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Preface

The aim of this book is to provide a concise introduction to some significant
topics covered in the subject Discrete Mathematics. Various themes of discrete
mathematics have extensive applications in several courses in disciplines like
Computer Science, Engineering, and Information Technology. This motivated
us to provide a resource in the form of a textbook for undergraduate
and postgraduate students adopting relevant courses in Computer Science,
Mathematics, Engineering, Information Technology, etc. While in some
courses this book can be adopted as a text book, there are several other
courses where this book will serve the need of a reference book. This book
also will serve as a Handbook for the teachers in class room teaching as it
contains many solved problems and problems for practice which are included
at the end of each subtopic. In order to meet the needs of the learners,
we have included essential topics in this book, such as Logics and Proofs,
Combinatorics, Graphs, Algebraic Structures, Lattices and Boolean Algebra.

In Chapter 1: Logics and Proofs, vital concepts from basic level of
logic and proofs are provided. In Chapter 2: Combinatorics, we have
dealt with the idea of mathematical induction with more number of solved
problems for better understanding of the reader. Also, various other topics
in combinatorics like pigeonhole principle, permutations and combinations,
and recurrence relation are discussed in meticulous approach. In Chapter 3:
Graphs, fundamental notion of graph theory and various types of graphs are
introduced with lot of illustrations. In Chapter 4: Algebraic Structures,
the elementary tools of discrete mathematics such as algebraic structure,
semigroup, monoid, abelian group, subgroup, cosets, Lagrange’s theorem,
normal subgroup, homomorphism of groups, rings and fields are provided with
sufficient theorems with proofs and examples. In Chapter 5: Lattices and
Boolean Algebra, the concepts of partially ordered sets, lattices, Boolean
algebra and their properties are focussed. These concepts are useful in many
different types of computational circuits.

We thank all the authors who have contributed extensively in the field
of Discrete Mathematics and our family members and friends who have
motivated us to bring our objective in the form of a textbook. We are indebted
to the Management of Nizwa College of Technology, Nizwa, Oman for their
constant support and encouragement during the preparation of this book. We
would like to thank the editors in charge for this book project and supporting

ix
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staff at CRC Press, Taylor & Francis Group, for their timely cooperation in
publishing this book. We also welcome productive suggestions and comments
to improve the quality of the book for next edition.

B. V. Senthil Kumar, Nizwa, Oman
Hemen Dutta, Guwahati, India



Authors

B. V. Senthil Kumar is serving in the Section of Mathematics, Department
of Information Technology, Nizwa College of Technology, Nizwa, Oman. His
areas of interest are solution and stability of functional, differential, and
difference equations; operations research, statistics; and discrete mathematics.
He obtained his Ph.D. Degree in 2015 and has 18 years of teaching and research
experience. He has published more than 40 research papers in National and
International reputed journals. He has authored the books titled Functional
Equations and Inequalities: Solution and Stability Results (published by
World Scientific Publishing Company) and Probability & Queueing Theory
(published by KKS Publishers, Chennai, India) to his credit. He has also
contributed some book chapters. He has delivered invited talks in various
institutions and also organised many academic and non-academic events. He
is a member of many mathematical societies.

Hemen Dutta is a faculty member at the Department of Mathematics,
Gauhati University, India. He did his Master of Science in Mathematics, Post
Graduate Diploma in Computer Application, and Ph.D. in Mathematics from
Gauhati University, India. He received his M.Phil in Mathematics from
Madurai Kamaraj University, India. He currently teaches subjects like
real analysis, functional analysis, algebra, mathematical logic, computer
applications, etc. His primary research interest includes areas of mathematical
analysis. He has to his credit several research papers, some book chapters,
and few books. He has delivered talks at different institutions and organised a
number of academic events. He is a member of several mathematical societies.

Xi





http://www.taylorandfrancis.com

1

Logics and Proofs

1.1 Introduction

In this chapter, we discuss propositional logic and various methods of proving
validity of propositions. The concept of logic has many applications in
computer science to develop computer programs, to verify the logic of program
and also in electronics to design circuits.

1.2 Proposition

A proposition (or statement) is a declarative sentence which is true or false,
but not both. Consider, for example,

(i)
(i) 5+3="7.
(iii)

(iv) Close the door.

The year 2000 is a leap year.

z =1 is a solution of z° = 1.

In the above, (i)—(iii) are propositions, whereas (iv) is not a proposition.
Moreover, (i) and (iii) are true, while (ii) is false.

1.3 Compound Propositions

Many propositions are composite, that is, composed of subpropositions and
various connectives discussed in the next section. Such composite propositions
are called compound propositions. A proposition is said to be primitive if it
cannot be broken into smaller propositions, that is, if it is not composite.

Examples:

(i) Apples are red, and milk is white.

(ii) Jack is brilliant or is a hardworking student.
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Note:

The truth value of a compound proposition is obtained by the truth values
of its subpropositions together with the way in which they are connected to
form the compound propositions.

1.4 Truth Table

A truth table lists all possible combinations of truth values of the propositions
in the left most column and the truth values of the resulting propositions in
the right most column.

1.5 Logical Operators
1.5.1 Negation

If P is a statement, then negation of P written as =P or ~ P is read as “Not
P”. The truth table for the operator “negation” is shown below.

Negation
P -P
T F
F T

Example:
P: Apple is red.
= P: Apple is not red.

1.5.2 Conjunction

The conjunction of two statements P and @) is the statement P A (Q which
is read as “P and )”. The statement P A @@ has a truth value T' whenever
both P and () have the truth value T'; otherwise, it has a truth value F. The
conjunction is defined by the truth table below.

Conjunction
P Q PAQ
T T T
T F F
F T F
F F F
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Example:

P: John worked hard.

@: John passed the examination.

P A Q: John worked hard, and he passed the examination.

1.5.3 Disjunction

The disjunction of two statements P and @ is the statement PV @ and has a
truth value F' only when both P and ) have truth value F'; otherwise, it has
a truth value T'. The disjunction is defined by the truth table shown below.

Disjunction
P Q PVvVQ
T T T
T F T
F T T
F F F
Example:
P:24+4=6(T).
Q:2>10(F).

PV@:2+4=6or2>10is true.

1.5.4 Molecular Statements

The statements that contain one or more atomic statements and some
connectives are called molecular statements.

Examples: =P, P A\ -Q, =PV —Q, etc.

1.5.5 Conditional Statement [If . . . then] [ — ]

If P and @ are any two statements, then the statement P — @ which is
read as “If P then @” is called a conditional statement. Here, P is called
“antecedent”, and () is called “consequent”. The truth table is shown below.

If ... then
P—Q

TN
MNTHO
NNTN

Note:
P — @ has a truth value F' if P has the truth value T' and @ has the truth
value F'. In all the remaining cases, it has the truth value T
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Example:

P: 1t is hot.

Q:2+3=5.

P — Q: If it is hot, then 2 4+ 3 = 5.

1.5.6 Biconditional [If and only if or iff] [+ or =]

If P and @ are any two statements, then the statement P <+ or P = @ which
isread as “P if and only if Q” is called biconditional statement. The statement
P < @ has the truth value T" whenever both P and @) have identical truth
values. The truth table is shown below.

If and only if

P Q PoQ
T T T
T F F
F T F
F F T

Example:

P: John is rich.

Q: John is happy.

P < @Q: John is rich if and only if he is happy.

1.5.7 Solved Problems
1. Give the contrapositive statement of the statement “If there is rain,
then I buy an umbrella”.

Solution.

Let P: “There is rain” and Q: “I buy an umbrella”.
Then the given statement is P — Q.

Its contrapositive is =@ — —P.

2. Construct the truth table for P — =Q.

Solution.
The truth table is shown below.

Truth Table for P — —=Q

P Q@ -Q P—-Q
T T F F
T F T T
F T F T
F F T T
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3. Find the truth table for P — Q.

Solution.
The truth table is shown below.

Truth Table for P — Q

P Q P—Q
T T T
T F F
F T T
F F T
4. Construct the truth table for the compound proposition
(P = Q) & (=P — Q).
Solution.
The truth table is shown below.
Truth Table for (P — Q) +» (=P — Q)
P Q P—)Q -P —|Q ﬁP—)—|Q (P—)Q)(—)(ﬁp—)—lQ)
T T T F F T T
T F F F T T F
F T T T F F F
F F T T T T T
5. What are the contrapositive, the converse, and the inverse of the

following conditional statement?
“If you work hard, then you will be rewarded”.

Solution.

P: You work hard.

Q@: You will be rewarded.

=P: You will not work hard.

=(@: You will not be rewarded.

Converse: (Q — P: If you will be rewarded, then you work hard.
Contrapositive: =) — —P: If you will not be rewarded, then you
will not work hard.

Inverse: =P — —Q: If you will not work hard, then you will not
be rewarded.

Construct a truth table for the compound proposition
(P—Q)—(@Q— P).

Solution.
The truth table is shown below.
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Truth Table for (P — Q) — (Q — P)
Q P-Q Q—P (P—Q)—(Q—P)
T

mMENNN
SRRt !
NNTN
NM N
NN

1.5.8 Tautology

A statement formula which is true regardless of the truth values of the
statements which replace the variables in it is called a tautology or a
universally valid formula or a logical truth.

Example: PV —P is a tautology.

1.5.9 Contradiction

A statement formula which is false regardless of the truth values of the
statements which replace variables in it is called a contradiction.

Example: P A =P is a contradiction.

1.5.10 Contingency

A statement formula which is neither tautology nor contradiction is called
contingency.

Example: P — @ is a contingency.

Note: To determine whether a given formula is a tautology or a contradiction,
construct the truth table. But this process is very lengthy since the truth table
will have 2" rows for n statements.

1.5.11 Equivalence Formulas

Let A and B be two statement formulas, and let py,po, ..., p, denote all the
variables occurring in both A and B. If the truth value of A is equal to the
truth value of B for every one of the 2™ possible sets of truth values assigned
to p1,p2,...,Pn, then A and B are said to be equivalent.

Assuming that the variables and assignment of truth values to the variables
appear in the same order in the truth tables of A and B, the final columns in
the truth tables for A and B are identical if A and B are equivalent.

Examples:

(i) =P is equivalent to P.
(ii) PV =P is equivalent to Q V —Q.
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Remark: We know that A = B is true whenever A and B have identical
truth values. This means A is equivalent to B (<) if and only if A = B is a
tautology.

1.5.12 Equivalent Formulas

(1) PV =P, PA-P [Idempotent laws]

(2) (PVQ)VR<PV(QVR), (PN\QYNR<PA(QAR)
[Associative laws|

(3) PVQeQVP, PANQ< QAP [Commutative laws|

(4) PV(QAR) & (PVQ)AN(PVR), PA(QVR)< (PAQ)V(PAR)
[Distributive laws]

(5) ~(PVQ)& -PA=Q,~(PAQ) & -PV-Q
[De Morgan’s laws]

1.5.13 Duality Law

Two formulas A and A* are duals of each other if either one can be obtained
from the other by replacing A by V and V by A. The connectives V and A are
also called duals of each other.

Examples:
Write the duals of (i)(PV Q) AR, (ii)(PAQ)VT.
The duals are (i))(PAQ) VR, (ii)(PVvQ)AT.

1.5.14 Tautological Implication

A statement A is said to tautologically imply a statement B if A — B is a
tautology. We use the notation =-.

Remark: To prove P = @), we assume P to be true and prove @) to be true.
Otherwise, assume @ to be false, and prove P to be false also. Construction
of truth table is another method for proving the implication.

1.5.15 Some More Equivalence Formulas

PA-P& F,PV—-P«&T [Complement laws|
PVvT<T,P\NF & F [Dominance laws]

PAT & P, PVF < P [Identity laws]

PV(PANQ)< P,PAN(PVQ)< P [Absorption laws|

—(—=P) < P [Double Negation law]

P — Q< —-Q — -P [Contrapositive law]

P— Q< -PV(Q [Conditional as disjunction]

P=Q<& (P—-QAN(Q—P) [Biconditional as conjunction]

P NS W
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1.5.16 Solved Problems

1. Using truth table, show that the proposition PV —(P A Q) is a
tautology.

Solution.
The truth table is shown below. Since all the entries in the last
column are 7', the given proposition is a tautology.

Truth Table of PV —=(P A Q)

P Q PANQ —~(PANQ) PV—(PAQ)
T T T F T
T F F T T
F T F T T
F F F T T

2. Express A <> B in terms of the connectives {A, —}.
Solution.
Ao (A= B)AN (B — A)
< (mAV B)A (=B VA).
3. Show that (p — r)A(g — r) and (pVq) — r are logically equivalent.

Solution.
(p—=r)A(g—1)

S(—pVr)A(-gVr) (conditional as disjunction)
<(—pA—q)Vr (Distributive law)
<=(pVq) Vr (De Morgan’s law)

<(pVq) —r (conditional as disjunction).

4. Is (-p A (P V q)) — ¢ is a tautology.

Solution.
(pA(pVa) —q
<(=pAp)V(-pAq) — q (Distributive law)

SFV(~pAq) —q [pA—p < F
“(pAg) =g [pVF < pl
S=(-pAg) Vg [p—q& —pVd
<(pV—q) Vg (De Morgan’s law)
SpVaV g (Associative law)
SpVvT [pV-peT)

=T

Therefore, the given statement is a tautology.
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5. Show that the propositions p — ¢ and —pVq are logically equivalent.

Solution.
From the truth table, p — ¢ and —p V ¢q are equivalent.

Truth Table of p — g and —p V ¢
-p p—+q pVg

SSEeS b
NN
NNYY
NNSTS
NNSTS

1.6 Normal Forms

1.6.1 Principal Disjunctive Normal Form or Sum of
Products Canonical Form

Consider two statements P and (. Consider a possible formula using
conjunction as follows: P A Q, =P A Q, P A =Q, =P A =Q (Duplication is
not allowed and only distinct formulas are considered). We call the above
terms as “minterms”.

For a given formula, an equivalent formula consisting of disjunction of
minterms only is known as Principal Disjunctive Normal Form (PDNF)
or Sum of Products Canonical Form.

Procedure I:

For every truth value T in the truth table of the given formula, select the
minterm which also has the value T' for the same combination of the truth
values of P and @. The disjunction of these minterms will then be equivalent
to the given formula. From the table below, we observe that

Truth Table showing Disjunctions of P and @

P Q PANQ -P -Q -PANQ PAN—-Q -PAN-Q P—-Q PVvVQ
T T T F F F F F T T
T F F F T F T F F T
F T F T F T F F T T
F F F T T F F T T F

P—-Q& (PAQ)V(-PAQ)V (=P A-Q)
PvQQe (PAQ)V(PA-Q)V (mPAQ).
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Procedure II:
This is explained in the following example:

PvQ&e -PAQV-Q)V(QA(PV-P)) [since ANT & A
S (PAQ)V(mPA-Q)V(QAP)V(QA—-P) [Distributive laws]
S (PAQ)V(-PA-Q)V (PAQ) [PV P& P

Note:

1. The number of minterms appearing in the normal form is the same
as the number of entries with the truth value 7" in the truth table of
the given formula. Thus, every formula which is not a contradiction
has an equivalent PDNF.

2. If a formula is a tautology, then all the minterms will appear in its
PDNF.

3. To show that two formulas are equivalent, obtain PDNF's of the two
formulas. If the normal forms are identical, then both the formulas
are equivalent.

4. Minterms of three variables are PAQAR, PAQA-R, PA-QAR,
“PAQAR, PNA=QA-R, -PAQA-R, ~PAN-QA—-R, - PA=-QA—-R.

1.6.2 Principal Conjunctive Normal Form or Product of
Sum Canonical Form

For a given number of variables, the “maxterms” consist of disjunctions in
which each variable or its negation, but not both, appear only once. For a
given formula, an equivalent formula consisting of conjunctions of maxterms
only is known as its Principal Conjunctive Normal Form (PCNF) or
Product of Sum of Canonical Form.

Note:

If the PDNF or PCNF of a given formula A consisting of n variables is known,
then the PDNF or PCNF of —A will consist of the disjunction (or conjunction)
of the remaining minterms (or maxterms) which do not appear in the PDNF
or PCNF of A. From A < ——A, one can obtain the PDNF or PCNF of A by
repeated applications of De Morgan’s laws to the PDNF or PCNF of —A.

1.6.3 Solved Problems
1. Obtain the PDNF and PCNF of (P A Q) V (-P A R).

Solution.
(PAQ)V (-PAR)
S(PAQAT)V((-PAR)AT) [since ANT & A
S(PAQ)A(RV-R))V((-PAR)A(QV—Q))
[since PV —-P & T]
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SPAQAR)V(PAQA-R)V(-PAQAR)V(-PA-QAR)
[Distributive laws|
is the required PDNF.

The remaining minterms are
PAN-QANR, PAN-QA-R, -PAQAN-R, —-PA-QA-R.
The required PCNF is
~((PA=-QAR)V(PA-QA-R)V(-PAQA-R)
V (=P A=Q A -R))
& (-PVQV-R)A(-PVQVR)A(PV-QVR)A(PVQVR).
. Obtain the PCNF and PDNF of (=P — R) A (Q < P) by using

equivalences.

Solution.
(-P—>R)AN(Q + P)

<(PVR)A((Q— P)AN (P —Q))

[since P> Q< - PVQ,P+ Q< (P—=Q)AN(Q— P)
S(PVR)A((-QV P) A (~PV Q)
S(PVR)V(QA-Q)A((-QVP)V(RV-R)A((-PVQ)

V (RA-R))
<(PVQVR)A(PV-QVR)A(PV-QVR)A(PV-QV-R)

A(=PVQV R)A(=PVQA-R)
&(PVQVRA(PV-QVR)A(PV-QV-R)A(-PVQVR)

A(=PVQV —R)
which is the required PDNF.

The remaining minterms are
PvQ@Qv-R, -PV-QVR, —-PV-QV-R.
The required PCNF is
-(PVQV-R)YAN(-PV-QVR)AN(-PV-QV-R))
S(PA-QAR)V(PAQ-R)V(PAQAR).

. Find the PDNF of (Q V (P AR))A—((PV R)AQ).

Solution.

@V (PAR)A-((PVR)AQ)
<(QV(PAR)A((-PA-R)V-Q) [by De Morgan’s laws]
SQAN(PA-R)V(QA-Q)V(PANRAN-PA-R)V(PARA-Q)

[using Distributive law]

11
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S(-PAQA-R)VFV(FAR)V(PA-QAR)
S(PAQA-R)V(PA-QAR).

Prove that ((PVQ)A—(—=PA(—QV—-R))))V(~PA-Q)V(~PA—-R)
is a tautology.

Solution.
Consider

(=P A (=QV —R)) < PV —(—-QV -R) [De Morgan’s law]

< PV (Q A R) [De Morgan’s law]
< (PVQ)A(PV R) [De Morgan’s law]. (1.1)

Now, consider

(=P A=Q)V (=P A —R)
<(~(PVQ)V-(PVR) [DeMorgan’s law]
<-((PVQ)A(PVR)) [DeMorgan’s law]. (1.2)

From (1.1) and (1.2), we obtain

(PVR)A(PVQ)A(PVR)V-((PVQ)A(PVR))
S(PVQ)A(PVR))V-((PVQ)A(PVR))
&T.

Hence, the given statement formula is a tautology.
Prove that (P - Q) A (Q — R) = (P — R).

Solution.
It is enough to prove (P — Q)A(Q — R) = (P — R) is a tautology.

Let S=(P—= Q)N (Q — R)= (P — R).

Since the last column is T for all eight combinations as shown in
the table below, the given statement formula is a tautology.

Truth Table showing (P — Q) A (Q = R) = (P — R)

MTmTNTNNNSY
SN TNRNNEO
NSNS TNS

R P>-Q Q—R P—-R (P—-Q)N(Q—R)

e s R B B ol R
NNTNNNTNS
e s R s B B s B
NSNS
NNHNNHNNNS®
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6. Show that PV(QAR) and (PVQ)A(PV R) are logically equivalent.

Solution.
From columns (6) and (8), we have PV (QAR) and (PVQ)A(PVR)
are logically equivalent.

Truth Table showing the given Formulas are Logically Equivalent

R PVQ PVR (PVQA(PVR) QAR PV(QAR)
T T T

TEmNTNNNY
TN TNTENNRO
NSNS
DR R o
NN NNN
TETNNNNN
R e s e Beo e
TETNNNN

7. Show that the propositions P — @ and —P V @ are logically
equivalent.

Solution.
From columuns (3) and (5) in the table below, we have P — @ and
- PV @ are logically equivalent.

Truth Table showing the given
Formulas are Logically Equivalent

P Q P — Q P PV Q
T T T F T
T F F F F
F T T T T
F F T T T
|
1.7 Inference Theory
Given a set of premises Hy, Hs, ..., H,, and a conclusion C, we want to show

whether C logically follows from Hy, Ha, ..., Hp,.
That is, we want to show (Hy A Ha A--- A Hp,) — C' is a tautology.

Procedure 1.

We look for those rows of Hy, Ho, ..., H,, which have a truth value T. If for
every such row C' also has a truth value T', then the conclusion C' logically
follows from Hy, Hs, ..., Hy,.

Example 1: H, : P, Hy,: P—Q, C:Q.
In the first row of the truth table,
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Truth Table Showing P, P — Q = Q

P Q P —Q
T T T
T F F
F T T
F F T

H; : Pis True, Hy : P — @ is True. Also, C': @Q is True.
Therefore, P, P — Q = Q.

1.7.1 Rules of Inference

1. Rule P: A premise can be introduced at any point of derivation.

2. Rule T: A formula can be introduced provided it is tautologically
implied by previously introduced formulas in the derivation.

3. Rule CP: If S can be derived from R and a set of premises, then
R — S can be derived from the set of premises alone.

Set of premises

Rule CP

We use the following tables of implications and equivalences.
Implications Table

I, : P=PVQ

Ih : Q=PVQ

Is; : PNQ=P

Iy : PNQ=Q

Is : PP—-Q=Q

Is : 2Q,P— Q= —-P
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I
Ig
Iy
I
I
Io
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2 PPVQ=Q

: P->Q,Q—>R=P—>R
: PQ=PVQ
tQ=P—=>Q

: PvQ@Q,Q >R=-P—R
: 2 P=P—=Q.

Equivalences Table

Ey
Ey
Es
Ey
Es
Eg

Note:

1.
2.
3.

1.7.2

: —P& P

: P—-Q<-PVQ

t P=2Q&-Q—-P

L (P=Q) & (P=Q)AQ—P)
: P> (Q—-R) < (PANQ)—R
: 2(PAQ) & -PV-Q.

Rule C'P means rule of Conditional Proof.

Rule C'P is also called the deduction theorem.

In general, whenever conclusion is of the form R — S (in terms of
conditional), we should apply Rule C'P. In such case, R is taken as

an additional premise, and S can be derived from the given premises
and R.

Solved Problems

Show that RA(PV Q) is a valid conclusion from the premises PV @,
Q—R,P— M, and M.

Solution.
Given premises are PV Q, Q - R, P —» M, -M
Conclusion: RA (P V Q).

{1} (1) P—M Rule P
{2} (2) -M Rule P
{1,2} (3) -P Rule T [-Q, P — Q = —P]
{4} 4) PvQ@Q Rule P
{4} (5) -P—=Q Rule T [P = Q < —~PV Q)]
1,241 (6) Q Rule T [P,P — Q = Q]
{7} (7) Q—R Rule P
1,2,4,7%  (8) R Rule T [P,P — Q = Q]
{1,2,4,7} 9) RA(PVQ) Rule T [P,Q = P A Q).
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2. Prove that the premises P - Q, Q —- R, R — S, S — =R, and
P A S are inconsistent.

Solution.
{1} (1) P—Q Rule P
{2} (2) Q@—R RuleP
{1,2} (3) P—-R RueT[P—-Q,Q—R=P—R]
{4 4 S—-R Rule P
4 5) R—-S RueT[P—Qe QP
{1,2,4} (6) P —-=S RuleT [P - R,R— —-S = P — —S]
(1,24} (7) -PV-S RuleT[P— Q& -PVQ)
{1,2,4} (8) —(PAS) Rule T [De Morgan’s law]
{9} 9 PAS  RuleP
{1,2,4,9} (10) (PAS)A Rule T [P,Q = P A Q)]

=(PAS)
which is false. Therefore, the given set of premises are inconsistent.

3. Show that (p = ¢) A (r = ), (¢ = t) A(s = u), ~(t Au), and
(p—=r)=-p.

Solution.
{1} 1) (=g A(r—ys) Rule P
{1 @ p—q RuleT[PAQ= P
{1+ (3 r—s RuleT [PAQ= Q)
{4y  (4) (¢g—=t)A(s—wu) RuleP
4 g—t RuleT [PAQ= Pl
{4} (6) s—u Rule T [PAQ = Q]
{4 (7 p—t RuleT [P —Q,
Q — R= P — R]
{14} (8 r—u  RuleT [P— Q,
Q - R= P — R]
{9y (9 p—r  RuleP
{1,4,9} (10) pP—u Rule T [P — Q,
Q — R= P — R)
{1,4,9} (11) U — TP Rule T
{4y (12) ~t—-p RuleT

{1,4,9} (13) (=t V —u) = —p Rule T [P — Q,
R— Q= (PVR)—Q]
{1,4,9} (14) St Au) = —p Rule T' [De Morgan’s law]
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{15} (15) S(t Aw) Rule P
{1,4,9,15} (16) —-p Rule T [P,P — Q = Q).

4. Show that the hypotheses, “It is not sunny this afternoon and it is
colder than yesterday”, “We will go swimming only if it is sunny”,
“If we do not go swimming, then we will take a canoe trip”, and “if
we take a canoe trip, then we will be home by sunset”, lead to the
conclusion, “We will be home by sunset”.

Solution.

Let A: It is sunny
B: Tt is colder than yesterday
C: We will go swimming
D: We will take a canoe trip
E: We will be home by sunset.

Then the given premises are
(1) - AANB (2) A—-C (3) -C—-D (4 D—E.
The conclusion is C.

{1} (1) —-AAB Rule P
{1} (2) -A Rule T [PAQ = P
{2} 3 A->cC Rule P
{1,2} (4) -C Rule T [-P, P — Q = Q)]
(58 (5) -C—=D Rule P
(1,25} (6) D Rule T [P,P — Q = Q]
{7} (7 D—EFE Rule P
(1,257}  (8) E Rule T [P,P — Q = Q).

5. Prove that the following argument is valid.

p— —q, " — q, 7 = Tp.

Solution.
{1} (1) T Rule P
{2} (2) r—gq Rule P
{1,2} (3) q Rule T [P,P = Q = Q]
{4} (4) p——q Rule P
{1,2,44 (5 -p Rule T [P — =Q,q = —P).

6. Using indirect method of proof, derive p — —s from the premises
p—(¢gVr),qg— —p, s— —r, and p.
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Solution.

Let us include —(p — —s) as an additional premise and prove this
problem by the method of contradiction.

Now, =(p — —s) = ~(-pV —s) =pAs.

Therefore, the additional premise is p A s.

{1} (1) pPAS Additional premise
{2} (2) p—=(¢gVvr) Rule P
{3} (3) D Rule P
{2,3} (4) qVvr Rule T [P,P — Q = Q)]
{1,2,3} (5) s Rule T [P A Q = Q]
{6} (6) s — Rule P
(1,2,3,6}  (7) - Rule T [P,P — Q = Q]
1,2,3,6)  (8) q Rule T [P,P — Q = Q]
{9} (9) q— —p Rule P
{1,2,3,6,9}  (10) —p Rule P
1,2,3,6,9)  (11) pA-p Rule T [P,Q = P A Q)

which is false. Therefore, by the method of contradiction, p — —s
follows.

7. Show that R — S can be derived from the premises P — (Q — S),
~RV P, and Q.

{1’ 27 57 7}
{1,2,5,7}

8
9

S Rule T [P,P — Q = Q]
R— S Rule CP.

Solution.
{1} (1) R Assumed premise
{2} (2) -RVP  RuleP
{2} (3) R— P Rule T [P - Q < =PV Q]
{1,2} (4) P Rule T [P,P = Q = Q)]
{5} 5) P=>(Q—295) Rule P
{1,2,5} (6) Q—S Rule P [P,P — Q = Q]
{7} (7) Q Rule P
(®)
9)

8. Prove that A — —D is a conclusion from the premises A — BV C,
B — —A, and D — —C by using conditional proof.

Solution.
{1} (1) A Assumed premise
{2} (2) A—-BvC Rule P
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{12} (3) BvC Rule T [P,P— Q= Q]
L2y @ -B—C  RuleT
{5} (5) B —-A Rule P
{5} (6) A—-B RuleT [P— Q< —Q — —P)
{1,2,5} (7) A—=C Rule T
[P—Q,Q—»R=P— R]
{8} (8) D — =C Rule P
{8} 9) C —-D Rule T [P — Q < —P]
{1,2,5,8} (10) A —-D  Rule CP.

1.8 Indirect Method of Proof
1.8.1 Method of Contradiction

In order to show that a conclusion C' follows logically from the premises
H,,Hs,..., H,, we assume that C is false and consider —=C' as an additional
premise. If the new set of premises gives contradicting value, then the
assumption —C' is true does not hold simultaneously with Hy A Ho A--- A Hy,
being true.

Therefore, C' is true whenever Hy A Ho A~ - - A Hy, is true. Thus, C logically
follows from the premises Hy A Ho A -+ A Hp,.

1.8.2 Solved Problems
1. Show that v/2 is irrational.

Solution.
Suppose /2 is irrational.

Therefore, 2 = % for p,q € Z, ¢ # 0, p and ¢ have no common
divisor.

