = g(z) dz.
xo—x1  h(y)
. dy . . - . dy
71. Suppose that y = f(x) satisfies h(y) == = g(x). Integrating both sides of this with respect to x gives | h(y)—= dz =

dx

/g(a:) dx, so /h(f(a:))f’(x) dr = /g(x) dz. By equation (2) of Section 5.3 with f replaced by h, g replaced by

— F(y). Thus / h(y) dy / o(z) da.

f, and F replaced by /h(y) dy, the left side equals F(f(z))
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Exercise Set 8.3

y

1.
y
ZK
YO0 =1
\ \ \ \ Ly
/ 5
3. by =-1
5. mgTooy:L
L 13
7. yo =1, yn+1:yn+§yn .
y
oL
B °
B °
* [ )
. [ )
n]o[ 1] 2 3 4 5 6 7 8 - .
zn, [ 01]0.5 1 1.5 2 2.5 3 3.5 4 e
yn | 1| 1.5[2.07 [ 271 [3.41 [ 4.16 [ 4.96 | 5.81 | 6.71 YL s
1 2 3 4
1
9. Yo = 1, Yn+1 = Yn + 5 COS Yn -
y
Ak
[ ) b ¢ *
n 0 1 2 3 4 [ 3
t, |0 0.5 1 1.5 2
Yo | 1] 127 1.42]1.49 [ 153 : ;

1
11. h=1/5, yo =1, Ynt1 = Yn + gsin(ﬂn/S).

n 0 1 2 3 4 )
tn, | O 02| 04|06 | 08] 10
yn | 0.00 | 0.00 | 0.12 | 0.31 | 0.50 | 0.62

d
13. True. & — ¢ > 0 for all z and y. So, for any integral curve, y is an increasing function of x.
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15

17.

19.

21.

23.

25.

27.

True. Every cubic polynomial has at least one real root. If p(yo) = 0 then y = yo is an integral curve that is a
horizontal line.

(b) ydy = —xdx, y?/2 = —22/2+ C4, 2? +y* = C; if y(0) = 1 then C = 1 s0 y(1/2) = v/3/2.

d d
(b) The equation ¢y’ = 1 — y is separable: liy = dx, so liy = / dx, —In|1 — y| = = + C. Substituting
-y —Y

2
‘. Since the integral curve stays below the
-y

x=0andy=-1givesC=—-In2,s0z=In2—-In|l —y|=1In

1

x

line y = 1, we can drop the absolute value signs: = = In 1 and y = 1 — 2e~". Solving y = 0 shows that the

z-intercept is In 2 = 0.693.

(a) The slope field does not vary with x, hence along a given parallel line all values are equal since they only
depend on the height y.

(b) Asin part (a), the slope field does not vary with x; it is independent of x.

d 1 d d d
(c¢) From G(y) —x = C we obtain %(G(y) —r) = m% -1= %C =0, ie. é = f(y).
o - dy dy dy _ 2xy—y?
2 20y _ _
(a) By implicit differentiation, y3 + 3xy i 2zy — x T 0, T v —

(b) If y(z) is an integral curve of the slope field in part (a), then %{x[y(m)]g —2?y(x)} = [y(z)]® +3zy(z)*y (v) —

2zy(x) — 2%y’ (z) = 0, so the integral curve must be of the form z[y(z)]® — 2?y(z) =

(c) =ly(@)P —a?y(z) = 2.
(a) For any n, y, is the value of the discrete approximation at the right endpoint, that, is an approximation of
y(1). By increasing the number of subdivisions of the interval [0, 1] one might expect more accuracy, and hence in

the limit y(1).

n+1

(b) For a fixed value of n we have, for k = 1,2,...,n, yx = Yk—1 + Yp—1— = Yk—1. In particular y, =
n n
n-+1 n—+1 2 n+1\" n+1\" . . n+1\"
Yn—1 = Yn—2 = ... = Yo = . Consequently, lim gy, = lim =
n n n n n—+00 n—+00 n

e, which is the (correct) value y = e*
r=1

Visual inspection of the slope field may show where the integral curves are increasing, decreasing, concave up, or
concave down. It may also help to identify asymptotes for the integral curves. For example, in Exercise 3 we see
that ¥y = 1 is an integral curve that is an asymptote of all other integral curves. Those curves with y < 1 are
increasing and concave down; those with y > 1 are decreasing and concave up.

Exercise Set 8.4

1.

3.

5.

= 61.4(193 _ e4x, e4a:y _ /ex dr = * +C, Y= 673z +0674m’.

p=eldr =t oty = /e"” cos(e”)dx = sin(e®) + C, y = e Tsin(e”) + Ce™*.

dy T 2 1 2 d C
@y — 0. = J@/@+1))dz _ 3@ +1) _ | [r2 7{ 2 1} — 0 2l =C. = .
dm+x2+1y ,W=ce ez x+’dxy e+ , yv e+ , Y o]
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dy 1 d 1 r C 1 3
7. 2 L =1 =S WA — ne o Dy = —g2 =242 2=yl == = y=
e T y=Llu=e e x, dx[fvy] z, ay=52"+ 0, y=o+—, y(1) 5 TCC=35.y
X

PRIET S

9. u= 2 wde — 6_3”27 e_””2y = /2xe_g”2dx = ¢ +C,y=-1 —1—069527 3=-14C,C=4,y=-1 + 4e”.

d d
11. False. If y; and yo both satisfy % + p(z)y = q(x) then %(yl + y2) + p(x)(y1 + y2) = 2¢(x). Unless ¢(x) =0 for

all z, y1 + y2 is not a solution of the original differential equation.

13. True. The concentration in the tank will approach the concentration in the solution flowing into the tank.

15.

: +o0, ifyo > 1/4; . : :
17. Tt appears that lim y = ) To confirm this, we solve the equation using the method of
T—r+o0 —oo, ifyp < 1/4.

d d : 1 :
integrating factors: & 2y = —x, p=e2Sdr = =20 [ye_%] = —ze ¥ ye ? = —(2z + 1)e”* 4 C,
1 e d{f 1 14
Yy = 1(21‘ + 1) + Ce**. Setting y(0) = yo gives C = yo — 1750y = 1(295 +1)+ <yo - 4> e*. If yo = 1/4,

1 . . . 1 2x+1 .
then y = 1(23: +1) = 400 as £ — 400. Otherwise, we rewrite the solution as y = ¢** (yo - -+ a:>; since

4 4e2x
. 2¢+1
lim ———

m e = 0, we obtain the conjectured limit.
r—+00 e

19. (a) Yo =1, Ynt1 = Yn + (mn + yn)(O'Q) = (mn + 6yn)/5'

T, 02 04|06 | 08] 1.0
Yn | 1 1.20 | 1.48 | 1.86 | 2.35 | 2.98

o

d
b) vy —y=a, p=e", . [ye ] =z ye " = —(x+1)e " +C, 1=-1+C,C=2,y=—(x+1) + 2¢".

Tn 0] 02 1] 04|06 | 08] 10
y(zn) 1)1.24 | 1.58|2.04|2.65 | 3.44
abs. error | 0] 0.04 | 0.10 | 0.19 | 0.30 | 0.46
perc. error | 0 | 3 6 9 11 13
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1 1 1 1 1 X
02 04 06 08 1
(c)
d d 1 d 1
21. diz{ = rate in — rate out, where y is the amount of salt at time ¢, dit/ = (4)(2)— (%) (2) = 8—%% S0 d—?—l-%y =38
and y(0) = 25. p = ef (1/2)dt — (/25 (t/25, — /Set/25dt = 200e"/?° + C, y = 200 + Ce /25 25 = 200 + C,
C = 175,
(a) y =200 — 175et/? oz. (b) when t =25, y =200 — 175e ! &~ 136 oz.
23. The volume V of the (polluted) water is V(¢) = 500 4+ (20 — 10)¢ = 500 + 10¢; if y(¢) is the number of pounds of
d
particulate matter in the water, then y(0) = 50 and ditJ =0- 10% =— 50y+ e Using the method of integrating
d 1 ¢ d
factors, we have dit/ gy =0 n= el % =50+ ¢; 50+ 1)y] = 0, (50 + t)y = C. 2500 = 50(0) = C,
y(t) = 2500/(50 4 t). (The differential equation may also be solved by separation of variables.) The tank reaches
the point of overflowing when V' = 500 + 10t = 1000, ¢ = 50 min, so y = 2500/(50 + 50) = 25 lb.
25. (a) dl_’_iv = —g,p= e(c/m)fdt _ ect/m i Uect/m — _gect/m ,Uect/m _ _@ect/m_‘rc v = _@_i_ce—ct/m
dt m ) ) ) 9 c )
but vo = v(0) = _m +C,C=vy+ @,v —_m + (vo—i— @) ectim,
c c c c
(b) Replace % with v, and —ct/m with —gt/v, in (16).
(c) From part (b), s(t) = C — vrt — (vo + >;/ s0.=5(0) = C — (v + >; C = so+ (vo + >;
s(t) = sg — vt + Uj(vo +v,) (1 — e_gt/vr).
dI t d t I
o7, e " EI _ Vé)# — o(B/L) [dt _ eRt/L7£(eRt/LI) _ Vl(/)eRt/L7IeRt/L = I(0) + E/O V(u)eRu/Ldu7 0
1 t
() = 1) /% 4 Lo Rk / V (u)e R/ L,
0
1 t !
(a) I(t)= *67215/ 20e*"du = 2€2t62u:| =2(1-e%) A (b) lim I(t)=2A.
5 0 0 t——+oco
1 pisy AP d . .
29. (a) Lety = ;[H(x) + C] where p = @), e p(x), %H(x) = ug, and C is an arbitrary constant. Then
dy Lo W p
2 T P@)y = i (z) - E[H(x) +Cl+p(r)y =q- ;[H(w) +Cl+p(x)y =q

1
(b) Given the initial value problem, let C' = p(z)yo — H(xo). Then y = —[H(x) + C] is a solution of the initial
I

value problem with y(zg) = yo. This shows that the initial value problem has a solution. To show uniqueness,
suppose u(x) also satisfies (3) together with w(zg) = yo. Following the arguments in the text we arrive at

1
u(z) = —[H(z) + C] for some constant C. The initial condition requires C' = p(xo)yo — H(xo), and thus u(z) is
identical with y(z).



Chapter 8 Review Exercises

227

Chapter 8 Review Exercises

1.

11.

13.

15.

17.

(a) Linear. (b) Both. (c) Separable. (d) Neither.

dy

1 1
. TZ/Q = 2% dx,tan"ty = gx?’—i—C,y:tan (33:3—1—0).

1
( + y) dy = e®dx, In|y| + y?/2 = e® + C; by inspection, y = 0 is also a solution.
Y

1 1 d 1 1
(5 + > dy="", —y~*+llyl =lnfe| + C; —3 = C, y~* +4In(a/y) = 1.
Y Y T 4 4

d 1
. —y:—Qxdx, ——=—24+C, -1=0C, y=1/(z*+1).
) Y

y

= - 7/ /

s+ - 7 / /

2 —_ - 7/

- - - - 7~
X

1 2 3 a4

Yo =1, Ynt1 = Yn +/Un/2.

n |0 1 2 3 4 5 6 7 8
Tn 0.5 1 1.5 2.5 3 3.5
Yn | 1] 1.50 | 2.11 | 2.84 | 3.68 | 4.64 | 5.72 | 6.91 | 8.23

o
(V)
S

1
h=1/5 y0=1, Yynt1 = yn + 5608(27m/5).

n 0 1 2 3 4 )
tn 0 02104 |06 | 08] 1.0
yn | 1.00 | 1.20 | 1.26 | 1.10 | 0.94 | 1.00

In?2
(a) k=" ~ 0.1386; y ~ 26019501, (b) y(t) = 5e00,
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]. |4
(¢) y = yoe™, 1 = yoe®, 100 = yoe'®*. We obtain that 100 = €%, k = 5111 100 ~ 0.5117, y ~ yoe®*17:; also
y(1) =1, s0 yo = e 17 = 0.5995, y ~ 0.5995¢%-5117¢,
In2 .
(d) HT ~ 0.1386, 1 = y(1) ~ yoe® 1386y, ~ 7 0:1386 ~ (0.8706, y ~ 0.8706¢°- 13867,
19. p=el3de = 3r 37y — /ex dr=¢e*+C,y=e 2% 4 Ce 3%,
21. p = e Jorde — e_“'z/Q, e_‘”z/Qy = /xe"”zﬂdx = —e /2 4 C,y=-1+ 06“2/2, 3=-140C, C =4,
y=—1+4e" /2.
: . . Loo.od d 9 1
23. By inspection, the left side of the equation is d—(y coshz), so d—(ycoshac) = cosh”z = 5(1 + cosh 2x) and
x x
1 1 1
ycoshx = §x+ Zsinh2x+C = §(x+sinhxcosha:) +C. When z =0,y =2s02=C, and y = 2 sech « +
1
§(x sech = 4 sinh z).
d
25. Assume the tank contains y(t) oz of salt at time t. Then yg = 0 and for 0 < ¢t < 15, Y _5.10- %10 = (50 —

dt
y/100) oz/min, with solution y = 5000+Ce =10, But y(0) = 050 C' = —5000, y = 5000(1—e~*/190) for 0 < t < 15,
d 5
and y(15) = 5000(1 — e~%15). For 15 < ¢ < 30, CTZ —0— LOL%, y = Cre~t/200 010075 — 4(15) = 5000(1 —

6—0.15)7 Cl — 5000(60.075 _6—0.075)’ y — 5000(60.075 _6—0.075)6—t/2007 y(go) — 5000(60075 _6—0.075)6—0.15 ~ 64614
0Z.

Chapter 8 Making Connections

1.

(a) wu(z) = qg—py(z) so % = —p% = —p(q — py(z)) = (—p)u(z). If p < 0 then —p > 0 so u(z) grows

exponentially. If p > 0 then —p < 0 so u(z) decays exponentially.

d
(b) From (a), u(z) = 4 — 2y(z) satisfies d—u = —2u(x), so equation (14) of Section 8.2 gives u(x) = uge 2 for
x

some constant ug. Since u(0) =4 — 2y(0) = 6, we have u(z) = 6e~2%; hence y(x) = 2 — 3e22.

du _ d ra v+ (5) du _ x f(u) /() 1 d
u Yy dz z , u oz f(u) —ux u) —u u
. —_— = =] = = S = e = d e
(2) dv  dz (aj) x2 x2 Heey =4t gy x2 x o flu) —udz
1

;-

dy z—y 1—y/zx i . ) 1—1¢ 1 du 1 14w

b) — = = has the f th f(t) = . — =, ——du=
(b) i 1ty 1ty as the form given in (a), with f() 1 So = udx gy

14+u
d 1 d 1
Sy Y = O CIn|1-2u—u?| = In|z|+Cy, and |1 —2u—u?| = e~ 2122, Hence 1—2u—u? =
x 1—2u—u? x 2
2 2
Cxz~2 where C is either e=2¢1 or —e~2¢1. Substituting u = LA gives 1 — Y y—z =Cz 2 and 2?2 — 22y —y? = C.
x x
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Exercise Set 9.1

1 (—1)n1 2n —1 n?

1. (a) gn—1 (b) Tgn-1 (c) m (d) 1/ (nt1)

3. (a) 2,0,2,0 (b) 1,-1,1,-1 (¢) 21+ (—1)™); 24 2cosnm

5. (a) Noj; f(n) oscillates between +1 and 0. (b) —1,+1,—1,+1,—1 (c) No, it oscillates between +1 and —1.

7. 1/3,2/4,3/5,4/6,5/7,..; TLEI-lr-loo o i 1, converges.

9. 2,2,2,22 ...; lim 2=2, converges.

n—-+4o0o
Inl In2 In3 In4 Inb Inn 1 Inz
1. —, —, —, —, —,...; lim — = lim — = ly L’Hopital’s Rul — 5.
T 2 30 1 5 ,n_1>rJrr100 - n_l}I}_loon O(appy opital’s Rule to - ),convergeb

13. 0,2,0,2,0,...; diverges.

15.

17.

19.

21.

23.

25.

27.

-1, 16/9, —54/28, 128/65, —250/126, ...; diverges because odd-numbered terms approach —2, even-numbered
terms approach 2.

1
6/2,12/8, 20/18, 30/32, 42/50, .. ; lirf 5(1 +1/n)(1+2/n) = 1/2, converges.
n—-+oo

2
9 T 2z

el 4e72,9e73, 16e7%, 25e7°, .. .; using L’Hospital’s rule, lim z%¢ * = lim — = lim —= = lim — =0,
T—+00 z—+oo et r—+oo eT r—+o00 ¥
so lim n?e™™ =0, converges.
n—-+4o0o
z+3

z+3)" |

2, (5/3)%, (6/4)3, (7/5)%, (8/6)°,...; let y = [:1: " J , converges because wli}riloolny = 121}-100 iT/T

272 31"
lim #:2780 lim nt =2,
z—+oo (x 4+ 1)(x + 3) n—+oo [N+ 1

m—-11" .. 2m-1
; lim = 1, converges.
2n -

n—+oo 3n

1 +oo 1 n—1
{(1)”1} ; lim = = 0, converges.