Therefore, Z—z =2 = p?=2¢°
Since p? is an even integer, p is an even integer.
Let p = 2m for some integer m.
p? =2¢° = (2m)? =2¢°
— ¢* =2m>.
Since ¢? is an even integer, ¢ is an even integer.

Let ¢ = 2n for some integer n.
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Hence, p and ¢ are even integers.

Hence, they can have a common factor 2 which is a contradiction
to our assumption.

V/2 is irrational.
Prove that the following argument is valid:

“If 7 is less than 4, then 7 is not a prime number; 7 is not less than
4; therefore 7 is a prime number”.

Solution.
Let A: 7 is less than 4.
B: 7 is a prime number.

The given premises are (i) A — —B (ii) —A, and the conclusion
is B.

{1} (1) -A Rule P

{2} (2) A—-B Rule P
{1,2} (3)  —(—=B) Rule ' [-P,P - Q = —Q)]
{2 (4 B

Therefore, the statements are valid.

Prove that the sum of an irrational number and a rational number
is irrational.

Solution.
Let a be a rational number and b be an irrational number.
Assume a + b = ¢ is a rational number.

b = ¢+ (—a) is a rational number since the sum of two
rational numbers is a rational number, which is a contradiction to
our assumption.

Hence, the sum of an irrational number and a rational number is
an irrational number.

Show that the statement “Every positive integer is the sum of the
squares of three integers” is false.

Solution.

Any number of the form 4m 4 7, where m is non-negative integer,
cannot be written as the sum of the squares of three integers.

For example, 7,11,15,19,... cannot be written as the sum of
squares of three integers.

“Every positive integer is the sum of the squares of three
integers” is a false statement.
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1.9 Method of Contrapositive

In order to prove that Hy A Hy A --- AN H,, = C, if we prove
-C = ~(HiANHyA\---ANHp,), then the original problem follows. This procedure
is called the method of contrapositive.

1.9.1 Solved Problems
1. Prove that if 3n + 2 is odd, then n is odd.

Solution.
Let us prove this problem by the method of contrapositive.
Assume that n is even. Then n = 2k, for some integer k.
Now,
In+2=3(2k)+2=2(3k+1)
= 3n + 2 is an even number which contradicts that 3n + 2 is
odd.
n is odd.

2. Prove that if n is an integer and n? 4 5 is odd, then n is even.

Solution.
Given: n? 4+ 5 is odd.
To prove: n is even.

Assume that n is odd.
. n =2k + 1 for some integer k.

nd+5=02k+1)>3+5
=8k + 12k% + 6k +6
=2 (4k® + 6k* + 3k + 3)

— 1%+ 5 is an even number which is a contradiction.
. n is even.

1.10 Various Methods of Proof
1.10.1 Trivial Proof

In an implication p — ¢, if we can establish that ¢ is true, then regardless of
the truth value of p, the implication p — ¢ will be true.

Hence, to construct a trivial proof of p — ¢, we need to show that the
truth value of ¢ is true.
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1.10.2 Vacuous Proof

If the hypothesis p of an implication p — ¢ is false, then p — ¢ is true for any
proposition q.

Example:
Prove the proposition p(0) where p(n) is the proposition: “If n is a positive
integer greater than 1, then n? > n”.

Solution.
Let p(0): If 0 is a positive integer greater than 1, then 02 > 0.
Since 0 is not a positive integer greater than 1, the proposition is true.

1.10.3 Direct Proof

Suppose, the hypothesis p is true. Then, the implication p — ¢ can be proved
if we can prove that ¢ is true by using the rules of inference and some other
theorems.

Example:
Prove that the sum of two odd integers is even.

Solution.

Let a and b be two odd integers.

. a=2m+ 1, for some integer m.

b= 2n + 1, for some integer n.

La+b=2m+2n+2=2(m+n+1) = a-+biseven.
Sum of two odd integers is even.

1.11 Predicate Calculus

Consider the following statement:

Amruta is a student. Suppose “Amruta” is taken as a and “is a student” as
S, then the above statement can be symbolically written as S(a). Here, “is a
student” is a predicate, and “Amruta” is a subject.

Any statement “r is P” can be written as P(r). This can be extended to
two place predicate. For example, Amruta is taller than Arvindh. Similarly, a
statement with three place predicate can be extended as “Amruta is younger
than Boomika but elder than Arvindh”.

If a statement function of one variable is defined to be an expression
consisting of a predicate symbol and an individual variable, such a statement
function becomes a statement when the variable is replaced by the name of
the object. Example for statement function of two variables:

A(z,y): = is taller than y.

G(a,r): Amruta is taller than Arvindh where a is Amruta and r is Arvindh.
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1.11.1 Quantifiers

Consider the following example:
All apples are red. This can be understood as “for any z, if x is an apple, then
x is red”.

If we denote A(x): x is an apple and R(x): x is red,

then we can write the above statement as

(z)(A(z) = R(x)).

Here (z) is called “Universal Quantifier”. We use universal quantifier for those
statements of the form “All P are Q”.

Now, consider the following example:

Some men are clever. This can be written as “There exists x; if z is a man,
then he is clever”.

If we denote M (z): x is a man and C(z): z is clever,

then we can write the above statement as

(Fz)(M(x) A C(z)).

Here (3z) is called “Existential Quantifier”. Existential quantifier is used for
those statements which are of the form “Some P are Q”.

1.11.2 Universe of Discourse, Free and Bound Variables

Consider the following statement:
All men are giants. This can be symbolically written as

(2)(M(z) = G(z))

where M (z): z is a man and G(z): x is giant.

In the above example, if we restrict the class as the class of men, then
the symbolic representation will be (z)G(z). Such a restricted class is called
“Universe of Discourse”.

In any formula, the part containing (z)P(z) or JzP(x) is called the z
bound part of the formula. Any variable appearing in an z bound part of
the formula is called bound variable. Otherwise, it is called free. Any formula
immediately following (z) or (3x) is called the scope of the quantifier.

Example:
() P(x) A Q(x)

In this, all  in P(z) is bound, whereas the z in Q(z) is free. The scope of (z)
is P(z).
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1.11.3 Solved Problems

1.

Symbolise the expression “x is the father of the mother of y”.
Solution.
Let P(x): x is a person

F(z,y): x is the father of y

M(z,y): x is the mother of y.

Let z be the mother of y. Hence, the given statement can be written
as

“z is the father of z, and z is the mother of y”.

In symbolic notation,
(F2)(P(2) NF(,2) AN M(z,y)).

Given P = {2,3,4,5,6}, state the truth value of the statement
(3z € P)(xz + 3 = 10).

Solution.
For x = 2,3,4,5,6, no x satisfies x + 3 = 10.

. (Fz € P)(z + 3 =10) is false.
Write the symbolic form, and negate the following statements:
(i) Everyone who is healthy can do all kinds of work.

(ii) Some people are not admired by everyone.

(iii) Everyone should help his neighbours, or his neighbours will not
help him.

Solution.
(i) Let H(zx): x is healthy
W (z): « can do all kinds of work.
Symbolic form of the statement is

(z)(H (z) = W(x)).
Negation of this expression is

~((2)(H(x) = W(z))
= =((x)(=H(z) v W(z)))
= (32)(H(z) A =W (z)).

That is, someone is healthy and cannot do all kinds of work.
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(ii) Let A(z): x is admired.
Then, the given statement can be written as “for some x, it is
not a case that x is admired by everyone”.
Symbolic form is

(3z) (= A(2))-

Negation of the above statement is
~((Er)-A(z)) = (Vo) A(x).

That is, all people are admired by everyone.
(iii) This statement can be rewritten as

“For all x, x is a person, x should help his neighbours, or his
neighbours will not help him”.

Let P(x): x is a person
H(z): x helps his neighbour.
The symbolic form is

(@)((P(z) = H(z)) vV (H(z) = ~P(x))).
Negation of the above statement is
(Fz)((H(x) = P(x)) A (=P(z) = H(z))).

4. Find a counterexample, if possible to these universally quantified
statements, in which the universe of discourse for all variables
consists of all integers.

() Vo Yy (2?2 =y* — 2 =1y).
(ii) Vz Vy (xy > x).

Solution.

(i) Suppose r = —3 and y = 3, then 22 = y2 = 9.
But x # y.
oo Vo Vy (22 = y? — x = y) is false.

(ii) Suppose x = —3 and y = 3, then zy = —9.
—9< -3 = zy<u.
oLV Vy(zy > x) is false.

5. Establish this logical equivalence, where A is a proposition not
involving any quantifiers. Show that (Vzp(x)) A A = Ve (p(z) A A)
and (3z p(z)) A A = Fz(p(z) A A).

Solution.

(a) Consider
(Vop(z)) A A =V (p(z) A A). (1.3)
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Case (i): Suppose A is true.
Since PAT = P, equation (1.3) = (Vap(x)) AT = (Vz)p(x).
Therefore, both sides are the same, and hence equation (1.3
is logically equivalent.

Case (ii): Suppose A is false.
Since PAF = F, the left-hand side of equation (1.3) is false.
Also, for every z, p(z) A A is false. Hence, right-hand side of
equation (1.3) is false. Therefore, both sides are the same,
and hence, it is logically equivalent.

(b) Now, consider
(Fzp(x) AN A) = Fx(p(z) A A). (1.4)

Case (i): Suppose A is true.
Since PAT = P, equation (1.4) becomes Jzp(z) = (Fz)p(x),
and hence, equation (1.4) is logically equivalent.

Case (ii): Suppose A is false.
Since PAF = F, the left-hand side of equation (1.4) is false.
Also, for every z, p(z) A A is false. Therefore, 3z (p(x) A A)
is false. Hence, the two sides of equation (1.4) are the same,
and hence equation (1.4) is logically equivalent.

6. Show that JxP(zx) A JxQ(z) and Jx(P(x) A Q(x)) are not logically
equivalent.

Solution.

We prove the two statements are not logically equivalent by using
the following counterexample.

Let us assume that the universe of discourse is the set of integers.
Let P(x): x is a positive integer
Q(z): x is a negative integer.
Then, 2P (z) A JzQ(x) is true.
But the truth value of Jz(P(z) A Q(x)) is false.
Given two statements are not logically equivalent.
7. Use quantifiers and predicate to express the fact that zhg}l f(x) does

not exist.
Solution.

Limit exists means “f(x) approaches L (where L € R) as
x approaches a, if given ¢ > 0, 3 6 > 0 such that
|f(z) — L] < € whenever 0 < |z — a| < §”.



Logics and Proofs

10.

11.

Limit does not exist means “for all real numbers L, lim f(z) # L.
r—a
The above statement can be expressed as

“(Ve>0,36>0, Vz(0 < |z —a| <d) = |f(z) — L| <¢))
=V L3I>0VI>0,Fz))<|r—al <IA|f(z)—L| <e)
[ == ) =pA—ql.

Let H ={-1,0,1,2} denote the universe of discourse.
If p(z,y) : ¢ +y = 1, find the truth value of (3 )(3 y) p(z,y).

Solution.
When x = —1,3dy = 2 such that —1+2=1.
When = 0,3y = 1 such that 0+ 1 = 1.
When x = 1,3y = 0 such that 1 +0 = 1.
When x = 2,3y = —1 such that 2 —1=1.

. (Vx)(3y) p(z,y) is true.

What are the negations of the statements Va(xz? > ) and
(22 = 2)?
Solution.
(i) Given statement is Vz(z? > x).

Its negation is 3z (2? < ).
(ii) Given statement is Jx(z? = 2).

Its negation is Va (22 # 2).
Write the negation of the statement 3z (Vy) p(z,y).
Solution.
Given statement is (3z) (Vy) p(z,y).
Its negation is —~((3x) (Vy) p(z,y)) = (V) Qy)-p(z,y).

Consider the statement “Given any positive integer, there is a
greater positive integer”. Symbolize this statement using and
without using the set of positive integers as the universe of discourse.

Solution.
Let G(z,y) : « is greater than y.

If we use the universe of discourse as the set of positive integers,
then we can write (x) (Jy) G(y, x).

If we do not impose the restriction on the universe of discourse and
if we write P(z) :  is a positive integer, then we can write as

(z) (P(x) = (Fy) (P(y) A Gy, 2)))-
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12. Indicate free and bound variables. Also indicate the scope of the
quantifier in

(i) (z) (P(z) A R(z)) = (2) (P(z)) A Q()).
(i) ((2)(P(z) = Q(x) A

Solution.

(i) All occurrences of z in P(z) A R(z) are bound occurrences. The
occurrence of z in xP(x) is bound. The occurrence of z in Q(x)
is free. The scope of (z) is P(z) A R(x) and P(z).

(ii) All occurrences of z in P(z) = Q(z) A (3 =) R(x) are bound,
and the occurrence of = in S(x) is free. The scope of (x) is
P(z) = Q(z) A (3z) R(z), and the scope of (Iz) is R(x).

1.11.4 Inference Theory for Predicate Calculus

We have seen implication table and equivalence table already. Those rules
can be extended here also. For example, P, P — @ = @ can be extended as

P(z), P(z) = Q(z) = Q(x).
In addition, we use the following rules:
1. Universal Specification (US): (z)A(z) = A(y)
2. Universal Generalization (UG): A(y) = (z)A(x)
3. Existential Specification (ES): (3z)A(z) = A(y)
4. Existential Generalization (EG): A(y) = (3z)A(x).

Remark.
Let the universe of discourse be denoted by S = {a,as,...,a,}. Then,
(2)A(z) = A(a1) AN A(a2) A -+ A Alan)
(Fz)A(z) = A(ar) V Aaz) V -+ V A(ay).
Consider now —(z)A(z)

=(A(ar) A A(a2) A+ -+ A Alay))
—A(ar) V-A(az) V-V —A(ay)
< (3x)-A(z).

T ¢

Similarly, —((3z)A(z)) < (z)-A(x)).

1.11.5 Solved Problems

1. Show that
(2)(P(z) = Q(z)) A (2)(Q(z) = R(z)) = (z)(P(z) — R(x)).
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Solution.
{1 @) @(Pk) = Q)
{2 (2 P(y) = Q(y)
{3t () (@)(Qz) — R(x))
{3p (@) Qy) = R(y)
{1,345 P(y) = R(y)

{1.3}  (6) ()(P(z) = R(x))

29

Rule P
Rule US
Rule P
Rule US
Rule T
[.P—Q,Q— R=P— R]
Rule UG.

2. Show that Vz(P(z) vV Q(z)) = Vz P(z) V 3z Q(z) using indirect

method.

Solution.

We use the method of contradiction. Assume —((2)P(z)V (32)Q(z))

as an additional premise.

{1} (1) —((x)P(z) VvV (Fr)Q(x)) Assumed premise
{1} (2)  (Fz)-P(z) A (2)-Q(x) Rule T [De Morgan’s law]
{1} (3) (Fz)-P(z) Rule T [PAQ = P]
@ (#)-Qz) RuleT [PAQ= Q)
{1} (5) -P(y) Rule ES
{1y (6) —Q(y)  RuleUS
SVNG “P()A-Q(y) Rule T [P,Q = PAQ)
{1} (8) =(P(y) VQ(y)) Rule T [De Morgan’s law]
{9y (z)(P(z) v Q(z))  Rule P
{9  (10) P(y)vQ(y)  RuleUS

o () (P)VQ)A  RuleT [P,Q = PAQ)

~(P(y) v Q(y))

which is false.

Therefore, by the method of contradiction, we have

Va(P(z) V Q(x)) = Va P(x) vV Iz Q(x).

3. Show that Yz P(z) A 3zQ(x) is equivalent to YzIy(P(z) A Q(y)).

Solution.
{1} (1) VaP(x) A JzQ(x)
{1+ (© VP (x)
{1y 3 P(m)
{1y (4 JzQ(z)

Rule P

Rule T [PAQ = P]
Rule US

Rule T [P A Q = Q]
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{1} (5) Q(n) Rule ES
{1} (6) P(m) A Q(n) Rule T

{1 M J(P(m)AQ(y))  Rule EG
[} ® (WWP@AQE) RuleUG

Hence, VzP(xz) A 3xQ(z) and VzIy(P(z) A Q(y)) are logically
equivalent.

. Show that (z)(P(z) — Q(z)) = (z)P(z) — (2)Q(z).

Solution.

We use contrapositive method to prove this problem.

{1} (1) —((x)P(z) — (x)Q(x)) Assumed premise

{1} @ (@P@)A-(2)Qx)) RuleT [-(P— Q)& PA-Q)
{1} (3) (x)P(z) RuleT [PAQ = P]

{1} @ ~((2)Q(z)) RuleT [PAQ = Q]

oy ) (30)-Q(«) Rule T [apply -]

{1} (6) P(y) RuleUS

{1t (7 —Q(y) Rule ES

{1} (®) Py)A-Q(y) RuleT [P,Q= PAQ]

{1} (9 ~(P(y) = Q(y)) RuleT [PA-Q & ~(P = Q)
{1} (10) (3x)-(P(z) — Q(x)) Rule EG

{1} (11)  =((@)(P(z) = Q(x))) Rule T [apply .

.. By the method of contrapositive, we have
(@)(P(z) = Q(z)) = (z)P(z) — ()Q().

. Show that Jz(P(x) AQ(x)) = (Fz)P(x) A (Fz)Q(z). Is the converse
true?

Solution.

{1} 1) GCo)(Px) AQ(2)) Rule P

{1 © P(y) A Q(y) Rule ES

{13 P(y) RuleT [PAQ = P]
{1 @ Qy) Rule T [PAQ= Q]
{1y (5 2 P(z) Rule EG

{1} (6) 3Q(z) Rule EG

{1} (7) JxP(x) A JzQ(x) Rule T [P,Q= P AQ).
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Converse is also true, since

{1} (1) (3z) P(x) A (F2)Q(x) Rule P

{1} (2) (3z) P(x) Rule T [PAQ = P]
{1} (3) (F2)Q(x) RuleT [PAQ = Q)]
{1 @ P(y)  Rule ES

{1y () Q)  Rule ES

{13 (6 Py)AQ(y) RuleT [P,Q=PAC)]
{1} (7) (Fz)(P(z) A Q(x)) Rule EG.

6. Verify the validity of the following argument. Every living thing is
a plant or an animal. John’s gold fish is alive, and it is not a plant.
All animals have hearts. Therefore, John’s gold fish has a heart.

Solution.
Let L(x): x is a living thing

P(z): = is a plant

A(z): z is an animal

H(xz): x has a heart.
Given premises with their symbolic forms are
(i) Every living thing is a plant or an animal.

(2)(L(z) — P(x) V A(x)).
(ii) John’s gold fish is alive, and it is not a plant.
L(y) A =P(y).
(iii) All animals have hearts.
(2)(A(w) ~ H(@))

Conclusion is H(y).

{1} (1)  (2)(L(x) = P(x) VvV A(z)) Rule P

{1y @© L(y) = P(y)VA(y)  RuleP

{3} (3) L(y) A —P(y) Rule P

{4} (4) L(y) Rule T [PAQ = P]

{5} (5) -P(y) Rule T [PAQ = Q)]
{1,3} (6) P(y) VvV A(y) Rule T [P,P — Q = Q)]
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{1,3} (7) -P(y) = A(y) Rule T [P - Q = -PV Q]
{8 (8 (z)(A(z) = H(z))  Rule P
{8 (9 Aly) —» H(y)  RuleUS
{1,3,8} (10) -P(y) — H(y) Rule T’
[P—Q,Q— R= P — R|
{1,3,8} (11) H(y) Rule T [P - Q,P = Q).
Hence, the given statements are valid statements.
1.12 Additional Solved Problems
1. Let P(x) denote the statement x < 4. Write the truth values of
P(2) and P(4).
Solution.
P(z):x<4
P(2):2<4 isTrue
P(6):6 <4 is False.
2. Give the converse and the contrapositive of the implication: “If it
is raining, then I get wet”.
Solution.
Let P: It is raining
Q: 1 get wet.
Given statement is P — Q.
Its inverse is
Q — P: If T get wet, then it is raining.
Its contrapositive is
@ — —P: If I do not get wet, then it is not raining.
3. Show that R Vv S follows logically from the premises C' V D,

CvD—-H,-H— (AAN-B),and (AA-B) = (RVS).
Solution.
{1} (1) CvD—-H RuleP
{2} (2) -H — (AAN—-B) Rule P
{1,2} (3) CvD— AN-B Rule T
{4} (4) (AAN-B)— (RVYS) Rule P
{1,2,4} (5) CvD—RVS Rule T
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{6} (6) cCvD Rule P
(1,2,4,6} (7 RVS RuleT[P—Q,P=qQ.

4. Show that the following premises are inconsistent.

(i) If Jack misses many classes through illness, then he fails high
school.
(ii) If Jack fails high school, then he is uneducated.
(iii) If Jack reads a lot of books, then he is not uneducated.
(iv) Jack misses many classes through illness and reads a lot of
books.

Solution.

: Jack misses many classes
: Jack fails high school

: Jack reads a lot of books

oo W I

: Jack is uneducated

The given premises are

EFE—S S—H A——-H, and EANA.

) E—S Rule P

{2} (2) S—H Rule P

{1,2} (3) E—~H Rule T

{4} (4) A—-H Rule P

4y ) H——A Rule T
{1,2,4} (6) E—-A Rule T’
{1,2,4} (7) “EAN-A Rule T
{1,2,4} (8) —(ENA) Rule T
9 () EANA Rule P
{1,2,4,9} (10) (EANA)A(-(ENA) Rule T

which is false. Hence, the given premises are inconsistent.
5. Write the dual of (PAQ)VT.

Solution.
(PVQ)ANF.
6. Negate the following statements.

(i) Ottawa is a small town.
(ii) Every city in Canada is clean.
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Solution.

(i) Ottawa is not a small town.

(ii) Every city in Canada is not clean.
Construct the truth table for P A (P V Q).
Solution.

The truth table is shown below.

Truth Table for P A (P V Q)
Q PVQ PA(PVQ)
T

S s R
N
|
NN

Write the following in symbolic form:

If John takes calculus or Peter takes analytical geometry, then

Mohan will take English.
Solution.
Let J: John takes calculus
P: Peter takes analytical geometry
M: Mohan will take English.
Then the symbolic form is (J V P) — M.
Symbolise the expression: “All the world loves a lover”.
Solution.
Let P(x): x is a person
L(z): z is a lover
R(z,y): = loves y.
The symbolic form is (x)(P(x) = (y)(P(y) A L(y) = R(z,y)).
Obtain the PDNF and PCNF of
P— ((P—=Q)A-(-QV —P)).
Solution.
Let Ae P— ((P—Q)AN—(—QV-P))
& PV ((-PVQ)A(QAP))
e =P V(P AQAP)V(QA(QAP))
< -PVFV(PAQ)
< PV (PAQ)
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11.

12.

< V(PAQ)

& (EPAQV-Q))VI(PAQ)
& (PAQ)V (=PA=Q)V (PAQ)

which is the required PDNF. Its PCNF is

——A & -PVQ.

Obtain the PCNF of S : (-P — R) A (Q = P). Hence, obtain
PDNF.

Solution.

S:(-P—=>R)AN(Q=P)

& (P = R)A(Q—= P)A(P—=Q))

& (PVR)A(-QV P)A(=PVQ)

& ((PVR)VFEF)A((-QVP)VF)AN((-PVQ)VF)

& (PVR)V(QA-Q)A((-QV P)V (RA-R))

A(=PVQ)V (RA-R))
& (PVQVR)A(PV-QVR)AN(PV-QVR)
ANPV-QV-R)A(-PVQVR)AN(-PVQV-R)

& (PVQVR)AN(PV-QVR)AN(PV-QV-R)

AN(=PVQVR)A(-PVQV-R)

which is the required PCNF. Now,

=S (PVQ-R)AN(-PV—=QV R)A(=PV-Q-R)
=S :=(PVQ@Q-R)A(-PV-QV R)A(-PV-Q-R))
& (~PAN-QAR)V(PANQAR)V(PANQAR)

which is the required PDNF.

What is the contrapositive statement of “The home town wins
whenever it is raining”?

Solution.
Let P: It is raining

@: The home town wins.
Given statement is P — Q.
Its contrapositive statement is

=@ — —P: If the home town does not win, then it is not
raining.
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13. Give the symbolic form of “Some men are giants”.

Solution.
The given statement can be written as

“there is an x such that x is a man and z is giant”.
Let M(x):  is a man
G(z): x is a glant.

The symbolic form is
(Fz) (M (z) A G(z)).

14. Find the PCNF of (PV R)A(PV—Q). Also find its PDNF, without
using truth table.

Solution.

Let A< (PVR)A(PV-Q)
((PVR)VF)AN((PV—-Q)VF)
(PVR)V(QA=Q)AN((PV-Q)V (RA-R))
(PVQVR)A(PV-QVR)A(PV—-QVR)
A(PV—=QA-R)

S (PVQVR)A(PV-QVR)AN(PV-QV-R)

=
54
=
=

which is the required PCNF. Now,

“A:(PVQV-R)A(-PVQVR)AN(-PVQV-R)
A(=PV-=QVR)A(=PV-QV-R)
—=A = ((PVQV-R)A(-PVQVR)A(=PVQV-R)
A(=PV—=QV R)A(~PV-QV-R))
S (PA-QAR)V(PA-QA-R)V(PA-QAR)
V(PANQA-R)V(PANQAR)

which is the required PDNF.
15. Show that using rule CP, =PV @, QVR, R—S< P —S.

Solution.
{1} (1) P Assumed premise
{2} (2) —-PVvVQ Rule P
21 3 P-Q Rule T [P — Q< ~PV Q]
{1,2} (4) Q Rule T [P,P — Q= (@]
{5} (5) —-QVR Rule P
{5} (6) Q—R RuleT [P — Q<< —~PV{Q)]
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(1,2,5) (7 R Rule T [P,P — Q= Q]
{8} (8 R—S Rule P
(1,2,5,8}  (9) S Rule T [P,P — Q= Q]
(1,2,5,8) (10) P—=S Rule CP.

Show that (=P A (=QAR))V(QAR)V (PAR) < R without using
truth table.

Solution.

“PA(-QAR)< (-PAN=Q)ANR (Associative law)
< a(PVQ)AR (De Morgan’s law).  (1.5)

Now,

(QAR)V(PAR)< (QV P)ANR (Distributive law)
< (PVQ)AR (Commutative law). (1.6)

From (1.5) and (1.6), we have

(=PA(-QAR)V(QAR)V(PAR)

< (H(PVQ)AR)V((PVQ)AR)

& (-(PVQ)V(PVQ) AR (Distributive law)
S TAR

< R.

~ (PAN(QAR)V(QAR)V(PAR)& R.
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Combinatorics

2.1 Introduction

In this chapter, we discuss about the technique of mathematical induction
which is used for proving many standard results over natural numbers. Then,
we discuss about the basis of counting, pigeonhole principle, permutations
and combinations, and recurrence relation. These concepts are useful
in the analysis of certain discrete time systems, analysis of algorithms,
error-correcting code, etc. At the end of the chapter, we discuss about
generating function which is used to solve linear recurrence relations.

2.2 Mathematical Induction

Mathematical induction is a method of finding the truth from a general
statement for particular cases.

A statement may be true with reference to more than hundred cases yet
we cannot conclude it to be true in general. It is possible to disprove the
statement by a counter-example. A statement need not be accepted to be
true. Such a statement inferred from a particular case is called a conjecture.
If the conjecture is a statement involving natural numbers, we can use the
principle of the mathematical induction to prove the same.

2.2.1 Principle of Mathematical Induction
For a given statement involving a natural number n, if we can show that

(1) The statement is true for n =1 or n = ng,
(2) The statement is true for n = m + 1 under the assumption that the
statement is true for n = m(m > ny),

then we can conclude that the statement is true for all natural numbers.

Remark 2.2.1 In the above principle, (1) is usually referred to as the basis
of induction, and (2) is usually referred to as the induction step. Also, the
assumption that the statement is true for n = m in (2) is usually referred to
as the induction hypothesis.
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2.2.2

Step 1.
Step 2.

In the

Discrete Mathematical Structures
Procedure to Prove that a Statement P(n) is True
for all Natural Numbers

We must prove that P(1) is true.

By assuming P(m) is true, we must prove that P(m + 1) is also
true.

sequel, we apply the principle of mathematical induction to prove

statements involving natural numbers.

2.2.3

1.

Solved Problems
1
Prove that 1 +2+3+4+---4+n = n(nT—&—) by induction principle.
Solution. )
Let P(n):14+2+3+---+n= %
1(1+1
(1) P(1):1= % =1 is true.
(2) Assume that P(m) is true.
1
That is, 1+2+3+'--+m:%.
(3) Now,
1
1+2+3+~~-+m+(m+1):%+m+1
~m(m+1)+2(m+1)
B 2
(m+1)(m+2)

2

.. By mathematical induction, the given statement is true for all n.
nn+1)(2n+1)

Show that 12 +22 +32 4+ ... 4+ n? = c

mathematical induction.

,n>1hby

Solution.
Let P(n) : 12 +22 432 4+... 4 n? = n(n+1)(2n+1)
: ; '

L, 11+ D(2+1)
(1) P12 =

(2) Assume P(m) is true.

=1 is true.

That s, 12+22+32+---+m2=m(mﬂé(zmﬂ).

(3) Now,

P4+2243 4+ +m?+ (m+1)?
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_ m(m+ 1%(2m+ D (m+1)?

m(m+1)(2m + 1) + 6(m + 1)?

(m+ 1)[m(2m i 1) 4+ 6(m + 1))

(m + 1)(2m? +6m +6m + 6)

(m + 1)(2m? i Tm + 6)

(m+ 1)(2mG2 +4m + 3m + 6)

(m + 1)[2m(m6—|— 2) 4+ 3(m +2)]

(m+1)(m + 2)(2m + 3)

(m + 1)[(m6+ D+ 1]2(m+1) + 1].
6

By mathematical induction, the given statement is true for
allm > 1.
n?(n+1)>2

3. Prove that 13 +234+3%3 4+ ... 4+ n3 = 1

,neN.

Solution.

. 2 1)2
Let P(n): 13 423 + 3% 4o = "0 D7

4

Lo 12(1+1)?
(1) P): 17 = ————

(2) Assume P(m) is true.

is true.

That is, 13 + 23 + 3% + -+ m3 = W
(3) Now,
5 _ m*(m+1)°
N 4
m2(m+1)% +4(m +1)3
4
(m +1)2[m? + 4(m + 1)]

P42 432+ 4 m’ 4+ (m+1) + (m+1)°

41

4
(m+1)%(m? + 4m + 4)
4

(m +1)*(m +2)?

(m+1D)[(m+1) +1)?
1 )
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By mathematical induction, the statement is true for all n € N.

4. Prove that 31" (2 — 1)? =n?, for all n € N.

(or)

Prove that the sum of the first n odd integers is n? for all integers n.

Solution.

Let P(n) :1+3+5+---+ (2n—1) = n?

(1) P(1):1=12is true.

(2) Assume P(m) is true.

That is, 1 +3+5+ -+ (2m — 1) = m>.
(3) Now,
14+34+54+-+C2m—1)+[2m+1)—1]=m*+[2(m+1) - 1]

=m?+2(m+1) —1]
=m’+2m+2-1
=m?+2m+1
= (m+1)%

By mathematical induction, the given statement is true for all
n e N.

(or)
(1) P(1):1=12is true.
(2) Assume P(m) is true.
That is, > ;- (2 — 1) = m?.

(3) Now,
m—+1 m
D @i-1)=Y (2i-1)+[2(m+1)—1]
i=1 1=1

=m?+2m+2—1
=m?+2m+1
= (m+1)2
By mathematical induction, the given statement is true for all
n € N.
Using mathematical induction, prove that
3 1
24+5+8+-+(Bn—1)= %

Solution.

1
LetP(n):2+5+8+-..+(3n_1):M.

2
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(1) P(1):2= w

(2) Assume P(m) is true.

= 2 1s true.

3 1
Thatis,2+5+8+'--+(3m—1):w.

(3) Now,

245484+ (Bm—1)+[B(m+1)—1]
:W+(3m+3—1)
m(3m+ 1)+ 2(3m + 2)
2
_3m®+m+6m+4
B 2
_3m2—|—7m—|—4
B 2
_3m2—|—3m—|—4m—|—4
B 2
3m(m+1)+4(m+1)
2
(m+1)(3m + 4)

(m+1)[3(m +1) +1]
: .

‘. By mathematical induction, the given statement is true.

6. Prove that forn >0,14+2+4+..-4+27 =27+l _ 1,
Solution.
Let P(n):14+2+4+--- 42" =271 1,
(1) P(1):1+2=2"—1is true.
(2) Assume P(m) is true.
That is, 1 + 2444 -+ + 27 =2m+l _ 1,

(3) Now,
1+2+4+...+2m+2m+1:(2m+1_1>+2m+1
:2.2m+171
=2mt2 _q

— o(m+1)+1 _

By mathematical induction, the given statement is true.
7. Prove that if n > 1, then

an+2@2h)+---+nn) =n+1)"!-1.
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Solution.
Let P(n):1(1) +2(2) + - +n(n!) = (n+ 1)! - 1.
(1) P(1):1(11) = (1 +1)! — 1 1is true.
(2) Assume P(m) is true.
That is, 1(1!) +2(2!) +--- +m(m!) = (m+1)! - 1.
(3) Now,
1) +22Y) + - +m(m!) + (m + 1)[(m + 1)!]
=[(m+ 1! =1]+ (m+1)[(m + 1)!]
=m+I)N+m+1)(m+1) -1
( N4+ (m+1)] -1
=(m+1(m+2)—1
( )N =1
By mathematical induction, the given statement is true for all
n>1.

Use mathematical induction to show that
1 1 1 1 n

12—1— 3+ﬁ+ +n(n+1):n+1’ for all n>1.
Solution. ) 1 1 1 .
LetP(n):ﬁ+T3+37+ ”Jrn(n—i—l)in—i—l
(1) P(l):$:1+listrue
(2) Assume P(m) is true.

That is, —— + = 4 oo p =

"1.2 2.3 3.4 mim+1) m+1

(3) Now,

1 1 1 1 1
ﬁ+ﬁ+ﬂ+“'+m(m+l)+(m+1)(m+2)

_m 1

A L O

~ om(m+2)+1

 (m+1)(m+2)

_ m2+2m +1

 (m+1)(m+2)

 (m+1)?

 (m+1)(m+2)

. om+1

S (m+1)+1

. By mathematical induction, the given statement is true for all n.
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9.

10.

Use mathematical induction to prove that n® — n is divisible by 3
whenever n is a positive integer.

Solution.
Let P(n) : n® — n is divisible by 3.
(1) P(1):1' —1 =0 is divisible by 3.
(2) Assume P(m) is true.

That is, m® — m is divisible by 3.
(3) Now,

(m+12—(m+1)=m*+3m* +3m+1)— (m+1)
= (m® —m) +3m? +3m
= (m* —m) + 3(m* +m).
Since both terms in this sum are divisible by 3, it follows that
(m+1)3 — (m + 1) is also divisible by 3.
.. By mathematical induction, n® —n is divisible by 3 for all n € N.

Use mathematical induction to show that n® 4 2n is divisible by 3
whenever n is a non-negative integer.

(or)
Prove that for all n > 1, n® + 2n is a multiple of 3.

Solution.
Let P(n) : n® + 2n is a multiple of 3.

(1) P(1):13+2-1=3is a multiple of 3.
(2) Assume P(m) is true.
That is, m> + 2m is a multiple of 3.

(3) Now,

(m+1)>+2(m+1)
=m® +3m?® +3m+ 1+ 2m + 2
= (m®+2m) + 3(m* + m +1).
Since both terms on the right-hand side are divisible by 3, it
follows that (m + 1)3 + 2(m + 1) is a multiple of 3.

Hence, by mathematical induction, n® 4 2n is a multiple of 3 for all
n € N.
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11. Use mathematical induction to show that 8™ — 3™ is a multiple of 5.

Solution.
Let P(n) : 8" — 3™ is a multiple of 5.
(1) P(1):8—3=75is a multiple of 5.
(2) Assume P(m) is true. That is, 8™ — 3™ is a multiple of 5.
(3) Now,
8m+1 _ 3m+1 — 8m(8) _ 3m+1
=8™(5+3) —3m*!
=5-8M™43.8m—3m+l
=5-8"43(8™ —-3").
Since both terms on the right-hand side are multiples of 5, it
follows that 8™*+! — 3m+1 is also a multiple of 5.
‘. By mathematical induction, 8" — 3™ is a multiple of 5.

12. Use mathematical induction to show that n? — 7n + 12 is
non-negative whenever n is an integer greater than 3.

Solution.
Let P(n) : n? — Tn + 12 be non-negative.
(1) P(4):4%—-7(4)+12 = 16 — 28 4+ 12 = 0, which is non-negative.
(2) Assume P(m) is true.
That is, m? — 7m + 12 is non-negative.
(3) Now,

(m+1)2 = 7(m+1) + 12
=m?+2m+1—Tm—T7+12
= (m? — Tm +12) + (2m — 6).

The first term is non-negative, and the second term is also

non-negative for m > 3. Hence, (m + 1) — 7(m + 1) + 12 is
non-negative.

By mathematical induction, n? — 7n 4 12 is non-negative for
n > 3.

13. Use mathematical induction to prove the inequality n < 2™ for all

positive integers n.

Solution.

Let P(n):n < 2™

(1) P(1):1 < 2! is true.

(2) Assume P(m) is true.
That is, m < 2™.
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14.

15.

(3) Now,

m+1<2m+1
<2™42™ gince 1< 2™
<2.2m
< 2mH,

. By mathematical induction, the result is true for all n € N.
Prove that n + 10 < 2" for all n € N and n > 4.
Solution.
Let P(n) :n+10 < 2" n > 4.
(1) P(4):4+10 < 2% is true.
(2) Assume P(m) is true.
That is, m + 10 < 2™.

(3) Now,
(m+1)4+10=(m+10)+1
<2m 41
< 2™ 4 2™ since 1 < 2™
<2.2m
< omtl

.. By the principle of mathematical induction, the result is true for
alln € Nand n > 4.
Note: In the above problem, the result is false for n = 1,2 and 3.

Prove that 2" < n! forn >4 and n € N.
Solution.
Let P(n): 2" < n! for n > 4.
(1) P(4):2* < 4!is true (since 16 < 24).
(2) Assume P(m) is true.

That is, 2™ < m!
(3) Now,

2mtl = om . 9
<2™(m+1) since 2<m+1 for m>4
<ml(m+1) by assumption
< (m+1)!

The result is true for all n > 4 by the principle of mathematical
induction.
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16. Suppose there are n people in a room (n > 1) and all shake

17.

hands with one another. Prove that @ handshakes will have
occurred.

Solution.

Let P(n) : @ handshakes.

@ = 0. There is no handshake when n = 1.

(1) PA):
(2) Assume P(m) is true.

(m

That is, there are %)m handshakes.

(3) Now, if one more person enters the room, he will shake hands
with m people. So,

(m—1)m _m?—m+2m

2 e 2
m? +m
2
m(m+1)
2
[(m+1)—1](m+1).
2

*. By the principle of mathematical induction, the result follows.

Use mathematical induction to prove that 3" + 7" — 2 is divisible
by 8, for n > 1.

Solution.
Let P(n): 3™+ 7" — 2 is divisible by 8.
(1) P(1):3'+ 7' — 2 =8 is divisible by 8, which is true.
(2) Assume P(m) is true.
That is, 3™ 4+ 7™ — 2 is divisible by 8.
(3) Now,

gl pymtl 9 =3.3m 4 7.7 2
=3-3"+(3+4) -7 -2
=3-3"4+3-7T"+4.7T" —-6+4
=33+ 7" —2)+4(T" 4+ 1).

Since both terms on right-hand side are divisible by 8,
3l 4 7+l _ 9 ig also divisible by 8.

*. By the principle of mathematical induction, the result follows.
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18.

19.

Show that a™ — b™ is divisible by a — b.
Solution.
Let P(n) : a™ — b™ be divisible by a — b.
(1) P(1):a' — b is divisible by a — b.
(2) Assume P(m) is true.
That is, a™ — b™ is divisible by a — b.
= a"-0"=k(a-0)
= a"=b"+k(a—-Db). (2.1)
(3) Now,

a™tt Tt =™ g —b™ . b [using (2.1)]
=ak(a—0b)+ab™ —b- 0"
= (a —b)ak + (a — b)b™
= (a — b)[ak + b™], which is a multiple of (a — b).

Hence, a™ ! — b™+! is divisible by a — b.

‘. By the principle of mathematical induction, a™ — b™ is divisible
by a — b for all n > 1.

Using mathematical induction, prove that
2422428 ... pon =2nFl 9

Solution.
Let P(n) :2+22 423 ... 42" =2ntl 9
(1) P(1):2 =211 — 2 =2 s true.
(2) Assume P(m) is true.

That is, 2+ 22 + 23 + ... 4+ 2™ = 2m+1 _ 2 is true.
(3) Now,

2+22+23+_+2m+27n+1:2m+1_2+2m+1

=2.9mtl_9
=2mt2 _ 9,

.. By the principle of mathematical induction, the result is true for
all n.
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20. Use mathematical induction to show that n! > 27+!1: n =5.6,...

Solution.
Let P(n):n!>2""l:n=56...

(1) P(5): 5! > 2°*1 is true since 120 > 64.
(2) Assume P(m) is true.

That is, m!>2" hm =56... (2.2)
(3) Multiplying both sides of (2.2) by 2, we have
2(m!) >2.2m*!

= (m+1)m!>2m"2

= (m+ 1)1 > 2m+2,

. By mathematical induction,

n!>2"t o =56,...

1 1 1 n
21. Showthatﬁ+ﬁ+~-~+n(n+1):n+1.
Solution. . . 1 .
LetP(n):ﬁ+2—3+-' n(n—&—l)_n—&-l'
(1) P(l):%:1 115true
(2) Assume P(m) is true
1 1 1 m
That is, — + — =
1-2 2-3 m(m+1) m+1
(3) Now,
1 1 1 1
ﬁ+r3+-..+m(m+l)+(m+1)(m—|—2)
m 1
*m+1+(m+1)(m+2)
_ omm+2)+1
 (m+1)(m+2)
- m2+2m + 1
 (m+1)(m+2)
B (m+1)?
 (m+1)(m+2)
m+1
Tmt2
o om+1
S (m+1)+1

‘. By the principle of mathematical induction, the result follows.
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22. Using mathematical induction, prove that if n > 1, then
1-1142-2043-3 4 4+n-nl=@n+1)!—1, n>1
Solution.
Let P(n):1-114+2-2143-31+---+n-nl=mn+1! -1
(1) P(1):1-11=(141)! —1is true.
(2) Assume P(m) is true.
That is, 1-11+2-214+3-3! +---+m-m! = (m+1)! — 1.
(3) Now,
1-114+2-2143-31+---4+m-ml+ (m+1)(m+1)!
=[m+ 1) =1+ (m+1)(m+1)!
=m+Dl+m+1] -1
=(m+1!(m+2) -1
=(m+2)!—1.

By mathematical induction,

1- 1142214331+ 4n-nl=n+1)! -1, n>L

n 3t —1
23. Using mathematical induction, prove that >, 3k = —
Solution.
3t 1
Let P(n):30+31+---+3”=T
3 — 2
(1) P(0):3%= 5 = 5 is true.
(2) Assume P(m) is true.
3m+l 1
That is, 30 +3' 4+ --- +3™ = —
(3) Now,
3m+1 -1
30 =+ 31 N 37n + 3m+1 _ 5 4 3m+1
3l —149.3mH!
B 2
_3.3mitl 1
- 2
32—
2
3(m+1)+1
T2
" 3n+1 -1
. By mathematical induction, >, _, 3 = =———— is true.

2
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24. Using mathematical induction, prove that

1 1 1
+—+— 4o+ —>/n for n>2.
V2 V3 vn Ve B

4

Solution.

1 1 1
Let P(n): +-+—=>4n for n>2.

+—=+—
V2 V3 N
= 1.707 > v/2 = 1.414 is true.

H&‘H
Sl

1) PE): 5+
(2) Assume P(m) is true.

1 1 1 1
That is, +—=4+—=4+-+—>+/m form>2.
ViioV2 3

3

1 1 1
% ...+ﬁ+\/mj_~_1
1
SV e
_Vmym AT+
m+1
m(m+1)+1
S VIR T )T
m+1
- vm-m+1 -
Vm+1 '
_Vm? 4l

m+1>m)

‘. By the principle of mathematical induction,

1 1 1 1
—+—=+—=++—=>vn for n>2.
atatEt Y

25. Using mathematical induction, prove that n® + (n + 1)3 + (n + 2)3
is divisible by 9, for n > 1.
Solution.
Let P(n) :n® + (n+1)% + (n + 2)2 be divisible by 9, for n > 1.
(1) P(1): 2+ (1+1)3+(1+2)2 =148+ 27 = 36 is divisible
by 9.
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(2) Assume P(m) is true.
That is, m® + (m + 1)3 + (m + 2)? is divisible by 9, for m > 1.
(3) Now,

(m+12+[(m+1)+ 1P+ [(m+1) + 2

)? 4 (m+2)° + (m +3)°

= (m+1)*+ (m+2)> +m> + 9m? + 27m + 27

[m? + (m 4+ 1)% + (m + 2)3] + 9(m? + 3m + 3).
Both the terms on the right-hand side are divisible by 9, and
hence, the terms on the left-hand side are also divisible by 9.
‘. By the principle of mathematical induction, the result follows.
26. Show that 32" + 4"+ is divisible by 5, for n > 0.

Solution.
Let P(n) : 3%™ + 471 be divisible by 5, for n > 0.

(1) P(0): 3%+ 4 =5 is divisible by 5.
(2) Assume P(m) is true.
That is,  3*™ 4 4™"! is divisible by 5.
= 32m 4 4™t = 5k (where k is an integer)
= 32m = 5k — 4T (2.3)

(3) Now,
32(m+1) 4 gt g2m g2 g2
= (5k — 4™ .32 4 4™ 4 [using (2.3)]
=5k-9—4mtL.32 pymtl g
=5k-9—4m1.9 4 4.4t
=5k-9—5.4m"!
= 5(9k —4™*%1)  which is a multiple of 5.

By the principle of mathematical induction, 32" + 47*1 is
divisible by 5 for n > 0.
27. Using mathematical induction, prove that
1

1 1
H2n21+% where Hk:1—|—§+§+~--+%,
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Solution.
Let P(n): Hon = 14+ -+ 2 4ok = > 142
2 3 2n 2
(1) P(O):HQO:H1:121+%
That is, 1 > 1 is true.
(2) Assume P(m) is true.

1 1 1 m
That is, P(m): Hym =1+ -+ -4+ — > 1+ .
at is, P(m) : Ho +2+3+ +2m_ +2
(3) Now,
Hymir =14 4 S bbb b g
L B 2m - 2m 41 2m 42 2m+1
1 1 1
:H”'L “ e
2 +2m+1+2m+2+ T ot
>(1+ %)+ S E
= 2/ " 2m 41 2m 42 2mtt
_( —&—5)-&- -2m+1 (smcet ere are terms
1
each not less than 2m+1)
1
> (1 —) -
= (143) 45
m+1
>1 — .
> (M)

‘. By the principle of mathematical induction, Hon > 1 + g

28. Using mathematical induction, prove that

2 _ n(2n—1)2n+1)

1P +32 452+ +(2n—1) 3

Solution.

2n —1)(2 1
LetP(n):12+32+52+...+(2n71)2:”(n ?2( n+ )

1) P12 = D@D
3
(2) Assume P(m) is true.

That is, P(n) : 12+ 3% 4+ 52 +---+ 2m —1)* =

=1 is true.

m(2m —1)(2m + 1)
3 :
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(3) Now,

P43 4524+ +2m -1+ [2(m+1) — 1)?

_ m(2m — 13)(2m+ 1) +(@m 1)

Sm(2m = 1)(@2m -+ 1)+ 3(2m + 1))

= 2m3—i— ! [m(2m — 1) 4+ 3(2m + 1)]

= %[2m2—m+6m+3]

= 2m$7+1(21712+5m+3)

_ %(zmuzmmmw)

_ 2’”3* L om(m + 1) + 3m + 1)]
2m +1

=3 2m+3)(m+1)
= é(m +1)2m+1)(2m+ 3)
_ %(m +1)R0m+ 1) — 120m + 1) + 1],
*. By the principle of mathematical induction,
2 _ n(2n—1)2n+1)

P43 452+ +(2n—1) 3 .

29. Use mathematical induction to show that n? — n is divisible by 3,
for n € N.

Solution.
Let P(n) : n® — n be divisible by 3.

(1) P(1):13 —1 =0 is divisible by 3.
(2) Assume P(m) is true.
That is, m? — m is divisible by 3.
(3) Now,
m4+1)2—~m+1)=m*+3m* +3m+1-m—1
=m?3 +3m? +2m
=m?—m+3m*+2m+m

= (m® —m) + 3(m? +m).
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Since both m?® — m and 3(m? + m) are divisible by 3,
(m+1)3 — (m + 1) is also divisible by 3.

3

Hence, by mathematical induction, n° — n is divisible by 3.

2.2.4 Problems for Practice

Using the principle of mathematical induction,

1. Prove that 2+224+923 4 ... 497 —9n+l _ 9

2. Show that the sum of first n even integers is n? + n.

4n3 —
3. Prove that 12432 +5%2+..-+(2n—1)? = n3 n.
1 1 1 1 1
4. P that = + — 4+ — 4+ .o — =1 — —,
rove tha 2+22+23+ +2n o

5. Show that n* — 4n? is divisible by 3 for all n € N.

1)(n+2

6. Provethat1-2+2-3+~--+n(n+1):n(n%)(n+).
3n—1
7. Provethat1+4+7+-~~+(3n—2):%.

1 1 1 1 n
8. Show that —— + —— - .
oW Hha Tyt o DEndD) 2t

13735 57 "
9. Prove that the sum of the cubes of three consecutive integers is
divisible by 9.

10. Show that 22" — 1 is divisible by 3 for all n € N.
11. Prove that 5™ — 4n — 1 is exactly divisible by 16 for n € N.
12. Show that 11™ — 4" is divisible by 7 for n € N.
13. Show that n+ 1 < n? for n > 2.

14. Show that 2n < 3™ for all n € N.

15. Show that 2" < n3 for n > 10.

16. Prove that n3 — n is divisible by 6.

17. Show that 52" — 25" is divisible by 7.

18. Prove that n® — n is divisible by 5.

19. Show that 10"+! + 10" + 1 is divisible by 3.

20. Show that n2 < 2™ for n > 4.

21. Show that 2" > (2n 4 1) for n > 3.

22. Prove that

1:12:342-3-443-4-5+ - +n(n+1)(n+2)
_n(n+1)(n+2)(n+3)

1 , n>1.
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2.2.5 Strong Induction

Strong induction is another form of mathematical induction which is very
useful in proofs. In this form, we use the basic step similar to the principle
of mathematical induction, and for inductive step, we assume that P(k) is
true for k = 1,2,...,m and then show that P(m 4+ 1) is true based on
this assumption. Strong induction is also called as the second principle of
mathematical induction.

Procedure for strong induction

Basis step: P(1) has to be proved as true.

Inductive step: [P(1) A P(2) A--- A P(m)] — P(m + 1) has to be proved as
true by assuming P(k) is true for k = 1,2,... ,m.

Solved Example:
Show that if n is an integer greater than 1, then m can be written as the
product of primes.

Solution.
Let P(n) : n be written as the product of primes.

Basic step: P(2) is true since 2 = 1 x 2, product of primes.

Inductive step:

Assume that P(k) is true for all positive integers k with & < m. To
complete the inductive step, it must be shown that P(m + 1) is true under
this assumption.

Two cases arise, namely

(i) when (m 4+ 1) is prime
+1) i

(ii) when is composite.

(

(m
Case (i) :If (m+1) is prime, it is obvious that P(m + 1) is true.
Case (ii) : If (m + 1) is composite, then it can be written as a product of
two positive integers a and b with 2 < a < b < m + 1. By the
induction hypothesis, both a and b can be written as the product
of primes. Thus, if (m + 1) is composite, it can be written as the
product of primes, namely those primes in the factorisation of a

and those in the factorisation of b.

2.2.6 Well-Ordering Property

The validity of mathematical induction follows from the following fundamental
axioms about the set of integers.

Every non-empty set of non-negative integers has a least element.

The well-ordering property can often be used directly in the proof.
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Solved Example:
What is wrong with this “proof” by strong induction?

Theorem: For every non-negative integer n, 5n = 0.

Proof.

Basis step: 5-0=0.

Induction step: Suppose that 55 = 0 for all non-negative integers j with

0 <j <m. Write m+ 1 =1+ 5 where ¢« and j are natural numbers less than
m + 1. By the induction hypothesis,

5(m—+1)=5(i+1)=5i+5j=0+0=0.

2.3 Pigeonhole Principle

If n pigeonholes are occupied by n + 1 or more pigeons, then at least one
pigeonhole is occupied by more than one pigeon.

Example 1. Suppose a department contains 13 professors. Then, two
of the professors (pigeons) were born in the same month
(pigeonhole).

Example 2. Suppose a laundry bag contains many red, white, and
blue socks. Then, one needs to only grab four socks
(pigeons) to be sure of getting a pair with the same colour
(pigeonhole).

Example 3. Find the minimum number of elements that one needs to take
from the set S = {1,2,...,9} to be sure that two of the
numbers add up to 10. Hence, the pigeonholes are the five
sets {1,9}, {2,8}, {3,7}, {4,6}, {5}. Thus, any choice of six
elements (pigeons) of S will guarantee that two of the numbers
add up to 10.

2.3.1 Generalized Pigeonhole Principle

If n pigeonholes are occupied by kn + 1 or more pigeons, where k is a positive
integer, then at least one pigeonhole is occupied by k + 1 or more pigeons.

2.3.2 Solved Problems

1. Find the minimum number of students in a class to be sure that
three of them were born in the same month.
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Solution.

Here, n = 12 months are the pigeonholes and kK 4+ 1 =3 or k = 2.
Hence, among any kn + 1 = 25 students (pigeons), three of them
were born in the same month.

Suppose a laundry bag contains many red, white, and blue socks.
Find the minimum number of socks that one needs to choose in
order to get two pairs (four socks) of the same colour.

Solution.

There are n = 3 colours (pigeonholes) and k41 = 4 or k = 3. Thus,
among any kn+ 1 = 10 socks (pigeons), four of them have the same
colour.

Assume there are n distinct pairs of shoes in a closet. Show that if
you choose n + 1 single shoes at random from the closet, you are
certain to have a pair.

Solution.

The n distinct pairs constitute n pigeonholes. The n+1 single shoes
correspond to n + 1 pigeons. Therefore, there must be at least one
pigeonhole with two shoes, and thus you will certainly have drawn
at least one pair of shoes.

Assume there are three men and five women at a party. Show that
if these people are lined up in a row, at least two women will be
next to each other.

Solution.

Consider the case where the men are placed so that no two men are
next to each other and not at either end of the line. In this case, the
three men generate four potential locations (pigeonholes) to place
women (at either end of the line and two locations between men
within the line). Since there are five women (pigeons), at least one
slot will contain two women who must, therefore, be next to each
other. If the men are allowed to be placed next to each other or
at the end of the line, there are even fewer pigeonholes and, once
again, at least two women will have to be placed next to each other.

Find the minimum number of students needed to guarantee that five
of them belong to the same class (Freshman, Sophomore, Junior,
Senior).

Solution.

Here, n = 4 classes are the pigeonholes and k+1 = 5 or k = 4. Thus,
among any kn + 1 = 17 students (pigeons), five of them belong to
the same class.

A student must take five classes from three areas of study. Numerous
classes are offered in each discipline, but the student cannot take
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more than two classes in any given area. Using pigeonhole principle,
show that the student will take at least two classes in one area.

Solution.

The three areas are the pigeonholes, and the student must take five
classes (pigeons). Hence, the student must take at least two classes
in one area.

7. Let L be a list (not necessarily in alphabetical order) of the 26
letters in the English alphabet (which consists of 5 vowels, A, E, I,
0O, U, and 21 consonants).

(i) Show that L has a sublist consisting of four or more consecutive
consonants.

(ii) Assuming L begins with a vowel, say A, show that L has a
sublist consisting of five or more consecutive consonants.

Solution.

(i) The five letters partition L into n = 6 sublists (pigeonholes) of
consecutive consonants. Here, kK + 1 = 4 and so k = 3. Hence,
nk+1=06(3) +1 =19 < 21. Hence, some sublist has at least
four consecutive consonants.

(ii) Since L begins with a vowel, the remaining vowels partition
L into n = 5 sublists. Here, £k +1 = 5 and so k = 4. Hence,
kn + 1 = 21. Thus, some sublist has at least five consecutive
consonants.

8. Find the minimum number n of integers to be selected from
S ={1,2,...,9} so that
(i) the sum of two of the n integers is even
(ii) the difference of two of the n integers is 5.

Solution.

(i) The sum of two even integers or of two odd integers is
even. Consider the subsets {1,3,5,7,9} and {2,4,6,8} of S as
pigeonholes. Hence, n = 3.

(ii) Consider the five subsets {1,6}, {2,7}, {3,8}, {4,9}, {5} of S
as pigeonholes. Then, n = 6 will guarantee that two integers
will belong to one of the subsets and their difference will be 5.

2.3.3 Another Form of Generalized Pigeonhole Principle

If m pigeons occupy n holes (m > n), then at least one hole has more than
m—1
] + 1 pigeons.
n
Here, [z] denotes the greatest integer less than or equal to x, which is a
real number.
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2.3.4 Solved Problems

1.

Show that among 100 people, at least nine of them were born in
the same month.

Solution.
Here, number of pigeons = m = number of people = 100.

number of holes = n = number of months = 12.

Then by generalized pigeonhole principle, at least

L_l +1= 100 -1 +1= % +1=8+1=9 were born
n 12 2

in the same month.

Show that if seven colours are used to paint 50 bicycles, at least
eight bicycles will be the same colour.

Solution.
Here, number of pigeons = m = number of bicycles = 50.

number of holes = n = number of colours = 7.

Then by generalized pigeonhole principle, at least

—1 50 — 1

[m’]+1:[7}+1=7+1:8 bicycles will have the
n

same colour.

Show that if 25 dictionaries in a library contain a total of 40235
pages, then one of the dictionaries must have at least 1,614 pages.

Solution.
Here, number of pigeons = m = number of bicycles = 50.

number of holes = n = number of colours = 7.

Then by generalized pigeonhole principle, at least

1 40325 — 1 140324
[m/}+1:[‘B£;}+1_[(i;]+1=1m3+1=1m4

n
pages.
Prove that in any group of six people, there must be at least three
mutual friends or at least three mutual enemies.

Solution.
Let those six people be A, B, C, D, E and F. Fix A. The remaining
five people can be accommodated into two groups, namely

(i) Friends of A and
(ii) Enemies of A.

Now, by generalized pigeonhole principle, at least one of the groups

must contain {2} + 1 = 3 people.
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(i) If any two of these three people (B, C, D) are friends, then
these two together with A form three mutual friends.