11 oo
{(—1)""‘1 ( - ) } ; the sequence converges to 0.

n=1

229
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+o0 . . (n+1)—(n+2)
29. n+1l—+vVn+2 ; converges because lim n+1l—+vn+2)= lim =
{v Vi), converg A (v )= I i vaEs
-1
= lim =0
n—+o0o \/n+ 1+ v/n + 2
31. True; a function whose domain is a set of integers.
33. False, e.g. a, = (—1)™.
sin®n 1
35. Let a, =0,b, = ,Cp = —; then a, <b, <¢,, lim a,= lim ¢,=0,80 lim b, =0.
n n n—-+oo n—-+oo n—-+oo
+1 k even
37. a, = b odd oscillates; there is no limit point which attracts all of the a,. b, = cosn; the terms lie all
-1 o
over the interval [—1, 1] without any limit.
[ n, n odd [ 1/n, n odd
39. (a) 1,2,1,4,1,6 (b) an = { 1/2™ n even (€) an = { 1/(n+1), neven
(d) In part (a) the sequence diverges, since the even terms diverge to +oco and the odd terms equal 1; in part (b)
the sequence diverges, since the odd terms diverge to +oo and the even terms tend to zero; in part (c) lirf an = 0.
n—-+0oo
41. i . + 2 L—1<L+a>2L2 L2—a=0, L = a (wereject —/ab >0
- Jim gnp =g lUm | 2n . orL=g 7) a =0, L =+/a(werejec a because T, ,
thus L > 0).
43. (a) a1 = (0.5)%,ap = a3 = (0.5)%,...,a, = (0.5)".
() lim a,= lim "% =, since In(0.5) < 0.
n—-+o0o n—-+oo
(d) Replace 0.5 in part (a) with ag; then the sequence converges for —1 < ag < 1, because if ag = £1, then a,, =1
forn > 1;if ag = 0 then a,, = 0 forn > 1; and if 0 < |ag| < 1 then a; = a3 > 0 and lirf an = lirf 2" T _
n—-+0oo n—-+0oo
since 0 < a1 < 1. This same argument proves divergence to +oo for |a| > 1 since then Ina; > 0.
30
O 1 1 ) 5
45. (a) o
. ) In(2% + 3%) . 2*In2+3%In3 . (2/3)*In2+1n3
b) Let y = (2* +3%)/% lim lny= lim —— — "2 = lim ————° % — iy A2 21 °°_
In 3, so liIJIrl (2" + 3m)Y/n = ¢In3 — 3. Alternate proof: 3 = (3")1/" < (2" +3™)1/" < (2.37)1/7 = 3.21/" Then
n—-+0oo
apply the Squeezing Theorem.
An 42 an
47. (a) If n > 1, then ant2 = ant1 + an, SO =1+ .
an+1 an+1

() With L = lm (ani2/ant1) = lim (ans1fan), L = 1+1/L, L’ - L—-1=0,L=(1++5)/2 so
n—-+0oo n—-+0oo
L = (1+/5)/2 because the limit cannot be negative.
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49.

1
nil—l‘:n_’_l<€ifn+1>1/e,n>1/e—1;

(a) 1/e—1=1/025—-1=3, N=4. (b) 1/e—1=1/01-1=9, N=10. (c) 1/e—1=1/0.001—1 = 999,
N = 1000.

Exercise Set 9.2

1.

11.

13.

15.

17.

19.

21.

23.

25.

27.

o Op41 — Ap =

1 — Qp = 1 n = —m < 0 for n > 1, so strictly decreasing.

n—|—1_ n
2n+3 2n+1 (2n+1)(2n+3)

> 0 for n > 1, so strictly increasing.

e py1 —ap = +1-2"T —(n—2") =1-2" <0 for n > 1, so strictly decreasing.

1)/(2n+3 1)(2 1 2n? +3 1
Gnt1 _ (n+1)/(2n +3) = (n+ D(En+1) _ndon > 1 for n > 1, so strictly increasing.
an, n/(2n+1) n(2n + 3) 2n? + 3n

" 1)e—(n+1)
Gntl _ (n+ )(i =(1+1/n)e” ! <1 for n > 1, so strictly decreasing.
[e2% ne~"

. Dt ol )"
aaH = (n(?:r+ )1)' . % = (nn;n) =(1+1/n)" > 1 for n > 1, so strictly increasing.

True by definition.

False, e.g. a, = (—=1)".

flx) =x2/2x+1), f'(x) =1/(2x 4+ 1)%2 > 0 for x > 1, so strictly increasing.
f(z) =tan"tz, f'(x) = 1/(1 + 2?) > 0 for x > 1, so strictly increasing.

f(x) =22% - Ta, f'(x) = 42 — 7> 0 for & > 2, so eventually strictly increasing.

n 3 1
Gntl _ (n+1) 2o_nt > 1 for n > 3, so eventually strictly increasing.
an 3ntl  pl 3

Yes: a monotone sequence is increasing or decreasing; if it is increasing, then it is increasing and bounded above,
so by Theorem 9.2.3 it converges; if decreasing, then use Theorem 9.2.4. The limit lies in the interval [1,2].

(@) v2,\V2+ V2, \/2+\/2+ V2

(b) ay =Vv2<2s0as=+v2+a; <V2+2=2,a3=+2+ay <2+ 2 =2, and so on indefinitely.
(c) aiﬂ—ai:(2+an)—ai:2—|—an—ai:(2—an)(1—|—an).

(d) a, > 0 and, from part (b), a, < 250 2—a, > 0 and 1+ a, > 0 thus, from part (c), a2, —a; > 0,
Gpt1 — Gp > 0, apt1 > apn; {an} is a strictly increasing sequence.

(e) The sequence is increasing and has 2 as an upper bound so it must converge to a limit L, lim a,41 =
n—-+oo

lim v2+a,, L=vV2+L, L>~-L—-2=0,(L—2)(L+1)=0, thus lim a, =2.
n——+00

n—4oo
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1500 3750 75000
K 1
(b) We can see that z,11 = K/xni E=1) 3000/1330_2 5 if 0 < x,, then clearly 0 < x,1. Also, if z,, < 300,
10 - 300 10 - 300
then z, 11 = 300/, 1 9 < 300/300 + 9 = 300, so the conclusion is valid.
Tpt1 RK 10 - 300 10 - 300 - .
— — =1.b n . n .
(c) . K+ (R—T)m, _ 300+ 9z, > 300 79300 , because z,, < 300. So z,, is increasing
.. . . o . RKL
(d) =z, is increasing and bounded above, so it is convergent. The limit can be found by letting L = m,
this gives us L = K = 300. (The other root, L = 0 can be ruled out by the increasing property of the sequence.)
n+1 n
31. (a) an+1 — |:L'| _ |x| |fL'| _ |$| an.

(n+1)! n+lnl  ntl
(b) anti/an =lz|/(n+1) < 1lifn>|z|—1.

(¢) From part (b) the sequence is eventually decreasing, and it is bounded below by 0, so by Theorem 9.2.4 it
converges.

vn! > lim ———— =+o00,s0 lim Vn!=+4occ.
n—-+o0o

el— 1/n n—too el=1/n

Exercise Set 9.3

62 312 2-2(1/5" 5 5 5
1. (a) s1=2, 82 =12/5, s3 = 557 84 = Tor Sn = 1_(1%) =3~ 5(1/5)"7 ngl}rloosn = 5, converges.
13 7 15 (1A-/42r 11 B —
(b) s1 = RSB TpsS = — =7 + 1(2 ), ngr}rloosn = +o0, diverges.
() 1 1 1 1 1 3 1 1 lim 1
= — = - = - = — :7.71:7_7 1 n= =, nver .
DG Dk+2) k+l k2 T e T BT 0 M T 3 T T 0 e T g OIS
. . 1
3. Geometric, a =1, r = —3/4, |r| = 3/4 < 1, series converges, sum = —— = 4/7.
1—(=3/4)
5. Geometric, a =7, r = —1/6, |r| = 1/6 < 1, series converges, sum = T 6
M ) - ) - ) - ) g ) - 1 + 1/6 - *
7. 5, = i: SN U lim s 1/3, series converges by definition, sum = 1/3.
T T ZA\Fy2 k+3) T3 nt3 moie" Bes Y -
(1 1 11
9. s, = ; <3k:/—31 3l<:/—§2> =5~ Sn/—ii—))Q ngm sn = 1/6, series converges by definition, sum = 1/6.
oo 1 oo
11. Z P Z 1/k, the harmonic series, so the series diverges.
k=3 k=1
O ght2 2 4\ 64
13. Z T = 264 (7> ; geometric, a = 64, r = 4/7, |r| = 4/7 < 1, series converges, sum = Ty = 448/3.
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15.

17.

19.

21.

23.

25.

27.

29.

31.

(a) Exercise 5 (b) Exercise 3 (c) Exercise 7 (d) Exercise 9

False; e.g. a, = 1/n.

True.
0.9
0.9999...=0.940.094+0.009 + ... = 101 =1.
0.37
5.373737... =5+ 0.37 4+ 0.0037 + 0.000037 + ... =5+ =001 =5+37/99 = 532/99.
B _ 0.9 (10_")
0.a1a2...a,9999... = 0.a102...a, +0.9(107™) +0.09 (10~™) + ... :O.alag...an—i-l_iol =0.a1a2...ay +

107" = 0.a1a2 ... (a, + 1) = 0.a1a2 . . . (a, + 1) 0000. ..

3 33 333 3 3\ 2 3\ ° 20(3/4
d= 10427104253 1042- 5710+ = 10420 (4>+20 () 120 () +... =10+ (3/4) _ 10+60 = 70

4 44 4 4 1-3/4
meters.
1 2 3 n 1 2 3 n 1
w=In-=+ln=4+lmo4. . +h———hn(=.2.2 UL, -1 1, i = —o0,
(@) sp=Ing+gtng+.. +nmm n<2 34 n+1> | n(n+1), Hm sn =-—oc
series diverges.
k?—1 E-1)(k+1 k—1 k+1 k-1 k
(b) In(1 —1/k*) =1In 2 zln( )g + ):ln 2 +In i =1n ? —lnk+1,so
n+1
k—1 k 1 2 2 3 3 4 n n+1
n = 1 —In——|=(ln=-—-In—- In- —In- In- —In— 1 —In =
° Z{n 3 nk+1] <n2 n3>+<n3 n4>+(n4 n5>+ +(nn+1 n+2)
. 1
lnf—lni,andthen lim s,=In-=—-1In2.
2 n—+2 n—-+o0 2
(a) Geometric series, a = x, r = —z%. Converges for | — 22| < 1, |x‘<1;S:17(xfx2):1f:c2'

/2 1
1-2/ 22 -2z’

(b) Geometric series, a = 1/x2, r = 2/x. Converges for |2/z| < 1, |z| > 2; S =

e”® 1
,r=e 7. Converges for [e7"| <1, e <1, e*>1,2>0; 5= =
l—e® e*—1

(c¢) Geometric series, a = e~ =

SRR DS SRS RS DU DN S LSRR R DR N NS SURS DR SRS DS
P2 T QM A3 T A2 Ty T @l T 5y Ty AT A3 T T gl T o3 T e Ty 2”4 5 — ™Mt
111 1 1 1 1/2
P TR TR T R T BT B +2 nBTooa”_nBTooW 1+Z( ) v
35. s, = (1—1/3)+(1/2—1/4)+ (1/3—1/5)+ (1/4—1/6) + ...+ [1/n—1/(n+2)] = (1 +1/2+1/3+...+1/n) —

37

B 1 1/2 1/2 ] 1| 1 1
'S"*Zm Z[%—l 2k+1}2[;2k;—1;2k+1

(1/3+1/4+1/5+...41/(n+2))=3/2—-1/(n+1) —1/(n+ 2), nEI—&r-loosn =3/2.

n n

k=1 k=1

n

n+1
1 1 1 1 1 1
) —— —-h- . lim s, = -
2 ;Qk—1 kz_gqu] 2[ 2n+1]’nffocs 2
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39.

6 6 6 0 0/2
B ins 1 _—— = _—— — =/ = .
y inspection, 5”1 + T + = (<1/2) 0/3

Exercise Set 9.4

11.

13.

15.

17.

19.

21.

23.

<1 1/2 <1 1/4 /1 1
.(a) 227 1_/1/2 Zk:1—/1/4:1/3;I;<2IV+4U“>:1+1/3:4/3.

k=1 =1

(b);;’v 11/5/5 /Zkk+1 L, (Ex. 5, Section 9.3); z_:[ - 11)}=1/4—1:—3/4.

. (a) p=3>1, converges. (b) p=1/2 <1, diverges. (c) p=1<1,diverges. (d) p=2/3 <1, diverges.

K+k+3 1 1\"
. (a) RJm 22_27& = — # 0; the series diverges. (b) kET@o (1 + k) = e # 0; the series diverges.
1 . .
(c) lim coskm does not exist; the series diverges. (d) lim — =0; no information.
k—~+o00 k—+oo k!

14

+oo
1 1
(a) = lim —In(5z+2)| = +oo, the series diverges by the Integral Test (which can be applied,
1 50 +2 £—4o00bH 1
because the series has positive terms, and f is decreasing and continuous).

+o0 ¢
1 1 1
b ———dr= lim ~tan"'3z| =~ (7/2—tan"'3), the seri by the Integral Test (which
(b) /1 +op2 e =, lim o tan ;1:]1 3 (m/ an~' 3), the series converges by the Integral Test (whic

can be applied, because the series has positive terms, and f is decreasing and continuous).

Mg

oo

1 . Lo
E T diverges because the harmonic series diverges.
k=17

B
Il
—

WK

— 1
= Z ——, diverges because the p-series with p = 1/2 <1 diverges.
k=6 vk

£
I
-

+o0 £
3
(22 — 1) Y3de = , lim 1(2.% —1)?/3| = 400, the series diverges by the Integral Test (which can be applied,
—+o0 1
because the series has positive terms, and f is decreasing and continuous).

—

k

kEIfoo m = kli)riloo m = 400, the series diverges by the Divergence Test, because kll)rfoo u # 0.

lim (14 1/k)™" =1/e # 0, the series diverges by the Divergence Test.

k— oo

T tan~lx 1 122 ! 2
———dx = lim = (tanf x) = 37* /32, the series converges by the Integral Test (which can be applied,
1 1+ 22 £—400 2 1

d tan_lx 1—2ztan~lz
because the series has positive terms, and f is decreasing and continuous), since — = <0
dr 1+ 2 (1+22)2

for x > 1.

lim k?sin?(1/k) = 1 # 0, the series diverges by the Divergence Test.

k—+oo

o0
72 k=0 p-series with p = 1.01 > 1, converges.
k=5
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25.

27.

29.

31.

33.

35.

37.

39.

41.

1
(na)? is decreasing for z > e™P, so use the Integral Test (which can be applied, because f is continuous
z(lnx
Too dx ¢
and the series has positive terms) with a = e®, i.e. / to get lim In(lnz) = 4o if p = 1,
ca  z(Inz)P {400 o
+oo ifp<1
) (Inz)t=P ¢ .
lim ———— al=P . Thus the series converges for p > 1.

t—400 1—p

ifp>1

ex

p—1

Suppose > (uy + vg) converges; then so does > [(u + vx) — ug], but > [(ur +vi) — ur] =D vk, s0 > vg converges
which contradicts the assumption that Y vy diverges. Suppose Y (ur — vy) converges; then so does > [uy — (ug —
vg)] = > v which leads to the same contradiction as before.

oo o0

(a) Diverges because Z(Q/B)k_1 converges (geometric series, r = 2/3, |r| < 1) and Z 1/k diverges (the harmonic
k=1 k=1

series).

(b) Diverges because Z 1/(3k + 2) diverges (Integral Test) and Z 1/k3/% converges (p-series, p = 3/2 > 1).

k=1 k=1
. . A S, 1

False; if > uy converges then lim u; = 0, so lim — diverges, so E — cannot, converge.
U U

True, see Theorem 9.4.4.

(o) o0 (o) (o)
1 1
(a) 32 e -y = =72/2 —7%/90. (b) Z sl = =72/6 —5/4. (c) Z 2—4 =7%/90.
k=1 k=1 k=1 = k=1

1 +oo 1177 1
(a) In Exercise 36 above let f(r) = —. Then / f(z)dx = —} = —; use this result and the same result

x n x|, n
with n 4+ 1 replacing n to obtain the desired result.

11, 1
(b) s5=141/4+1/9=49/36; 58/36 = s+ ] < cn” <53 + 5 = 61/36.
L o
(d) 1/11 < 67‘(’ — 810 < 1/10
1 _ _ 1
(a) Let S, = Z e By Exercise 36(a), with f(x) = e the result follows.
k=1
1 1 . , 1 1 :
(b) h(zx) = 37 3@t 1P is a decreasing function, and the smallest n such that 38 3t 1P < 0.001 is
n = 6.
1 1
3-63 - 3.7
(c) The midpoint of the interval indicated in Part ¢ is Sg + e 1.082381. A calculator gives
71/90 ~ 1.08232.
x2e~7 is continuous, decreasing and positive for > 2 so the Integral Test applies: / r?e ™ dr = —(2® + 2z +
1

2)e™®| = 5e"! so the series converges.
1
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Exercise Set 9.5

All convergence tests in this section require that the series have positive terms - this requirement is met in all these
exercises.

1.

11.

13.

15.

17.

19.

21.

23.

25.

27.

o0
1
. Compare with the convergent series Z — =
P k5’

. Compare with the divergent series Z

o0

1 1 1
(a) Tk < e iayok Z 12 converges, so the original series also converges.

3 3 w3
(b) > -, Z — diverges, so the original series also diverges.
k—1/4" k —k
(oo}
1 1
. (a) 15 < 35 Z 3 converges, so the original series also converges.
5 k 5
(b) sm' ﬁ’ Z 7 converges, so the original series also converges.

k=1

4k — 2K5 4 6K5
k~>+oc Wi——ki_S = 1/2, which is finite and positive,
therefore the original series converges.

o0 k
Compare with the convergent series Z
k=1

35 p = kgrfoo Erp 1, which is finite and positive, therefore the

original series converges.

k23 1 o
T p= kLJrOO W = k£+oo m = 1/2, which is finite

and positive, therefore the original Serles diverges.

3FH/(k + 1)

p= kEI—iI-loo T/k' = k_gr_loo el 0 < 1, the series converges.
p= lim —— =1, the result is inconclusive.

k—+oo k + 1

. (k+1)!/(k+1)3 ) K3 too. th s di
= lim = lim ———— = +o0, the series diverges.
P S k!/k3 k—+oo (k + 1)2 ’ &
3k +2
p= lm o j 7= 3/2 > 1, the series diverges.
1/k

p= lim —— =1/5 <1, the series converges.

k—+oo 5
False; it uses terms from two different sequences.