(ii) If no two of these three people are friends, then these three
people (B, C, D) are mutual enemies. In either case, we get the
required conclusion.

If the group of enemies of A contains three people, by the above
similar argument, we get the required conclusion.

If we select ten points in the interior of an equilateral triangle of
side 1, show that there must be at least two points whose distance

1
apart is less than 3"

Solution.

Let ABC be the given equilateral triangle. Let D and E be the
points of trisection of the side AB, F and G be the points of
trisection of the side BC, and H and I be the points of trisection
of AC, so that the triangle ABC is divided into nine equilateral

1
triangles each of side 3

A
1
D H
3
2 4
E I
6 8
5 7 9
B F G C

Equilateral triangle of side 1 unit

Here, number of pigeons = m = number of interior points = 10.
number of holes = n = number of triangles = 9.

Then by generalized pigeonhole principle, at least one triangle
contains

10—-1 . . .
— + 1 = 2 interior points.

1
Since each triangle is of length 3’ the distance between any two

. . . . 1
interior points of any sub-triangle cannot exceed 3

Find the minimum number of students needed to guarantee that
five of them belong to the same subject, having majors as English,
Maths, Physics, and Chemistry.
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10.

Solution.
Number of pigeonholes = Number of subjects =n =4

Let k be the number of students (pigeons) in each subject.
Now, k+1=5=Fk=4.
Therefore, the total number of students = kn 4+ 1 =4(4) +1 = 17.

Show that if any 11 numbers from 1 to 20 are chosen, then 2 of
them will add up to 21.

Solution.
Construct the following sets with two numbers that add up to 21.

A; ={1,20}, Ay ={2,19}, As={3,18}, A= {4,17},
As ={5,16},  Ag={6,15}, A;={7,14}, As={8,13},
Ay ={9,12}, Ay = {10,11}.

By pigeonhole principle, if any 11 numbers from 1 to 20 are chosen,
then we must have to select all 2 elements from at least 1 set from
the above 10 sets, which will give the sum as 21.

If we select any group of 1,000 students on campus, show that at
least 3 of them must have the same birthday.

Solution.
The maximum number of days in a year is 366.

Here, number of students = number of pigeons = m = 1,000.
Number of days in a year = number of holes = n = 366.

By generalized pigeonhole principle, at least
m—1 1= 1000 — 1

w7 T 366
same birthday.

] +1 =241 = 3 students must have the

How many students must be in a class to guarantee that at least
two students receive the same score on the final exam, if exam is
graded on a scale from 0 to 100 points.

Solution.

There are 101 possible scores as 0,1,2,...,100. By pigeonhole
principle, we have 102 students. Hence, there must be at least two
students with the same score.

Therefore, the class must contain minimum 102 students.

Show that among (n + 1) positive integers not exceeding 2n, there
must be an integer that divides one of the other integers.

Solution.
Let the (n 4+ 1) integers be a1,as,...,an41.
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Each of these numbers can be expressed as an odd multiple of a
power of 2.

That is, a; = 25 x m;,

where k; is a non-negative integer, m; is an odd number;
i=1,2,...,n+1.

Here, pigeon = odd positive integers mq,ma, ..., my41 less than 2n.
Pigeonhole = n odd positive integers less than 2n.

Therefore, by pigeonhole principle, two of the integers must be
equal. Let it be m; = m;.

Now, a; = 2ki and aj = 2kim;
SR )
— = my =my).
a; 2k; ’ J

Case (i): If k; < k;, then 2% divides 2%/, and hence a; divides a;.
Case(ii): If k; > k;, then a; divides a;.

Prove that in an equilateral triangle whose sides are of length 1 unit,
if any five points are chosen, then at least two of them lie in a

1
triangle whose sides apart is less than 3

Solution.
Let D, E, and F be midpoints of the sides AB, BC, and AC,
respectively, so that triangle ABC is divided into four equilateral

triangles each of side 3

B E C

Equilateral triangle of side 1 unit
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12.

13.

14.

15.

Now, number of pigeon = m = number of interior points = 5.
Number of pigeonholes = n = number of triangles = 4.

By pigeonhole principle, at least one triangle has more than one
point (or maximum two points).

1
Since each triangle side is ok the distance between two interior

1
points of any subtriangle is less than 3

Show that among 13 children, there are at least 2 children who were
born in the same month.

Solution.

Assume the 13 children as pigeons and 12 months (from January to
December) as the pigeonholes. Then, by the pigeonhole principle,
there will be at least two children who were born in the same month.

Show that if any four numbers from 1 to 6 are chosen, then two of
them will add up to 7.

Solution.
The following sets contain two numbers whose sum is 7.

A = {136}a Ay = {275}7 Az = {334}

The numbers from 1 to 6 can be splitted into 3 sets above who sum
add up to 7. Hence if any four numbers from 1 to 6 are chosen,
then two of them will belong to any one of the above 3 sets whose
sum is 7.

Show that among any group of five (not necessarily consecutive)
integers, there are two with the same remainder when divided by 4.

Solution.
Take any group of five integers. When these are divided by 4,
each has some remainder. Since there are five integers and four
possible remainders when an integer is divided by 4, the pigeonhole
principle implies that given five integers, at least two have the same
remainder.

A bag contains 12 pairs of socks (each pair is in different colour). If
a person draws the socks one by one at random, determine at most
how many draws are required to get at least one pair of matched
socks.

Solution.

Let n denote the number of draws. For n < 12, it is possible that
the socks drawn are of different colours, since there are 12 colours.
For n = 13, all socks cannot have different colours, and at least two
must have the same colour. Here 13 is the number of pigeons and
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17.

18.

19.
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12 colours are 12 pigeonholes. Hence, at most 13 draws are required
to have at least one pair of socks of the same colour.

Show that for every integer n there is a multiple of n that has only
0’s and 1’s in its decimal expansion.

Solution.
Let n be a positive integer.

Consider the n + 1 integers 1,11,111,... There are n possible
remainders when an integer is divided by n. Since there are n + 1
integers in this list, by the pigeonhole principle, there must be two
with the same remainder when divided by n.

The larger number of these integers minus the smaller one is a
multiple of n, which has a decimal expansion consisting entirely of
0’s and 1’s.

Prove the statement: If m = k, 11 pigeons (where k > 1) occupy
n pigeonholes, then at least one pigeonhole must contain k£ + 1 or
more pigeons.

Solution.
Let us assume that the conclusion of the given statement is false.

Then, every pigeonhole contains k or less number of pigeons. Then,
the total number of pigeons would be nk. This is a contradiction.
Hence, the assumption made is wrong, and the given statement is
true.

Let ny,no,...,n, be r objects. Show that if ny +no+---+n,—r+1
objects are placed in 7 boxes, then for some i = 1,2,...,r, the i*"
box contains at least n; objects.

Solution.
Assume that the conclusion part of the given statement is false.

Here nq,n9,...,n, are pigeons, r boxes are pigeonholes. Then, for
holes containing n;_; or less number of pigeons, j = 1,2,...,m.
Then, the total number of pigeons would be less than or equal to

(mi—=1+Mme=1)+--+n,—1)=ny1+ng+---+n,—r=m—1

This is a contradiction, since the number of pigeons is equal to m.
Hence, the assumption made is wrong, and the given statement is
true.

Seven members of a family have totally Rs. 2886 in their pockets.
Show that at least one of them must have at least Rs. 416 in his
pocket.

Solution.
Assume “members” as pigeonholes and “rupees” as pigeons.

2886 pigeons are to be assigned to seven pigeonholes.
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20.

21.

22.

By generalized pigeonhole principle, at least

n 7
pocket.

-1 2886 — 1
[m ] +1= [] +1=416 rupees in one member’s

If nine books are to be kept in four shelves, there must be at least
one shelf which contains at least three books.

Solution.
Assume “books” as pigeons and “shelves” as pigeonholes.

Nine pigeons are to be assigned to four shelves.

By generalized pigeonhole principle, at least
-1 9-1
[m] +1= {} + 1 = 3 books in one shelf.
n 4
How many people must you have to guarantee that at least nine of

them will have birthdays in the same day of the week.

Solution.
Assume “days in a week” as pigeonholes and “people” as pigeons.

We have to find the number of people (pigeons) to be assigned to
seven pigeonholes.

By generalized pigeonhole principle (given at least nine of them will
have birthdays in the same week),

-1
[m }+1:9
n
m—1
—_ 1=9
Sak
m-—14+7
=9
7
m—+ 6
L QY|
7
m = 57.

Hence, there must be 57 people to guarantee that at least nine of
them will have birthdays in the same day of the week.

Show that if 30 dictionaries in a library contain a total of 61327
pages, then one of the dictionaries must have at least 2045 pages.

Solution.
Assume “pages” as pigeons and “dictionaries” as pigeonholes.

61327 pages (pigeons) are to be assigned to 30 dictionaries
(pigeonholes).

By generalized pigeonhole principle, one dictionary must contain
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23.

24.

25.

26.
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30

What is the maximum number of students required in a
mathematics class to be sure that at least six will receive the same
grade, if there are five possible grades A, B, C, D, and F?

[ml] +1= {613271} + 1 = 2045 pages.

Solution.
The minimum number of students needed to ensure that at least
six students receive the same grade is the smaller integer N such

N
that {5] = 6. The smallest such integer is N =5-5+1 = 26.

If you have only 25 students, it is possible for there to be five who
have received each grade so that no six students have received the
same grade.

Therefore, 26 is the minimum number of students needed to ensure
that at least six students will receive the same grade.

How many persons must be chosen in order that at least five of
them will have birthdays in the same calendar month?

Solution.

Let n be the required number of persons. Since the number of
months over which the birthdays are distributed is 12, the minimum
number of persons who have their birthdays in the same month is,
by the generalized pigeonhole principle, equal to {mlg ] + 1. This
number is 5.

m—1

That is, +1=25o0or m=49.

Hence, the number of persons is at least 49.

Find the least number of ways of choosing three different numbers
from 1 to 10 so that all choices have the same sum.

Solution.
From the numbers 1 to 10, we can choose three different numbers
in 10C3 = 120 ways.

The smallest possible sum that we get from a choice is
1+2+3 =06, and the largest sum is 8 + 9 + 10 = 27. Thus, the
sums vary from 6 to 27 (both inclusive), and these sums are 22 in
number.

Accordingly, there are 120 choices (pigeons) and 22 sums
(pigeonholes).

Therefore, the least number of choices assigned to the same sum

120 -1
5| t1=0

22

Show that if any five numbers from 1 to 8 are chosen, then two of
them will have their sum equal to 9.

is, by the generalized pigeonhole principle, {
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2.3.5

Solution.
Consider the following sets:

A ={1,8), Ay={2,7}, As={3,6}, Ay={4,5}.

These are the only sets containing two numbers from 1 to 8, whose
sum is 9.

Since every number from 1 to 8 belongs to one of the above sets,
each of the five numbers chosen must belong to one of the sets.

Since there are only four sets, two of the five chosen numbers have
to belong to the same set (by the pigeonhole principle).

These two numbers have their sum equal to 9.

Problems for Practice

If m is an odd positive integer, then prove that there exists a positive
integer n such that m divides 2™ — 1.

A man hiked for 10 hours and covered a total distance of 45 km.
It is known that he hiked 6 km in the first hour and only 3 km in
the last hour. Show that he must have hiked at least 9 km within a
certain period of two consecutive hours.

Consider a tournament in which each of n players plays against
every other player and each player wins at least once. Show that
there are at least two players having the same number of wins.

Show that any set of seven distinct integers includes two integers,
x and y, such that either x + y or x — y is divisible by 10.

What is the minimum number of students, each of whom comes
from one of the 50 states, who must be enrolled in a university to
guarantee that there are at least 100 who come from the same state?

Show that if any eight positive integers are chosen, two of them will
have the same remainder when divided by 7.

A drawer contains a dozen brown socks and a dozen black socks, all
unmatched. A man takes socks out at random in the dark.

(i) How many socks must he take out to be sure that he has at
least two socks of the same colour?

(ii) How many socks must he take out to be sure that he has at
least two black socks?

There are 38 different time periods during which classes at a
university can be scheduled. If there are 677 different classes, how
many different rooms will be needed?

Construct a sequence of 16 positive integers that has no increasing
or decreasing subsequence of five terms.
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10. Suppose there are 26 students and seven cars to transport them.
Then, show that at least one car must have four or more passengers.

11. Show that in any set of eleven integers, there are two whose
difference is divisible by 15.

12. Show that in any room of people who have been doing handshaking,
there will always be at least two people who have shaken hands the
same number of times.

13. Show that if nine colours are used to paint 100 houses, at least 12
houses will be of the same colour.

14. Show that if any five integers from 1 to 8 are chosen, then at least
two of them will have a sum 9.

15. Prove that if any 30 people are selected, then we may choose a
subset of five so that all five were born on the same day of the
week.

16. Show that in any set of 11 integers, there are two whose difference
is divisible by 15.

17. A drawer contains ten black and ten white socks. What is the last
number of socks one must pull out to be sure to get a matched pair?

18. In a group of 13 children, show that there must be at least two
children who were born in the same month.

19. Prove that every set of 37 positive integers contains at least two
integers that leave the same remainder upon division by 36.

20. Let A be some fixed ten element set of {1,2,3,...,50}. Show that
A possesses two different five element subsets, the sum of whose
elements are equal.

2.4 Permutation

Any arrangement of a set of n objects in a given order is called a permutation
of the objects (taken all at a time). An arrangement of any r < n of these
objects in a given order is called an r-permutation or a permutation of the n
objects taken r at a time.

For example, consider the set of letters: a, b, ¢, and d. Then,

(i) bdca, deba, and acdb are permutations of the four letters (taken all
at a time).

(ii) bad adb, cbd, and bca are permutations of the four letters taken
three at a time.
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(iii) ad, ¢b, da, and bd are permutations of the four letters taken two at
a time.

The number of permutations of n objects taken r at a time is denoted by

nP. or P(n,r) or P,, or P’ or (n).

We shall use nP, or P(n,r).

Example:

Find the number of permutations of six objects, say, A, B, C, D, E, and F
taken three at a time. In other words, find the number of three-letter words
using only the given six letters without repetition.

Solution.
Let the general three-letter words be represented by the following three boxes:

NN

The first letter can be chosen in six different ways. Following this, the second
letter can be chosen in five different ways, and, following this, the last letter
can be chosen in four different ways. Write each number in its appropriate

box as follows:
6]

Therefore, by the fundamental principle of counting, there are 6 x 5 x 4 = 120
possible three-letter words without repetition from the six letters, or there are
120 permutations of six objects taken three at a time.

6P = P(6,3) = 120.

Formula for nP,:

n!
(n—r)!

Remark:

(i) When r = n, then nP, = n!

(ii) There are n! permutations of n objects (taken all at a time). For
example, there are 3! = 1 x 2 X 3 = 6 permutations of the three
letters a, b, and c. They are abc, ach, bac, bea, cab, and cba.

2.4.1 Permutations with Repetitions

The number of permutations of n objects of which n, is alike, no is alike,. . .,
n, is alike is

n!
P(n;nlvn%"'vnr) =

nilng!. .. n,!
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2.4.2 Solved Problems

1. How many seven-letter words can be formed using the letters of the
word “BENZENE”?

Solution.
There are three E’s and two N’s in the given word.

Therefore, here n =7, ny = 3, no = 2.

n!
P(n; -
(”7711,712) n1ng!
7! TXxX6XxbHx4x3x2x1
P(1:3.2) = 5551 = 6 x 2 = 420.

2. How many different signals, each consisting of eight flags hung in a
vertical line, can be formed from a set of four indistinguishable red
flags, three indistinguishable white flags, and a blue flag?

Solution.
Here n =8, ny =4, no = 3.
n!

P(”?“lynz) = m

P(8;4,3) = - = 280.

4! x 3

3. There are four bus lines between A and B, and three bus lines
between B and C. In how many ways can a man travel

(i) by bus from A to C by way of B?
(ii) round-trip by bus from A to C by way of B?

(iii) round-trip by bus from A to C by way of B, if he does not want
to use a bus line more than once?

Solution.

(i) There are four ways to go from A to B and three ways to go
from B to C. Hence, there are 4 x 3 = 12 ways to go from A to
C by way of B.

(ii) There are 12 ways to go from A to C by way of B and 12
ways to return. Hence, there are 12 x 12 = 144 ways to travel
round-trip.

(iii) The men will travel from A to B to C to B to A. Enter these
letters connecting arrows as follows:

A—B—C—B— A.

The man can travel four ways from A to B and three ways from
B to C, but he can only travel two ways from C to B and three
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ways from B to A since he does not want to use a bus line
more than once. Enter these numbers above the corresponding
arrows as follows:

AL B 0o 2B 2 A

Therefore, there are 4 x 3 x 2 x 3 = 72 ways to travel round-trip
without using the same bus line more than once.

4. Suppose repetitions are not permitted.

(i) How many three-digit numbers can be formed from the six
digits 2,3,5,6,7, and 97
(i) How many of these numbers are less than 4007
(iii) How many are even?

Solution.

In each case, draw three boxes L]0 o represent an arbitrary
number, and then write in each box the number of digits that can
be placed there.

(i) The box on the left can be filled in six ways. Following this,
the middle box can be filled in five ways. Lastly, the box on the

right can be filled in four ways: @ . Therefore, there

are 6 X 5 x 4 = 120 numbers.

(ii) The box on the left can be filled only in two ways by 2 or 3,
since each number must be less than 400. The middle box can
be filled in five ways. Lastly, the box on the right can be filled
in four ways. Therefore, there are 2 x 5 x 4 = 40 numbers.

(iii) The box on the right can be filled in only two ways by two or
six, since the numbers must be even. The box on the left can
be filled in five ways, and lastly, the middle box can be filled in

four ways: . Therefore, there are 5 x 4 x 2 = 40

numbers.

5. Find the number of ways in which a party of seven persons can
arrange themselves:

(i) in a row of seven chairs
(ii) around a circular table.

Solution.

(i) The seven persons can arrange themselves in a row in
TX6x5x4x3x2x1=T7 ways.

(ii) One person can sit at any place in the circular table. The other
six persons can then arrange themselves in
6 x5 x4x3x2x1=6!ways around the table.
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Remark. This is an example of a circular permutation. In general,
n objects can be arranged in a circle in
(n—1)x(n—2)x---x3x2x1=(n-1)! ways.

6. Find the number of distinct permutations that can be formed from
all the letters of the word:

(i) RADAR
(ii) UNUSUAL.

Solution.

. 5!
@ 5
two are A.

= 30, since there are five letters of which two are R and

(i) 3= 840, since there are seven letters of which three are U.

7. In how many ways can four mathematics books, three history books,
three chemistry books, and two sociology books be arranged on a
shelf so that all books of the same subject are together?

Solution.
First, the books must be arranged on the shelf in four units

according to subject matter: D D D D . The box on

the left can be filled by any of the four subjects, the next by any
three remaining subjects, the next by any two remaining subjects,

and the box on the right by the last subject: .

Therefore, there are 4 x 3 x 2 x 1 = 4! ways to arrange the books
on the shelf according to subject matter.

Now, in each of the above cases, the mathematics books can be
arranged in 4! ways, the history books in 3! ways, the chemistry
books in 3! ways, and the sociology books in 2! ways. Thus,
altogether, there are 4! x 4! x 3! x 3! x 2! = 41472 arrangements.

8. Find n if
(i) P(n,2)="72
(ii) P(n,4) =42P(n,2)
(iii) 2P(n,2) + 50 = P(2n,2).
Solution.

(i) P(n,2)=n(n—1)=n%?—-n

n—n=72=n-n-72=0
=n—-9)(n+8) =0
=n=9-8

=n =9 since n is positive.
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10.

11.

12.

(ii) P(n,4) =n(n—1)(n —2)(n —3) and P(n,2) =n(n —1)
Therefore, n(n — 1)(n — 2)(n — 3) = 42n(n — 1).
Ifn#0,n#1,

(n—2)(n—3) =42
=n”—5n+6=42
=n’—5n—-36=0
=mn-9)(n+4) =0
=n =9 since n is positive.

(iii) P(n,2) =n(n—1)=n2-n
P(2n,2) = 2n(2n — 1) = 4n? — 2n
Therefore,
2(n? —n) + 50 = 4n® — 2n
= 2n® — 2n+ 50 = 4n® — 2n
= 2n* = 50
=n’=25

= n =2>5 since n must be positive.

In how many ways can six persons occupy three vacant seats?
Solution.

Total number of ways = P(6,3) =6 x 5 x 4 = 120 ways.

How many permutations of the letters A, B, C, D, E, F, G, H
contain the string ABC?

Solution.

Since the letters A, B, and C must occur as block, we can find the

answer by finding number of permutations of six objects, namely

the block ABC and individual letters D, E, F, G, and H.
Therefore, there are 6! = 720 permutations of the letters A, B,

C, D, E, F, G, H in which ABC occurs.

If P(12,r) = 1320, find r.

Solution.
P(12,r) =12 x 11 x 10...r factors
= 1320 =12 x 11 x 10...r factors

=r=23.
In how many of the permutations of ten things taken four at a
time will

(i) one thing always occur
(ii) ome thing never occur.

(6]
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13.

14.

15.
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Solution.

(i) We can keep aside the particular thing which will always occur;
the number of permutations of nine things taken three at a time
is P(9,3). Now, this particular thing can take up any one of the
4 places, and 50 can be arranged in four ways.

Therefore, the total number of permutations
=P(9,3) x4=9x8x 7 x4=2016.

(ii) If we are keeping the particular thing aside as never to occur,
the number of permutations of nine things (10 — 1 = 9) taken
four at a time is P(9,4) =9 x 8 X 7 x 6 = 3026.

In how many ways can six boys and four girls be arranged in a
straight line so that no two girls are ever together.

Solution.
The arrangement may be done in two operations.

(i) First, we fix the positions of six boys. Their positions are
indicated by Bj, Bo, ..., Bg. That is,

X B; X By X B3 X By X By X Bg.

This can be done in 6! ways.

(ii) If the positions of girls are fixed at places including those at the
two ends as shown by the crosses, the four girls will never come
together. In any one of these arrangements, there are seven
places for four girls, and so the girls can sit in 7P, ways.

‘. The number of ways of seating six boys and four girls
=TPyx6l=7Tx6x5x4x6x5x4x3x2x1=:604800.

There are six books on Economics, three on Commerce and two on
History. In how many ways can these be placed on a shelf of books
if the same subjects are to be together?

Solution.
Six Economics books can be arranged in 6 P ways or 6! ways. Three
commerce books can be arranged in 3P3; ways or 3! ways. Two
history books can be arranged in 2P, ways or 2! ways.

The three subject books, Economics, Commerce, and History
books, can be arranged in 3P; ways or 3! ways.

The total number of required arrangements
= 6! x 3! x 2! x 3! ways = 51840 ways.
Suppose there are six boys and five girls.
(i) In how many ways can they sit in a row?
(ii) In how many ways can they sit in a row if the boys and girls
each sit together?

(iii) In how many ways can they sit in a row if the girls are to sit
together and the boys are not to sit together?
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(iv) How many seating arrangements are there with no two girls
sitting together?

Solution.

(i) There are 6 + 5 = 11 persons, and they can sit in 11P;; ways.
That is, 11P;; = 11! ways.
(ii) The boys among themselves can sit in 6! ways, and girls among
themselves can sit in 5! ways.
They can be considered as two units and can be permuted in
2! ways.
Thus, the required seating arrangements can be done in
=2l x 6! x 5! ways = 2 x 720 x 120 ways = 172800 ways.
(iii) The boys can sit in 6! ways and girls in 5! ways. Since girls have
to sit together, they are considered as one unit. Among the six
boys, either 0 or 1 or 2 or 3 or 4 or 5 or 6 have to sit to the left
of the girls’ units. Of these seven ways, 0 and 6 cases have to
be omitted as the boys do not sit together.
Thus, the required number of arrangements
=5 x 6! x 5! ways =5 x 720 x 120 ways = 432000 ways.
(iv) The boys can sit in 6! ways. There are seven places where the
girls can be placed. Thus, the total arrangements are
= 7{35 x 6! ways
= ; x 720
= 2520 x 720
= 1814400 ways.
16. Find the number of ways in which five boys and five girls can be
seated in a row if the boys and girls are to have alternate seats.

Solution.
Case (i): Boys can be arranged among themselves in 5! ways.

LIpl Il Bl IBLIBL]

There are six places for girls. Hence, there are 6P; x 5!
arrangements.
Case (ii): Girls can be arranged in 5! ways.

Lellellelleal]

There are six places for boys. Hence, there are 6P5 x 5! ways.
Hence, taking two cases into account, there are 2 x 6P5 x 5!
arrangements in total.

There are 2 x 120 x 6 = 240 ways.

17. How many permutations of {a,b,c,d,e, f,g}

(i) end with a
(ii) begin with ¢

7
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(iii) begin with ¢ and end with a
(iv) have ¢ and a occupying the end places?

Solution.

(i) The last position can be filled in only one way.
The remaining six letters can be arranged in 6! ways.
The total number of permutations ending with a
= 6! x 1 = 720 ways.
(ii) The first position can be filled in only one way.
The remaining six letters can be arranged in 6! ways.
The total number of permutations starting with ¢
=1 x 6! ways = 720 ways.
(iii) The first position can be filled in only one way, and the last
position can be filled in only one way.
The remaining five letters can be arranged in 5! ways.
The total number of permutations begin with ¢ and end
with a is =1 x 5! x 1 ways = 120 ways.
(iv) ¢ and a occupy end positions in 2! ways, and the remaining five
letters can be arranged in 5! ways.
The total number of permutations
= 5! x 2! ways = 240 ways.

18. How many bit strings of length 10 contain

(i) exactly four 1’s
(ii) at most four 1’s
(iii) at least four 1’s
)

(iv) an equal number of 0’s and 1’s?
Solution.

(i) A bit string of length 10 can be considered to have ten positions
and should be filled with four 1’s and six O’Si

10!
ired ber of bit stri = —— = 210.
Required number of bit strings %Gl 0

(ii) Required number of bit strings

10! 10! 10! 10! 10!

SOk 10l T Tx ol T arxsl BT T ATkel o

(iii) Required number of bit strings

SR (I S (N (S (NS LIS (L
T 4lx 6! B x Bl 6 x4l TIx 3l 8 x2 9lx 1! 10l x0T T

10!
(iv) Required number of bit strings = T = 252.

5! x5
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19.

20.

2.4.3

3.

>

Suppose that there are 9 faculty members in the mathematics
department and 11 in the computer science department. How
many ways are there to select a committee to develop a discrete
mathematics course in a school if the committee is to consist of
three faculty members from the mathematics department and four
from the computer science department?

Solution.

By the product rule, the answer is the product of the number
of 3-combinations of a set with nine elements and the number of
4-combinations of a set with 11 elements. The number of ways to
select the committee

! 11!
= 903 x 11Cy = )

3% 61 " 4% 71
How many possibilities are there for the win, place, and show (first,
second, and third) positions in a horse race with 12 horses if all
orders of finish are possible?

= 84 x 330 = 27720.

Solution.
The number of ways to pick the three winners is the number of
ordered selections of three elements from 12.

79

.. The required number of possibilities = 12P; = 12 x 11 x 10 = 1320.

Problems for Practice

How many automobile license plates can be made if each plate
contains two different letters followed by three different digits? Solve
the problem if the first digit cannot be 0.

There are six roads between A and B and four roads between B and
C. Find the number of ways in which one can drive

(i) from A to C by way of B
(ii) round-trip from A to C by way of B
(iii) round-trip from A to C by way of B without using the same
road more than once.

Find the number of ways in which six people can ride a toboggan
if one of a subset of three must drive.

(i) Find the number of ways in which five persons can sit in a row.
(i) How many ways are there if two of the persons insist on sitting

next to one another?

(iii) Solve (i) assuming they sit around a circular table.
(iv) Solve (ii) assuming they sit around a circular table.

Find the number of ways in which five large books, four medium-size

books, and three small books can be placed on a shelf so that all
books of the same size are together.
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6. (i) Find the number of permutations that can be performed from
the letters of the word ELEVEN.

) How many of them begin and end with E?

) How many of them have three E’s together?
(iv) How many begin with E and end with N?
)

)

In how many ways can three boys and two girls sit in a row?

In how many ways can they sit in a row if the boys and girls
are each to sit together?

(iii) In how many ways can they sit in a row if just the girls are to
sit together?

8. Show that
(i) P(n,0)+ P(n,1)+ P(n,2)+---+ P(n,n) = 2.
9. How many bit strings of length 10 contain at least three 1’s and at

least three 0’s?

10. How many ways are there for eight men and five women to stand
in a line so that no two women stand next to each other?

11. The English alphabet contains 21 consonants and five vowels. How
many strings of six lowercase letters of the English alphabet contain
(i) exactly one vowel
(ii) exactly two vowels
(iii) at least one vowel
(iv) at least two vowels?
12. A committee of 11 members sit at a round table. In how many ways

can they be seated if the “president” and “secretary” choose to sit
together?

13. In an examination, six papers are set of which two are mathematics.
In how many ways can the examination be arranged if the
mathematics papers are not to be together?

14. In how many ways can eight people sit around a table?
15. How many numbers are there in all which consist of five digits?

16. How many odd numbers of three digits can be formed with 1,2, 3,4,
and 57

2.5 Combination

Suppose we have a collection of n objects. A combination of these n objects
taken r at a time is any selection of r of the objects where order does not
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count. In other words, an r-combination of a set of n objects is any subset of
r elements.
For example, the combinations of the letters a, b, ¢, d taken three at a time
are
{a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}
or simply abc, abd, acd, bed, respectively.
It can be noted that the following combinations are equal:

abe, ach, bac, bea, cab and cba.