True, Limit Comparison Test with v;, = 1/k2.

Ratio Test, p = kliT 7/(k+ 1) = 0, converges.
— 400

k4 1)2
Ratio Test, p = lim u

L e 1/5 < 1, converges.
—+0o0
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29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

55.

57.

Ratio Test, p= lim e '(k+1)"°/k% = ¢! < 1, converges.
k— 400

o0
k3
Limit Comparison Test, compare with the convergent series g 1/ K>/ 2 p= lim 57 = 1, converges.
=1 k—+oo k +1
- k
Limit Comparison Test, compare with the divergent series 1/k, p= lim ——— =1, diverges.
& ; / P k—+oo k2 + k &
Limit C T h th EOO T
imit i t ith t t seri — p= lim —— " = .
imit Comparison Test, compare wi e convergent series 2 152 p= %Hfoo 13 1352 1 3k , converges

o0
Limit Comparison Test, compare with the divergent series Z 1/ Vk.

k=1
In(k+1
Ratio Test, p = kEI-ll}oo % k_>+oo m =1/e < 1, converges.
k+5

Ratio Test, p = kgrfoo 4(/@7—:1) = 1/4, converges.
Di by the Di Test, b li L =1/4+#0

iver ivergen im —— = .

erges by the Divergence Test, because Jim oo

tan~! k 2 = T/2 t k

ar;;Q < %, % converges so Z & converges.

k=1 k=1

k+1)2
Ratio Test, p = lim (k+1)

_ WY .
k—+oc0 (2k; + 2)(2k + 1) / , converges

ap = Ink i _ Ink +1) 3* —>1 converges
TS T, Ink 3R 3 8o
k! k+1
UL = 135 . (@h-1) , by the Ratio Test p—kl m 2k++1 = 1/2; converges.
Set g(z) = VT —Inz; Lg(z) = —— — L — 0 only at 2 — 4. Since lim g(z) = lim g(x) = oo it follows that
= —Inz; — =————=0o0n = 4. Sin im = lim = i
et g(x x v og(@ N only at x ce lim g(z)= lim g(z oo it follows tha

g(x) has its absolute minimum at x = 4, g(4) = v4 —In4 > 0, and thus /= — Inz > 0 for > 0.

Ink R ~ Ink
(a) % < —2 = 1372 Z 5 converges so Z % converges.
=1 k=1
. 1 — 1
(b) (1 %, Z z diverges so Z W diverges.
k=2 k=2
1 1 1-— 1/k
(a) cosr~1— .’1/‘2/2, 1 — cos <k) ~ ﬁ (b) p = k;ll)_t,_ 13(;2(2/) = 1/2’ converges.

(a) If > by converges, then set M = > bg. Then a;+as+...+a, <by+ba+...+b, < M; apply Theorem 9.4.6
to get convergence of Y ay.
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(b) Assume the contrary, that > by converges; then use part (a) of the Theorem to show that > aj converges, a
contradiction.

Exercise Set 9.6

1
1. For a; = Gk apt1 < ak,kggr_loo ar = 0,a, > 0.
3. Di by the Di Test, b li lim kol =1/3#£0.
. Diverges e Divergence Test, because lim ap = lim =
vers y vers ’ k— 400 k= k—+o0 3k+ 1
5. ¢ % >0, {7} is decreasing and lim e~ " = 0, converges.
k—4o00
3/5 k+1
7. p= kgrfoo ((é/;)k = 3/5 < 1, converges absolutely.
3k?
9. p= lim ——==3>1,di .
P k_}_wo (k—i—l) > 1, diverges
1 p= tm FED gy bsolutel
. p—kirllm s /e , converges absolutely.
e (_1)k+1
13. Conditionally convergent: Z BT converges by the Alternating Series Test, but Z — diverges (Limit
k=1

15.

17.

19.

21.

23.

25.

27.

Comparison Test with the harmonic series).

Divergent by the Divergence Test, lim ay # 0.
k—+oco

k > -D*
Z cos R Z is conditionally convergent: Z ) converges by the Alternating Series Test, but
Z 1/k diverges (harmonic series).
k=1

L k+2

m diverges

, , — k+2
converges by the Alternating Series Test, but Z 3

Conditionally convergent: Z(—l)k+ _rre
= k(k+3)

k=1
(Limit Comparison Test with )" 1/k).

Z sin(kn/2) =140—-14+0+14+0—-1+0+..., divergent by the Divergence Test ( llrf sin(km/2) does not
k=1 *

exist).

(—1)*
klnk

1
Conditionally convergent: Z converges by the Alternating Series Test, but Z — dlverges (Integral

Test).

(o)
Absolutely convergent: Z(l /Ink)* converges by the Root Test.
k=2

k+1
Absolutely convergent by the Ratio Test, p = . lirf m =0<1
— 400
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29

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

53.

False; terms alternate by sign.

True.

lerror| < ag =1/8 = 0.125.

lerror| < a9p = 1/4/100 = 0.1.

lerror| < 0.0001 if a,+1 < 0.0001, 1/(n+ 1) <0.0001, n+ 1 > 10,000, n > 9,999, n = 9,999.

lerror| < 0.005 if a,+1 < 0.005, 1/v/n+ 1 < 0.005, v/n + 1 > 200, n+ 1 > 40,000, n > 39,999, n = 39,999.

3/4

m =0.5.

3 3
ap = SR lerror| < a1 = o1 < 0.00074; s109 =~ 0.4995; S =

1 1
1 1 n+1
akzﬁ,anﬂzmgo.ooa(wﬂ)z >200,n+1>6,n>5n=2>5, s5~0.41.
(c) ap = L _ ! <1072, 2n 41> 100, n > 49.5; n = 50
c ak_2k71’an+1_2n+l_ , 2n > ,n > 49.5; n = 50.

(a) Z ( \/E) converges but Z z diverges; Z ( k) converges and Z 72 converges.

_1\k

(b) Let ax = ()

o then Y a? converges but > |ay| diverges, Y aj converges.

Every positive integer can be written in exactly one of the three forms 2k — 1 or 4k — 2 or 4k, so a rearrangement

1S
TS AR NS NS WS S S B WA SRS SRS B SRR S S AU S SIS AT
2 4 3 6 8 5 10 12 2k—1 4k -2 4k T \2 4 6 8

(1—1)+...+ 1—1)+...:11n2.

10 12 4k -2 4k 2

Let A = l—i—&—i—i—&—...' since the series all converge absolutely 7T—Q—A: 2i+2i+2i+... =
22 32 42 ’ T 6 22 42 62

1<1+1+1+“'>17r2 soA:}W—Q:W—z.

2 22 32 26’ 26 12

Exercise Set 9.7

1.

3.

(@) fP®(z)=(=1)Fe = fB(0) = (—1)% e® ~ 1 — 2+ 22/2 (quadratic), e™® ~ 1 — z (linear).

(b) f'(x) = —sinz, f'(x) = —cosz, £(0) =1, f/(0) =0, f’(0) = —1, cosz = 1 — x2/2 (quadratic), cosz ~ 1
(linear).

1 _
—x
2

V2 gw) = = e ) = 1) = 5 f10) =~ VE R L - 1) - gl - 1)

(2) f'(r) = ; 5 5 5

1

1
(b) z=11,20=1,V11l~r1+ 5(0.1) 8(0.1)2 = 1.04875, calculator value ~ 1.0488088.
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5. f(z) = tanz, 61° = 7/3 + 7/180 rad; zo = /3, f'(z) = sec®x, f"(x) = 2sec® xtanz; f(n/3) = V3, f'(7/3) =
4,f"(x) = 8V3; tanx ~ V3 + 4(x — 7/3) + 4V3(x — 7/3)%, tan61° = tan(w/3 + 7/180) ~ V3 + 47/180 +
4V/3(m/180)? ~ 1.80397443, calculator value ~ 1.80404776.

7. [B(2) = (~1Fe, FO(0) = (<1)¥ipo(a) = 1, pi() = 1— o, pae) = 1 — o + 202, pole) = 1 @+ 2a® -

2 2
L 3 _ 1y, 15 1, Dk,
Tk ,p4(x)—1—33—|—§x T +I$ ; ,;_0 T
9. f®(0) = 0 if k is odd, f*¥)(0) is alternately 7% and —x* if k is even; po(z) = 1, pi(z) = 1, po(x) = 1 —
(5]
2 2 2 4 2 k. 2k
T 2. _ T2 _ ™ 2, T 4. (1) ok
oripe(@) = 1= Grat pa(e) = 1= Grat 4 pat ) e

NB: The function [z] defined for real x indicates the greatest integer which is < z.

0) (®) (DK -1y ft1 |
11. f(0) = 0; for k > 1, f(z) = BT fU0) = (=1)" (k= 1)k po(z) = 0, p1(z) = z, pa(z) =
1, _ Ly 13 R ST S BT G O
x 23?7173(3?)—33 5% +3$7p4(x)—x 50 + 32 4r,k:1 T

13. f(k)(O) =0 if %k is odd, f(k)(O) = 1if kis even; po(z) = 1,p1(z) = 1, pa(x) = 1 + 22/2, p3(x) = 1 +22/2, ps(x) =
(5]
1
2 47). L ok
14+ 22/2 4+ 2*/4); ];:0 (2k)!z .

15. f9(z) = { El)k/z(xsinIkCOSI) k even F® () = { (—=1)"*/2k  k even C pol) = 0, pi(x)

~1)*E=D/2(gcosx + ksinz) Kk odd 0 k odd
L,
_ .2 _ .2 _ .2 4, Z - 2h+2
07 pQ(‘r) =, pg(ll}) =T, p4($) =T — Bx ’ Pt (2]€+ 1)'1' .

17. B (20) = &5 po(a) = e, pi(a) = e+e(w = 1), palw) = e +e(w = 1) + 5@ = 1% pala) = e el — 1) + S(a —

D+ (o= 1% pale) =ete(w— 1)+ S(e =17+ g(e— 1)+ G- D% Y

19. f (.’E) - S f (_1) - _klv pO(x) =-1 pl(x) =-1- ((E+ 1)7 pZ(x) =-1- ({E + 1) - (SL’+ 1) ’ pg((E) -

“1-(z+D)—(@@+1)2—(@+1)% @) =—-1—(z+1)—(z+1)2— (2 +1)° - (z+ D)% i(fl)(m + 1)",

21. f®)(1/2) = 0 if k is odd, f*)(1/2) is alternately 7% and —n* if k is even; po(z) = p1(z) = 1,pa(x) = p3(x) =
2 2 4 (3] (—l)kﬂ'%

1— %(ac —1/2)%, pa(z) =1 - %(m —1/2)% + %(x —1/2)%; W(x —1/2)%.

(~)F = 1)
xk
(0= 1) = 5o~ 1% poe) = (w 1) — (o — 1) +

noo oavk—1
1% Z( 12 (z— 1)

23. f(1) =0, for k > 1, f®)(z) =

25. (a) f(0) =1, f'(0) =2, f"(0) = =2, f"(0) = 6, the third MacLaurin polynomial for f(x) is f(x).
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(b) f(1)=1,f'(1)=2,f"(1) = -2, f(1) = 6, the third Taylor polynomial for f(z) is f(x).

4
27. f(0) = (=2)%; po(@) = 1, pa(z) =1 = 22, pa(w) = 1 = 22+ 222, py(a) =1 — 2w + 22% — a®,

29.

31.

33.

35.

37.

39.

4

_06]——— L < |0.6

-1

1
f®)(r) = 0 if k is odd, f*)(x) is alternately —1 and 1 if k is even; po(z) = —1, pa(z) = —1 + §(x —m)?

)

pal@) = 14 @~ — (o~ ), poe) = ~1+ (@ =1~ ool — ) 4 - )

2 24 2 24 720

1.25

\//K‘
0 2
-1.25
True.
False, pé4)(ac0) = f@(x0).

—1/2|n+1

VE = €2 f(a) = r M = 2|2 — (1)) < M

(n+ 1)! < 0.00005, by experimentation take n =

5,v/e =~ p5(1/2) = 1.648698, calculator value ~ 1.648721, difference ~ 0.000023.

p(0) = 1, p(z) has slope —1 at = = 0, and p(x) is concave up at z = 0, eliminating I, IT and III respectively and
leaving IV.

From Exercise 2(a), p1(z) = 1+ z, pa(x) = 1 + o + 22 /2.

3

| L { L 11

(a) -1
(b)

T —1.000 | —0.750 | —0.500 | —0.250 | 0.000 | 0.250 | 0.500 | 0.750 | 1.000
f(z) 0.431 0.506 0.619 0.781 | 1.000 | 1.281 | 1.615 | 1.977 | 2.320
p1(x) 0.000 0.250 0.500 0.750 | 1.000 | 1.250 | 1.500 | 1.750 | 2.000
pa(x) 0.500 0.531 0.625 0.781 | 1.000 | 1.281 | 1.625 | 2.031 | 2.500

(c) lesm® — (1 + )] < 0.01 for —0.14 < z < 0.14.
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0.01

(d) |esn® — (1 + 2+ 22/2)] < 0.01 for —0.50 < z < 0.50.

0.015
06N L )06
0
ebb?
41. (a) fW(z) = e* < €, |Ry(z)| < = < 0.0005, €?b® < 0.003 if b < 0.137 (by trial and error with a hand
calculator), so [0,0.137]. .
0.002
0 . 2 0.2
(b) o
3 5
43. sinz =z — % +0-2* + Ry(z), |Ra(2)| < “?‘ < 0.5 x 1073 if |2[5 < 0.06, |z| < (0.06)1/5 &~ 0.569, (—0.569, 0.569).
0.0005
-0.57 f [ / 0.57
-0.0005
460808 576002* 1728022 720
6 _ Q@ - 6 6
45. O (z) = 01227 (a0 + At122F (a0 assume first that |z < 1/2, then | f(®(2)| < 46080|z|® +
9360
57600|z|* 4+ 17280]z| + 720, so let M = 9360, Rs(z) < T|:c|5 < 0.0005 if z < 0.0915.
0
-0.07 (F— ———\0.07

—0.00000005
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Exercise Set 9.8

1.

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

. S _1 ’
F0(2) = (<1, F9(0) = (1) Z( k!) o,

k=0

o _1\k 2k
. f®(0) = 0 if k is odd, f*)(0) is alternately 7% and —7* if k is even; Z &m%.

—~ (2k)!
. FO0) = 0; for k > 1, f®) () = (_1{;1(;),: DL p09(0) = (=11 — 1t kz:l 7(_1,2k+1w’“-
f®(0) = 0 if k is odd, f*)(0) = 1 if k is even; ki:o (22)!x2k.

| (=1)*?(zsinz — kcosx) k even f (=D)'F2k Kk even — (=D*
f(k)(x) — { , f(k) (0) = { 0 : Z (7 2k+2

(=1)*=1/2(xcosx + ksinz) k odd k odd = (2k + 1)!1‘
e
f(k)((l;o) = e; Zg(l’_l)k
k=0
(—1)*k! >
19y = T8 0y = ke Y1k
k=0
o~ (=) 2k
f®)(1/2) = 0 if k is odd, f*)(1/2) is alternatively 7% and —7* if k is even; Z W(m —1/2)%".
k=0 ’
1)1k = 1) X (_1)k—1
_ By CDFHE =D gy k-1 . (-1 k
F(1) =0, for k> 1, f®) () = ———=——=; fFO(1) = (=)' (k - 1)} ;T(“ ",
Geometric series, r = —z, |r| = |z|, so the interval of convergence is —1 < x < 1, converges there to m (the
x
series diverges for x = +1).
Geometric series, 1 = = — 2, |r| = |z — 2|, so the interval of convergence is 1 < x < 3, converges there to
1 1
T~ @_9) =3-% (the series diverges for z = 1, 3).
(a) Geometric series, r = —x/2, |r| = |x/2|, so the interval of convergence is —2 < x < 2, converges there to

T+ 2/2 =912 (the series diverges for z = —2,2).
x x

(b) £(0)=1, f(1) =2/3.

True.
True.
k+1  (—1)F
p= tm - 1 2|:ZZ| = |x|, the series converges if |z| < 1 and diverges if |z| > 1. If v = —1, kzo (k:—i—)l converges by
. —
the Alternating Series Test; if x = 1, Z Tl diverges. The radius of convergence is 1, the interval of convergence
k=0

is [-1,1).
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33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

Chapter 9
p= lim ﬂ = 0, the radius of convergence is +00, the interval is (—oo, +00).
k—+oo k + 1
TN L = 5|z| if |z] < 1/5 and di if 2] > 1/5. If 1/5 f: (=D* if
= lim ——— = 5|z|, converges if |x and diverges if |z e =-1/5, converges; i
P e e 12 8 8 22 &
x=1/5, Z 1/k? converges. Radius of convergence is 1/5, interval of convergence is [~1/5,1/5].
k=1
im MLy if 2] < 1, di if 2] > 1. If 1§:(_1)k if o — 1
= lim = |z|, converges if |z iverges if |z e = — ————— converges; if z =
p k‘—>+00 k+2 ’ g ’ g ? — k(k+ 1) g Y I’

Z i k ) converges. Radius of convergence is 1, interval of convergence is [—1, 1].
k=1

k — —1
vk |x| = |x|, converges if |z| < 1, diverges if |z|] > 1. If z = —1, ZT diverges; if z = 1,

= lim —|z| =
k—+oco v/k +1 ’ ’ et
)h—1
~——— converges. Radius of convergence is 1, interval of convergence is (—1, 1].