That is, each denote the same set {a, b, c}.

The number of combinations of n objects taken r at a time is denoted by
C(n,r). The symbols nC,, C),, and C}* can also be used.

Formula for nC,:

n!
nC, =

rli(n —r)!

2.5.1 Solved Problems

1. How many committees of three can be formed from eight people?

Solution.
Each committee is a combination of eight people taken three at a

time. Therefore, the number of committees that can be formed is
8!
8C3 = —— = 56.
27 3% 5!
2. A farmer buys three cows, two pigs, and four hens from a man who
has six cows, five pigs, and eight hens. How many choices does the

farmer have?

Solution.
The farmer can choose the cows in 6C'5 ways, the pigs in 5Cy ways,
and the hens in 8Cy ways.
Hence, altogether he can choose the animals in
6C5 x 5Cy x 8Cy = 20 x 10 x 70 = 14000 ways.

3. In how many ways can a committee consisting of three men and
two women be chosen from seven men and five women?

Solution.

The three men can be chosen from the seven men in 7C3 ways, and
the two women can be chosen from the five women in 5Cs ways.
Hence, the committee can be chosen in 7C3 x 5C5 = 350 ways.

4. How many committees of five with a given chairperson can be
selected from 12 persons?

Solution.
The chairperson can be chosen in 12 ways, and, following this, the
other four on the committee can be chosen from the 11 remaining
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in 11C4 ways. There are 12 x 11Cy; = 12 x 330 = 3960 such
committees.

5. A bag contains six white marbles and five red marbles. Find the
number of ways in which four marbles can be drawn from the bag if

(i) they can be any colour
(ii) two must be white and two red
(iii) they must all be of the same colour.

Solution.

(i) The four marbles (of any colour) can be chosen from the 11
marbles in 11C4 = 330 ways.

(ii) The two white marbles can be chosen in 6Cy ways, and the
two red marbles can be chosen in 5C5 ways. Thus, there are
6C5 x 5Cy = 150 ways of drawing two white marbles and two
red marbles.

(iii) There are 6C; = 15 ways of drawing four white marbles and
5C4 = 5 ways of drawing four red marbles. Thus, there are
15+ 5 = 20 ways of drawing four marbles of the same colour.

6. In how many ways can a set of five letters be selected from the
English alphabet?

Solution.
The number of ways to select five letters from 26 alphabets is
26C5 = 65780.

7. How many bit strings of length n contain exactly r 1’s?

Solution.

The positions of r 1’s in a bit string of length n form r-combination
of the set {1,2,...,n}. Hence, there are nC,. bit strings of length n
that contain exactly r 1’s.

Note:
(i) nCp =nCy = 1.
(ii) nC, = nChp_,.
(iii) nC, = 2=,
(iv) nCy =nCy=n=ax+y or z=y.
8. Find the value of n if 20C,, ;2 = 20C%, 1.

Solution.

Given: 200n+2 = 20027,,_1
= n+2=2n—-1 (. nc;=ncy=z=y)
= n=3.



Combinatorics

9.

10.

11.

12.

How many ways are there to form a committee, if the committee
consists of 3 educationalists and 4 socialists, if there are 9
educationalists and 11 socialists.

Solution.
Three educationalists can be chosen from nine educationalists in
9C'5 ways.
Four socialists can be chosen from 11 socialists in 11Cy ways.
Hence, by product rule, the number of ways to select the
committee

= 903 X 1104
9! 11!
= X —
3'x6! 4lxT7!

A team of 11 players is to be chosen from 15 members. In how many
ways can this be done if

= 27720 ways.

(i) one particular player is always included
(ii) two such players have to be always included?

Solution.

(i) Let one player be fixed. The remaining players are 14. Out of
these 14 players, we have to select ten players in 14C79 = 1001
ways.

(ii) Let two players be fixed. The remaining players are 13. Out of
these 13 players, we have to select nine players in 13Cy = 715
ways.

Find the number of diagonals that can be drawn by joining the
angular points of a heptagon.

Solution.

A heptagon has seven angular points and seven sides. The join of
two angular points is either a side or a diagonal.

7% 6

1x2

=21.

The number of lines joining the angular points = 7Cy =

But the number of sides = 7.
The number of diagonals = 21 — 7 = 14.

There are five questions in a question paper. In how many ways can
a boy solve one or more questions?

Solution.

The boy can dispose of each question in two ways. He may either
solve it or leave it. Thus, the number of ways of disposing all the
questions = 2°.

83
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But this includes the case in which he has left all the questions
unsolved.
The total number of ways of solving the paper = 2° — 1 = 31.

13. Find the value of r if 20C, = 20C} ;2.

Solution.

QOCT - 2007-_;'_2

= 20C, = 20C0_(r42)

= r=20—(r+2) (:r=r+2=2=0 Iisnot possible)
= 2r =18

= r=9.

14. If nC5 = 20 - nCy, find n.

Solution.
77,05:20XC4
nn—1)(n—2)(n—3)(n—4) _ 20 % nn—1)(n—2)(n—3)
1x2x3x4x5 I1x2x3x4
n—4
5 =20
n —4 =100
n = 104.

15. From a committee consisting of six men and seven women, in how
many ways can we select a committee of

(i) three men and four women

(ii) four members that has at least one woman

(iii) four persons that has at most one man

(iv) four persons of both genders
)

(v

Solution.

four persons in which Mr and Mrs Joseph are not included.

(i) Three men can be selected from six men in 6C3 ways.
Four women can be selected from seven women in 7Cy ways.
By product rule, the committee of three men and four
women can be selected in 6C3 x 7Cy = 700 ways.

(ii) For the committee of at least one woman, we have the following
possibilities:
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(i) One woman and three men
(ii) Two women and two men
(iii) Three women and one man
(iv) Four women and zero men.

Hence, the selection can be done in
=TCy x6C3+7C5 x6Cy+7C3 x 6C1 +7C4 x 6Cy = 700
ways.
(iii) For the committee of at most one man, we have the following
possibilities:
(i) One man and three women
(ii) Zero men and four women.
Hence, the selection can be done in
= 6C1 x 7TC3 4+ 6Cy x 7Cy = 245 ways.
(iv) For the committee of both genders, we have the following
possibilities:
(i) One man and three women
(ii) Two men and two women
(iii) Three men and one woman
which can be done in 6C7 x 7C3+6C5 x 7C5 +6C5 x 7TC7 = 665
ways.
(v) Since the committee does not consist of Mr. and Mrs. Joseph,
we have five men and six women in the committee.

Now, we can select 4 members from 11 members in
11C4 = 330 ways.

2.5.2 Problems for Practice
1. A woman has 11 close friends.

(i) In how many ways can she invite five of them to dinner?

(ii) In how many ways if two of the friends are married and will
not attend separately?

(iii) In how many ways if two of them are not on speaking terms
and will not attend together?

2. A woman has 11 close friends of whom six are also women.

(i) In how many ways can she invite three or more to a party?

(ii) In how many ways can she invite three or more of them if she
wants the same number of men and women (including herself)?

3. A student is to answer 10 out of 13 questions in an exam.

i) How many choices does he have?
Yy
(ii) How many if he must answer the first two questions?
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(iii) How many if he must answer the first or second question not
both?

(iv) How many if he must answer exactly three out of the first five
questions?

(v) How many if he must answer at least three of the first five
questions?
How many diagonals are there in a polygon of ten sides?

A committee is to consist of two men and three women. How many
different committees are possible if five men and seven women are
eligible.

How many different groups can be selected for playing tennis out
of four ladies and three gentlemen, there being one lady and one
gentleman on each side?

From a committee of five women and seven men, in how many ways
can a subcommittee of four be chosen so as to contain one particular
man?

In how many ways can a selection be made out of five oranges, eight
apples, and seven plantains?

In how many ways can 20 students be divided into four equal
groups?

How many bit strings of length 10 have

(i) exactly three 0’s
(ii) at least three 1’s
(iii) more 0’s than 1’s
(iv) an odd number of 0’s?

How many bit strings of length 12 contain

(i) exactly three 1’s
(ii) at least three 1’s
(iii) an equal number of 1’s and 0’s?
In how many ways can a party of 16 people can be conveyed in two

vehicles, one of which will not hold more than eight and the other
not more than ten?

In how many ways can a committee of 8 be chosen from 12 socialists
and 9 conservatives to give a socialist majority with at least 2
conservatives included?

A committee of 12 is to be selected from 10 men and 10 women. In
how many ways can the selection be carried out if

(i) there are no restrictions
(ii) there must be equal number of men and women
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(iii) there must be an even number of women
(iv) there must be more women than men
(v) there must be at least eight men?

2.5.3 Recurrence Relation

A recurrence relation for the sequence {f,} is a formula that expresses f,
in terms of one or more of the previous terms of the sequence, namely
fo, f1,- -+, fn_1, for all integers m with n > ng, where ng is non-negative
integer.

A sequence is called a solution of a recurrence relation if its terms satisfy
the recurrence relation.

2.5.4 Solved Problems

1. Determine whether the sequence {f,} = {3n} is a solution of the
recurrence relation: f,, = 2f,_1 — fr—o, for n =2,3.4,...

Solution.
Suppose f, = 3n. Then for n > 2,

fn = anfl - fn72
=2[3(n—1)]—3(n—2) since f, =3n
=6n—6—3n+6=3n.

{fn}, where f,, = 3n, is a solution of the recurrence relation.
2. Show that the sequence { f,,} is a solution of the recurrence relation
fn==3fn—1+4fn2if fo=2(-4)" +3.
Solution.
Jn="3fn-1+4fn2
=-3[2(— )” 1+3}+4[ (—4)" 7 + 3]
= —6(—4)"" + 8(— 4)” 2412
= —6(—4)""" +8( 4)”
= —6(=4)""" = 2(=4)"~
= 2(—4)" + 3.

frn =2(—4)" 4+ 3 is a solution of the recurrence relation.

Now, we discuss about a class of recurrence relations known as linear
recurrence relations with constant coefficients.
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2.5.5 Linear Recurrence Relation

A recurrence relation of the form

aOfn+a1fn—l +a'2fn—2+"'+akfn—k :f(n) (24)

where a;’s are constants, is called a linear recurrence relation with constant
coefficients. The recurrence relation (2.4) is known as a k'"-order recurrence
relation, provided both ag and aj are non-zero.

Note: The phrase “k*"-order” means that each term in the sequence depends
only on the k previous terms.

Example 1:

Consider the Fibonacci sequence defined by the recurrence relation
fn = fan-1+ fn_2,n > 2 and the initial conditions fy = 0 and f; = 1. The
recurrence relation is called a second-order relation because f,, depends on
the two previous terms of f,,.

Example 2:

Consider the recurrence relation f(k)—5f(k—1)46f(k—2) = 4k+10 defined
for k > 2, together with the initial conditions f(0) = % and f(1) = 5. Clearly,
it is a second-order linear recurrence relation.

2.5.6 Homogenous Recurrence Relation

A k*I-order linear relation is a homogenous recurrence relation if f(n) = 0 for
all n. Otherwise, it is called non-homogenous.

Example 1:

Consider the recurrence relation C(k)—5C(k—1)+8C(k—2) = 0 together with
the initial conditions C'(0) = 5 and C(1) = 2. It is a second-order homogenous
recurrence relation.

Example 2:
Which of the following recurrence relations are homogenous and which of them
are non-homogenous?

(1) fn = fn72-
(11) Qp = Gp—1 + ap—3.
(iil) by = bp—1 + 2.
(iv) s(n) = s(n —2) + s(n —4).
Solution.
The relations f,, = fn_2, Gn = @pn_1+ an—_3, s(n) = s(n—2)+ s(n —4) are all
homogenous, and the relation b,, = b,,_1+ is non-homogenous.
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2.5.7 Recurrence Relations obtained from Solutions

Before giving an algorithm for solving a recurrence relation, we will examine
a few recurrence relations that arise from certain closed form expressions. The
procedure is illustrated by the following examples.

1. Form the recurrence relation given f,, = 3-5™,n > 0.

Solution.
If n > 1, then
fo=3-5"=3-5.5""1
—=5.3.57"1
=5fn_1.

The recurrence relation is f, = 5f,—1 with fo = 3.
2. Find the recurrence relation satisfying v, = A(3)™ + B(—2)".
Solution.
Given yn = A3)" + B(—2)".
Yns1 = AB3)"™ + B(—2)" = 3A(3)" - 2B(-2)"
Ynio = A(3)" T2+ b(—2)"T2 = 9A(3)" + 4B(-2)"

Eliminating A and B from the above equations,

yp, 1 1
Yni1 3 —2[=0
y7z+2 9 4

Expanding along column 1,
Yn(124+18) = yn41(4 = 9) + yn42(-2-3) =0
or 30yn + dYn+1 — SYny2 =0
or  6yn+Ynt1 —Ynt2 =0
Or  Yny2 = Ynt1 — 6yn =0
which is the required recurrence relation.
3. Find the recurrence relation satisfying vy, = A(3)" + B(—4)".
Solution.
Given yn = AB)" + B(—4)".
Ynt1 = 3A(3)" —4B(—4)"
Ynt2 = 9A(3)" + 16B(—4)"
Eliminating A and B from the above equations,
Yo 1 1

Yni1 3 —4|=0
Ynio 9 16
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Expanding along column 1,

Yn(48 +36) — yn41(16 = 9) + yny2(—4—3) =0
or 84y, — TYpt+1 — "Yny2 =0
or 12y, — Y41 — Yng2 =0
or Yn+2 + Ynt1 — 12y, =0

which is the required recurrence relation.
4. Find the recurrence relation satisfying y,, = (A + Bn)4™.
Solution.
Given yn = (A+ Bn)4™ = A(4)" + Bn(4)™.
Ynt+1 = 4AM4)" +4B(n+ 1)(4H)"
Ynto = 16A(4)" + 16B(n + 2)(4)"

Eliminating A and B from the above equations,

Yo 1 n
Ynt2 16 16(n+2)

Expanding along column 1,

Yn[64(n + 2) — 64(n 4+ 1)] — ypn41[16n + 32 — 16n]
+ Ynio[dn+4—4n) =0
or 64y, — 32Yn+1 + 4Ypt2 =0
or  Yn+2 — 8Ynt1 + 16y, =0

which is the required recurrence relation.

2.6 Solving Linear Homogenous Recurrence Relations

Consider a linear homogenous recurrence relation of degree k£ with constant
coeflicients

fn = alfnfl + a2fn72 +-+ akfnfk

where a1,as,...,a; are real numbers and a; # 0. The basic approach for
solving linear homogenous recurrence relations is to look for solutions of the
form f, = r™, where r is a constant. Note that f,, = r™ is a solution of the
recurrence relation f, = a1 fn_1 + asfn_o + -+ + ag frn_r if and only if

= e T2 4 R
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When both sides of this equation are divided by r”~* and the right-hand side
is subtracted from the left, we obtain

k—2

P —clrk_l —cor”" T — - —cp_1r —c = 0.

Consequently, the sequence {f,} with f,, = r™ is a solution if and only if r is
a solution of this last equation.

2.6.1 Characteristic Equation

The characteristic equation of the homogenous k*'-order linear recurrence
relation fy, + a1 fa—1+aofn_o+- -+ agfunr = 0 is the k*"-degree polynomial
equation

Rt arP T a4 a1 g = 0.

The solutions of this equation are called the characteristic roots of the
recurrence relation.

Examples:

1. The characteristic equation of
Q(k)+2Q(k—1)—3Q(k—2)—6Q(k-4) = 0is r* +2r3—3r> -6 = 0.
Note that the absence of Q(k — 3) term implies that there is no
473 = r term in the characteristic equation.

2. The characteristic equation of T'(k) — 7T'(k —2) + 6T (k —3) =0
is —7r+6=0,ie > —7r+6 =0, and 1,2, and —3 are the
characteristic roots.

2.6.2 Algorithm for Solving k*-order Homogenous Linear
Recurrence Relations

Step 1:

If fo+a1fn-1+asfn_o+ - +arfrn_r =0 is a given recurrence relation, then
write its characteristic equation as r*+arP N agrF 24 tap_r4ap = 0.
Step 2:

Find all the characteristic roots of this equation.

Step 3:

Case (i): If there are k distinct roots, say c1,¢a,...,ck, then the general
solution of the recurrence relation is f, = Ajcf + Aach + -+ + A, CF.

Case (ii): Suppose that ¢ is a root of multiplicity m. Then, the corresponding
solution is

fn (Alrmfl F A 2 b Aot + A + Am) 1.

Step 4:
Use the boundary conditions to determine the constants A;, Ao, ..., Ag.
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2.6.3 Solved Problems

1. Solve the Fibonacci sequence { f,,} defined by f,, = fn—1+ fn—2 for
n > 2 with the initial conditions fy = 0 and f; = 1.
Solution.
The characteristic equation of the given recurrence relation is
r2—r—1=0.

Solving this equation, we get

T_lﬁ:\/1+4_1j:\/5
- 2 2

1+5 1-5
2 2

C1 =
The general solution is
fn = Alc? + Agcg

where A; and Ay are constants.
Given:

f0:1:>A1+A2:O. (25)

fi=1= Ajc1 + A =1
= A <1 +2\/‘?’> + A (1 _2\/‘;’> —1  (26)

Solving (2.5) and (2.6), we get
1 1

A = — and Ay = ——.
fn = =

The solution is
145\ [(1-v5)"
V5 2 a 2 '

2. 1If the recurrence relation is u,11 — 2u,, = 0, find the closed form
expression (solution) for u,.

1

Solution.
The characteristic equation is

r—2=0
=r=2.
The general solution is
Uy = A - 2"

where A is a constant.
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3. Find f(n) if f(n) = 7f(n — 1) — 10f(n — 2), given that f(0) = 4
and f(1) = 17.

Solution.
The characteristic equation is

r?—Tr+10=0
=r=2,5
C1 = 2, Cy = 5.
The general solution is

f(n) = Aicl + Aach

= A12" 4+ Ax5".
Given:
F) = 17 = 24, + 54, = 17. (2.8)

Solving (2.7) and (2.8), we get
Al =3 and AQ = 3.
f(n) =2"+3(5)".

4. Find T'(k) if T(k) — 7T (k — 2) + 6T(k — 3) = 0, where T'(0) = 8,
T(1) =6, and T(2) = 22.
Solution.
The characteristic equation is

r® —Tr+6=0.

1|10 -7 6
01 1 6

211 1 -6 [0]
02 6
1 3 [o0]

The characteristic roots are
c1 — ]., Co = 2, C3 = -3.
The general solution is

T(k) = Alc]f + 142012C + Agclg
T(k) = A + Ax(2)F + Az(—3)".
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Given:
T(1)=6= A; +245 — 343 =6. (2.10)
T(2) =22 = A; +4A5 +9A; = 22. (2.11)

Solving (2.9), (2.10) and (2.11), we get

T(k) =5+2(2)F + 1(=3)*
or  T(k)=5+2"14(=3)
Solve fi — 8fx—1 + 16fx_2 = 0 where f» =16 and f3 = 80.

Solution.
The characteristic equation is

r? — 84416 =0
=r =4,4 (repeated).

The general solution is
fr = (A1 + Agk)4k.
Given:

f3=80= (A1 +3A5)64 =80
= 4(A1 + 3A2) =5
= 4A; + 124, = 5. (2.13)

Solving (2.12) and (2.13), we get

The solution is

_ 1 1 k _ k—1
fk—<2+4k)4 = (24 k)4F L.
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6. Find a solution to the recurrence relation
C,=-3C,_1—3C,_o—Cp_3 for n > 3 with initial conditions
C() = 1, Cl = 72, and CQ =1.

Solution.
The characteristic equation is

43 +3r+1=0
= (r+1)3=0.

. r = —1 is a characteristic root of multiplicity 3.
The general solution is

C = (A1 + Agn + Agn?) (—=1)™.

Given:
Co=1= A, =1. (2.14)
Co=1= A1 +2A,+4A3=1. (2.16)

Solving (2.14), (2.15), and (2.16), we get
Ay =1, Ay=2, Az3=-1.
The solution is

Cn=(1+2n—-n) (-D)™

2.7 Solving Linear Non-homogenous Recurrence
Relations

The solution of a linear non-homogenous recurrence relation with constant
coefficients is the sum of the two parts, the homogenous solution, which
satisfies the recurrence relation when the right-hand side of the equation is set
to 0, and the particular solution, which satisfies the difference equation with
f(n) on the right-hand side.

There is no general procedure for determining the particular solution of a
difference equation. However, in simple cases, this solution can be obtained
by the method of inspection. To determine the particular solution, we use the
following rules:

Rule 1:
When f(n) is of the form of a polynomial of degree m in n,

ko + kin + kon® + ksn® + - + ko™ + kpn™,
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the corresponding particular solution will be of the form

Qo+ Qin + Qan® + Q3n® + -+ + Q1™ 1 + Qrn™.

Rule 2:
When f(n) is of the form

(k(] + kln + k2n2 + -4 km,lnm_l + kmnm) a”,
the corresponding particular solution is of the form
(Qo+Qin+ Qan® + - + Q1n™ ' + Qun™) a"

if a is not a characteristic root of the recurrence relation.

Rule 3:
If a is a characteristic root of multiplicity » — 1, when f(n) is of the form

(k:o +hkn+kn®+- +Kpnm 4+ K— mnm) a”,
the corresponding particular solution is of the form
Qo + Qin 4 Qan® + -+ + Qo™ 4 Q™) a™.

Note:

The general solution of the recurrence relation is the sum of the homogenous
solution and particular solution. If no initial conditions are given, then you
have finished. If m initial conditions are given, obtain m linear equations in
m unknowns and solve the system, if possible, to get a complete solution.

2.7.1 Solved Problems
1. Solve S(k)—S(k—1)—6S(k—2) = —30 where S(0) = 20, S(1) = —5.

Solution.
The associated homogenous relation is

S(k)—S(k—-1)—6S(k—-2)=0.
The characteristic equation is
r?—r—6=0.

The characteristic roots are r = —2, 3.

The homogenous solution is
Ay(=2)" + Az (3)".
Since the right-hand side of
S(k)—S(k—1)—6S(k—2)=-30 (2.17)
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is a constant, by Rule 1, the particular solution will be a constant,
say @. Substituting @ into (2.17), we obtain

Q—-Q—-6Q=-30
= Q=05.

The general solution is
S(k) = Ay (—2)" + Ay(3)F + 5.
Using the initial conditions, we have
S(0)=20= A1 + A> +5=20. (2.18)
S(1)=-5==24; +3A43+5=-5. (2.19)

Solving (2.18) and (2.19), we get A; =11, As = 4.

The complete solution is
S(k) = 11(—2)" + 4(3)" + 5.

2. Solve the recurrence relation f,, —5f,_1 +6f,_2 = 1.

Solution.
The associated homogenous relation is

fn - 5fn—1 +6fn—2 =0.

The characteristic equation is 72 — 5 + 6 = 0.
The characteristic roots are r = 2, 3.
The homogenous solution is A3(2)™ + A5 (3)™.

Since the right-hand side of the given relation is 1 (a constant), by
Rule 1, the particular solution will also be a constant, say Q.

Q-5Q+6Q=1
1
= Q= 3
The complete solution is

fo=A1(2)" + A2(3)" + %

3. Find the particular solution of the recurrence relation

f(n)+5f(n—1)+6f(n—2) =3n?—2n+1. (2.20)
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Solution.
By rule 2, the particular solution is of the form

Qo + Qin + Qan®. (2.21)

Substituting (2.21) in (2.20), we get

(Qo + Qin + Qan?) +5[Qo + Qi(n — 1) + Qa(n — 1)?]
+6[Qo+Q1(n—2)+Q2(n—2)*] =30 —2n+1

which simplifies to

(12Q¢ — 17A1 +29Q2) + (12Q1 — 34Q2)n + 12Q,n?
=3n*-2n+1.  (2.22)

Comparing both sides of (2.22), we obtain
12Q, = 3; 12Q; — 34Qy = —2;  12Q — 17Q; +29Q, = 1

which gives

1 13 71
QQ—Za Ql—ﬂv Qo—%-
The particular solution is
o1
288 " 24" 4"

Solve a, + ba,_1 = 9 with initial condition ag = 6.
Solution.
The associated homogenous relation is

a, + ba,_1 = 0.

The characteristic equation is r + 5 = 0.
The characteristic root is r = —5.
The homogenous solution is A(—5)".

Since the right-hand side of the given relation is a constant, the
particular solution will also be a constant (). Substituting in the
relation, we get

The general solution is

Ay = A(=5)" + 2.
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Given:
ag =6 = A+-=6

= A=

oo N w

The complete solution is

5. Solve the recurrence relation f(n)—7f(n—1)+10f(n—2) =6+8n
with f(0) =1 and f(1) = 2.

Solution.
The characteristic equation is

r? —7r+10=10
= r=25

Homogenous solution is A1 (2)"™ + Aa(5)™.

By Rule 1, the particular solution is of the form Qo + QF.
Substituting in the given relation, we obtain

(Qo + Q1) = 7[Qo + Q1(n — 1)] + 10[Qo + Q1(n — 2)] = 6 + 8n.
Comparing both sides, we obtain
4@0 — 13@1 =6 and 4@1 =8

which yield Qg = 8 and Q1 = 2.
The particular solution is 8 + 2n.

The general solution is
fln) —A1(2)" + A3(5)"™ + 8 4 2n.

Given:
f(O) =1=>A;+A4,+8=1. (223)
F1)=2= 24, + 54, + 10 =2. (2.24)
Solving (2.23) and (2.24), we get Ay = =9, Ay =2.

The complete solution is

f(n) = =9(2)" +2(5)" + 8 + 2n.
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6. Find the particular solution of the recurrence relation

ap, + 5ap—1 + 6a,—o = 42(4)™.

Solution.
The characteristic equation is r2 + 5 + 6 = 0.

The characteristic roots are r = —2, —3.

Since 4 is not a characteristic root, by Rule 2, we assume that the
general form of the particular solution is @ - (4)™. Substituting in
the given relation, we obtain

Q-(A)"+5Q - (4" +6Q - (4)" % =42(4)"
= Q-4"?[16 + 20 + 6] = 42(4)"
= Q-4"2(42) = 42(4)"
= Q = 16.

The particular solution is 16(4)" = 4"+2.

Find the particular solution of the recurrence relation
In+ fn—1 =3n2".

Solution.
The characteristic equation is r +1 = 0.

The characteristic root is r = —1.

Since 2 is not a characteristic root, by Rule 2, the general form of
the particular solution is (Qo + Q1m)2™.

Substituting in the given relation, we obtain

(Qo+Q1n)2" +[Qo + Q1(n —1)]2n — 1 = 3n2"

which simplifies to
Q02" + Qn2" + 5@02 + 5@1712 — §Q1n2 = 3n2
3 1 3
— - 2” _ 2'” — 3 271
= <2Q0 2@1) + 2Q1n n
3 1
= - — = =0
2Q0 2Q1
d 3@ 3
an - = 9.
5t
Solving, we get Qg = % and Q1 = 2.

2
The particular solution is (3 + 2n> 2",

8. Find the particular solution of the recurrence relation

fn)—2f(n—1)=3-2".



Combinatorics 101

Solution.
The characteristic equation is r — 2 = 0.

The characteristic equation is r = 2.

Since » = 2 is the characteristic root of multiplicity 1, by Rule 3,
the general form of the particular solution is @n - 2™.

Substituting in the given relation, we obtain

Qn2" —2[Q-(n—1)2""'] =3.2"
= Qn2" —-Qn2" +Q2" =3-2"
= Q=3.

The particular solution is 3n(2").

9. Find the general solution of

F(n) —3f(n—1) —4f(n —2) = 4™. (2.25)

Solution.
The associated homogenous relation is

fn)=3f(n—1)—4f(n—2) =0.

The characteristic equation is 72 — 3r — 4 = 0.
The characteristic roots are r = —1, 4.

The homogenous solution is A;(—1)" + Az(4)". Since 4 is a
characteristic root, by Rule 3, we assume that the general form
of the particular solution is Qn4".

Substituting in (2.25), we obtain

Qna" —3Q - (n— 14"t —4Q - (n—2)4" 2 =4

=  Qnd" —3Qnd" ! +3Q4" ! —4Qn4" % 4 8Q4" 2 =4
= (16Qn —12Qn + 12Q — 4Qn + 8Q)4" 2 = (16)4" >
= 20Q =16
4
= Q= 5

4
The particular solution is gn(4)"

The general solution of the given recurrence relation is

F(n) = Ay (=1)" + As(4)" + gmn.
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Remark:

What if the characteristic equation gives rise to complex roots? Here,
our methods are still valid, but the method for expressing the solutions
of the recurrence relations is different. Since an understanding of these
representations require some background in complex numbers, we suggest
that an interested reader refer to a more advanced treatment of recurrence
relations.

2.7.2 Problems for Practice

1. Find the general solution of the following recurrence relations.

(i) fn_?’fnfl_lofnf2:0
(i) fate +6fnt1+9fn =0
(i) 2fn +2fn—1— fn—2=0
(iv) fon—=3fn-1 —4fn 2.

2. Solve the following recurrence relations.

) () = 105(n = 1) +95(n —2) = 0; {0
F(n) =~ 9f(n— 1) +18f(n—2) = 0; f
f(n+2)—8f(n+1)+16f(n) =0; f

f(n) =3f(n —1) +3f(n —2) = f(n — 3) = 0; f(1) =0
f2

I

~—

o
S— N N
Il
o = oW
—_ =~
—

—

Il
oo..b»—l

—~
e e
e
e e
~— — —
—~
o

)=1;f(33)=0
(v) f(n+2)=2f(n+1)+ f(n) =0; f(0) = 1; f(1) =2
(vi) f(n) —=20f(n—1)+100f(n —2) = 0; f(0) = 2; f(1) = 30.

3. Find the recurrence relation satisfying

(i) yn =AQB)" +B@B)"
(ii) yn = (A+ Bn)(—2)"
(iii) yn = (A+ Bn)(6)"™
(iv) yn = A(3)" + B(5)"
(v) yn =203)"
4. Solve the following set of recurrence relations with the initial
conditions.

(1) Yn — 2yn—1 =6nsy; =2
) Un+2 + 2Yns1 — 15yn = 60+ 10350 = L1 = —3
) Ynt1 +2Un =3+4"y0 =2
) Yn+2 = 2Uni1 +Yn = Liyo=Liy1 = 3

(V) Ynt1+yn =590 =1
) Yn = 3Yn—1+2yn—2 — 1%y =091 =0
) Yn = Mn-1+4Yn—2=3n+2"yo =1Ly =1
) Yn = SYn—1="5"y0 = 3.
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2.8 Generating Functions

In this section, we will show how recurrence relations can be solved using the
powerful generating function method. Generating function is an important
tool in discrete mathematics, and its use is by no means confined to the
solution of recurrence relations.

If ag, a1, as, ..., a, is a finite sequence of numbers, the generating function
for the a,’s is the polynomial

G(Z) = Zakzk = ag +G1Z—|—a22;2 e
k=0

where z is an indeterminate (that is, an abstract) symbol. If
ag, 1,02, ..., 0y, ... is an infinite sequence of numbers, its generating function
is defined to be

o
G(z) = Zakzk =ao+ a1z +az’ +....
k=0

The symbol z is just the name given to a variable and has no special
significance. For any sequence {a,}, we write G(z) to denote the generating
function of {a, }. Clearly, given a sequence, we can easily obtain its generating
function and its converse. For example, the generating function of a,, = au,,
n>0is

A +azt+a?lt a4 (2.26)

We note that the infinite series (2.26) can be written in closed form as .
—az

which is a rather compact way to represent the sequence {a,} or (a,a, a?,...).

2.8.1 Solved Problems
1. Find the generating function for the sequence 1,1,1,1,1,1.

Solution.
By definition, the generating function of 1,1,1,1,1,1 is

61
G)=1+2+224+23+24+2° = : T
- —
2. Let n be a positive integer. Let ap = C(n,k) for k =0,1,2,...,n.
Find the generating function for the sequence aq, a1, ..., ay.
Solution.

The generating function for this sequence is

G(z) = C(n,0) + C(n,1)z 4+ C(n,2)2* +--- + c(n,n)z"
= (1+2)", by binomial theorem.
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3. Find the generating function for the infinite sequence 1, o, a2, a3, . . .,
where « is a fixed constant.

Solution.
The generating function for this sequence is
Glz)=1+az+a?22+a323 +...
1
S l-az

4. Find the generating function for f, = 3™, n > 0 in closed form.

Solution.
The generating function for this sequence is

G(z) =1+32+(32)2 + (32)* + ...
1
1-32"

5. Find the generating function (in closed form) of the Fibonacci
sequence {f,} defined by

fn = fnfl +fnf2;f0 = 0; f1 =1.

Solution.
The generating function is

G(2)=fo+ frz+ for” + f32° + - = fu2™ (2.27)
n=0

Consider f, = fn—1 + fn—2;n > 0.
Multiplying both sides by 2™ and summing over all n > 2, we get

Z fn2" = Z 12"+ Z fn—22". (228)
n=2 n=2 n=2

Consider the first sum
D fad" = a2+ 52 4
n=2
=G(2) — fo— frz [using (2.28)].

Similarly,

Z foo12" = f12° + f22 4.

) =2(fiz+ f222 +...)
=2[G(z) — fo] [using (2.28)]
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and

D fn22" = fot + 1P+ fart 4

n=2

=22(fo+ fiz+ for? +..))
= 2%[G(2)] [using (2.28)].

Substituting these expressions in (2.28), we obtain
G(2) = fo— frz = 2[G(2) — fo] + 2*G(2).
Since fy =0 and f; =1, we get
G(2) — 2z = 2G(2) + 2*G(2)
= G2)(1—2z—2%) =2

z
R A

which is the required generating function.

6. Find the generating function of the sequence yo,¥1, ...,y defined
as follows:

Yn +2Yn—1 — 15yp,—2 =0 for mn>2 with yo,y1 =1. (2.29)

Solution.
The generating function is

o0
Gl2)=yo+mz+yz®+ = yn2"
n=2

Multiplying (2.29) by 2™ and summing over all n > 2, we get

oo o) 0o
Z Yn2" +2 Z Yn—12" — 15 Z Yn_22z" =0
n=2 n=2

n=2
= [G(2) —yo —yi] +2[{G(2) — yo}] — 152G(2) = 0.
Since yg = 0,y1 = 1, we get

[G(2) — 1] + 2[2G(2) — 152%G(2)] = 0

= G(2)(1+22—152%) =2
z

= GO =15 e

= Gr) = i

(1-32)(1+5z2)
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2.8.2

We can find the solution to a recurrence relation with its initial conditions
by finding an explicit formula for the associated generating function. This
is illustrated in the following examples. The following are some important

Discrete Mathematical Structures

Solution of Recurrence Relations Using Generating
Function

fundamental results useful for solved examples presented below:

NS gtk =

2.8.3

1+1’”:Ziowa

r!

L) ™ = 3002 (— 1) et rtd)

o(—)2" =1+z+a*+. ..

(=D (r+1)a" =1 -2z +32% — 423 + ...
=yt =1+a+a? ...
1_95)_2:E:ozo(r“‘l)xr=1+2x+3x2+4x3+...

oo

Solved Problems

Using the generating function, solve the recurrence relation
fn=38fn_1,forn=1,2,3... and initial condition fy = 2.

Solution.
Let the generating function be

G(2) = faz" (2.30)
n=0
Multiplying the given relation by z” and summing for all n > 1, we
obtain
(oo} [ee]
D 2" =3 fuaz" (2.31)
n=1 n=1
The first sum
Z fuz" = fiz+ f222 +- =G(2) — fo [using (2.30)]
n=1
and the second sum

Y fn12" = for+ 27+ 2P 4
n=1

ZZ[f0+f12+f222+...]
=2G(z) [using (2.30)].
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Hence, (2.31) becomes
G(z) — fo = 32G(z)
= G(z) —2=32G(2)
2

= Gl)=1—5 =21~ 32) 7' =2 (32)"
n=0

=) 2-3"" (2.32)
n=0

Comparing (2.30) and (2.32), we get
fn =2.-3"

which is the required solution.

2. Using generating function, solve the recurrence relation y, =3y,_1 + 2;
n > 1 with yo = 1.

Solution.

Let the generating function be
oo
G(z) = Z Yn2". (2.33)
n=0

Given:
Yn = 3yn71 + 2. (234)

Multiplying both sides of (2.34) by 2" and summing for n > 1, we

get
Doyt =3 gz 2 2" (2.35)
n=1 n=1 n=1

Consider the first sum
> s =zt 4 =G =y [using (2:33)],
n=1

the second sum

oo

Z Yn—12" = yoz +y12° + 422> + ...

n=1
= zlyo + 1z +y22” + .. ]
=2G(z) [using (2.33)],
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3.

and the third sum

o0

D

n=1
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:z+z2+z3—|—...

=2(1+z2+22+...)

=2(1-2)7"
oz
S 1l-z
Hence, (2.35) becomes
2
G(2) — yo = 32G(2) + ——.
1-2
Using yo = 1,
2z 142
1-— =1 = .
G(z)(1—3z) + T2 - 1—%
1+2
= G(z) = ————.
@) =a=5a =3
Using partial fraction,
1+2z A B
= +
1-2)(1-32) 1-3z 1—=z

= 1+2z=A(1—-=2)+B(1-32).
Putz:11:>24:—22B:>B:71
Putz:§:>§:§A:>A—2
Ge) = g~ s =213 (1 - 2)"
=2 i(?)z)" - i z"
n=0 n=0
Sy (236)
n=0
Comparing (2.33) and (2.36), we get
Yo =2-3" — 1.

Using generating function, solve the difference equation

Ynt2 — 4Ynt1 +3yn = 0350 = 2,1 = 4.
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Solution.
Let the generating function be

G(z) = Z Yn2". (2.37)
n=0

Multiplying the given relation by z™ and summing for n > 0, we
get

Zyn+2z" —4Zyn+1z” +3Zynz" =0. (2.38)
n=0 n=0 n=0

Consider the first sum

o0
Z Ynt22" = Y2 + Y3z +yaz® +ys2® + ...

n=2

1
:;(y2z2+ygz3+y4z4+...)

1 .
=51G(2) — o] [using (2.37)],
the second sum
o0
Z :y1+y2+y3z2+y423+...
n=0

1
= ;[ylz—i-yng—Fygzg—&—...]
1

= ;[G(z) — o] [using (2.37)],

and the third sum

Zynz” =G(z) |using (2.37)].

n=0

(2.38) becomes

S16(2) 30— 112] — S1G() ~ o] +3G(z) = 0.

z

Since yg = 2,y1 = 4,

;IQ[G(Z) Co 4 %[G(z) 9 43G(2) =0
= [G(2) — 4z — 2] — 42[G(2) — 2] +32°G(2) =0
= G(2)[l —4z+32%] =24z
. Glz) = 2 -4z B 2 -4z

1—42+322  (1-2)(1-32)
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Using partial fractions,
2—4z A n B
(1-2)(1-32) 1—2z 1-32
= 2—4z=A(1-3z)+ B(1—=z).

G(z) = 1iz+ 1—132 =(1-2) " 4+ (1-32)""
= i 2"+ i(i’)z)”
n=0 n=0
=) (1+3m)z". (2.39)
n=0

Comparing (2.37) and (2.39), the required solution is
yn =14 3".

4. Using generating function, solve the difference equation

Yn+2 = 6Yns1 +8yn = 0,90 = Ly1 = 4.
Solution.
Let the generating function be

G(z) = Z Ynz". (2.40)
n=0

Multiplying the given equation by z" and summing for n > 0, we
get

(o) o0 (o)
Zyn+gz" — GZynHz” +82ynz" =0. (2.41)
n=0 n=0 n=0

Consider the first sum

oo
Z Yni22" =yo +ysz +yaz® +ys2® +...
n=0
1 2 3 4
:Zj(yzz +ysz® +yazt +.0)
1

= ;[G(Z) —yo— 112 [using (2.40)],
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the second sum
ZynJrlZn =y + ez +ys + ...

(y12+y22 +y32® +. )

NM—‘NM—‘
Q
AN
0
S~—

—yo] [using (2.40)],

and the third sum

Z ynz" = G(z) [using (2.40)].
n=0

Hence, (2.41) becomes

1 6
;[G(Z) — Yo — Y12] — ;[G(Z) — Yo] +8G(z) =

= [G(2) —yo — y12] = 62[G(2) — yo] + 82°G(2) =

=  GR)[1-62+8%=1-22 (. yo=1,41 =4)
Glz) — 1—-2z2 _ 1—-2z2

- ) = {6582 ~ G20 -1

—(1-42)"'= i amar. o (2.42)
n=0

Comparing (2.40) and (2.42), the solution is y,, = 4.

5. Solve S(k) — 7S(k —2)+6S(k—3) =0,5(0) = 8,5(1) = 6, and
S(2) = 22.

Solution.
Let the generating function be

= i S(k)z". (2.43)

k=0

Multiplying the given equation by z* and summing for k > 3, we
get

> S(k)F =7 S(k—2)2F+6) S(k-3)z" =0 (244)
k=3 k=3 k=3

Consider the first sum
ZS 3)2% 4+ 5(4)2* +5(5)2° + ...

=G(2) — 5(0)S(1)z — S(2)2* [using (2.43)],
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the second sum

3 s(k —3)2" = S(0)2° + S(1)2* + 5(2)2° + ...
k=3
= 2%[S(0) + S(1)z + S(2)22 +...]
=2%G(2) [using (2.43)],
and the third sum
3 s(k—3)zF = 5(0)23 + 5(1)2* + 5(2)2° + . ..
k=3
= 23[S(0) + S(1)z + S(2)2% +...]
=2°G(2) [using (2.43)].

(2.44) becomes
[G(2) — 5(0) — s(1)z — 5(2)2%] — 722[G(2) — 5(0)] + 62°G(2) = 0.
Since S(0) = 8,5(1) =6,5(2) = 22,

[G(2) — 8 — 62 — 222%] — T2%[G(2) — 8] + 62°G(2) = 0
= G(2)[1 = 72% +62%) =8 + 62 — 3422

8 + 62 — 3422

— G(2) = 1— 7224623
— 3452
. Glz) = 8+ 6z — 34z

(1—-2)(1—22)(1-3z2)
Using partial fractions,

8 + 62 — 3422 A n B n C
(1-2)(1-22)(1-32) 1—-2 1-2z 1+3z
= 8+6z—342% = A(1 —22)(1 + 32)

+B(1-2)(1+32)+C(1-2)(1—2z).

Putz=-=— —=-B=— B=2.

2 4
1 20 20
Putz=—-——-——=—C=C=1.
wE=T3 9 9
5 9 1
CE =12t 12: 13

=5(1—2)" " 4+2(1—22)" + (14+32)7!

=5 i 2F 42 i(Qz)k + i(—:&)kz’f
k=0 k=0 =

k=0
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o0

Z [5+ 281 4 (=3)F] 2", (2.45)

Comparing (2.43) and (2.45), the solution is
S(k) =5+ 281 4 (=3)k.
6. Suppose that a valid code word is an n-digit number in decimal
notation containing an even number of 0’s. Let a, denote the
number of valid code words of length n. The sequence {a,, } satisfies

the recurrence relation a,, = 8a,,—1+ 107! and the initial condition
a1 = 9. Use generating function to find an explicit formula for a,,.

Solution.
To make our work with generating function simpler, we extend this
sequence by setting ag = 1 so that a; = 8ag + 10 = 9.

Let the generating function be

= i anz". (2.46)

n=0

Multiplying both sides of a,, = 8a,,_1 + 10"~! by 2" and summing
for all n > 1, we get

Z a2 =8 Z Q12" + Z 101, (2.47)
n=1 n=1 n=1
Consider the first sum
Z an2" = a1z +agz® +az2® +--- =G(2) —ag [using (2.47)],
the second sum
Z 12" = apz + a122 + a2z + . ..

=z(ap +a. +azz” +...)
=2G(z) [using (2.46)],

and the third sum
> o1t = Z 102)"

n=1 n=

(1-

102)! :

T 1-10z

z

(2.47) becomes
z
1-10z

[G(2) — ag] = 82G(z) +
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Using ap =1,

z 1—-9z
1-82=1 _
G =8 =1+ 17— = 777¢;

1—-9z
(1 —82)(1—102)°

=  Gz)=

Using partial fraction,
1-9z A n B
(1-82)(1—-102) 1-8z 1-10z
= 1-92=A(1-10z)+ B(1 — 8z).

G(z)==(1-82)"1 + %(1 —102)7*

2(82')" +

n

(oo}

% > (102)"

n=0

[}

(8™ 4 10™) 2. (2.48)

]2
N =

n=0

Comparing (2.46) and (2.48), the solution is
apn, = 1 (8™ +10™)
n - 2 .

7. Solve S(n) —2S(n—1) —35(n —2) =0, n > 2 with S(0) = 3 and
S(1) = 1 using generating function.

Solution.
Let the generating function be

G(z) =Y S(n)z". (2.49)
n=0
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Multiplying the given equation by 2" and summing for n > 2, we
get

iS(n)z" —QiS(n—l)z”—?)iS(n—Z)z" =0. (2.50)
n=2 n=2 n=2

Consider the first sum

the second sum
Z S(n—1)2" = S(1)2% + S(2)2° + 5(3)2* + ...
n=2

[S(1)z + 5(2)2* + 5(3)2° +...]
[G(2) = S(0)]  [using (2.49)],

z
z

and the third sum

i S(n—2)2"S(0)2% + S(1)23 + 5(2)2* + ...
n=2

= 22[S(0) + S(1)z + S(2)2% +...]
= 2°G(2).

(2.50) becomes
[G(2) — S(0) — S(1)2] — 22[G(z) — S(0)] — 322°G(2) = 0.
Using S(0) = 3 and S(1) = 1, we get

[G(2) — 3 — 2] — 22[G(z) — 3] — 32°G(2) =0
—  G(2)[1-22-32%]=3-52
3—5z 3—5z

(2)
— e =T E T Aot

Using partial fractions,
3—52 A n B
(1-32)(1+2) 1-32z 1+2
== 3-5z=A(1+2z2)+B(1-3z2).

Put z=—-1=8=48B=— B =2.
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Put z =

- 1—3z+1+z
=(1 —3z)*1+2(1+z)*1

232 —|—2Z

3" 4+ 2(—1)"] 2. (2.51)

M% ]

Il
=]

n

Comparing (2.49) and (2.51), the solution is

S(n) = 3" +2(~1)".

2.8.4 Problems for Practice
1. Find the generating function of the following sequences.
(i) 2,2,2,2,2,2,...
(ii) an = (-2)"
(iii) 0,0,1,1,1,1,...
(iv) 1,0,-1,0,1,0,0,—1,0,1,0,—1,0,...
2. For the following expressions, identify the sequences having the
expression as a generating function. [Hint: Use partial fractions.]
~ 9+2z
0 ==
.. 6 — 29z
W) 7302
32 — 22z
(i) 2 — 3z + 22
. 3+T72
Oy
3+ 52
W) =552
3. Find the generating functions for the following sequences satisfying
the given initial conditions.
(1) Ynt2 + 2Ynt1 — 15yn = 0590 =,y1 = 1.
) Ynt1—Yn—1=0;90 = 0,51 = 1.
(1) Ynt+2 = 2Yn+1 — 3Yn = 0;90 = 0,41 = L.
) S(n)—2S(n—-1)—-3S(n—2)=0;5(0)=3,5(1) =
) S(k)+3S(k—1)—S(k—2)=0;5(0)=3,5(1) =2.
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4. Using generating function, solve the following recurrence relations.

(1) Yn = Tyn—1;%0 = 5.
) Yn =3yn—1+4" " yo = 1.
) Yn +2Un—1 = 15yn—2 = 0590 = 0,41 = 1.
(IV) Yn+2 — 8Yn+1 + 16yn = 0;y0 = 0,41 = 8.
) Ynt2 = 2Yns1 +Yn = 090 = 2,51 = 1.
) Yn+2 = Ynt1 — 6yn =050 = 2,51 = 1.
(Vi) Yn+2 = SYn+1 + 6yn = 0350 = 1,41 = 3.
5. Use a generating function to find an explicit formula for the
Fibonacci numbers.

2.9 Inclusion—Exclusion Principle

Let A and B be any finite sets. Then,
n(AUB) =n(A4) +n(B) —n(AN B).

In other words, to find the number n(A U B) of elements in the union AU B,
we add n(A) and n(B), and then we subtract n(A N B); that is, we “include”
n(A) and n(B), and we “exclude” n(A N B). This follows from the fact that,
when we add n(A4) and n(B), we have counted the elements of AN B twice.
This principle holds for any number of sets. We first state it for three sets.

Theorem 2.9.1 For any finite sets A, B, and C, we have

n(AUBUCQC)
=n(A) +n(B) +n(C) —n(AN B)
—n(BNC)—n(ANC)+n(ANBNCOC).

That is, we “include” n(A), n(B), n(C), we “exclude” n(AN B), n(BNC),
n(ANC), and we “include” n(ANBNC).

Example:
Find the number of mathematics students at a college taking at least one of
the languages French, German, and Russian given the following data:

65 study French, 20 study French and German,
45 study German, 25 study French and Russian,
42 study Russian, 15 study German and Russian,
and 8 study all three languages.
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We want to find n(FUGUR), where F, G, and R denote the sets of students
studying French, German, and Russian, respectively.
By the inclusion—exclusion principle,

n(FUGUR) =n(F)+n(G)+n(R)—n(FNG)
—n(FNR)—n(GNR)+n(FNGNR)
=65+454+42-20—-25—-15+38
= 100.

100 students study at least one of the languages.

Note:

Principle of inclusion—exclusion can also be denoted as

(i) |JAUB| = |A| 4+ |B| — |AN B| if A and B are not disjoint sets
(ii) |AU B| = |A| + |B| if A and B are disjoint sets

where |A| = n(A) = cardinality of A = number of elements in A.

2.9.1 Solved Problems

1.

Find the number of positive integers not exceeding 100 that are
divisible by 7 or by 11.

Solution.
Let A be the set of positive integers not exceeding 100 that are
divisible by 7.

Let B be the set of positive integers not exceeding 100 that are
divisible by 11.

Then, AU B is the set of positive integers not exceeding 100 that are
divisible by either 7 or 11, and A N B is the set of positive integers
not exceeding 100 that are divisible by both 7 and 11.

We know that among the positive integers not exceeding 100, there
100 100
are {7} integers divisible by 7 and [11] integers divisible by 11.

Since 7 and 11 are relatively prime, the integers divisible by both 7
and 11 are those divisible by 7 and 11.

100
There are {} positive integers not exceeding 100 that are

7x 11
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divisible by both 7 and 11.
|ANB| =|A|+|B| - |AN B
_[100] , [100] [ _100
LT 11 7 x 11

=14+9-1=22.

2. Among the first 1000 positive integers, determine the integers which
are not divisible by 5, nor by 7, nor by 9.

Solution.
Let A = set of integers divisible by 5

B = set of integers divisible by 7
C = set of integers divisible by 9.

1 1
4] = {1000] —200; |B|= { 000} — 142, C— [0900] — 111

5 7
! T [1000]
AN B| = _LCA30(2,7)_ ~ gg |==
- T Fo00]
S T 10003
[ 1000 1000 1000
ANBNC]= _LCM(5,7,9)] - {5><7><9} - [315] =3

The number of integers divisible by 5, 7, and 9 is

[AUBUC|=|A|+|B|+|C]—|AnB|—|BNC|—|ANC|+|ANnBNC|
=200+ 1424111 —-28 —15—-22+3
= 391.

The number of integers not divisible by 5 nor 7 nor 9
= Total number of integers - integers divisible by 5, 7, and 9
= 1000 — 391
= 609.
3. In a survey of 300 students, 64 had taken a Mathematics course,
94 had taken an English course, 58 had taken a Computer course,

28 had taken both Mathematics and Computer courses, 26 had
taken both English and Mathematics courses, 22 had taken both
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English and Computer courses, and 14 had taken all three courses.
How many students were surveyed who had taken none of the three
courses?

Solution.
Given: |[M|=64; |E|=94; |C|=58;
IMNC| =28 |MNE|=26; |ENC|=22; |MNCNE|=14.

IMUEUE|=|M|+|E|+|C|—|MnNE|
—MNC|—|ENC|+|MNENC|
=64+ 94+ 58— 26— 28 — 22 + 14
= 154.

Students who had taken none of the courses = 300—154 =146.

How many solutions does x1 +x2 +x3 = 13 have, where x1, x2, and
T3 are non-negative integers with r; < 6, 2 < 6, and x3 < 67

Solution.

To apply the principle of inclusion—exclusion, let a solution have
property P if x > 6, property P, if x5 > 6, and property Pj if
x3 > 6. The number of solutions satisfying the inequalities x7 < 6,
r9 < 6, and x3 < 6 is

N(P{PyP3) = N — N(P1) = N(P2) — N(Ps) + N(P1P»)
+ N(P1P3)+ N(P2P3) — N(P, P, Ps) (2.52)
where N = total number of solutions
=C(3+13-1,13) = C(15,13) = 105.

N (Py) = number of solutions with z; > 6
=CB+7-1,7)=C(9,7) =36

N(P,) = number of solutions with zo > 6
=CB+7-1,7)=C(9,7) =36

N (Ps) = number of solutions with z3 > 6
=CB+7-1,7)=C(9,7) =36

N (P P>) = number of solutions with 21 > 6 and z3 > 6
=C(34+1-1,1)=C(3,1)=3

N (P P3) = number of solutions with 2y > 6 and z3 > 6
—C(B+1-1,1)=C(3,1)=3

N (P, P5;) = number of solutions with zo > 6 and xz3 > 6
=C(34+1-1,1)=C(3,1)=3

N(Py P, P3) = number of solutions with x > 6,25 > 6, and x3 > 6 = 0.
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Inserting these quantities into the formula N(PjPyNJ) shows that
the number of solutions with 1 < 6, 2 < 6, and z3 < 6 equals
[implying from (2.52)]

N(P/PjN}) =105—36 —36—36+3+3+3—0=6.

5. A survey of 500 students from a school produced the following
information. 200 play volleyball, 120 play hockey, 60 play both
volleyball and hockey. How many are not playing either volleyball
or hockey?

Solution.
Let A be the set of students who play volleyball.

Let B be the set of students who play hockey.
Given: |A| =200, |B|=120, |AnN B|=60.
By the principle of inclusion—exclusion, the number of students
playing either volleyball or hockey is
|AUB| = |A| + |B| — |[AN B|
=200+ 120 — 60
= 260.

The number of students not playing either volleyball or hockey
= 500 — 260 = 240.

6. A total of 1232 students have taken a course in Russian, 879 have
taken a course in German, and 114 have taken a course in French.
Further 103 have taken a course in both Russian and German, 23
have taken a course in Russian and French, and 14 have taken a
course in German and French. If 2092 students have taken at least
one of the courses Russian, German, and French, how many students
have taken a course in all three languages.

Solution.
Let A be the set of students who have taken a course in Russian.

Let B be the set of students who have taken a course in German.
Let C be the set of students who have taken a course in French.
Given: |A| = 1232, |B| =879, |C|=114,

|[ANB| =103, |ANnC|=23, |BNC|14, |AnBNC|=2092.

By the principle of inclusion—exclusion, we have

|[AUBUC| =|A|+ |B|+|C|—|AnB|—|BNC]|
—|ANC|+|ANBNC|
= 2092=1232+879+114-103-23 - 14+ |ANBNC|
= |[ANBNC|=T.
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There are seven students who have taken a course in Russian,
German, and French.

In a survey of 100 students, it was found that 30 studied
Mathematics, 54 studied Statistics, 25 studied Operations Research,
1 studied all the three subjects, 20 studied Mathematics and
Statistics, 3 studied Mathematics and Operations Research, and
15 studied Statistics and Operations Research.

(i) How many students studied none of these subjects?

(i) How many students studied only Mathematics?

Solution.
Let A denote the set of students who studied Mathematics.

Let B denote the set of students who studied Statistics.
Let C denote the set of students who studied Operations Research.
Given: |A| =30, |B|=54, C =25,
|[ANB| =20, |AnC|=3, |BNnC|=15 |AnBNC|=1.
(i) By the principle of inclusion—exclusion, the number of students
who studied any one of the subjects is
|JAUBUC| =|A|+ |B|+|C| = |AnB| - |BNC]|
—|ANC|+|AnBNC|
=30+54+25—-2003 —15+1=T72.

Number of students who studied none of these subjects

=100 — 72 = 28.
(ii) Number of students who studied only Mathematics and
Statistics

=|ANB|-|ANBNC|=20—-1=19.
Number of students who studied only Mathematics and
Operations Research

=|ANC|—-|ANnBNC|=3-1=2.
. Number of students who studied only Mathematics
=30—-19-2-1=8.

How many positive integers not exceeding 1000 are divisible by 7 or
117

Solution.
Let A denote the set of positive integers not exceeding 1000 that
are divisible by 7.

Let B denote the set of positive integers not exceeding 1000 that
are divisible by 11. Then,
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|A| = {10700} =142, |B| = [1000} =90, |JANB| = { 1000 } =12.

11 7x11

The number of positive integers not exceeding 1000 that are
divisible by either 7 or 11 is |[AU B|.

By the principle of inclusion—exclusion,

|AUB| =|A|+|B| - |AN B
=142 4+90 — 12
= 220.

9. Determine n such that 1 < n < 100 and it is not divisible by 5 or 7.

Solution.
Let A denote the number n, 1 < n < 100, which is divisible by 5.

Let B denote the number n, 1 < n < 100, which is divisible by 7.
Then,

1 1 1
|A] = 100 =20, |B| = 100 =14, |[AnB|= 100
) 7 5x5H

By the principle of inclusion—exclusion, the number n, 1 < n < 100,
which is divisible by either 5 or 7 is |A U B).

|AUB| =|A|+ |B| - |AN B|
=20+14-2
= 32.

The number n, 1 < n < 100, which is not divisible by 5 and 7 is
=100 — 32 = 68.

10. A survey among 100 students shows that of the three ice cream
flavours vanilla, chocolate, and strawberry, 50 students like vanilla,
43 like chocolate, 28 like strawberry, 13 like vanilla and chocolate,
11 like chocolate and strawberry, 12 like strawberry and vanilla, and
5 like all of them. Find the number of students surveyed who like
the following flavours:

(i) chocolate but not strawberry
(ii) chocolate and strawberry but not vanilla
(iii) wvanilla or chocolate but not strawberry.

Solution.
Let A denote the set of students who like vanilla.

Let B denote the set of students who like chocolate.
Let C denote the set of students who like strawberry.
Since five students like all flavours, |JAN BN C| = 5.
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Twelve students like both strawberry and vanilla=— |[ANC| = 12.
But five of them like chocolate also = |ANC|—-5=12-5=T.
Six of them like vanilla = |BNC|—-6=12—-6 =6.
Out of 28 students who like strawberry,
we have already accounted for 7+ 5 + 6 = 18.
The remaining ten students belong to the set C' — (AU B).
Similarly,

A—(BUC)|=30 and |B—(AUC) =24.