HM8 h

. 3|z . . . .
p= lim = 0, radius of convergence is +0o, interval of convergence is (—oo, +00).
k——+o00 k + 1
I LR if 2] < 1, di if 2] > 1. If 1§:<_ fr—1
= lim ————|z| = |z|, converges if |z iverges if |x e =— converges; if x =
P k—>+oo]_+(k+1)2 ) g 9 g 7k_01+k2 ges; )
. -
Z 1 5 converges. Radius of convergence is 1, interval of convergence is [—1, 1].
k=0
3 oo
p= klim (3/4)|x + 5| = Z|x + 5|, converges if |z + 5| < 4/3, diverges if |z + 5| > 4/3. If z = —19/3, Z(fl)k
—+o0
k=0
diverges; if = —11/3, Z 1 diverges. Radius of convergence is 4/3, interval of convergence is (—19/3,—11/3).
k=0
klz +1 — —1
p= kl}r—ir-loo % = |z + 1|, converges if |z + 1| < 1, diverges if [z 4+ 1| > 1. If z = =2, ; - diverges; if x = 0,
0 (—1)k+!
Z converges. Radius of convergence is 1, interval of convergence is (-2, 0].
k=1
k244 1)3k+1
p= kEI—iI-loo m| 412 = |z + 1|2, converges if |z + 1| < 1, diverges if |z + 1| > 1. If z = —2, kzo %
. = (—1k
converges; if z =0, Z 32 5 4 converges. Radius of convergence is 1, interval of convergence is [—2, 0].
k=0
TRt 0, radius of oo, interval of (—00, +00)
——————— =0, radius of convergence 400, interval of convergence (—oo, +00).
P e 2k +3)(2k +2) & ’ & ’
N N . : .
p= lim ¥/|ugl = lim — = 0, the series converges absolutely for all x so the interval of convergence is

k——+o0 k—+oo lnk
(=00, +00).
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53.

55.

57.

59.

61.

63.

65.

2 4 6 2 3
IfoO,thencos\/Ezlf(ﬁ) +(\/§) 7(\/5) +...:17£+x—7$—+ ;5 if & <0, then cosh(v/—z) =

2! 4! 6! 4! 6!
e A Va) Vo
Tt TR s e R Rl b il i O

By Exercise 76 of Section 3.6, the derivative of an odd (even) function is even (odd); hence all odd-numbered
derivatives of an odd function are even, all even-numbered derivatives of an odd function are odd; a similar
statement holds for an even function.

(a) If f(z) is an even function, then f*=1(z) is an odd function, so f?*=1)(0) = 0, and thus the MacLaurin
series coefficients asx—1 =0,k =1,2,...

(b) If f(z) is an odd function, then f(**)(z) is an odd function, so f*¥)(0) = 0, and thus the MacLaurin series
coefficients as, =0,k =1,2,...

By Theorem 9.4.3(a) the series Y (cx+dy ) (x—x0)* converges if |z —z0| < R; if [x—x¢| > R then (¢ +dy)(z—20)"
cannot converge, as otherwise Y cx(x —z¢)* would converge by the same Theorem. Hence the radius of convergence

of Y (cx + di)(x — x0)* is R.

By the Ratio Test for absolute convergence,

(pk +p)!(K!)” . (pk+p)pk+p—1)(pk+p—2)...(pk+p—[p—1))
= _— = 1[[] =
p= A ks D T k+ 1)p =1
1 2
= _— e — — P
kginoop (p T 1) (p . 1) (p b T 1) |z| = pP|x|, converges if |z| < 1/pP, diverges if |z| > 1/pP.

Radius of convergence is 1/p?.

‘ . |z
Ratio Test: p = lim

—BL 0, R=+oc.
N T § Ty B

+oo 1
(a) / de < 0.005 if n > 4.93; let n = 5. (b) s, ~ 1.1062; s, : 1.10628824.
n €

oo o0
By assumption Z cra® converges if [z| < R so Z et = Z cr(x?)F converges if 22| < R, |z| < v/R. Moreover,
k=0 k=0 k=0

Z et Z cr(2?)* diverges if [%| > R, |z| > V/R. Thus Z cxx?* has radius of convergence V/R.
- k=0

Exercise Set 9.9

1.

3.

. n . n |v —7/4|7 |z — /4|7 Ft
fla) =sina, [0 (@) = sin o £eonw, [0 (@) < 1, |Ry0)] < T i TR < ocby
the Squeezing Theorem, lim |R,(z)|=0,s0 lim R,(z)=0 for all .
n——+oo n——+00
. T\ _w  (w/45)°  (mw/45)°
sin4° = sin (45) PR + 5
. (m/45)"*1 o (m/45)
(a) Method 1: |R,(7w/45)] < W < 0.000005 for n +1 =4,n = 3; sin4 YT 0.069756.
45)°
(b) Method 2: The first term in the alternating series that is less than 0.000005 is (W/E)‘ ) , so the result is the

same as in part (a).
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0.+ 2
5. [Ra(0.1)] < =y < 000000 for = 3; cos0.1 & 1= (0.1)2/2 = 0.99500, calculator value 0.995004. .
' 1 2 1 4 . |z — m/2|7 !
7. Expand about 7/2 to get sinz = l—g(l’fﬂ'/Q) +E(zf7r/2) —..., 85° = 177/36 radians, |R,(z)| < ISV
177/36 — m /2|1 36)"T1 1
Ry (177/36)] < LIR30 = w2 (m/B6)™ 1074 i n = 3, sinS5° ~ 1 — S(—m/36)2 ~ 0.99619,
(n+1)! (n+1)! 2
calculator value 0.99619. ..
1 1
9. f®¥)(z) = coshz or sinhz,|f* (z)| < coshz < cosh0.5 = 5 (P +e79%) < 5(2 + 1) = 1.5, so |Ry(x)] <
1.5(0.5)" ! 0.5)3
(7) <0.5%x 1073 if n =4, sinh 0.5 ~ 0.5 + u ~ 0.5208, calculator value 0.52109. ..
(n+1)! 3!
11. (a) Let x =1/9 in series (12).
(1/9) 7 . :
(b) In1.25~2(1/9+ -] =2(1/9+1/3") ~ 0.223, which agrees with the calculator value 0.22314... to
three decimal places.
1/2)3 1/2)® 1/2)7
13. (a) (1/2)°/9<0.5x 1073 and (1/3)7/7 < 0.5x 1073, so tan"*(1/2) ~ 1/2 — ( /3 ) + ( /5 F /7) ~ 0.4635,
1/3)3 1/3)°
tan"!(1/3) ~ 1/3 — % + % ~ 0.3218.
(b) From Formula (16), 7 ~ 4(0.4635 + 0.3218) = 3.1412.
1 1
(c) Let a=tan™! 2 b=tan"! 3 then |a — 0.4635| < 0.0005 and |b — 0.3218| < 0.0005, so |4(a + b) — 3.1412| <
4la — 0.4635| + 4]b — 0.3218] < 0.004, so two decimal-place accuracy is guaranteed, but not three.
2 4 6 0.2 6
15. (a) cosx =1-— x2 + % +(0)2° + Rs(x), |Rs(z)| < % < ( 6) <9x 1078,
0.00000005
-0.2\¢ =/ 0.2
(b) 0
_ —1(=2) —1(=2)(=3) —1(=2)(=3)..-(=F) S
17. (a) (1+z) '=1-xz+ o z? + 2 i o =) (-
k=0
1 -2 1 -2 — 1 —-2/3)...(4—-3k
() (15 = 1o 15y D o UNCUDS s QI A= 30f2,
= 12-5...(3k —4)
k—1 k
e (DD, CREDEE) 5 R (2-k) k),
(c¢) +z) 2 =1-3z+ o Tt 3l 4.+ o i = I;)(fl) 5 Rl
i w (k+2) (k + 1)xk

k=0
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d 1 d* (k —1)! d (k —1)!
19. (a) “ln(l+a)=——, (1 +2) = (~D)F 1" Gmilarly = In(1 —2) = — o2 50 fD) (z) =
9. (a) o n(l+z) e n(l+z)=(-1) (1+x)k,smuary e n(l —x) (17@1@’50]0 (z)
RS
LA+t (=)t ]

1

|

_ |
T

(b) [f ()| <!

:m{u+iWH**u—iWH]

M 1 n+1
(c) If | f("1) ()| < M on the interval [0,1/3] then |R,(1/3)] < ——— () :

“(n+1)I\3
1
(d) f0<z<1/3thenl+xz>11-—z>2/3, [f"+D)(2)] <M =nl [1+(2/3)n+1}
M 1 n+1 1 1 n+1 (1/3)n+1 1 1 n+1 1 n+1
0.000005 > —— (=) = _——_|[(= _ 1 1 By u
(e) =t (3) ntl (3> + (2/3)771 . <3> + <2> y inspection
the inequality holds for n = 13 but for no smaller n.
1
21. f(x) = cosz, "D (x) = £sinz or £cosx, |[f*TD(z)| <1, set M =1, |R,(z)| < m|x — x|,
_ n+1

lz = @™ =0so lim R,(z)=0 for all z.

n—+40co (’/l + 1)' n—-+o00

x — 100
16

2 o (e=w00y2, o (z-100)%  (z—100)*
)/2toobta1ne( e0) /2 = 5167 + S 168 +...

23. e ® =1—x+2%/2!+.... Replace z with (

1 110 (x —100)%  (x —100)*
th ~ 1-— dx ~ 0.23406 or 23.406%.
us p TN { 5162 5168 x or %
Exercise Set 9.10
1
1. (a) Replace z with T = l—ao42>—. .. +(-Dk2"+...; R=1

1
(b) Replacexwitth:72:1+x2+x4+...+x2k+...; R=1.

1—2x

1
(c) Replacexwith2x:ﬁ:1+2x+4x2+...+2kxk+...; R=1/2.
x

1 1/2 . 1 1 1 1, i .
(d) 27I:1im/2;replacea:W1thm/2:m:§—|—2f2x+2f3x +...+2k+1x +...; R=2.
1 1 1-3 1-3-5 1
3. (a) From Section 9.9, Example 4(b), =1——z+ x2— 224,80 (24x) Vs — — =
() p () A+x 2 22 . 9| 23.3| ( ) \/§ 1+x/2

1 1 1-3 , 1-3.5

212~ " T gt T gt 3"

4.

1

(b) Example 4(a): Atz

=1-2z+32" —42® + .., s0 5 =142+ 30" +42° 4 ..

1-a?)

2 3,2 5 27 ;
5. (a) 2zf§x Jrax — 5% +..; R=+4o00.

4
(b) 1—2x+2x2—§x3+...;R:+oo.
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11.

13.

15.

17.

19.

21.

23.

1 1
(c) 1+a2 +2m +§a:+ ; R=+o0.

2 4 6

T
(d) 22 —735 —l—jm ~ e +...; R=+o0.

(@) 2* (1 -3z +92> —272° +...) =2® — 32 + 92* — 272° +..; R=1/3.

23 25 27 23 25 27
(b)x(2ac—|—3'x +§x +?w+ >:2m2 yx +§$ —ﬁ—ﬁx—i— ; R = +o0.

3 3
(c) Substitute 3/2 for m and —2? for x in Equation (17) of Section 9.9, then multiply by x: z — 51‘3 + gxs +

1
= =1.
16;10 +..5R

21 4 6!

1 1 22 24 26 23 > 27
. (a) sin2m:2(l—0082x):2[1—<1—m 4+ Soat - by )}sz—ﬁ—l—wﬁ—xS—i—...

(b) In[(1+42%)'?] =12In(1 + 2%) = 1223 — 620 + 42° — 32'2 + ...

(a) é:ﬁ:1+(1—x)+(1—z)2+...+(1717)k+. (1) (=12~ 1) £
(b) (0,2).
() A+a+a22/2+23/3 +2t/4 +.. )o—23/31+25/5! — .. )=+ 2% +23/3—2°/30+ ...

(b) (1+z/2—-22/8+23/16 — (5/128)z* +..)(z —22/2 + 2%/3 —2*/d +25/5 — ...) = o — 23/24 + 2* /24 —
(71/1920)2° + . ..

1 1 1, 1 1 5 61
(a) :1/<1—2|x +Em_§x+ )—1+2m +ﬂx +%x+

: 3 5 2 3 4 1 1
(b) Smx:(m—x‘ﬁ:'—. )/<1+x+x+§'+x+ )zx—x2+3m3—30x5—|—...
e =1+a+a2/24+23/3+... +aF/kl+... e " =1—a+22/2—-23/3+ ... +
f(e””—e_””):x+x3/3!—|—m5/5!—|—...+x2k+1/(2k—|—1)!—|—...7R:—|—oo; coshz =
s/ + 4 2?R (2K 4+ ... R = +oo.

—1)kz* /K + .. ; sinhx =
(e"+e ™) =1+2%/2+

N | =~

dx — 2 -1
;27_1:1_x+1iw:—(1+9:+;v2—|—1:3—|—1:4—|—...)—|—3(1—:1:+502—x3—|—x4—|—...):2—4x—|—2x2—4z3—|—
224 4

d
(a) d—(1—;162/2!—1—374/4!—x6/6!+...):—x+x3/3!—x5/5!+...:—sinx.

x
(b) (x—x2/2—|—x3/3— J=1l-z+2>—...=1/1+2).

(a) /(1+x+x2/2! +..)de=(z+2?/2+2?/31+.. )+ Cr = (1+a+2°/20+2°/3l4+..)+C1 —1 ="+ C.

(b) /(a:+x3/3!+x5/5!+...) =22/ a2t/ +C =1+2%/2 2t /A .. +C) — 1 =cosha + C.
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d
25. Eg;; (k+1)(k+2)

27.

29.

31.

33.

35.

37.

39.

k+1 ©  _k
x x
= E T Each series has radius of convergence p = 1, as can be seen from the Ratio

Test. The intervals of convergence are [—1,1] and [—1, 1), respectively.

(a) Substitute 22 for x in the Maclaurin Series for 1/(1 — x) (Table 9.9.1) and then multiply by z: ﬁ =
I'Z(l'z)k _ Zx2k+l.
k=0 k=0

(b) £©)(0) = 5les = 5!, f©(0) = 6lcg = 0.

(c) f™(0) =nle, = { ! if n odd

0 if n even

sinx

i — _ 22/3 4 /5 _ —

(a) :lL)InO - $11L%(1 /3l + 2t /5l —..) =1
tan~ 1 — r—x3/34+2°/5—2"/7T+..) —=x

(b) lim P T g oA Th ) e,

x—0 £E3 x—0 :C3
1 1 1

1 1 1 1. 1 1 1

. 2 o 2 6 10 14 _ 3 7 11 15 o
/0 sm(a:)d:z: 7/0 <x fix Jrax fﬁx +...>dz 7§x 77.3!1’ +11.5!x 715.7!33 + ... . =
1 1 1 1 1 ! 1 1 1
- - ..., but 0.5x 1073 Ndr ~ = — —— + ——— ~0.3103.
3778 T Tisl 1s.m o P gm0 SO/O sin(@)de ~ 3 = 751+ 7

02 4\1/3 02 Ly 1y L s 1 o 9
1 dx = 14+ -2"— = e de = —z° — — =0.2 2 2
/0 (1+a*) "da /o < + -z z® + ) T =2+ v 81x +. L =0. +15(O )° — 1(0 )7+

., but B(0.2)5 < 0.5 %1073 so / (1 + 2M)Y3dz ~ 0.200.
0

+o00 4k
(a) Substitute z* for z in the MacLaurin Series for e® to obtain Z T The radius of convergence is R = +o0.
k=0
4 4 = $4k+3
e first method 1s to multiply the MacLaurin Series for e y 27 r7et = . e second metho
b) The fi hod i ltiply the MacLaurin Series for e* by x3: x3e”® i Th d hod
k=0 )
d 1d T ik 1 I ypptk-1 too 4k-1
involves differentiation: ﬁe’# = 4x36x4, so 23 = 1%65# 4dx Z o kZ_Og;, = kz_:l h
Use the change of variable j = k — 1 to show equality of the two series.
1 1/3 3
(a) In Exercise 36(a), set x = 3 S = (1_/1/3)2 =7

(b) In part (b) set = 1/4,5 =1n(4/3).

1/2 1 3 5
(a) sinh™ xf/(lJr:v) de —C = /(12 +§471—6x+ )dxC

= (x1x3+3x55:c7+...)0; sinh™'0=0so C =0.

—1/2 _ i —1/2)(=3/2)(— 5/2) (—1/2—k+1)(x2)k:1+§:(_1)k1-3-5...(2k—1) ok

x
kL )
Pt 2FE!
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1-3-5...(2k—-1
sinh™ m—x—&—z k - )x2k+1.

2k K ( 2k +1)
(¢) R=1.
> k(0. 000121 ktk
41. (a) y(t) = Z )
(b) y(1) =~ yo(1 — 0.0001211&)} = 0.999879yj.

(c) yoe 0090121 s 0.9998790073yj.

43. The third order model gives the same result as the second, because there is no term of degree three in (8). By

/2 w/2
the Wallis sine formula, / sin*pdp = ﬂ§ and T ~ 4,/— / (1 + ~k%sin? ¢ + L34 (;S) dp =
0

222
4 £ f+k72f+37]‘543l =2 £ 1_1'_]6724_%
g\2 24 816/ g 4 64 )

) ) . _ 00 (_1)km2k:71 B o ( 1)/€+1 2k+1 asd k+1 Qk—f—l)
45. (a) We can differentiate term-by-term: y’ = ,; PR TRk — 1) Z 22k+1(k+ g Y ; 22k+1 (k+ 1)'k' )
. , - > (—1)k+1(2k—|—1)3§2k+1 > (_1)k+1 2k+1 0 (_1)k 2k+1
and 2y +9/ 0y = 3 g i ST T T T 2 e
k=0 k=0 k=0
zy’ +y +ay = = (*1)k+11'2k+1 2k+1 n 1 1l =0
= 22k ()2 2(k+1)  2(k+1) '
= (—1)k (2k:+1 2k+1) 2kl = (—1)kg2ktt )
(b) y/ — Z 22k;+1k|(k ) , = Z 22k k+ ) Since Jl( ) Z m and x Jl(x) =
k=0
> ( k: 1 2k+1 5 e Qk—l—l) 2k+1 e (—l)k(2k+l)x2k+1
;2% T |k',lt follows that x2y” + xy’ + (22 — 1)y ; 2% £ 1)1 2 2 (60 (1 1]
i (_1>k—1m2k+1 oo ( 1)k 2k+1 - +Z 1)k$ k+1 2]€+1 N 2k+1 1 -
= 22h 1k — DIk — 226K (K + 1)! 22k=1(k — 1)k \2(k+1)  4k(k+1) dk(k+1))
0.
X (—1)kH1 g2+
(c) From part ( Z 22k+1 P = —Ji(x).

k=0
Chapter 9 Review Exercises
7. The series converges for |z — x| < R and may or may not converge at © = zo £ R.
9. (a) Always true by Theorem 9.4.2.
(b) Sometimes false, for example the harmonic series diverges but >_(1/k?) converges.
(c) Sometimes false, for example f(z) = sinmx,ar =0,L = 0.