Hence, we have accounted for 90 of the 100 students. The remaining
ten students like outside the region AU B U C. Now,

(i) |IB=C|=24+8=32.
32 students like chocolate but not strawberry.
(ii) |(BNC)— A| =6.
Six students like both chocolate and strawberry but not
vanilla.
(iii) [(AUB)—C|=30+8+24 =62.
62 students like vanilla or chocolate, but not strawberry.

Find the number of integers between 1 and 250 that are not divisible
by any of the integers 2, 3, 5, and 7.

Solution.

Let A denote the set of integers between 1 and 250 that are divisible
by 2.

Let B denote the set of integers between 1 and 250 that are divisible
by 3.

Let C denote the set of integers between 1 and 250 that are divisible
by 5.

Let D denote the set of integers between 1 and 250 that are divisible
by 7.

Now,
250 250
A= 5] =1 e = || s
250 250
= R — = D = R — = .
c] {5} 5, D] [7] 35

Number of integers between 1 and 250 that are divisible by 2 and 3

250
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Number of integers between 1 and 250 that are divisible by 2 and 5

2
=|ANC| = {2 iOS} = 25.
Similarly,
[ 250 ]
|AﬁD|:_2><7 =17
[ 250 ]
|BﬁC’|=_3><5 =16
[ 250 ]
|BﬁD|:_3><7 =11
[ 250
|COD|=_5><7 =T.

Number of integers between 1 and 250 that are divisible by 2,3, and 5

250
:|AHBDC|:{2X3X5O}:
Similarly,

[ 250 ]
ANBODI= 57577 =9

[ 250 ]
ANCNDlI= 55557 =3

[ 250 ]
[BNONDI= 35557 =2

[ 250

ANBACADI= oo 557 = b

The number of integers between 1 and 250 that are divisible by 2,
3,5,and 7is |[AUBUCUD|.

By principle of inclusion—exclusion,

|AUBUCUD|=|A|+ |B|+|C|+|D|—-|ANnB| - |BNnC]|
—|CNnD|-]ANC|—|BND|—|AND|
+ANBNC|+|ANnBND|+|ANCND|
+|BNCND|—|AnBNCND|
=125+83+50+35—-41—-25—-17—-16—-11-7
+8+5+3+2-1
=193.
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Number of integers between
1 and 250 that are not ) = 250 — 193 = 57.
divisible by 2, 3, 5, and 7
A survey shows that 57% of Indians like coffee whereas 75% like

tea. What can you say about the percentage of Indians who like
both coffee and tea.

Solution.
Let A denote the set of Indians who like coffee.

Let B denote the set of Indians who like tea.
Assume the total population is 100.
|A| = 57; |B| = 75. Now,

|AUB|=|A|+ |B|-|AN B|
=57+75—|AN B
=132 —|AN B].

Since |A U B| < 100, it follows that
AN B| > 32. (2.53)
Since AN B C A and AN B C B, we have
|ANB| <A and |[ANB| < |B].
|ANB| <57 and |ANB| < 75.
= |AN B| <57. (2.54)
From (2.53) and (2.54), the percentage of Indians who like both

coffee and tea lies between 32 and 57.

Out of 100 students in a college, 38 play tennis, 57 play cricket, 31
play hockey, 9 play cricket and hockey, 10 play hockey and tennis,
and 12 play tennis and cricket. How many play

(i) all three games
(ii) just one game
(iii) tennis and cricket but not hockey.
Assume that each student plays at least one game.

Solution.
Let T, C, and H denote the set of students playing tennis, cricket,
and hockey, respectively (Figure 2.1).

Given: |T| =38, |C|=57, |H|=31
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T C
Al - 41
5
5 4
17
H
FIGURE 2.1

Venn diagram

ITNC|=12, |TNH|=10, |[CNH|=9, |TUCUH|=100.
Number of students who play all three games = |T'NC N H]|.

By principle of inclusion—exclusion, we have

[TNCNH|=|T|+|C|+|H|-|TNnC|—-|CNH]|
—|TNH|+|TNnCNH|
— 100=38+57+31—-12—9—-10+|TNC N H|
= ITNCNH|=100—126+ 31 = 5.

Number of students who play all three games = 5.
From the given data, we have

Number of students
playing just one game = Number of students playing tennis only
+ Number of students playing cricket only
+ Number of students playing hockey only
=214+41+17=179.

Number of students playing tennis and cricket but not hockey
=|TNC|—-|TNCNH|=12-5=71.
14. How many integers between 1 and 100 are
(i) not divisible by 7, 11, or 13
(ii) divisible by 3 but not by 77
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Solution.
Let A, B, and C be the set of integers between 1 and 100 that are
divisible by 7, 11, and 13, respectively.

100 100 100
Al=|—|=14; |B|=|—1|; =|=—=1=7
A= [ 5] =1 1m1= | 2] 1e1= [37] =

[ 100 100
ANB| = =1; |A = =1
AN B _7><11] i 1And] {7><13} '
[ 100 100
1BNCl= _11><13} ’[7><11><13]

Number of integers between 1 and 100 that are divisible by 7, 11,
or13is |JAUBUC]|.

By principle of inclusion—exclusion, we have

[AUBUC| = |A|+|B|+|C|—|AnB|—|BnNC]|
—|[ANC|+]|ANBNC]|
=14+94+7-1-0-1+0
= 28.

(i) Number of integers between 1 and 100 that are not divisible by
7,11, or 13 = 100 — 28 = 72.

(ii) Let U and V denote the set of integers between 1 and 100 that
are divisible by 3 and 7, respectively.

100 100 100
= | —| = : = |—| = 14; V = ==
o= || = =[] =14 wavi=[5]
Number of integers divisible by 3 but not by 7= |U| — |UNV]|
=33—-4
=29.

Find the number of integers between 1 and 100 that are divisible by
(i) 2,3,5,0r7

(ii) 2, 3, 5 but not by 7.

Solution.

Let A, B,C, and D denote the set of positive integers between 1
and 100 that are divisible by 2, 3, 5, and 7, respectively.

ae[2]-w ]2

2
100
Cl=|—|=20;
o= | 3] ==
100
ANB|=
40 B {2><3

3

7

= 33;

100
D= || = a

}:16; Aﬂ0|:[

100 ] 10

2x5
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16.

100 100
— — B — —
o= [ o mner= [
100 100
BAD| [:m} . |onD| [5X7] ,
100 100
IANBNC]| hx3x5} 3 [ANBND| - } ;

100
A Dl=|—|=1; |IBNCnNnD|=
[AnCN D [2><5><7} | |

100
|AmBmCmDh:[ }:

2Xx3x5H5xT7T

(i) By the principle of inclusion—exclusion, we have

|[AUBUCUD|
=|A| +|B|+|C| +|D| - |ANB| - |ANC| - |AND|
—|BNC|—|BNnD|+|AnBNC|+|AnBND
+]|ANCND|+|BNCND|—|AnNBNCND
=50+33+20+14—-16—-10—-7—-7—-4—2
+34+2+140-0

=117T—-46+6
=123 — 46
=177.

(ii) The number of integers between 1 and 100 that are divisible by
2, 3, 5 but not by 7
=|ANBNC|—-|ANBNCND|=3-0=3.

How many prime numbers not exceeding 100 are there? Or
determine a prime number n, where 1 < n < 100.

Solution.

To find the number of primes not exceeding 100, first note that a
composite integer not exceeding 100 must have a prime factor not
exceeding 10.

The primes not exceeding 100 are 2, 3, 5, and 7 and the numbers
that are divisible by none of 2, 3, 5, or 7.

Let P; be the property that an integer is divisible by 2.
Let P be the property that an integer is divisible by 3.
Let P;5 be the property that an integer is divisible by 5.
Let P, be the property that an integer is divisible by 7.
Number of primes not exceeding = 4 + N (P{ Py P5P;).
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Now,
N(P{PyP3P{) =99 — N(P1) — N(P) — N(P3) — N(P4)
+ N(P1Py)+ N(P P3) + N(P Py)
+ N(PyP3) + N(P2Py) + N(PsPy)
— N(P,P,P3) — N(P,P,P,) — N(P1PsPy)
— N(P2PsPy) — N(PyPyP3Py)
(. there are 99 integers > 1 and not exceeding 100).

N<P1P5P5P4>=99_[1(2)()] [100} {120} {100}

100 100 00
o] [ + ]
100 100
“|3vs)* [3en)* [5en
100 100 100
[2x3x5}{2x3x7]{2x5x4
100 100
_{3x5x7]+[2x3x5x4

=99—-50—-33—-20—14+164+10+7+6
+442-3-2-1-0+40

=21.

There are 4 + 21 = 25 primes.

17. How many solutions does x1 + x2 +x3 = 11 have, where x1, x5, and
T3 are non-negative integers with r; < 3, o < 4, and x3 < 67

Solution.
Let P; be the property that z; > 3.

Let P, be the property that xo > 4.
Let P3 be the property that z3 > 6.

Now, the number of solutions satisfying the inequalities x; < 1,
29 <4, and x3 < 6 is N(P{P,P}).

By principle of inclusion—exclusion, we have
N(P{P;P;)N — N(Py) — N(P) — N(P3)
+ N(P1P2) + N(P,P3) + N(P,P;) — N(P,PyP3).

Now

7

N = Total number of solutions
=C(3+11-1,11)=78
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[since the number of r-combinations from a set with n elements
when repetitions are allowed is (n+r—1)C,. ways or C'(n+r—1,r)].

N(P;) = Number of solutions with x; >4
=C@B+7-1,7)=C(9,7) = 36.
N(P,) = Number of solutions with x5 > 5
=C(B+6—1,6)=0C(8,6) = 28.
N(P3) = Number of solutions with xg > 7
= C(3+4—1,4)=C(6,4) = 15.
N (P P;) = Number of solutions with 2y > 4 and z9 > 5
=C0(B+2-1,2)=C(4,2) =6.
N (P, P3) = Number of solutions with x; >4 and 23 > 7
=C(3+0-1,0)=C(2,0) = 1.
N (P, P3) = Number of solutions with x5 > 5 and 3 > 7 = 0.
N (P, PyP3) = Number of solutions with 1 >4, 2 > 5 and 23 > 7 =0.

N(P|PjP}) =78 —36—28—15+6+1+0+0=6.

Hence, the equation x; + x2 + 3 = 11 with respect to the given
conditions has six solutions.

2.9.2 Problems for Practice

1. Find the number of elements in A; U Ay U Az if there are 100
elements in each set if

(i) the sets are pairwise disjoint
(ii) there are 50 common elements in each pair of sets and no
element in all three sets
(iii) the sets are equal.

2. How many elements are in the union of four sets if the sets have
50, 60, 70, and 80 elements, respectively, each pair of sets has five
elements in common, each trio of the sets has one common element,
and no element is in all four sets?

How many bit strings of length 8 do not contain six consecutive 0’s?

How many solutions does the equation x1 +x2+2x3 = 16 have where
1, %2, and x3 are non-negative integers less than 67

5. How many ways are there to distribute six different toys to three
different children such that each child gets at least one toy?

6. How many ways can the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 be arranged
so that no even digit is in its original position?
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7. By using principle of inclusion—exclusion, find how many positive
integers between 1 and 250 are

(i) divisible by 2, 3, 5, or 7
(ii) not divisible by 2, 3, 5, and 7.

8. How many positive integers not exceeding 1000 are divisible by 7
or 117

9. How many elements are in A; U Ay if there are 12 elements in Ay,
18 elements in As, and

(i) [A N As| =1
(i) |A; N Ag| = 67

10. There are 2504 Computer Science students at a college. Of these,
1876 have taken a course in Pascal, 999 have taken a course in
Fortran, and 345 have taken course in C. Further, 876 have taken
courses in both Pascal and Fortran, 231 have taken courses in both
Fortran and C, and 290 have taken courses in both Pascal and C.
If 189 of these students have taken courses in Fortran, Pascal, and
C, how many of these 2504 students have not taken a course in any
of these 3 programming languages?

11. How many permutations of ten digits either begin with the three
digits 987, contain the digits 45 in the fifth and sixth positions, or
end with the three digits 1237

12. Find the probability that when four numbers from 1 to 100,
inclusive, are picked at random with no repetitions allowed, either
all are odd, all are divisible by 3, or all are divisible by 5.

13. Find the number of primes less than 200 using the principle of
inclusion—exclusion.

14. How many derangements are there of a set with seven elements?

15. How many positive integers less than 10000 are not the second or
higher powers of an integer?

16. How many integers between 1 and 300 are divisible by

(i) at least one of 3, 5, 7
(ii) 3 and 5 but not by 7
(iii) 5 but not by 3 and 7.

17. A survey of households in the United States reveals that 96% have at
least one television set, 98% have telephone service, and 95% have
telephone service and at least one television set. What percentage
of households in the United States have neither telephone service
nor a television set?
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18. How many students are enrolled in a course either in calculus,
discrete mathematics, data structures, or programming languages
at a school if there are 507, 292, 312, and 344 students in these
courses, respectively; 14 in both calculus and data structures; 213
in both calculus and programming languages; 211 in both discrete
mathematics and data structures; 43 in both discrete mathematics
and programming languages; and no student may take calculus
and discrete mathematics, or data structures and programming
languages, concurrently?

19. Find the number of positive integers not exceeding 100 that are
either odd or the square of an integer.

20. Suppose in a bushel of 100 apples, there are 20 that have worms
in them and 15 that have bruises. Only those apples with neither
worms or bruises can be sold. If there are ten bruised apples that
have worms in them, how many of the 100 apples can be sold?

21. In how many ways can seven different jobs be assigned to four
different employees so that each employee is assigned at least one
job and the most difficult job is assigned to the best employee?
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Graphs

3.1 Introduction

Graphs are mathematical discrete structures which have major role
in computer science (algorithms and computation), electrical engineering
(communication networks and coding theory), operations research (scheduling),
and in many fields of engineering and also in sciences such as chemistry,
biochemistry (genomics), biology, linguistics, sociology, and other fields. For
instance, graphs are encoded to represent the relationship between objects.
Many real-world situations can conveniently be described by means of a
diagram consisting of a set of points together with lines joining certain pairs
of these points. For example, the points could represent people, with lines
joining pairs of friends; or the points might be communication centres, with
lines representing communication links. Notice that in such diagrams, one is
mainly interested in whether or not two given points are joined by a line; the
manner in which they are joined is immaterial. A mathematical abstraction
of situations of this type gives rise to the concept of a graph.

In this chapter, we focus on the terminology of graphs, its various
types, connectivity of graphs, Eulerian path, and Hamiltonian path. Graph
theory is introduced as an abstract mathematical system. The most common
representation of a graph is by means of a diagram, in which the vertices are
represented as points and each edge as a line segment joining its end vertices.

3.2 Graphs and Graph Models

Definition 3.2.1 Graph: A graph G = (V, E, ¢) consists of a non-empty set
V = {v1,v9,...} called the set of vertices of the graph and E = {e1,ea,...}
called the set of edges of the graph, and ¢ is a mapping from the set of edges
E to the set of ordered or unordered pair of elements of vertices.

135
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Vg4 €3 V3

A4 € v2

Example of a graph

Definition 3.2.2 Self-loop: An edge having same vertex as both its end
vertices is called a self-loop.

Example 3.2.3 Here e is a self-loop.

V3

Vi V2

Example of a self-loop

Definition 3.2.4 Parallel Edges: If more than one edge has the same pair
of end vertices, then the edges are called parallel edges.

Example of parallel edges
Example 3.2.5 In the graph in

(i) e1, es are incident with v.
(ii) eq, e3 are incident with vs.

Here, e3 and e4 are parallel edges.
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Definition 3.2.6 Ifv; is an end vertex of some edge e;, then e; is said to be
incident at v;.

e

\ 1 \A
V3
)
€
VS e3 V4

Example of incident edges on vertices

Example 3.2.7
The edge e; is incident at the vertex v;. The edge e3 is incident at the vertex vs.

Definition 3.2.8 Adjacent Edges and Vertices: Two non-parallel edges
are said to be adjacent if they are incident on a common vertex.

Two vertices are said to be adjacent if they are the end vertices of the same
edge.

Example 3.2.9
Here, e; is adjacent to es and es, and vy is adjacent to vo and vs.
V3
€1
€2

€3

Vi ]

Adjacent vertices and edges

Definition 3.2.10 Simple Graph: A graph which has neither self-loops nor
parallel edges is called a simple graph as shown below.

Examples of simple graphs

Definition 3.2.12 Isolated Vertex: A vertex having no edge incident on it
18 called an isolated verter as shown below.
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A V3

vy oV,

Example of isolated vertex

Definition 3.2.14 Directed Graph: A graph in which every edge is directed
18 called a directed graph or digraph as shown below.

<
N

Example of directed graph

Definition 3.2.16 Undirected Graph: A graph in which every edge is
undirected is called an undirected graph.

Example of undirected graph

Definition 3.2.18 Mixed Graph: A graph in which some edges are directed
and some are undirected is called a mized graph.

Definition 3.2.19 Multigraph: A graph which contains some parallel edges
1s called a multigraph.

Definition 3.2.20 Pseudo Graph: A graph in which loops and parallel
edges are allowed is called a pseudograph.

3.3 Graph Terminology and Special Types of Graphs

Definition 3.3.1 Degree of a vertex: The number of edges incident at the
vertex v; in an undirected graph is called the degree of the vertex v;. But a
loop at a vertex contributes twice to the degree of that vertex. The degree of
the vertex v; is denoted by deg(v;).
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Definition 3.3.2 In-degree and Out-degree of a vertex: In a directed
graph, the in-degree of a vertex v; is denoted by deg™ (v;) and defined by the
number of edges with v; as their terminal vertex.

The out-degree of a vertex v; is denoted by deg™ (vj) and defined as the
number of edges with their initial.

Theorem 3.3.3 Handshaking Theorem: Let G = (V, E) be an undirected
graph with e edges. Then, > i, deg(v) = 2e.
Proof.
Since every edge is incident with exactly two vertices, every edge contributes
two to the sum of degrees of the vertex.

Therefore, all the edges e contribute 2e to the sum of degrees of the vertex.

Zuev = 2e.

Theorem 3.3.4 The maximum number of edges in a simple graph with n
n(n—1)

veV

vertices is

Proof.
From handshaking theorem, we have

Z deg(v) = 2e,

veV

where e is the number of edges with n vertices in the graph G. That is,
deg(v1) + deg(ve) + - - - + deg(vy,) = 2e. (3.1)

We know that the maximum degree of each vertex in the graph G can be
(n—1).

Bl)=— (n—1)+(n—1)+...ton terms = 2e
= n(n—-1)=2e
n(n—l)'

— e =
2

Hence, the maximum number of edges in any simple graph with n vertices is
n(n —1)
5 .

Theorem 3.3.5 A simple graph with at least two vertices has at least two
vertices of same degree.

Proof.
Let G be a simple graph with n > 2 vertices.
The graph G has no loop and parallel edges.
Hence, the degree of each vertex is < n — 1.
Suppose that all the vertices of G are of different degrees.
Following degrees 0,1,2,...,n — 1 are possible for n vertices of G.
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Let u be the vertex with degree 0. Then, u is an isolated vertex.

Let v be the vertex with degree n — 1. Then, v has n — 1 adjacent vertices.

Since v is not an adjacent vertex of itself, every vertex of G other than
is an adjacent vertex of G other than wu.

Hence, u cannot be an isolated vertex; this contradiction proves that a
simple graph contains two vertices of same degree.

Note: The converse of the above theorem is not true.

Theorem 3.3.6 The number of odd degree vertices is always even.

Proof.
Let G = (V,E) be any graph with n number of vertices and e number of
degrees.

Let vq,vs,...,v; be the vertices of odd degree and v}, v},...,v), be the
vertices of even degree.

To prove, k is even.

We know that ) .y deg(v) = 2|E| = 2e.

= Zle deg(vi) + 3770, deg(v}) = 2e.
Clearly, >-7", deg(v}) and 2e are even numbers.

That is, Zle deg(v;) = an even number.

Since each term deg(v;) is odd, the number of terms in the left-hand side
sum must be even.

= kis even.

Hence, the theorem is proved.

3.3.1 Solved Problems

1. Can a simple graph exist with 15 vertices each of degree 57

Solution.

We know that the number of odd degree vertices is even.

Hence, the number of odd degree vertices to be odd is not possible.
We cannot say that a simple graph exists with 15 vertices each of
degree 5.

2. How many vertices does a regular graph of degree 4 with ten edges
have?

Solution.
We know that

Z deg(v) = 2e

veV
nx4=2x10
20
Ty
n =>5.

The number of vertices is five.
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3. Is there a simple graph corresponding to the following degree
sequences?

i) (1,1,2,3)
(i) (2,2,4,6)
Solution.

(i) There are odd number (3) of degree vertices 1, 1, and 3.
Hence, there does not exist a graph corresponding to this degree
sequence.

(ii) The number of vertices in the graph is four, and the maximum
degree of a vertex is 6 which is not possible as the maximum
degree cannot be one less than the number of vertices.

4. Show that in a group, there must be two people who know the same
number of other people in the group.

Solution.

Construct the simple graph model in which V is the set of people
in the group, and there is an edge associated with (u,v) if u and
v know each other. Then, the degree of vertex v is the number of
people v knows.

We know that there are two vertices with the same degree.
Therefore, there are two people who know the same number of other
people in the group.

5. Show that the degree of a vertex of a simple graph G of n vertices
cannot exceed n — 1.

Solution.
Let v be a vertex of G because G is simple and no multiple edges or
loops are allowed in G. Thus, v can be adjacent to at most all the
remaining n — 1 vertices of G. Hence, v may be of maximum degree
n—1in G.
Then, 0 < deg(v) <n—1,orallveV.

6. How many edges are there in a graph with ten vertices each of

degree 67

Solution.
Sum of the degrees of the ten vertices is

(6) x (10) =60
= 2e=60
= e =30.

7. Show that the sum of degrees of all the vertices in a graph G is even.

Solution.
Each edge contributes two degrees in a graph.
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Also, each edge contributes one degree to each of the vertices on
which it is incident. Hence, if there are N edges in G, then

2N = deg(v1) + deg(v2) + - - - + deg(vn).
Thus, 2N is always even.

Definition 3.3.7 Regular Graph: If every vertex of a simple graph has the
same degree, then the graph is called a regular graph.

If every vertex in a regular graph has degree k, then the graph is called
k-regular graph.

Note:

1. Every null graph is regular of degree 0.
The complete graph K, is of degree n — 1.

3. If a graph G has n vertices and is regular of degree k, then G has
% edges.

Definition 3.3.8 Complete Graph: A simple graph with n vertices is said
to be a complete graph if the degree of every vertex isn — 1.

(or)

In a graph G, if every vertex v is adjacent to all other vertices, then G is
called a complete graph.
The complete graph with n vertices is denoted by K.

K3 K4 KS

Examples of complete graphs

Example 3.3.9

Definition 3.3.10 Subgraph: A graph H = (V', E’) is called a subgraph of
a graph G =(V,E) if V' CV and E' CE.

Definition 3.3.11 Cycle Graph: A cycle graph of order n is a connected
graph whose edges form a cycle of length n and is denoted by C,,.
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Example 3.3.12

Cs

Example of cycle graph
Note:

1. In a graph, a cycle that is not a loop must have length at least
three, but there may be cycles of length two in a multigraph.

A simple digraph having no cycles is called a cyclic graph.

3. A cyclic graph cannot have any loops.

4. The cycle C,, n > 3, consists of n vertices 1,2,...,n and edges
{1,2}, {2,3}, ..., {n—1,n}.

Definition 3.3.13 Wheel Graph: A wheel graph of order n is obtained by

joining a new vertex called “Hub” to each vertex of a cycle graph of order
n — 1, denoted by W,.

Ws
Example of wheel graph
Example 3.3.14

Note: We obtain the wheel W,, when we add an additional vertex to the cycle
C, for n > 3, and connect this new vertex to each of the n vertices in C,,, by
new edges.

Definition 3.3.15 Bipartite Graph: A graph G is said to be bipartite if
its vertex set V' can be partitioned into two disjoint non-empty sets Vi and V;
such that V1 UV, and every edge in E has one end in Vi and the other end
mn Vs.

Example 3.3.16 Let V =V, UV, where
Vi = {u1,u3,us,ur} and Vo = {uz, us, ue, us}.
Then, G is a bipartite graph shown below.
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uy L J up

u; @ ’></. uy

us @— ug

uy ug
Vi vV,

Example of bipartite graph

Definition 3.3.17 Complete Bipartite Graph: A bipartite graph G with
the bipartition Vi and Vs is called complete bipartite if every vertex in Vi is
adjacent to every vertexr in V.

A complete bipartite graph that may be partitioned into sets A and B as
above such that |A| = a and |B| = b is denoted by Kg .

Example 3.3.18 The graph Ks 3 is a complete bipartite graph.

A\ vV, Vs
V4 Vs Vs
Ks3

Example of complete bipartite graph

Definition 3.3.19 Star Graph: Any graph that is K, is called a star
graph.

Example 3.3.20 The graph K, is a star graph.

Ky

Example of star graph
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3.3.2 Graph Colouring

The assignment of colours to the vertices of GG, one colour to each vertex,
so that adjacent vertices are assigned different colours is called the proper
colouring of G or simply vertex colouring.

If G has n colouring, then G is said to be n-colourable.

Theorem 3.3.21 A simple graph is bipartite if and only if it is possible to
assign one of two different colours to each vertex of the graph so that no two
adjacent vertices are assigned the same colour.
Proof.
Let G = (V, E) be a bipartite simple graph. Then, V' = V; U V,, where V; and
V5 are disjoint sets and every edge in E connects a vertex in V7 and a vertex
in V5.

If we assign one colour to each vertex in Vi and a second colour to each
vertex in V5, then no two adjacent vertices are assigned the same colour.

Suppose that it is possible to assign colours to the vertices of the graph
using just two colours.

—> No two adjacent vertices are assigned the same colour.

Let V7 be the set of vertices assigned one colour and V5 be the set of vertices
assigned the other colour. Then, V; and V5 are disjoint and V = V3 U V5.

That is, every edge connects a vertex in V; and a vertex in Vs since no
two adjacent vertices are either both in V; or both in V5. Consequently, G is
bipartite.

3.3.3 Solved Problems

1. What is the degree sequence of K,, where n is positive integer?
Explain your answer.

Solution.
Each of the n vertices is adjacent to each of the other n—1 vertices,
so the degree sequence isn — 1, n—1,..., n — 1 (n terms).

2. Determine whether each of the following sequences is a graph. For
those that are, draw a graph having the given degree sequence.

(i) 5,4,3,2,1
(i) 3,2,2,1,0
(i) 1,1,1,1,1
Solution.
(i) No, since the sum of degrees =5+ 4+ 3+ 2+ 1 = 15 which is
odd.
(ii) Yes.
(iii) No, since the sum of degrees =14+ 1+ 141+ 1 =5 which is
odd.
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Graph of the given sequence

3. How many vertices and edges are there in K7

Solution.

(n—1)

K,, has n vertices and i 5
4. Find the degree sequence of each of the following graphs.
(i) Ka
(if) Ks
(iil) Ko
Solution.
(i) 3,3,3,3
(ii) 4,4, 4,4, 4
(iii) 1,1
5. How many vertices and edges do the following graphs have?
(i) Cn
(ii) Cy
(iii) Also find the degree sequence of Cj.

edges.

Solution.

(i) n vertices and n edges
(ii) Eight vertices and eight edges
(iii) 2,2, 2, 2.
6. Show that Cg is a bipartite graph?

Solution.

The vertex set of Cs can be partitioned into the two sets

Vi = {v1,vs,v5} and Vo = {uvs,v4,v6}, and every edge of Cg
connects a vertex in V; and a vertex in V5. Hence, Cy is a bipartite
graph.
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Vi \]

V3

A\ V4

Graph of Cg

7. Is K3 bipartite?

Solution.
No, the complete graph K3 is not bipartite as shown below.

Vi

V3

V2

Graph of K3

If we divide the vertex set of K3 into two disjoint sets, one of the
two sets must contain two vertices. If the graph is bipartite, these
two vertices should not be connected by an edge, but in K3 each
vertex is connected to every other vertex by an edge.

K3 is not bipartite.

8. How many vertices and edges are there in a complete bipartite graph
Kpn?

Solution.
There are m + n vertices and mn edges.

9. Find the degree sequence of the graph K 5.

Solution.
3,3,2,2, 2.

10. For which values of m and n is K, , regular?
Solution.

A complete bipartite graph K, , is not regular if m # n.
== If m = n, then K, ,, is regular.
11. Prove that a graph which contains a triangle cannot be bipartite.
Solution.
At least two of the three vertices must lie in one of the bipartite

sets because these two are joined by edge; thus, the graph cannot
be bipartite.
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12.

13.

14.

Discrete Mathematical Structures

Show that if G is a bipartite simple graph with v vertices and e
2

edges, then e < UZ

Solution.
Let G be a complete bipartite graph with v vertices.

Let v; and v be the number of vertices in the partitions V; and
V5 of vertex set of G.

Since G is complete bipartite, each vertex in V; is joined to each
vertex in V5 by exactly one edge.

Thus, G has vyve edges when vy + vo = v.

But we know the maximum value of vivs subject to v; + v = v

,02

is —.
4 2

v
Thus, the maximum number of edges in G is R

1}2

That is, e < T
Show that the graph G is bipartite.

V,

Graph G

Solution.

Graph G is bipartite since its vertex set is the union of two disjoint
sets {v1,v2,v3} and {vg, vs, v, v7} and each edge connects a vertex
in one of these subsets to a vertex in the other subset.