(d) Always true by the comments which follow Example 3(d) of Section 9.1.

1
(e) Sometimes false, for example a,, = 3 + (="
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11.

13.

15.

17.

19.

21.

(f) Sometimes false, for example u, = 1/2.

(g) Always false by Theorem 9.4.3.

(h) Sometimes false, for example u, = 1/k, v, = 2/k.
(i) Always true by the Comparison Test.

(j) Always true by the Comparison Test.

(k) Sometimes false, for example > (—1)* /.

(1) Sometimes false, for example > (—1)% /k.

(a) ap=—"t2 nt2 =2 e = 12
" n4+1)2-n2 (n+1)+n)((n+1)—n) 2n+1’ T

(b) a, = (—1)"! limit does not exist because of alternating signs.

n
2n+1’
(a) anti/an = (n+1-10)*/(n—10)* = (n —9)*/(n — 10)*. Since n — 9 > n — 10, for all n > 10 it follows that
(n—9)* > (n—10)* and thus that a,1/a, > 1 for all n > 10, hence the sequence is eventually strictly monotone
increasing.

100" +1 2n)In! 1
(b) 00 . (2n)in = 00 < 1 for n > 3, so the sequence is eventually strictly
Cn+1)(n+1)! 1007 2n+2)2n+1)(n+1)

monotone decreasing.

(a) Geometric series, r = 1/5, |r] = 1/5 < 1, series converges.

(b) 1/(5% +1) < 1/5%, Comparison Test with part (a), series converges.

o0

1 1 - 1
(a) Bronl < @ ’;1/15’ converges (p-series with p = 3 > 1), so kz_lm converges by the
Comparison Test.
oo
(b) Limit Comparison Test, compare with the divergent p-series (p =2/5 < 1) Z 75 diverges.
k=1

9 9
> —
VE+1~ VE+Vk

(a) Comparison Test:

diverges (p-series with p = 1/2 < 1), so the original

l\D\@
é\

series also diverges.

(b) Converges absolutely using the Comparison Test:

cos(1/k) 1 X1
2 | S

2 < — and Zﬁ converges (p-series with
k=1

p=2>1).

ool 991 oo
L5l

k=0

I
A=
Il
ot
N
o
NNgk
A=
|
B~
o =
O
©

@ Y(roa) =S a e (3) oty (3) g = 2 Gseometric sris).
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oo

(b) ;; In(k+1) —Ink] =In(n+1),s0 > [In(k+1) = Ink] = lim In(n 4 1) = o0, diverges.

n

1/1 1 1 11 1 3
I (r——)=tim (14— ———)=2.
(c) nffoozz(k k+2> H”foo2< M n—|—2> 4

n

d) i tan~'(k+1) —tan—' k] = lim [tan~'(n+1) —tan~1(1)] = =
()n$I$IMk:1[an (k+1) —tan™" k] n;glw[atl (n+1) — tan™"(1)] 5

25. Compare with 1/kP: converges if p > 1, diverges otherwise.

27. (a) 1<k 2<k3<k,. .. k<Ek, thereforel1-2-3...k<k-k-k...k, or k! <kF.

1 1
(b) Z i < Z 7 converges.

1\"* 1
(c) kEI—iI-loo (k’f) = kgrfoo 7= 0, converges.
29. (a) po(z) =1,p1(x) =1 —Tz,p2(z) = 1 — T + 522, p3(x) = 1 — 7w + 522 + 42®, ps(z) = 1 — Tz + 5z? + 4a3.

(b) If f(z) is a polynomial of degree n and k > n then the Maclaurin polynomial of degree k is the polynomial
itself; if k£ < n then it is the truncated polynomial.

31. In(1+2)=x—22/2+...; so|ln(1l + x) — | < 2%/2 by Theorem 9.6.2.
33. (a) 2 —1. (b) sinT =0. (c) cose. (d) e 3 =1/3.

1 1-2 1-2-5 . 3.2
3—493 - EIQ + 3123] A .), alternates after first term, 389 < 0.0005,

35. (27+2)Y/3 = 3(141/3%)1/3 =3 <1 +

1
V28 ~ 3 (1 + 34> ~ 3.0370.

2 2 4
37. Both (a) and (b): z — Sa® + sza” — —za',

Chapter 9 Making Connections

1. PyP, = asinf, PLP, = asinficos, P,P; = asinfcos?f, P3Py = asinficos®d,... (see figure). Each sum is a
geometric series.

a sin 6 cos 6

asin 6 cos? 0

asin 0 cos® 0

PO P2 P4 p
| a |
in
(@) POPl+P1P2+P2P3+“':aSin9+aSin96089+asin900529+,..:%.
0 g
(b) PyP, + P,P;+ PyPs+ ... =asinf + asinfcos? 0 + asinfcos* 0 + . .. asm _ asm — acsch.

T 1_cos?f  sin2o
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asin 6 cos 6 asin 6 cos 6

= =acotd.
1 —cos26 sinZ 0

(c) PP+ P3Py + PsPs+...=asinfcosf +asinfcos® 0 + ... =

- 1
3. > (1/kP) converges if p > 1 and diverges if p < 1, so Z(—l)kk—p converges absolutely if p > 1, and converges

k=1
conditionally if 0 < p <1 since it satisfies the Alternating Series Test; it diverges for p < 0 since i lim ag #0.
—+oo

2¢2° \/1—112/027

02\ 2 v? 1
5. (1 - 2> ~1+ s0 K = moc? | ———= — 1| ~ moc?(v?/2c?) = mov?/2.
c
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Parametric and Polar Curves:; Conic Sections

Exercise Set 10.1

1. (a) a+l=t=y—ly=a+2. © ¢+] ol1]2/3]4]|5
x| —-1]0/1
y| 1]2(3]4]5

S A

5. cost =x/2, sint = y/5; 22 /4 +y?/25 = 1.

)

[

-5

W

—

-5

7. cost = (x —3)/2, sint = (y — 2)/4; (x — 3)?/4+ (y — 2)%/16 = 1.

0.

255
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9. cos2t =1—2sin’t; x=1-2y% —1<y<1.

15. =2,y =t.
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21.

23.

25.

27.

M) ¢tlol 112! 3] 4 5 (¢) t=0whent=0,2/3. (d) For 0<t<2V2 (e) Att=2.

2

(b) "o

(a) IV, because = always increases whereas y oscillates.

(b) 1I, because (z/2)? + (y/3)? = 1, an ellipse.

(c) V, because x? + y? = t2 increases in magnitude while = and y keep changing sign.

(d) VI; examine the cases t < —1 and ¢ > —1 and you see the curve lies in the first, second and fourth quadrants
only.

(e) III, because y > 0.

(f) I since z and y are bounded, the answer must be I or II; since z = y = 0 when ¢ = 7/2, the curve passes
through the origin, so it must be 1.

(@ [R- P|2 = (z - 330)2 + (y — Z/o)2 = tQ[(CUl - !E0)2 + (y1 — Z/o)Q] and [Q — P|2 = (z1 — 56’0)2 + (y1 — yo)Q, SO
r=|R—P|=1|Q — P|t = qt.

(b) t=1/2. (c) t=3/4.

t—t — —
(a) Eliminate ; f from the parametric equations to obtain Co (s , which is an equation of the
1 —to Tr — X 1 — o

line through the 2 points.

(b) From (x,yo) to (z1,y1).

() =3-2(t—-1),y=—-1+5(t—-1). -2
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29.

33. False. The parametric curve only gives the part of y =1 — 22 with —1 <z < 1.

d dy/dt  12t% — 6>
35. True. By equation (4), ¥ _ y/ _

dr  dx/dt  z'(t)
Ay
2
17
| I)C
37. 0.5 1
39. (a) = =4cost, y = 3sint. (b) x=—-1+4cost, y=2+ 3sint.
3
-4 K I I I 4
\/ 3
(c) -3

41. (a) dy/dz = 2

13 = 4t; aly/ala:‘t:_1 = —4;dy/dgzc‘t:1 =4.

(b) y= (2x)2+1,dy/dx:8x,dy/daj|m +4.

=+(1/2)

2 4 2
43. From Exercise 41(a), @ = 4t dy _ 4d (@>/ dr_ —— = 8. The sign of d_g is positive for all ¢, including

dx " d? T dt \de dt — 1/2 dx
t==+1.
2 2
o Wl 2Py () fde oNE | @]
dr  dx/dt  1/(2v1) dz?  dt \dx dt  1/(2v1) d|,_, dz?|,_,
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dy  dy/dt sec?t 2y d (dy dx  —csctcott 3, dy 2 d%y
47. = = = =csct, — = — | — — = ——— = —cot’t, — =— 5 =
dx  dx/dt  secttant dx dt \ dx dt secttant do|,_. 5 V3 da?|,_
1
3V3
49 dy dy/d§ _ cosb @ _d (dy dr (1 —sinf)(—sind) +cos?f 1 B 1 _
“dr  dx/dd  1—sinf dx?2  df \dx do (1 —sinf)? 1—sinf (1—sinf)2’

@y _ — 3. Y I —
dxlo=rse 1-1/2 T dx?lo=rs6 (1 —1/2)2

—t

51. (a) dy/de = —— = —e 2 fort =1, dy/dz = —e2, (z,y) = (e,e V) y—e ' = —e 2(z—e¢), y = —e 2z +2e L.

o
(b) y=1/z,dy/de = —1/2*, m = —1/e?,y —e ! = —i(x— e),y = —iaj—&— z
) 3 3 62 ) 62 e
—4sint
. = =-2 .
53. dy/dx 5 cos? tant
(a) dy/dx=0if tant =0; t =0, 7, 2.
1 .
(b) dx/dy = ~3 cott =0 if cott =0; t = 7/2,37/2.
Ay Ay
1 1
X . . X
-1 1 -1 1
Al -1
55. (a) a=1,b=2. a=2b=3.

a=4,b=5
d 2cos2t d d
(b) z=y=0whent=0,m; 4y _ 2o ; el , e = —2, the equations of the tangent lines are
dz cost ' dx|,_, dr|,_.

y=—2x,y="2x.

57. If z =4 then t? =4, t =42, y = 0 for t = £2 so (4,0) is reached when t = +2. dy/dx = (3t> — 4)/2t. For t = 2,
dy/dz =2 and for t = —2, dy/dx = —2. The tangent lines are y = £2(x — 4).
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1
-1 1
59. (a) -1
d
(b) M _3cos?tsint and d_z; = 3sin? tcost are both zero when t = 0, 7/2, 7, 37/2, 27, so singular points occur
at these values of t.
dy 3sint
61. F 6), — = ——m.
() From (6), dr 11— 3cost
dy 3sin 10
b) Att=1 ————— ~ —0.46402, 0 ~ tan~ ' (—0.46402) = —0.4345.
(b) At de T 8cos 10 0.46402, tan™ " (—0.46402) 0.4345
63. Eliminate the parameter to get (z —h)?/a? + (y — k)2 /b = 1, which is the equation of an ellipse centered at (h, k).
Depending on the relative sizes of h and k, the ellipse may be a circle, or may have a horizontal or vertical major
axis.
(a) Ellipses with a fixed center and varying shapes and sizes.
(b) Ellipses with varying centers and fixed shape and size.
(c) Circles of radius 1 with centers on the line y = 2 — 1.
65. L = / V/ (dz/dt)? dy/dt )2dt = / V(282 4+ (t2)2dt = / t\V/4+t2dt. Let u =4+t du = 2tdt. Then
= [ ~Vud :—3/2 = 2 (5v5—38).
A 2\/6 u= gu \ 3( V5 —8)
3
67. The curve is a circle of radius 1, traced one and a half times, so the arc length is 3 2m -1 =3m.
1
69. L / V(dx/dt)? + (dy/dt)? dt = / V[e2t(3 cost + sint)]2 + [e2¢(3sint — cost)]2 dt = / V102t dt =
~1
1 2t ' 1 2 _ -2
= —V10e =-V10(e* —e 7).
2 L2
2
71. (a) (dx/df)? + (dy/dh)? = (a(l — cosh))? + (asinh)? = a?(2 — 2cosh), so L = / V(dz/dA)? + (dy/dB)? db =
0
27
a v 2(1 — cos ) db.
0
(b) If you type the definite integral from (a) into your CAS, the output should be something equivalent to
“Sa” Here’s a proof that doesn’t use a CAS: cosf = 1 — 25111 (0/2), so 2(1 — cosf) = 4sin*(0/2), and L =
27
a \/ 2(1 — cosb) d9—a/ 2sin(6/2) d0 = —4acos(0/2)| = 8a.
0 0
73. (a) The end of the inner arm traces out the circle x; = cost,y; = sint. Relative to the end of the inner arm, the

outer arm traces out the circle o = cos2t,ys = —sin2t. Add to get the motion of the center of the rider cage
relative to the center of the inner arm: & = cost + cos2t,y = sint — sin 2¢.



Exercise Set 10.2 261

75.

e

79.

(b) Same as part (a), except o = cos 2t, ys = sin 2¢, so x = cost + cos 2t,y = sint + sin 2¢.

27 2 271/2 27 27
d d
(c) L = / l( ”“") +( y) ] dt = [ /5—4dcosdldt ~ 13.36480321, Ly = | /5 +dcostdt ~
0

di dt 0 0
13.36489322; L, and Lo appear to be equal, and indeed, with the substitution w = 3t — m and the periodicity of

1 5m 2m
Cos u, L1:§ Vb5 —4dcos(u+m)du = V5 +4cosudu = L.
-7 0

2 4 2
' =2ty =3, (2')* + (v)? =4t> +9,and S = 277/ (3t)V/4t2 + 9dt = 67r/ tV/ 42 + 9dt = g(4t2 + 9)3/2] =
0

0 0
(125 — 27) = 497.

/2
x' = —2sintcost, y = 2sintcost, (2')? + (y')? = 8sin’tcos’t, so S = 27r/ cos’tV 8sin®tcos?t dt =
0

/2 /2
4\/§7r/ cos® tsintdt = —v/2x cos? t] =2r.
0 0
™ ™
2’ = —rsint, y' =rcost, (2')? + (y)?> =1%s0 S = 27r/ rsintvr? dt = 27r7"2/ sintdt = 4mr?.
0 0

Exercise Set 10.2

11.

/2

(ERE)
T

a, )

@, Ty LD

- (a) (3v3,3) (b) (=7/2,7V3/2) (c) (3V3,3) (d) (0,0) (e) (=7v3/2,7/2) (f) (-5,0)
. (@) (5,m),(5,—7m) (b) (4,117/6),(4,—7/6) (c) (2,37/2),(2,—7/2) (d) (8v/2,57/4),(8v/2, —37/4)

(e) (672W/3>7(6f_4ﬂ/3) (f) (\/577/4)7(V/:'_7W/4>

(a) (5,0.92730) (b) (10,—0.92730) (c) (1.27155,2.47582)

. (a) r? = 2% +y? = 4; circle.

(b) y = 4; horizontal line.

(c) r?=3rcosb, 22 +y> = 3z, (x — 3/2) + y? = 9/4; circle.

(d) 3rcosf+2rsinf =6, 3z + 2y = 6; line.

(a) rcosf=3. (b) r=+7. (c) r?+6rsind=0,r=—6sinb.

(d) 9(rcos®)(rsinf) =4, 9r?sinfcosd = 4, r?sin 20 = 8/9.
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13. r = 3sin 26.

15. r =3 —4sin (70).
17. (a) r=5.

(b) (x—3)2+y?*=9, r=6cosd.

(c¢) Example 8, r =1 — cos¥.
19. (a) Figure 10.2.19, a = 3,n = 2,r = 3sin 26.

(b) From (8-9), symmetry about the y-axis and Theorem 10.2.1(b), the equation is of the form r = a & bsin 6.
The cartesian points (3,0) and (0,5) givea=3 and 5=a+ b, so b =2 and r = 3 + 2sin6.

(c) Example 9, r? = 9 cos 20.

W[y

21. Line 23. Circle 25. Circle 27. Cardioid 29. Cardioid

4
2
5
4 2 7
31. Cardioid 33. Limagon 35. Limagon 37. Limagon 39. Lemniscate
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2

87

6

41. Spiral 43. Four-petal rose 45. Eight-petal rose

47. True. Both have rectangular coordinates (—1/2, —/3/2).

49. False. For 7/2 < 6 < 7, sin20 < 0. Hence the point with polar coordinates (sin 26, 0) is in the fourth quadrant.

51. 0< 0 <4n

53. 0<0<8n

55. 0< 0 <bm
57. (a) —4r <0 <d4r.

59. (a) r:%,rcosﬁza,x:a. (b) rsinf =b,y =b.

0s 6
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/2 (1. 3m/4) /2
0
(1,-m/4) 0
61. (a) (b)
/2 /2
0 0
(1,-m/4) (-1, m/4)
(c) (d)
/2 (2, 7/4) 2 (1)
-1,0
T2 1.9 0
¢ 0 P (~1,7/2)

63. (a) (1,0 (b)

65. The image of (g, 8y) under a rotation through an angle « is (rg, 0y + «). Hence (f(0), 6) lies on the original curve
if and only if (f(0),6 + «) lies on the rotated curve, i.e. (r,0) lies on the rotated curve if and only if r = f(6 — «).

2
67. (a) r=1+cos(0—m/4) =1+ g(cosﬁ + sin 9).
(b) r=1+4cos(d —7/2) =1+sinb.
(¢) r=14cos(@ —7)=1-—cosb.
2
(d) r=1+4cos(d —bm/4)=1— g(cosf) + sind).

69. y = rsinf = (1 4+ cosf)sinf = sin + sinfcosh, dy/dfd = cos — sin?f + cos?’f = 2cos’f + cosf — 1 =
(2cosf — 1)(cosf + 1); dy/df = 0 if cosf = 1/2 or if cosf = —1; 6 = w/3 or 7 (or § = —x /3, which leads to the
minimum point). If § = 7/3, 7, then y = 3\/5/4, 0 so the maximum value of y is 3v/3/4 and the polar coordinates
of the highest point are (3/2,7/3).

71. Let (x1,y1) and (22, y2) be the rectangular coordinates of the points (r1,6;) and (rq, 63) then
d= \/(xg —x1)2+ (y2 —y1)2 = \/(7"2 cos Oy — r1cos01)? + (rosinfy — rysinf)? =
= /17 + 713 —2ri7r3(cos by cos Oy + sinfy sinfy) = /73 + 73 — 2r1racos(fy — f2). An alternate proof follows di-
rectly from the Law of Cosines.

73. The tips occur when 0 = 0,7/2, 7,37 /2 for which r = 1: d = /12 + 12 — 2(1)(1) cos(£7/2) = v/2. Geometrically,

find the distance between, e.g., the points (0, 1) and (1, 0).
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75.

e

79.

(@) 0= (r*+a%? —a* —4a®r?cos®0 = r* + a* + 2r%a® — a* — 4a®r?cos® 0 = r* + 2r2a® — 4a®r% cos? 0, so
r? = 2a%(2cos? 0 — 1) = 2a? cos 26.

(b) The distance from the point (r,0) to (a,0) is (from Exercise 73(a))

V2 + a2 —2racos(d — 0) = /12 — 2ar cos @ + a2, and to the point (a,7) is /72 + a? — 2racos(f — 7) =

= v/r2 4+ 2ar cos @ + a2, and their product is

V(2 4+ a2)2 —4a?r2cos? 0 = /r* +at +2a2r2(1 — 2co0s20) = \/4a* cos? 20 + a* + 2a%(2a2 cos 20)(— cos20) =
2
a®.

. . . . sinf . sinf . 1 . 1 . .
lim y= lim rsinf= lim —— = lim —— lim - =1 lim —, so lim y does not exist.
0—0= 0—0= 0—0= 62 0—0= 60 6-0% 6 0—0% 0 0—0=

/2

M.
N

(a) '

(b) Replacing 6 with —6 changes r = 2 — sin(0/2) into r = 2 + sin(#/2) which is not an equivalent equation.
But the locus of points satisfying the first equation, when € runs from 0 to 4m, is the same as the locus of points
satisfying the second equation when 6 runs from 0 to 4, as can be seen under the change of variables (equivalent
to reversing direction of 0) § — 4w — 6, for which 2 + sin(4r — 0) =2 —sin#.

Exercise Set 10.3

1.

11.

Substituting # = 7/6, r = 1, and dr/df = /3 in equation (2) gives slope m = v/3.

tan2 — 2
As in Exercise 1, 0 = 2, dr/df = —1/4, r =1/2, m = tans =2
2tan2 41

As in Exercise 1, 0 = /4, dr/df0 = —3/2/2, r = /2/2, m = 1/2.

dy rcos 6 + (sin@)(dr/db) cos @ + 2sinf cos .
=2 = = ; if0=0,7/2,m, th =1,0,-1.
T T Trsing + (cos)(dr/df)  —sinf + cos2 —sin?0’ ' /2,7, then m =1,

. dz/df = —asinf(1 +2cos0), dy/df = a(2cosf — 1)(cosf + 1).

The tangent line is horizontal if dy/df = 0 and dx/df # 0. dy/df = 0 when cos = 1/2 or cos = —1 so 0 = /3,
57/3, or m; dx/df # 0 for = w/3 and 57/3. For the singular point # = 7 we find that f}im dy/dx = 0. There are
-

horizontal tangent lines at (3a/2,7/3), (0,7), and (3a/2,57/3).

The tangent line is vertical if dy/df # 0 and dz/df = 0. dz/df = 0 when sinf = 0 or cosf = —1/2s0 0 =0, ,
27/3, or 47/3; dy/df # 0 for § = 0, 27/3, and 4n/3. The singular point § = 7 was discussed earlier. There are
vertical tangent lines at (2a,0), (a/2,27/3), and (a/2,47/3).

Since 7(0 + w) = —r(f), the curve is traced out once as 6 goes from 0 to 7. dy/df = (d/df)(sin® 6 cos®6) =
(sindf)/2 =0 at 8 = 0,7/4,7/2,3n/4,m. When 6 = 0, 7/2, or 7, r = 0, so these 3 values give the same point,
and we only have 3 points to consider. dx/df = (d/df)(sin 6 cos® §) = cos? §(4 cos? § — 3) is nonzero when 6 = 0,
/4, or 3w/4. Hence there are horizontal tangents at all 3 of these points. (There is also a singular point at the
origin corresponding to § = 7/2.)
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/2

NS}

13. 0 =n/6,7/2,57/6.

St

15. 0 = +7/4.

3

Ca
N

17. 0 =x/3,57/3

2m
19. 72 + (dr/df)* =a®>+ 02 =a? L = / adf = 2ma.
0

21. 72 + (dr/df)? = [a(1 — cos0)]? + [asin 0]? = 4a®sin?(/2), L = 2/ 2asin(6/2) do = 8a.
0

23. (a) r + (dr/df)? = (cosnf)? + (—nsinnf)? = cos>nh + n?sin®nh = (1 — sin®nh) + n?sin’*nfh = 1 + (n? —
)sin®nf. The top half of the petal along the polar axis is traced out as 6 goes from 0 to 7/(2n), so L =

/(2n)
/ \/1—1— 2 —1)sin 2nb de.

/4
(b) L:2/ V' 1+ 3sin® 20 df = 2.42.
0

(c)
n| 2 3 4 5 6 7 8 9 10 11

L | 2.42211 | 2.22748 | 2.14461 | 2.10100 | 2.07501 | 2.05816 | 2.04656 | 2.03821 | 2.03199 | 2.02721

n 12 13 14 15 16 17 18 19 20
L | 2.02346 | 2.02046 | 2.01802 | 2.01600 | 2.01431 | 2.01288 | 2.01167 | 2.01062 | 2.00971

The limit seems to be 2. This is to be expected, since as n — +o0o each petal more closely resembles a pair of
straight lines of length 1.
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25.

27.

29.

31.

33.

35.

37.

39. A

41. A

43.

45.

47.

49.

51.

w/2

1
(a) / —(1 —cos#)*db. (b) 2 cos? 0 df.
/2 2 0

/2

27 1
(d) / —60%do.  (e)
0 2 —m/2
(a) A :/ %4a2 sin? 0 df = ma?. (b)
0

27‘(1
A:/ 5(2+2sine)2de:67r.
0

A

7\'/6 1
6/ 5(16 cos? 30) df = 4.
0

1 3vV3
A:2/ 7(1+20059)2d9:7r——\[.
27r/32 2

w/2 1 /4
Area:Al—AQZ/ *4C0829d9—/
o 2 0

1(1 —sinf)?dh.  (f)

/4
—m/4
7T/2 1
A= ~4a2 cos? 0dh = mwa?.
—m/2
1 1
§c0529d9 = g 1

() /

~ sin? 26 d#.

1 71'/4
~ cos? 20 do = / cos® 26 d#.
0

7T/6 1
The circles intersect when cosf = /3sinf,tanf = 1/v/3,0 = 7/6, so A = A + Ay = / 5(4\/§sin€)2 do +
0

w/2
/ %(4cos0) 0—27r73\[+f—
/6

I
/ 9v3

1
3= " 0” —4V3.

~[9sin?0 — (1 + sin0)?] d6 = .

%(1/2 + cos0)* df

= [(2 4 2cosh)? —9]df = — T
27r/31 T
A:2/ —(1/2 4+ cos6)*df —
0 2 27 /3
77/41
A:2/ 5(4—286C29)d9:ﬂ'—2.
0

d
True. When 6 = 3w, r = cos(37/2) = 0 so the curve passes through the origin. Also, d—g

0 0 0
False. The area is — times the area of the circle = — - 772 = —r
2T 2T 2

(a) ris not real for 7/4 < 8 < 37/4 and 57/4 < 0 < Tn/4.

/4 1
(b) A:4/ §a200529d9:a2.
0

7\'/61
(c) A:4/ *[4(‘,082972]6{9:2[*7
0 2

_7r+3\/§

4

2

1
=-3 sin(6/2) =
Hence, by Theorem 10.3.1, the line § = 37 is tangent to the curve at the origin. But § = 37 is the z-axis.

, not 2.

1
5 #0.
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471' 1 27‘{' 1
53. A= / Za%0? dh — / Za%6% df = 8n%a’.
or 2 o 2

us

3cosfsind
55. (a) 7%cos®f —3r2cosfsing +r3sin® 0 =0, r = LSI.HZ),~
cos3 6 + sin” 0

w/2

77/21 0w 2 9 si 39 _ 3
(b) A:/ ( 3005951.1143? ) go — 2sin 0 0?839:| _ §
o 2 \cos?0+sin° 0 2(cos3 0 +sin° 0) |, 2

57. If the upper right corner of the square is the point (a,a) then the large circle has equation r = V/2a and the small
w/4 1
circle has equation (z —a)?+y? = a2, r = 2acos 6, so area of crescent = 2/ 3 [(Qa cosf)? — (\/ia)ﬂ df = a® =
0

area of square.

/2
0.5
- 0
0.5
7T/2 1 -
59. A:/ §4c05205in40d0:7r/16.
0
dy vy rcosf + (dr/df)sinf  sind
61. tant = tan(6 — 0) — tang —tant gy 5 —rsing + (dr/df) cos@®  cosf r

~ l+tangtanf 1+g@ 1 rcosf + (dr/df)sin6) sinfy\ dr/df’
—rsin@ + (dr/df) cosf) / \ cosé

r aebo

63. tang = — — = o _ -
Y= T8 abe® b

is constant, so 1 is constant.

d 2 w/2
65. r2 + (d;) =cos?0 +sin’0 =1, soS:/ 2m cos? 0 df = m2.

—m/2

T

™ 2 T
67. S= / 27(1—cos #) sin 0v/1 — 2cos 0 + cos? 0 + sin® 0 df = 2\/§7r/ sin O(1—cos 0)%/% do = gZ\fQW(lfcos 0)5/2| =
0 0 0
327 /5.
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69. (a) Let P and @ have polar coordinates (71, 61), (r2, 02), respectively. Then the perpendicular from @ to OP has
1 1
length h = T2 sin(92 — 91) and A = ih’/’l = 57"17“2 sin(92 — 91)

(b) Define 04, ---, 0,,—1 and Ay, ---, A, as in the text’s solution to the area problem. Also let §y = « and 6,, = .
Then A, is approximately the area of the triangle whose vertices have polar coordmates (0 0) (f(0n-1),0n-1), and

1f(an_l)f(on)sm(en —0p_1), 80 A = ZAk Z F(0n_1)f(0,) sin(AB,,).

(f(0,),0,). From part (a), A, ~ 5
k=1

If the mesh size of the partition is small, then 6,1 &~ 6, and sin(A6d,) =~ A#f,, so A = Z (o

B )
| slrera.

Exercise Set 10.4
1. (a) 4pxr = y?, point (1,1),4p = 1,2 = 3.

(b) —4py = 22, point (3, -3),12p = 9, —3y = 2.

ZCQ y2

=3,b=2, —+—=1.
(C)a 3’ 79+4
y?

d —2b—3— =
(d) a Tt

(e) Asymptotes: y = £, so a = b; point (0,1), so y*> — 2% = 1.

3. (a) (b)
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~

1

\1
EERD=AdEE VN

=

‘ > L L L L X
F(-7,1) \ B directrix
L y=0 -
V-4, Dl [ i ( 1)
u vil, =
5. (a) ] (b) ) ’
AY
(-4, 0)
(V7,0
7.() 2=16-9="7¢c=T. ]
y
©,3)
(0,V8)
| | | | X
(-1,0) (1,0)
(0, —\'8)
x2 92 2 0,-3)
(b) T+ =1¢c —9-1=8,c=2V2
AY
1,5
- (=3 + 243, 5)
33
| | | | | | | | i | | X
2 52 i
9. (a) W L WOy a5y 19 c—avE,
16 4
y
| | | | | X
(-2,-2)
2 2 2
(b) %Jr (‘7”9 S —9_4—5c=5
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=7 (=5,0) (5,0)
11. (a) 2 =a?+1*=16+9=25c=5.
y
(0, 210
— |02 —
\\\\ ///// X
y==-x ///// \\\\\yz_fx
m\
(0, -210)
(b) y?/4—22/36 =1, ¢ =4+ 36 = 40, c = 2¢/10. 1
y+4 \/7(16 2)
. (2,-4+242) >
AN 7
\\\ '/ ///
@, -4+\3) P 7
N
@2, -4 -3) L
7 \\
// e \\
//
. @2, —4- 2()/

13. (a) 2 =3+5=38, c=2V2.

) (z+1)?/1-(y-3)?2/2=1,2=1
15. (a) y? =dpx, p=3, y* = 127.
17. y* =a(x — h), 4 =
19. (a) 2%/9+y*/4=1.
22 42
21. (a) a=6, (-3, )sa‘msﬁes;—i—%—l

(b) The center is midway between the foci so it is at (

y+4=- \/7(x 2)

—|—2=3,c:\/§.

(b) 2

—=1a%==;

—1,2), thus ¢ = 1, b = 2, a?

4
y=3=2G+1)

—dpy, p=1/4, 2% = —y.
a(3 —h) and 2 = a(2 — h), solve simultaneously to get h = 1, a = 2 so y? = 2(z — 1).

(b) b=4,c=3,a>=b>+c®>=16+9=25; 22/16 + y?/25 = 1.

2 2

I Y

8 BIR T
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(x+1)%/4+(y—2)?/5=1
23. (a) a=2,¢=3,0>=9-4=5;22/4—y?/5=1. (b) a=2,a/b=2/3,b=3;y*/4—22/9=1.
25. (a) Foci along the z-axis: b/a = 3/4 and a® + b* = 25, solve to get a® = 16, b = 9; 22/16 — y*/9 = 1. Foci along
the y-axis: a/b = 3/4 and a? + b*> = 25 which results in y?/9 — 2%/16 = 1.
(b) ¢=3,b/a=2and a®+b*> =9 so a®>=9/5, b* =36/5; 22/(9/5) — y*/(36/5) = 1.
27. False. The set described is a parabola.
29. False. The distance is 2p, as shown in Figure 10.4.6.
31. (a) y=ax?+b, (20,0) and (10,12) are on the curve, so 400a +b = 0 and 100a + b = 12. Solve for b to get b = 16
ft = height of arch.
2?2 y? 9 100 | 144 3 .
(b) E—l—bj:l, 400 = a*, a = 20; m+b7=1,b:8 3 ft = height of arch.
y
(10, 12)
X
-20 -10 10 20
33. We may assume that the vertex is (0,0) and the parabola opens to the right. Let P(xo,y0) be a point on the
parabola y? = 4pz, then by the definition of a parabola, PF = distance from P to directrix £ = —p, so PF = 2q+p
where 29 > 0 and PF' is a minimum when xy = 0 (the vertex).
35. Use an zy-coordinate system so that y? = 4pz is an equation of the parabola. Then (1,1/2) is a point on the curve
so (1/2)% = 4p(1), p = 1/16. The light source should be placed at the focus which is 1/16 ft. from the vertex.
37. (a) For an2y point (x,y), the equation y = btant has a unique solution ¢, —7/2 < t < 7/2. On the hyperbola,
% =1+ yo_ 1+ tan?t :seCQt, so r = *asect.
a b2
Ay
2__
1__
) I
1__
2+
(b)
39. (4,1) and (4,5) are the foci so the center is at (4,3) thus ¢ = 2, a = 12/2 = 6, b> = 36 — 4 = 32; (v — 4)?/32 +
(y —3)%/36 = 1.
4 2 4 2 9/2 4 2
41. Let the ellipse have equation gxz—ky— =1, then A(z) = (2y)* = 16 <1 - ac) ,s0V = 2/ 16 (1 . x) dx =
0

4 81

96.
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2 a
43. Assume %+%71’A:4/ by/1—22/a?dx = wab.
a 0
1 1
45. L = 2a = \/D?+p?D? = D+/1+ p? (see figure), so a = §D\/1+p2, but b = §D7 T=c= Va2 -1 =

1 1 1
~D2(1+4 p2) — D2 = —pD.
\/4 (L+p?) -7 5P

pD

D

47. As in Exercise 46, dy — dy = 2a = vt = (299,792,458 m/s)(100 - 1076 s) ~ 29979 m = 29.979 km. a? = (vt/2)? ~
2 2
924.689 km?; 2 = (50)2 = 2500 km?, 0% = ¢ — a2 ~ 2275.311 km, i

x &~ 64.612 km. The ship is located at (64.612,200).

_ — 1. But y = 200 k
224.688 2275311 ut y = 200 km, so

Va2+b2 b2 2
49. (a) V = / T (b%2?/a® — V%) da = %(zﬂ —2a*)Va% + b2 + gab%r.
a
a

y

VTR
(b) V:27r/

ry/b222/a? — b2 dx = (2b*/3a)r.

a

1 1 1
51. y = —a?, dy/dx = P dy/dzx| = —ux, the tangent line at (z,yo) has the formula y — yo = @(m —x9) =
p p

4p r=ro 2 2p

Zo Ty 2 . 1 5 . Zo

—x— —, but — = 2yq because (z9, yo) is on the parabola y = —z*. Thus the tangent line is y —yo = —x — 2y,

2p 2p 2p 4p 2p

_Fo,. _
Y= 2p30 Yo
d b? b2
53. By implicit differentiation, & = —2x—0 if yo # 0, the tangent line is y —yo = —2@(36 —x9), b2xor —a?yoy =
Tl(@o,yo) @7 Y0 a” Yo

b a3 — a’y¢ = a®b?, zox/a® — yoy/b? = 1. If yo = 0 then 2y = +a and the tangent lines are = +a which also

follow from zgx/a® — yoy/b? = 1.

d
55. Use implicit differentiation on 22 + 4y? = 8 to get d—y =~ 20 Where (20,y0) is the point of tangency, but
T Yo
(%0,y0)

—10/(4y0) = —1/2 because the slope of the line is —1/2, so kg = 2yo. (70,%0) is on the ellipse so 3 + 4y3 = 8
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which when solved with g = 2y yields the points of tangency (2,1) and (—2,—1). Substitute these into the
equation of the line to get k = +4.

d 4
57. Let (z0,y0) be one of the points; then d—y = ﬂ, the tangent line is y = (4o /yo)x + 4, but (z¢,yo) is on
X Yo
(z0,Y0)

both the line and the curve which leads to 472 — y2 + 4y = 0 and 423 — y2 = 36, so we obtain that zg = +31/13/2,
Yo = —9.
59. (a) (z—1)2—5(y+ 1)? =5, hyperbola.
(b) 22 -3(y+1)2=0,2 = +V3(y + 1), two lines.
(c) 4(x+2)?+8(y+ 1)% =4, ellipse.
(d) 3(z+2)%+ (y+1)2 =0, the point (—2, —1) (degenerate case).
(e) (z+4)% + 2y =2, parabola.
(f) 5(x + 4)% + 2y = —14, parabola.
61. The distance from the point (:n y) to the focus (0, —c¢) plus distance to the focus (0, ¢) is equal to the constant 2a,
so /22 + (y + ¢)2 4+ /22 + 2 22(15(} +(y+e)? =da’ +2% + (y—c)* —da/22 + (y — ¢)2, /22 +
x

a—gy,andsincea —c? :b2 ——i—— 1.
a b2

63. Assume the equation of the parabola is #? = 4py. The tangent line at P = (xq,y0) (see figure) is given by

(y —yo)/(x —x9) = m = :co/2p To find the y-intercept set x = 0 and obtain y = —yg. Thus the tangent line
meets the y- ax1s at @ = (0, —yo). The focus is F' = (0,p) = (0,22/4yo), so the distance from P to the focus is

Vi + (yo — = \/4py0 + (yo — = /(y0 +p)? = yo + p and the distance from the focus to @ is p + yo.

Hence trlangle FPQ is isosceles, and angles FFPQ and FQP are equal. The angle between the tangent line and
the vertical line through P equals angle FFQP, so it also equals angle F'P(Q), as stated in the theorem.

y
F(0,p)
\ P(x¥y)
X

0(0.-y,)

65. Assuming that the major and minor axes have already been drawn, open the compass to the length of half the
major axis, place the point of the compass at an end of the minor axis, and draw arcs that cross the major axis
to both sides of the center of the ellipse. Place the tacks where the arcs intersect the major axis.

Exercise Set 10.5
1. (a) sinf =/3/2, cosf = 1/2; 2’ = (—=2)(1/2) + (6)(v/3/2) = =1 + 33, v/ = —(=2)(v/3/2) +6(1/2) = 3 + /3.

(b) o= 2o = Ly = Lo - VA y = L Ly - %(\/ﬁx’ +y'); V3 B(x - \/§y’>] [;Wﬁx +y’)} i

(3@’ + 23y + (f)?) = 6, 2@) — 3/ =6,

| =
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3. cot20 = (0—0)/1 =0, 20 =90°, 0 = 45°, x = (vV2/2)(z' —¥'), y = (V2/2)(z' + '), (v/)?/18 — (2/)%/18 = 1,
hyperbola.

5. cot20 = [1 — (=2)]/4 = 3/4, cos20 = 3/5, sind = /(1 —3/5)/2 = 1/v/5, cos® = /(1+3/5)/2 = 2//5,
z=(1/V5)(22 —y'), y = (1/V5) (@' +2y), (¢')*/3 — (y')*/2 = 1, hyperbola.

7. cot20 = (1 —3)/(2v/3) = —1/+/3, 20 = 120°,0 = 60°, = = (1/2)(z' — V3y'), y = (1/2)(V32' +¢/), v = (z')?,
parabola.

9. cot 20 = (9—16)/(—24) = 7/24, cos20 = 7/25, sinf = 3/5, cosf = 4/5, x = (1/5) (42’ — 3y’), y = (1/5)(3z’ + 4y'),
(y')? = 4(2’ — 1), parabola.
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11. cot 20 = (52—173)/(=72) = 7/24, cos 20 = 7/25,sinf = 3/5, cos@ = 4/5, x = (1/5)(4a’ —3y"), y = (1/5) (32" +4y'),
(' +1)%/4+ (v')? =1, ellipse.

’

y

13. 2/ = (vV2/2)(x +y), ¥ = (v/2/2)(—x +y) which when substituted into 3(2')% 4 (y)? = 6 yields x> + xy + y* = 3.

15. Let x = 2’ cos —y' sin 6, y = 2’ sin @+’ cos @ then 22 +y> = 72 becomes (sin? f+cos? 0)(2')%+(sin? f+cos? 0) (y')? =
r2, (2')2+(y")? = r2. Under a rotation transformation the center of the circle stays at the origin of both coordinate
systems.

17. Use the Rotation Equations (5).

19. Set cot20 = (A — C)/B = 0,20 = /2,0 = 7/4, cos = sinf = 1/v/2. Set z = (z' —¢')/V2, y = (2’ +y')/V2
and insert these into the equation to obtain 4y’ = (2')?; parabola, p = 1. In 2'y’-coordinates: vertex (0,0), focus
(0,1), directrix y’ = —1. In xy-coordinates: vertex (0,0), focus (—1/v/2,1/+/2), directrix y = x — v/2.

1 26
21. cot20 = (9 — 16)/(—24) = 7/24. Use the method of Example 4 to obtain cos26 = %, so cosf = 4/ H% =

[1+L 4 /1 — cos 20 4 4
% =5 sinf = % = % Set = 533’ - %y’, y = gx' + 5@/, and insert these into the original

equation to obtain (y')? = 4(2’ — 1); parabola, p = 1. In 2y/-coordinates: vertex (1,0), focus (2,0), directrix
x' = 0. In zy-coordinates: vertex (4/5,3/5), focus (8/5,6/5), directrix y = —4x/3.

23. cot 20 = (288 — 337)/(—168) = 49/168 = 7/24; proceed as in Exercise 21 to obtain cosf = 4/5, sin = 3/5. Set
x = (42’ —3y") /5,y = (32’ +4y')/5 to get (2')?/16+ (y')?/9 = 1; ellipse, a = 4, b = 3, ¢ = /7. In z'y/-coordinates:
foci (£+/7,0), vertices (+4,0), minor axis endpoints (0,43). In xy-coordinates: foci +(4v/7/5,3v/7/5), vertices
+(16/5,12/5), minor axis endpoints +(—9/5,12/5).

25. cot 20 = (31 —21)/(10v/3) = 1/v/3, 20 = 71/3, 0 = /6, cosf = /3/2, sinf = 1/2. Set v = /32'/2 — v/ /2,y =

2'/24+/3y’' /2 and obtain (2')2/4+(y' +2)2/9 = 1; ellipse, a = 3, b = 2, ¢ = /9 — 4 = \/5. In 2'y’-coordinates: foci

Vﬁ)
2

)
(0, —24+/5), vertices (0, 1) and (0, —5), ends of minor axis (£2, —2). In zy-coordinates: foci (1—\2[, —V/3+

5 15 1 V3 5 5v3
and (1 + g, V3 - \C), vertices (— 3 \2[> and (2, —\2[>, ends of minor axis (1 +4/3,1— \/§> and

(1—\/5,—1—\/3).
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27.

29.

31.

33.

35.

cot20 = (1 —11)/(=10v/3) = 1/v/3, 20 = 7/3, = ©/6, cos§ = \/3/2, sinf = 1/2. Set x = /3z2'/2 — 3/ /2,
y = 2'/2 + /3y’ /2 and obtain (2')2/16 — (y')2/4 = 1; hyperbola, a = 4, b = 2, ¢ = v/20 = 2v/5. In 2'y/-
coordinates: foci (+2+/5,0), vertices (44, 0), asymptotes y' = +2’/2. In zy-coordinates: foci +(1/15,v/5), vertices
5V/3 & 8

+(2v/3,2), asymptotes y = 11

1 26 2
cot 20 = ((—=7) — 32)/(—52) = 3/4; proceed as in Example 4 to obtain cos26 = 3/5, cos = 1hcost
1

2 2 2 R %7
2 ) / 2 / / !/ 4
Set z = u, y = Ty and the equation becomes (Ig) — y ) = 1; hyperbola,

NG NG V5 4
a = 3,b = 2,¢c =+13. In z'y-coordinates: foci (£v/13,4), vertices (£3,4), asymptotes ¢y = 4 + 22'/3. In

—44 21 Vi —4-2y/13 8- /1 2 11

zy-coordinates: foci ( + \/>3, 8+ 3) and ( \/T)), 8 3), vertices (, ) and (—2\/5, \/5),
V5 NG V5 V5 V5 V5

asymptotes y = ’%x +3v5 and y = _g + ¥

sinf =

WVz+y)? =1=a+y+2zy, (1-2—y)* =22 +y?+1—2z—2y+2zy = day, so 2* —2zy+y* — 22 —2y+1 = 0.
Set cot 20 = 0, then # = 7/4. Change variables by the Rotation Equations to obtain 2(y’)? —2v/22’ +1 = 0, which
is the equation of a parabola. The original equation implies that « and y are in the interval [0, 1], so we only get
part of the parabola.

It suffiices to show that the expression B> — 4A4’C” is independent of . Set g = B’ = B(cos?  — sin® ) + 2(C —
A)sinfcosf, f = A’ = (Acos? 0+ Bcosfsin+Csin® ), h = C' = (Asin® § — Bsin cos 0+ C cos? §). Tt is easy to
show that ¢'(f) = —2Bsin26 + 2(C' — A) cos 20, f'(6) = (C' — A)sin20 + B cos 20, h'(0) = (A— C)sin20 — B cos 26

d
and it is a bit more tedious to show that @(g2 —4fh) = 0. Tt follows that B> —4A’C" is independent of # and
by taking § = 0, we have B'?> — 4A'C’ = B? — 4AC.

If A= C then cot20 = (A—C)B=0,5s020=m/2,and 0 = /4.

Exercise Set 10.6

1.

3/2
(a) T:ﬁ,€:17d:3/2.

_ 32
1+ 3sing’

(b) r e=1/2,d=3.
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/2
I\,
-2 2
ot
3. (a) e=1, d =8, parabola, opens up.
/2
\ | /
1 lI2 1 1 1 1 lI2 1 0
-6
4 . . . .
(b) r=—5——,e=3/4,d=16/3, ellipse, directrix 16/3 units above the pole.
1+ 4sinf
-6
ed 3/2 6
5. d=2,r= = = .
(2) T Tt ecosd 1+ 3cos® 4+ 3cost
ed 1
(b) e=1, T T i ecosf 1+ cosf
ed 4 12
=4/3,d=3,r= = = .
(c) e /3, a 1+ esinf 1—|—%sin9 3+ 4sinf
7. (@) r= ————,e=1/2,d =6, directrix 6 units above pole; if = 7/2: rog =2;if 0 =37/2: r; =6,a =
1+ 5sinf
. 22 (y+2)?
(ro +71)/2 =4, b= \/ror1 = 2v/3, center (0, —2) (rectangular coordinates), 13 + ST 1.
1/2 1/2
(b) r= +, e =1/2,d =1, directrix 1 unit left of pole; if 0 =7 : rg = 12 =1/3;if60=0:m=1,a=
1—5cosf 3/2
9
2/3, b= 1/+/3, center = (1/3,0) (rectangular coordinates), Z(m —1/3)> 4+ 3y* = 1.
9. (a) r= e =2, d =3/2, hyperbola, directrix 3/2 units above pole, if § =7/2: rg=1;0 =37/2: r =

14 2sinf’ ,

3,50 71 = 3, center (0,2),a=1,b=1+/3, —% +(y—2)72%=1.
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11.

13.

15.

17.

19.

21.

23.

5/2
(b) T=%76=3/2,d=5/3, hyperbola, directrix 5/3 units left of pole, if § =7 : 1o =1;0=0: r =

— 5 cos

1 1
—9, r1 = 9, center (_3a0)7 a=2b= \/57 Z(JT + 3)2 — 5y2 =1.
(a) = %d = d if g =0: =d/3;0 = =d,8 = —1( + )—Qdd—12 =
. r_1+%cos9_2+cost9’l U= v=mn=de=a=on o) = gdd =18 T =
12

24 cosf’

3d 3d 3 3 1 15
b = 5 — f9:3 2: :7d9: 2 :*d4: I :*dd:
(b) 1f§sin0 5—3sind’ . /2 10 g ™/2, 1 9% a 2(T1+7“0) 6%
64 3(64/15) 64

15" T 5_3sinf 25— 15sin0"

For a hyperbola, both vertices and the directrix lie between the foci. So if one focus is at the origin and one vertex
is at (5,0), then the directrix must lie to the right of the origin. By Theorem 10.6.2, the equation of the hyperbola

d
has the form r = ﬁ. Since the hyperbola is equilateral, a = b, so ¢ = v/2a and e = c¢/a = /2. Since

€ cos

: . - 5V2+5
(5,0) lies on the hyperbola, either r(0) =5 or r(7) = —5. In the first case the equation is r = ——————; in the
1++/2cos6
. 5V2 -5
second case it is r = ————.
14+ +v/2cosf
2 2 2 2 2 2

(a) From Figure 10.4.22, % - Zg—z =1, Z—z - czy—ia? =1, (1 - 22) Pryt=a - Pty = (gm) +

2
a?, (zfc)2+y2:(fx—a) , (xfc)2+y2:gzvfaforx>a2/c.
a a

PF

(b) From part (a) and Figure 10.6.1, PF = SPD7 D= g.

1

S5(r1+r
(a) ezc/a:?(l 0):7"1—1—7"0'

5(7“1—7“0) T —To

r1/ro+1 r1  e+1

b = — 1 = 1 _—= .
(b) e o =1 e(ri/ro —1) =r1/ro + 1, |
True. A non-circular ellipse can be described by the focus-directrix characterization as shown in Figure 10.6.1, so

its eccentricity satisfies 0 < e < 1 by part (b) of Theorem 10.6.1.
False. The eccentricity is determined by the ellipse’s shape, not its size.
(a) T =a%?=39.5"5~ 248 yr.

(b) 1o =a(l—e) =39.5(1—0.249) = 29.6645 AU ~ 4,449,675,000 km, r; = a(1 + ) = 39.5(1 + 0.249) = 49.3355
AU =~ 7,400,325,000 km.

(©) r= a(l—e?) 39.5(1—(0.249)%) 37.05
T 1+ecosf  1+0249cosf 1+ 0.249cosf '
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/2
50

-

-30

(d)
25. (a) a=T?/3 =2380%/3 ~ 178.26 AU.
(b) 1o =a(l—e)~0.8735 AU, r; = a(1 +e) ~ 355.64 AU.

a(l—e?) 1.74
(@) "= s~ T 0.9951cosd

1
-300 -200

(d)

27. 1o = a(l — e) ~ 7003 km, hmin ~ 7003 — 6440 = 563 km, 7, = a(1+ €) ~ 10,726 km, Amax ~ 10,726 — 6440 = 4286

km.

29. Position the hyperbola so that its foci are on a horizontal line. As e — 1%, the hyperbola becomes ‘pointier’,
squeezed between almost horizontal asymptotes. As e — +00, it becomes more like a pair of parallel lines, with
almost vertical asymptotes.

e=1.1

Chapter 10 Review Exercises

1. x(t) = V2cost, y(t)=—V2sint, 0<t<3m/2.

3. (a) dy/dz = 12—/3 = 1/(4t); dy/dx|t=_1 =—1/4; dy/d:v|t=1 =1/4.

(b) == (2y)*+1, dz/dy = 8y, dy/dx|y:i(1/2) =+1/4.
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4cost

5. dy/dx = = —2cot t.

—2sint

(a) dy/dx=0ifcott=0,t=m/2+ nw for n=0,%1,...
1 .
(b) dx/dy = —§tant:01ftant:0, t=nmforn=0+1,...

7. (a) (=4v2,-4v2) (b) (7/V2,-T7/V2) (c) (4v2,4v2) (d) (5,0) (e) (0,-2) (f) (0,0)
9. (a) (5,0.6435) (b) (v/29,5.0929) (c) (1.2716,0.6658)
11. (a) r =2a/(1+cosh),r +x = 2a,2> + y*> = (2a — x)?,y*> = —4ax + 4a?, parabola.
(b) 72%(cos? § — sin? §) = 22 — y? = a?, hyperbola.
(c) rsin(d —7/4) = (v/2/2)r(sin@ — cos ) = 4,y — x = 4/2, line.

(d) 72 =4rcosf+8rsinf,z? + y? = 4z + 8y, (xr — 2)2 + (y — 4)? = 20, circle.

6
13. Line 15. Cardioid 17. Limagon

19. (a) z =rcosf = cos — cos®,dx/df) = —sinf + 2sinfcos = sinf(2cos — 1) = 0 if sinf = 0 or cos = 1/2,
so 0 = 0,7, m/3,57/3; maximum = = 1/4 at § = /3, 57/3, minimum x = —2 at § = 7.

(b) y = rsinf = sinf — sinfcosd,dy/df = cos +1 —2cos?f = 0 at cosf = 1,—1/2, so § = 0,27/3, 47 /3;
maximum y = 3v/3/4 at § = 27/3, minimum y = —3v/3/4 at § = 47 /3.

21. (a) Ast runs from 0 to 7, the upper portion of the curve is traced out from right to left; as ¢ runs from 7 to 27
the bottom portion is traced out from right to left, except for the bottom part of the loop. The loop is traced out

1
counterclockwise for m + sin™! 1 <t<2m—sin! 1

(b) lim z =400, lim y =1; lim z = —o0, lim y =1; lim = = 400, lim y =1; lim = —oco, lim y=1;
t—0+ t—0+ t—m— t—m— t—mt t—mt t—2m— t—2mw—
the horizontal asymptote is y = 1.

(c) Horizontal tangent line when dy/dx = 0, or dy/dt = 0, so cost = 0,t = 7/2,3m/2; vertical tangent line when
1 1
dr/dt =0, s0 —csc®t —4sint = 0,t =7 +sin” ' —, 27 —sin~' —, ¢ ~ 3.823,5.602.

s V4
(d) Since tanf = L tant, we may take 0 = t. r? = 224+y? = 22(1+tan?t) = 2% sec’t = (4+csct)? = (4+csch)?,
x
1 1
sor =4+csch. r =0 when cscd = —4, sinf = 1 The tangent lines at the pole are # = 7 4 sin™! 1 and

1
=27 —sin"!=.
s Sin 4

1
23. A:2/ 5(2+2cos9)2d9:67r.
0



282 Chapter 10

7T/6 1 7\'/3 1 ﬂ'/2 1
25. A= 5(2 sin 0)? d9+/ —-1? d0+/ —(2cos0)?df. The first and third integrals are equal, by symmetry,
0 /6 n/3
/6 l/m =« m/6 T LA T V3 7
A= 4sin2 0 do 7<7—7):/ 2(1 — cos20) df + - = (20 — sin 26 T I ¥, 7T_
50 /0 oAl \3 7% | 21— cos20)df + 35 = Sln)0+12 372 12
Sm_ V3
12 2
/2
2
r=2sin
1
r=2cos0
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35.

39.

41.

43.

45.

47.

49.

(1-+7,3)

(=3.3)

—— —

a? = —dpy, p =4, a?

—16y.

a=3,a/b=1,b=3;y*/9—2%/9=1.

_ . g
(a) y_y[)+(v()51na)vocosa 2(

dy
b) — =t
(b) 5, = tana
2
Yo + = Sln
29

2.

A-C
cot 20 = T
/\2

2
Yo

9

COS“

2
x
Up €OS a)

- —z,dy/dr=0at v =
g

= 0,20 = 7/2,0 = 7/4,cos0
5(y')% — (z)? = 6, hyperbola.

cot 20 = (4v/5 — V/5)/(4V5) = 3/4, so cos 26
/(1 = cos26)/2 = 1/+/5. Hence the transformed equation is 5v/5(z")? — 5v/5y’ = 0, y = (2)?, parabola.

1/3

a) r=—
() 1—}-%008

0

=1y +xtana —

v

g

2

. Uy .
smozcosoz,y:yo—l——osm
g

2

=
203 cos? a

2 g

vg sina cos

a—
203 cos? a

(

g

y

— sinb = v2/2, s0 v = (VZ/2)(@' — y), y = (V2/2)(&' + ),

= 3/5 and thus cosf =

, ellipse, right of pole, distance = 1.

(14 cos20)/2 = 2/+/5 and sinf =
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(b) Hyperbola, left of pole, distance = 1/3.

1/3
(¢) r= 1+/W, parabola, above pole, distance = 1/3.

(d) Parabola, below pole, distance = 3.

(x 43, (y—2
25 * 9

51. (a) e=4/5=c/a,c=4a/5,but a=5s0c=4,b=3, =1

(b) Directrix y =2, p =2, (v + 2)? = —8y.

5)2

(c) Center (—1,5), vertices (—1,7) and (—1,3), a =2, a/b =8, b= 1/4, W=5"_ 16(z+1)*=1.

/2
53. a=3,b=2c=+5 C= 4(3)/ v 1—=(5/9) cos? udu = 15.86543959.
0

Chapter 10 Making Connections

y
1F

1. (a) T

(b) Ast — 400, the curve spirals in toward a point P in the first quadrant. As ¢ — —oo, it spirals in toward the
reflection of P through the origin. (It can be shown that P = (1/2,1/2).)

1 2 2
(c) L= / cos? <7rt> + sin? (7rt> dt = 2.
. 2 2

3. Let P denote the pencil tip, and let R(z,0) be the point below ) and P which lies on the line L. Then QP + PF
is the length of the string and QR = QP + PR is the length of the side of the triangle. These two are equal, so
PF = PR. But this is the definition of a parabola according to Definition 10.4.1.

2 2
b
5. (a) Position the ellipse so its equation is x— + gl; =1. Then y = —va? — 22, so
a
@ @ p? 4 dy bx dy at — (a® — b?*)a?
_ 2 5 b2 o _ %9 ay _ _ _
V—Q/O Y dx—Z/O 7Ta2(a x)dm—gﬂab.Also, p i S 801+<d3; = a2(a2—x2) =

4 2.2

_ 2.2
u, where ¢ = va?2 —b2. Then S = 2 27r 1+ (dy/dx)?dx = il 2 — g2 e
- =Va y y Va

a®(a 2) a2 a? — z?)

47TbC [a* 47Tbc la a4 e ¢
/ §—$2dm— [ - — 2+272$1I1 ?
0

Table Formula 74.

b
= 2mwab ( + 4 sin~? c)’ by Endpaper Integral
a ¢ a
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2 2
b) Position the ellipse so its equation is r + Y _1 Thenz=2/p2— Y2, S0
a2 b b
b b2 2 4 2 2Y,,2
a 4 dx ay dx b* + (a* — b))y
V=2 2dr =2 — (b —y?)dy = —ma®h. Also, — = ———2—— 01+ — ) =— 2T —
/0 mx® dx /0 7Tb2( y°) dy 37ra S0, i NG so 1+ i (0= )

bt + c?y? b dra [P b + 242
W’ Where Cc = \/a2 —b2. Then S = 2A 27T1'\/1+ (dx/dy)Qdy = T/O \ b2 —y2 Wdy

drac [° bt a b, a+c
Vo y2dy =2mab (2420 .
b2/0 2 Ty = (b+cn b)
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Graphing Functions Using Calculators and
Computer Algebra Systems

Exercise Set A

A

-50 I 50 -5 I 5 -2 2

1. (a) = (b) = (c) =
\ 1ry / \ 0.57 /
2 2 -i5 ' ' Is

(d) -1+ (e) -0.5%

3. (a) Oauly two points of the graph, (—1,13) and (1, 13), are in the window.
150
(CL13) sl (113
15p
-1,13)
(-2,16)
(b) (©)

(d) This graph uses the window [—4, 4] x [—4, 28].

287
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4L

5. The domain is [—+/8, /8] and the range is [0,4]. The graph below uses the window [—3,3] x [~1, 5].

1000000 Y

_4'0() ' . 1 2b0

L —1500000

11.

=

-5

13. 15. -7t

17. (a) f(z) = V16 — 22 sl (b) f(z) = —v/16 — 22 st
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W
=
W
1
<

N N N
(c) st (d) -5° (e) Noj it fails the vertical line test.
20y
3
-1
19. (c)
"
3 2
-
(f)
4y
. ¥
-1 —__—“———”/j 3
ot
21. -2-

23. (a) The two graphs should be identical:

4y

-32 32

(b) The two graphs should be identical:

€ 2 TN TR (@ D
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25. (a) Positive values of ¢ make the parabola open upward; negative values make it open downward. Large values
(positive or negative) make it pointier.
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ry /
K“

31. -3 33.

29. (a) -3

35. (a) One possible answer is = 4 cost, y = 3sint.

(b) One possible answer is z = —1 + 4 cost, y = 2 + 3sint.

3
(a)
| _4K
3

(c)
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Trigonometry Review

Exercise Set B

1. (a) 57/12 (b) 137/6 (¢) /9 (d) 237/30
3. (a) 12° (b) (270/m)° (c) 288° (d) 540°
5. sin 6 cos tan 6 cscl sec cot 0

(a) V21/5| 2/5 |V21/2|5/v21| 5/2 |2/V21
(b) 3/4 | VT/4 | 3/VT | 4/3 |4/NT| VT3
(¢) 3/V/10|1/v/10| 3 V10/3 | V10 | 1/3

7. sinf = 3//10, cos§ = 1/+/10.
9. tanf = v/21/2, cscf = 5/v/21.

11. Let x be the length of the side adjacent to 6, then cosf = z/6 = 0.3, z = 1.8.

13. 0 sin 6 cosf tan 6 csc sec 6 cot 6
(a) 225° | —1/v2| —1/V2 1 -2 | =2 1
(b) —210° | 1/2 | —v3/2| -1/V3 2 —2/V3| —V3
(c) 57/3 | —V3/2| 1/2 —/3 | —2/V3 2 ~1/V3

(d) —3m/2 1 0 — 1 — 0
15. sin 6 cosf tanf | csch | sech | cotd

(a) 4/5 | 3/5 4/3 | 5/4 | 5/3 | 3/4

(b) —4/5| 3/5 —4/3 | =5/4| 5/3 | —3/4

(c) 1/2 | —3/2|-1/vV/3| 2 | -2V3| —/3

(d) —-1/2| V3/2 | -1/V3| =2 | 2/V3 | -3

€ 1/VZ2| V2| 1 | V2| V2| 1

(F 1/vV2|-1/vV2| -1 V2 | V2 | —1
17. (a) z = 3sin25° ~ 1.2679. (b) z = 3/tan(27/9) ~ 3.5753.

293
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Appendix B

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

sin 6 cos 6 tan 6 cscl sec @ cot 6
(a) a/3 V9 —a?/3 | a/V9 — a2 3/a 3/vV9—a? | V9 —a?/a
(b) a/VaZ+25|5/Va?+25 a/5 Va2 +25/a | Va2 +25/5 5/a
(c) Va2 —-1/a 1/a a?—1 | a/va* -1 a 1/va? -1

(a) 6=37/4+nr,n=0,1,2,...

(b) 0 =n/3+2nmand 0 =57/3+£2nm,n=0,1,2,...

(a) 0=7/6Ltnm,n=0,1,2,...

(b) 0 =4n/3+2nm and 0 =57/3 £2nm, n=0,1,2,...

(a) 0=3n/4tnm,n=0,1,2,...

(b) 0=n/6Ltnm,n=0,1,2,...

(a) 0 =7/3£2nm and  =27/3 £ 2nm, n=0,1,2,...

(b) 0 =n/6+2n7 and 0 = 117/6 £ 2nm, n=0,1,2,...

sinf = 2/5, cosf = —/21/5, tanf = —2/v/21, cscf = 5/2, secd = —5//21, cot § = —v/21/2.

(a) 6=+xnm,n=0,1,2,...

(d) 0 =+nm,n=0,1,2,...

(a) s=r0=4(x/6) =27/3 cm.

0=s/r=2/5.

(a) 2nr=R(2m —0), r

_2m—0
T o

R.

(b) 0=n/2+nm,n=0,1,2,...

() 0=r/2+nm, n=0,1,2,...

(b) h= R —r2=/R?— (2n — 0)2R?/(4n2) =

V4Tl — 02 R
2

(c) 0==+nm,n=0,1,2,...
(f) 0 =+xnm, n=0,1,2,...

(b) s=1r0=4(57/6) = 107/3 cm.

1
Let h be the altitude as shown in the figure, then h = 3sin 60° = 3v/3/2 so A = 5(3\/5/2)(7) =21V3/4.

Let x be the distance above the ground, then x = 10s8in 67° ~ 9.2 ft.

From the figure, h = x — y but © = dtan 3, y = dtana so h = d(tan 8 — tan «).
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45.

47.

49.

51.

53.

55.

57.

59.

61.

63.

} d {
(a) sin20 = 2sinfcosf = 2(v/5/3)(2/3) = 4v/5/9.
(b) cos20 =2cos?0 —1=2(2/3)? —1=—-1/9.

sin30 = sin(20 + ) = sin260cos® + cos20sinf = (2sinfcosf)cosf + (cos? — sin?H)sinh = 2sinf cos? § +
sin 6 cos? 6 — sin® § = 3sin 6 cos? § — sin® 6; similarly, cos 36 = cos® 6 — 3sin? § cos 6.

cosftanf +sinf  cosf(sinf/ cosd) +sinb

tan 6 sin 0/ cos 0 o8
sind cosf  sin®6 4+ cos? 1 2
tan 6 tl = = = = = = 2csc20.
ant -+ co cosf  sinf sin 0 cos 6 sinfcosf  2sinfcosf  sin 26 e

sinf 4+ cos20 — 1 sinf+ (1 —2sin®0) —1  sinf(1 — 2sino)

= = = tané.
cos f — sin 20 cosf — 2sin 6 cos 0 cosf(1 — 2sin0) an

Using (47), 2 cos 20 sin 6 = 2(1/2)[sin(—6) + sin 30] = sin 30 — sin 6.

sin(6/2) _ 2sin(0/2) cos(6/2) sin @

cos(0/2) 2cos2(60/2) ~ 1+cosf’

1 1 1
From the figures, area = §hc but h = bsin A, so area = §bc sin A. The formulas area = iacsinB and area

1
= §ab sin C' follow by drawing altitudes from vertices B and C, respectively.

C

(a) sin(m/2 + ) = sin(7/2) cos @ + cos(m/2) sinf = (1) cos B + (0) sin 6 = cos 6.
(b) cos(m/2 + 6) = cos(7/2) cos 6 — sin(m/2) sinf = (0) cos§ — (1) sinf = — sin 6.

(c) sin(3m/2 — 6) = sin(37/2) cos 6 — cos(3m/2) sin 6 = (—1) cos 6 — (0) sin§ = — cos .

(d) cos(3m/2 + 0) = cos(3m/2) cos 0 — sin(37/2) sin @ = (0) cos§ — (—1) sin§ = sin 6.

(a) Add (34) and (36) to get sin(a— 3) +sin(a + ) = 2sinacos 3, so sinacos f = (1/2)[sin(a — 3) + sin(a + B)].

(b) Subtract (35) from (37). (c) Add (35) and (37).
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65.

67.

69.

71.

a;ﬂcosa;rﬁ, but sin(—f) = —sin 3, so sin« fsinﬂ:2cosa;rﬂsina;6.

sin a + sin(—f) = 2sin

Consider the triangle having a, b, and d as sides. The angle formed by sides a and b is 7 — 0 so from the law of
cosines, d? = a® + b? — 2abcos(m — 0) = a® + b? + 2abcosh, d = /a2 + b2 + 2abcos 6.

(a) tan~!(—1/2) ~ —27° so angle of inclination ~ 180° — 27° = 153°.
(b) Angle of inclination = tan=! 1 = 45°.

(c) tan~!(—2) ~ —63° so angle of inclination ~ 180° — 63° = 117°.
(d) Angle of inclination = tan=! 57 a2 89°.

(a) Angle of inclination = tan—'+/3 = 60°.

(b) y=—2z—5. tan"!(—2) ~ —63° so angle of inclination ~ 180° — 63° = 117°.



Solving Polynomial Equations

Exercise Set C
1. (a) gq(z) =2*+4z+2,r(z) = —1lz +6.
(b) q(x) =22% +4,r(x) = 9.
(c) qlz)=a3— 2%+ 22 —2,r(x) =22+ L.
3. (a) q(z) =32%+ 6z +8,r(x) = 15.
(b) q(z) = 2® — 522 + 20z — 100, 7(z) = 504.

(c) glx)=2*+2>+ 22+ +1,7(x) =0.

5.
T 0 11 -3 7
p(z) | —4 | —3 | 101 | 5001
7. (a) q(x) =22 + 62+ 13,r = 20. (b) q(z)=2%+3z—2,r=—4.

9. Assume r = a/b where a and b are integers with a > 0:

(a) bdivides 1, b = +1; a divides 24, a = 1,2, 3,4,6,8, 12, 24;
the possible candidates are {41, £2, 43, +4, 46, £8, 12, £24}.

(b) b divides 3 so b= +1,+3; a divides —10 so a = 1, 2,5, 10;
the possible candidates are {+1, +2, +5,4+10,+1/3,+2/3,+5/3, +£10/3}.

(c) b divides 1 so b= =1; a divides 17 so a = 1, 17;
the possible candidates are {1, £17}.

11. (x +1)(z — 1)(z — 2)

13. (z+3)3(z+1)

15. (z+3)(z+2)(x + 1)*(x — 3)

17. —3 is the only real root.

19. 2 = —2,-2/3,—1 + /3 are the real roots.

21. —2,2,3 are the only real roots.

23. If z — 1 is a factor then p(1) =0, so k? — 7Tk +10 =0, k? — Tk + 10 = (k — 2)(k — 5), so k = 2,5.
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25. If the side of the cube is  then 2%(z — 3) = 196; the only real root of this equation is x = 7 cm.
27. Use the Factor Theorem with x as the variable and y as the constant c.

(a) For any positive integer n the polynomial ™ — y™ has x = y as a root.

(b) For any positive even integer n the polynomial ™ — y™ has x = —y as a root.

(¢) For any positive odd integer n the polynomial 2™ 4+ y™ has x = —y as a root.
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