Draw the complete bipartite graphs K 3, K33, K35, and Ks .

Solution.
The complete bipartite graphs are shown below.
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AN AN

35 2,6

Given complete bipartite graphs

15. How many subgraphs with at least one vertex does K3 have?
Solution. 17

3.4 Representing Graphs and Graph Isomorphism

We can represent a simple graph in the form of edge list or in the form of
adjacency lists which may be useful in computer programming.

Definition 3.4.1 Adjacency matrix of a simple graph: Let G = (V, E)
be a simple graph with n vertices {vi,va,...,v,}. Its adjacency matrix is
denoted by A = (a;j) and defined by

1, if v; and v; are adjacent
a;; =
7 0, otherwise.

Example 3.4.2

Vi
Vs Vo

V4 V3

Example of a graph with adjacency matrix
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The adjoint matrix for the graph in the figure above is

V1 V2 V3 V4 Vs

V1 0O 1 0 0 1
D) 1 0 1 1 1
A= VU3 0O 1 0 1 1
o 0O 1 1 0 1

Vs 1 1 1 1 0

Definition 3.4.3 Incidence Matrix: Let G = (V,E) be a graph with n
vertices vi,vs,...,0, and m edges ey, eq,...,en. Then, the n X m matrix
B = (b;j) where

1, if the edge e; is incident on v;
bij = .
0, otherwise.

Example 3.4.4

Vi €1

V2
€4 €
V4 & v3

Example of a graph with incidence matrix

The incidence matrix for the graph in the figure above is

€1 €2 €3 €4 €5
v 1 0 0 1 1
B= v, 1 1 0 0 0
V3 0o 1 1 0 1
V4 o o0 1 1 0

Observations about the incidence matrix:
1. Since every edge is incident on exactly two vertices, each column of
B has exactly two 1’s.

2. The number of 1’s in each row is equal to the degree of the
corresponding vertex.

A row with all 0’s represents an isolated vertex.

Parallel edges in a graph produce identical columns in its incidence
matrix.
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Definition 3.4.5 Isomorphic Graphs: The simple graphs G1 = (V1, E1)
and Gy = (Va, E3) are isomorphic if there is a one-to-one and onto function
f from Vi to Vo with the property that a and b are adjacent in G1 if and only
if f(a) and f(b) are adjacent in Ga, for all a and b in V1. Such a function f
18 called an isomorphism.

In other words, two graphs G1 and Go are isomorphic if there is a function
f:V(G1) — V(G2) from the vertices of Gy to the vertices of Gy such that

(i) f 4s one-to-one
(ii) f is onto and
(iii) for each pair of vertices u and v of Gy

[u,v] € E(G1) < [f(u), f(v)] € E(Ga).

Any function f with the above three properties is called an isomorphism from
Gl to Gz,

Example 3.4.6 Consider the graphs G1 and G5 in the following figure. Let
[+ Gi — G2 be a function with f(u1) = vi, f(uz) = va, f(uz) = vs,
f(uq) = va. Then, f is a one-to-one and onto function between G and Gs.
Here, f preserves the adjacency. The adjacent vertices in G1 are u; and usg,
uy and ug, ug and ug, and uz and uyg, and each of the pairs f(uy) = v1 and
fluz) = vq, f(ur) = v1 and f(us) = vs, f(uz) = vq and f(us) = vo, and
f(uz) = vs and f(ug) = vo are adjacent in Go. Hence, the graphs G and Go
are isomorphic.

u u vi vy

usz Uy
Gl GZ

V4

Example of isomorphic graphs

3.4.1 Solved Problems
1. Write the adjacency matrix of the following graph.

uy u

us uy

Given graph
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Solution.
The adjacency matrix is

Up U U3 Ug
uy 0 1 1 1
Ae wy |1 0 01
u3 1 0 0 1
Ug 1 1 1 0

2. Write the incidence matrix for the following graph.

\{!

Given graph

Solution.
The incidence matrix is

€1 €2 €3 €4 €5 € €7 €8
” 11 1 0 0 O 0 O
6o 1 1 1 0 1 1 O
B=
v3 0 0 0 1. 1 0 0 O
U4 0 0 0 0 0 0 0 O
Us 60 06 0 0 1.1 0 O

3. What is the sum of the entries in a row of the incidence matrix for
an undirected graph?

Solution.
Sum is 2 if the edge e is not a loop and 1 if the edge e is a loop.

4. Check whether the two graphs are isomorphic or not.

] 1]

Given graphs
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Solution.

In the graph G;, vertices of degree 2 are not adjacent, while in
the graph G, vertices of degree 2 are adjacent. Since isomorphism
preserves adjacency of vertices, the graphs are not isomorphic.

Prove that the graphs GG; and G5 are isomorphic.

V1
up

u3 uy

uy us
Given graphs

Solution.
The two graphs have the same number of vertices, same number of
edges, and same degree sequence. Consider the function f defined by

flur) = w1, flug) = w3, f(us) =vs, flus) =2, [f(us)=vs.

Then, the adjacency matrices of the two graphs corresponding to
f are

Uy U U3 Ug U

Uy [0 1 1 0 0]
U 1 0 0 0 1
AlGh) = u3 1 0 0 1 0
Uy 0O 0 1 0 1

Us 101 0 1 0|

V1 V2 V3 Vg Uy

v [0 1 1 0 0]
v 1 0 0 0 1
A(Gr) = v3 1 0 0 1 0
Uy O 0 1 0 1

Vs 101 0 1 0|

Therefore, A(G1) = A(G2). Hence, G; and G9 are isomorphic to
each other.

Prove that any two simple connected graphs with n vertices all of
degree 2 are isomorphic.

Solution.
We know that the total degree of a graph is given by

S deg(v;) = 2.
i=1
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Then, |V| = number of vertices = n
|E| = number of edges.
Further, the degree of each vertex is 2.
212 =2|E|
= n=|E]
Number of edges = number of vertices. Hence, the graphs are
cycle graphs. Therefore, they are isomorphic.

Can a simple graph with seven vertices be isomorphic to its
complement?

Solution.

A graph with seven vertices can have a maximum number of edges

(7T—-1) T7x6

2 2

But 21 edges cannot be splitted into two equal integers. Therefore,

a graph and its complement cannot have equal number of edges.

Hence, a graph with seven vertices cannot be isomorphic to its

complement.

= 21 edges.

Let G be a simple graph, all of whose vertices have degree 3 and
|E| = 2|V| — 3. What can be said about G?

Solution.

[V

> deg(vi) = 2|E|
i=1

3(|VI-1+1) =2|E|
[V =2|E| =2(2|V|-3) =4|V| -6
= |V]=6.

The number of vertices in G is six. Hence, it can be concluded that
G is isomorphic to K3 3.

Show that isomorphism of simple graphs is an equivalence relation.

Solution.

(i) Reflexive: G is isomorphic to itself by the identity function.
Hence, isomorphism is reflexive.

(i) Symmetric: Suppose that G is isomorphic to H. Then,
there exists a one-to-one correspondence f from G to H that
preserves adjacency and non-adjacency. From this, f ! is a one-
to-one correspondence from H to G that preserves adjacency
and non-adjacency. Hence, isomorphism is symmetric.

(iii) Transitive: If G is isomorphic to H and H is isomorphic to
K, then there are one-to-one correspondences f and ¢ from
G to H and from H to K that preserve adjacency and non-
adjacency. It follows that g o f is a one-to-one correspondence
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from G to K that preserves adjacency and non-adjacency.
Hence, isomorphism is transitive.

From the above (i)—(iii), isomorphism is an equivalence relation.

3.4.2 Problems for Practice
1. Write the adjacency matrix of the following graph.

2. Draw the directed graph for the following adjacency matrix.

—= =0 O
(RGN e i)
— O =
[ R

3. Draw an undirected graph for the following adjacency matrix.

— O N =
O W O N
— =W O
O = O

4. Find the adjacency matrix of the given directed graph.
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5. Check whether the graphs with the following adjacency matrices
are isomorphic.

00 1\ /0 1 1
00 1|,{1 00
110 1 00

6. Determine whether the graphs with the following adjacency
matrices are isomorphic.

01 10 01 01
10 01 1 0 0 0
1 0 0 1(°10 0 0 1
01 10 1 010

7. Find whether the following graphs are isomorphic to each other.

" b Vi \¢)

Vq
u3 Uy V3

Gl G2

8. Find a pair of non-isomorphic graphs with the same degree sequence
such that one graph is bipartite but the other graph is not bipartite.

9. What is the product of the incidence matrix and its transpose for
an undirected graph?

10. Draw the graph represented by the following adjacency matrix.

1 21
2 00
0 2 2

3.5 Connectivity

Definition 3.5.1 Walk: A walk is defined as a finite alternating sequence
of vertices and edges, beginning and ending with vertices such that each edge
is incident with the vertex preceding and following it. (No edge appears more
than once, and vertex may be repeated.)
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Example 3.5.2 Consider the graph G. In this graph, viejviesvsegvs is a
walk.

€4
Vi v,y v
&)
€ €5 €¢
\z!
€ V3

Example of a walk

Remarks:

1. A walk is also referred to as an edge train or a chain.
2. No edge appears more than once in a walk.

3. Every walk is a subgraph of G.

Definition 3.5.3 Terminal Vertex: In a walk, the vertex that begins and
ends the walk is called its terminal vertex.

For example, in the walk viesvsesvy in the figure above, the terminal
vertices are vy and vg.

Definition 3.5.4 Closed Walk: A walk with same end vertices is called a
closed walk.
In the example above, viesvsesvae vy s a closed walk.

Definition 3.5.5 Open Walk: A walk which is not closed is called an open
walk.
In the graph above, viesvzesve is an open walk.

Definition 3.5.6 Path or Simple Path or Elementary Path: An open
walk in which no vertex appears more than once is called a path or simple path
or an elementary path.

For example, in the graph above, viesvsegus is a path, but
V1€3V3€e5V2e4V1 €1V 1S Mot a path, since vy is repeated twice.

Definition 3.5.7 Circuit or Cycle or Circular Path or Elementary
Cycle: A closed walk in which no vertex appears more than once is called a
circuit or a cycle or a circular path or an elementary cycle.

In the graph above, viesvsesvae vy @S a circuit.

Remarks:

1. A path does not intersect itself.
2. A self-loop can be included in a walk but not a path.
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3. Every circuit is called as a non-intersecting walk.
4. Every self-loop is a circuit, but every circuit is not a self-loop.

5. Every vertex in a circuit is of degree 2.

3.5.1 Connected and Disconnected Graphs

Definition 3.5.8 Connected Graph: A graph G is a connected graph if
there is at least one path between every pair of vertices in G. Otherwise G is
a disconnected graph.

Example 3.5.9 Consider the connected graph below.

€4
Vi vy Vs
€3
€ s €6
V4 V3

€

Connected graph

Definition 3.5.10 Component or Block: A disconnected graph consists of
two or more connected graphs. Each of these connected subgraphs is called a
component or block.

Example 3.5.11

Disconnected graph with two components

Theorem 3.5.12 A graph G is disconnected iff its vertex set V can be
partitioned into two mon-empty disjoint subsets Vi and Vo such that there
exists no edge in G whose one end vertex is in the subset Vi and the other in
the subset V5.

Proof.
Let G be a disconnected graph.

Let us fix a vertex a in G. Let V; be the set of all vertices such that they
are joined by paths to a.
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Now, consider Vo = V — Vj. Clearly, V5 is not empty (since G is
disconnected, V7 does not contain all vertices of G). Also, no vertex in V;
is joined to any vertex in V5 by an edge.

Conversely, suppose the partition exists.

Consider any two arbitrary vertices a and b of G such that ¢ € V; and
beVs.

—> There exists no path between a and b.

Otherwise, there would be at least one edge whose one end vertex would
be in V; and other end in V5.

— (@ is not connected.

Hence, the theorem is proved.

Theorem 3.5.13 If a graph (connected or disconnected) has exactly two
vertices of odd degree, then there must be a path joining these two vertices.
Proof.

Let G be a graph with exactly two odd degree vertices. Let them be vy and vs.

Case (i): Let G be a connected graph.
— There exists at least one path between vy and vs.

Case (ii): Let G be a disconnected graph.
= There exist at least two components.

Without loss of generality, we can assume G contains two
components g; and gs.

If both v, and v lie in the same component, then there exists
a path joining between v; and vs.

Suppose vy lies in g7 and vy lies in go. Then, g7 is a graph
containing exactly one odd degree vertex, and g, is a graph
having exactly one odd degree vertex, which is a contradiction
to the theorem that “the number of odd degree vertices is
always even”.

Therefore, v; and vy must be in the same component.
Hence, the theorem is proved.

Theorem 3.5.14 A simple graph with n vertices and k components can have
(n—k)n-k+1)
2

at most

Proof.
Let G be a simple graph with n vertices and k components, namely
91,92, 9k-

Let n; be the number of vertices in the i*" components g;, for all
i=1,2,...,k

Clearly, ny + no+---+nx =n

= Zle n; =n, and n; > 1.

We know that the maximum number of edges in the i*" component is
n; (ni — 1)
—

edges.
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The maximum number of edges in G
= the number of edges in g; + the number of edges in ¢go
+ -+ + the number of edges in g
=n1(n1 —1)/24+na(ne —1)/24 - + ng(ng — 1)/2
k

k k k
= an(nl -1)/2= Z (n? —n;) /2= (Zn? an> /2
i=1 i=1 i=1

i=1
k
(Z n? — n) /2. (3.2)
i=1

Let us consider

k k

k
Z(ni—l)zz:ni—Zl

= (n—k).

Squaring on both sides, we get

[Z("i -1)

i=1
(or) [(n1 = 1)+ (n2 = 1) + -+ (g, = D = (n — k)?
[(n1 — 12+ (ng — 1)+ -+ + (ng, — 1)?]
+ (positive cross terms) = (n — k)
(or) [(n34+1—2n1) + (n2+1—2ny) +---+ (n} + 1 —2ny)]
+ (positive cross terms) = (n — k)?
(or) (ni+ns+-+n)+Q+14---+1)

k times

2
= (n—k)2

2

—2(ny +ng + -+ +ny) + (positive cross terms) = (n — k)?
k k
(or) Z n? —k—2 Z n; + (positive cross terms) = (n — k)?
i=1 i=1
k k
(or) Z n?+k—2 Z n; < (n — k)?(by omitting the positive cross terms)
i=1 i=1
k
(or) Zn?+k—2n§(n—k)2

i=1

k
(or) Z n? < (n—k)*—k+2n. (3.3)
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Therefore, the maximum number of edges in G

SIS g (32
—§;ni—§ [using (3.2)]
<[(n—k)*—k+2n—n]/2 [using (3.3)]
— [(n— k)2 — k+n]/2

=mn-k)(n—k+1)/2

Hence, the theorem is proved.

3.6 Eulerian and Hamiltonian Paths

Definition 3.6.1 Eulerian Circuit: An Eulerian circuit in a graph G is a
simple circuit containing every edge of G.

Definition 3.6.2 Eulerian Trail: A trail in G is called an Eulerian trail if
it includes each edge of G exactly once.

Definition 3.6.3 Eulerian Path: An FEulerian path in G is a simple path
containing every edge of G.

Definition 3.6.4 Eulerian Graph: A closed walk which contains all edges
of the graph G is called an Fuler line, and the graph containing at least one
Euler line is called an Eulerian graph.

Example 3.6.5 The graphs are Eulerian graphs.

Star of David Mohammed's Semi Stars

Examples of Eulerian graphs

Theorem 3.6.6 A given connected graph G is an Eulerian graph if and only
if all vertices of G are of even degree.

Proof.
Suppose G is an Eulerian graph.
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=—> G contains an Euler line.

= G contains a closed walk covering all edges.
To prove: All vertices of G are of even degree.

In tracing the closed walk, every time the walk meets a vertex v, it goes
through two new edges incident on v with one we “entered” and other “exited”.
Since it is a closed walk, this is true for all vertices (intermediate and terminal
vertices). Thus, the degree of every vertex is even.

Conversely, suppose that all vertices of G are of even degree.

To prove: G is an Eulerian graph.
That is, to prove G contains an Euler line.

Construct a closed walk starting at an arbitrary vertex v and going through
the edges of G such that no edge is repeated. Since each vertex is of even
degree, we can exit from each and every vertex where we enter, and the tracing
can stop only at the vertex v. Name the closed walk as h.

Case (i): If h covers all edges of G, then h becomes an Euler line, and hence
G is an Eulerian graph.

Case (ii): If h does not cover all edges of G, then remove all edges of h from
G and obtain the graph G’. Since both G and G’ have vertices which are of
even degree, every vertex in G’ is also of even degree.

Since G is connected, h will touch G’ in at least one vertex v’. Starting
from v’, we can again construct a new walk h’ in G’. This will terminate only
at v’, since every vertex in G’ is also of even degree.

Now, this walk A’ combined with h forms a closed walk, starts and ends
at v, and has more edges than h.

This process is repeated until we obtain a closed walk covering all edges
of G. Thus, G is an Eulerian graph.

Theorem 3.6.7 A connected multigraph with at least two vertices has an
FEulerian circuit if and only if each of its vertices has even degree.

Proof.

Given: A connected multigraph G has an Eulerian path but not an Eulerian
circuit.

To prove: G has exactly two vertices of odd degree.

Suppose that a connected multigraph has an Eulerian path from a to b but
not an Eulerian circuit. The first edge of the path contributes 1 to the degree
of a. A contribution of 2 to the degree of a is made every time the path passes
through a. The last edge in the path contributes 1 to the degree of b.

Every time the path goes through b, there is a contribution of 2 to its
degree. Consequently, both a and b have odd degree. Every other vertex has
even degree, because the path contributes 2 to the degree of a vertex whenever
it passes through it.

Theorem 3.6.8 A connected multigraph has an FEulerian path but not an
Eulerian circuit if and only if it has exactly two vertices of odd degree.

Proof.
Given: The graph has exactly two vertices of odd degree.
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To prove: G has an Eulerian path.

Suppose that a graph has exactly two vertices of odd degree, say a and b.
Consider the larger graph made up of the original graph with the addition of
an edge {a,b}.

Every vertex of this larger graph has even degree, so there is an Eulerian
circuit. The removal of the new edge produces an Eulerian path in the original
graph.

Chinese postman problem:

If a postman can find an Eulerian path in the graph that represents the
streets the postman needs to cover, this path produces a route that traverses
each street of the route exactly once. If no Eulerian path exists, some streets
will have to be traversed more than once. This problem is known as the Chinese
postman problem.

Theorem 3.6.9 A directed multigraph having no isolated vertices has an
Eulerian path but not an Eulerian circuit if and only if the graph is weakly
connected and the in-degree and out-degree of each vertex are equal for all but
two wvertices, one that has in-degree larger than its out-degree by 1 and the
other that has out-degree larger than its in-degree by 1.

Proof.

If there is an Eulerian path, as we follow, each vertex except the starting
and ending vertices must have equal in-degree and out-degree, since whenever
we come to a vertex along an edge, we leave it along another edge. The starting
vertex must have out-degree 1 larger than its in-degree, since we use one edge
leading out of this vertex and whenever we visit it again, we use one edge
leading into it and one leaving it.

Similarly, the ending vertex must have in-degree 1 greater than its
out-degree. Since the Eulerian path with directions erased produces a path
between any two vertices, in the underlying undirected graph, the graph is
weakly connected.

Conversely, suppose the graph meets the degree conditions stated. If we
add one more edge from the vertex of deficient out-degree to the vertex X with
equal in-degree and out-degree. Because the graph is still weakly connected,
by this new graph has an Eulerian circuit. Now, delete the added edge to
obtain the Eulerian path.

3.6.1 Hamiltonian Path and Hamiltonian Circuits

Definition 3.6.10 Hamiltonian Path: A simple path in a graph G that
passes through every vertex exactly once is called a Hamiltonian path. That
is, the simple path xo,x1,T2,...,Tn—1,%, in the graph G = (V,E) is
a Hamiltonian path if V. = {xo,21,22,...,Tn_1,2n} and z; # x; for
0<i<j< n.

Definition 3.6.11 A simple circuit in a graph G that passes through
every vertex exactly once is called a Hamiltonian circuit. And the simple
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CIrcuit To,T1,...,Tn—1,Tn,To (with m > 0) is a Hamiltonian circuit if
TOyT1y-eeyTn_1,Ty 38 a Hamiltonian path.

Definition 3.6.12 Unicursal Graph: An open walk that includes all edges
of G without retracing any edge is called a unicursal line or an open Fuler
line.

A connected graph which has a unicursal line is called a unicursal graph.

Example 3.6.13 In the graph, the unicursal line is voejvie0vz€3U2€4v7 .

Vi V4
€4 é €
Vi V.
€3 3

Example of unicursal graph

Remark:

1. Adding an edge between the initial and final vertices of unicursal
line, we obtain an Euler line.

2. A connected graph is unicursal, if it has exactly two odd degree
vertices.

Theorem 3.6.14 In a connected graph G, with exactly 2k odd degree vertices,
there exist k edge-disjoint subgraphs such that they together contain all edges
of G and that each is a unicursal graph.

Proof.
Let the odd degree vertices of the given graph be named as vy, vs, ..., v, and
w1,Wws,...,wy in any arbitrary order.

Add k edges (new edges) to G between the pair of vertices (vi,w1),
(va,wa),. .., (Vg,wg) to form a new graph G’.

In the resultant graph G’, every vertex is of even degree.

=—> (' is an Eulerian graph.

— (' contains an Euler line, say P.

If we remove k newly added edges from P, that will split P into & walks
each of a unicursal line to itself.

That is, the first removal will leave a single unicursal line. The second
removal will split that into two unicursal lines, and each successive removal
will split a unicursal line into two unicursal lines, until there are k of them.

Hence, the theorem is proved.

3.6.2 Solved Problems

1. Does the graph given below have a Hamiltonian path? If so, find
such a path. If it does not, give an argument to show why no such
path exists.
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Given graph
Solution.
a—b—c—f—d—e is a Hamiltonian path.
2. Does the graph below have a Hamiltonian path. If so, find such a
path. If it does not, give an argument to show why no such path
exists.

¢
Given graph
Solution.
f—e—d—a—b—c is a Hamiltonian path.
3. Does the graph given below have a Hamiltonian path? If so, find
such a path. If it does not, give an argument to show why no such
path exists.

b
a@ .c
i ) k
d@ ®h
0 q
n 1
m
c@ @ ® g

f
Given graph

Solution.

No Hamiltonian path exists. There are eight vertices of degree 2,
and only two of them can be end vertices of a path. For each of the
other six, their two incident edges must be in the path. It is easy
to see that if there is to be a Hamiltonian path, exactly one of the
inside corner vertices must be an end and that this is impossible.
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4. Show that K, has a Hamiltonian circuit whenever n > 3.

Solution.

We can form a Hamiltonian circuit in K,, beginning at any vertex.
Such a circuit can be built by visiting vertices in any order we
choose, as long as the path begins and ends at the same vertex and
visits each of the other vertices exactly once.

It is possible since there are edges in K,, between any two vertices.
Give an example of a graph that has an FEulerian circuit and a

Hamiltonian circuit, which are distinct.

Solution.

The graph having an Eulerian circuit and a Hamiltonian circuit
which are distinct as shown below. The Eulerian circuit is
a—c—b—c—d-b-a.

c

Graph with Eulerian and Hamiltonian circuits

The Hamiltonian circuit is a—b—d—c—a.

Give an example of a graph which has a Hamiltonian circuit but
not an Eulerian circuit.

Solution.

The graph having a Hamiltonian circuit but not an Eulerian circuit
as shown below.

c d

Graph with Hamiltonian circuit but no Eulerian circuit

The Hamiltonian circuit is a—b—d—c—a.
There is no Eulerian circuit.

Give an example of a graph which has an Eulerian circuit but not
a Hamiltonian circuit.



Graphs 167

Solution.

The graph having an Eulerian circuit but not a Hamiltonian circuit
as shown below.

e f

Graph with Eulerian circuit but no Hamiltonian circuit
The Eulerian circuit is a—e—b—e—c—d—f—c—b—a.
There is no Hamiltonian circuit.

8. Show that a bipartite graph with an odd number of vertices does
not have a Hamiltonian circuit.

Solution.
Suppose that G = (V, E) is a bipartite graph with V' = V; U V3,
where no edge connects a vertex in V; and a vertex in V5.

Suppose that G has a Hamiltonian circuit. Such a circuit must
be of the form aq,by,as,bo,...,ar, b, where a; € Vi and b; € V,
for i = 1,2,...,k. Since the Hamiltonian circuit visits each vertex
exactly once, except for v1, where it begins and ends, the number
of vertices in the graph equals 2k, an even number.

Hence, a bipartite graph with an odd number of vertices cannot
have a Hamiltonian circuit.

9. For which values of m and n does the complete bipartite graph
K., » have a Hamiltonian circuit?

Solution. m =n > 2.
n—1

10. In a complete graph with n vertices, show that there are

edge-disjoint Hamiltonian circuits, if n is an odd number > 3.

Solution.
A complete graph G of n vertices has n(n — 1)/2 edges, and a
Hamiltonian circuit in G consists of n edges.

Therefore, the number of edge-disjoint Hamiltonian circuits in G
cannot exceed (n — 1)/2. That is, there are (n — 1)/2 edge-disjoint
Hamiltonian circuits, when n is odd.

The subgraph (of a complete graph of n vertices) in the figure below
is a Hamiltonian circuit. Keeping the vertices fixed on a circle, rotate
the polygonal pattern clockwise by 360/(n — 1), 2 - 360/(n — 1),
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3-360/(n —1),..., (n—3)/2-360/(n — 1) degrees. Observe that
each rotation produces a Hamiltonian circuit that has no edge in
common with any of the previous ones.

Thus, we have (n — 3)/2 new Hamiltonian circuits, all edge-
disjoint from the one as shown below and also edge-disjoint among
themselves.

Required graph for the problem

11. Explain Konigsberg bridge problem. Represent the problem by
means of a graph. Does the problem have a solution?

Solution.

There are two islands A and B formed by a river. They are
connected to each other and to the river banks C' and D by means
of seven bridges. The problem is to start from any one of the four
land areas A, B,C, D, walk across each bridge exactly once, and
return to the starting point.

" —AF |
] °

Konigsberg bridge and its graph

The situation is represented by a graph, with vertices representing
the land areas and the edges and the bridges.
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This problem is the same as that of drawing the graph without
lifting the pen from the paper and without retracing any line.

In other words, the problem is to find whether there is an Eulerian
circuit in the graph. But a connected graph has an Eulerian circuit
if and only if each of its vertices is of even degree.

In the present case, all the vertices are of odd degree. Hence,
Konigsberg bridge problem has no solution.

3.6.3 Problems for Practice

1. Can someone cross all the bridges shown in this map exactly once
and return to the starting point?

2. In Kaliningrad (the Russian name for Konigsberg), there are two
additional bridges, besides the seven that were present in the 18th
century. These new bridges connect regions B and C' and regions
B and D, respectively. Can someone cross all nine bridges in
Kaliningrad exactly once and return to the starting point?

3. Show that a directed multigraph having no isolated vertices has an
Eulerian circuit if and only if the graph is weakly connected and
the in-degree and out-degree of each vertex are equal.

4. For which values of n do the following graphs have an Eulerian
circuit?

(a) Kn (b)) Cn (c) Wy (d) @n

3.6.4 Additional Problems for Practice

1. Can you draw a graph of five vertices with degree sequence 1, 2, 3,
4,57

2. Show that there does not exist a graph with five vertices with
degrees 1, 3, 4, 2, 3, respectively.

3. How many edges are there in a graph with ten vertices each of
degree 57
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10.
11.

12.
13.

14.
15.

16.
17.

18.

Discrete Mathematical Structures

Let G be a graph with ten vertices. If four vertices have degree 4
and six vertices have degree 5, then find the number of edges of G.

Draw the graph represented by the given adjacency matrix:

01 01
101 0
01 01
1 01 0

How do you find the number of different paths of length r from i to
j in a graph G with adjacency matrix A?

Is the directed graph given below strongly connected? Why or
why not?

Define a bipartite graph.
Draw the complete graph K.
Define isomorphism of directed graphs.

What do strongly connected components of a telephone call graph
represent?

Define Hamiltonian path.

Give an example for a graph which is
(i) Eulerian and Hamiltonian

(ii) neither Eulerian nor Hamiltonian.

Describe a discrete structure based on a graph that can be used to
model airline routes and their flight times.

Show that a simple graph G with n vertices is connected if it has
more than (n — 1)(n — 2)/2 edges.

Show the isomorphism of simple graphs is an equivalence relation.

Derive an algorithm for constructing Eulerian path in directed
graphs.

Are simple graphs with the following adjacency matrices isomorphic?

01 00 01 01 00 01
1 01 0 10 1 01 0 01
01 01 01 01 0110
001 01O01’JO 01010
01 0101 001 101
101 010 110 0 1 0
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19. Examine whether the two graphs G and G’ associated with the
following adjacency matrices are isomorphic.

01 0100 01 0 01O
101 0 01 101 000
010100 01 0101
10101 0f’J0O O 1 0 1 O
00 01 01 10 01 01
01 0010 001010

20. Discuss the various graph invariants preserved by isomorphic
graphs.

21. If G is a self-complementary graph, then prove that G has n = 0 or
1 (mod 4) vertices.

22. If G is a connected simple graph with n vertices with n > 3, such
that the degree of every vertex in G is at least g, then prove that
G has Hamiltonian cycle.

23. In a round robin tournament, the team 1 beats team 2, team 3, and
team 4; team 2 beats team 3 and team 4; and team 3 beats team
4. Model this outcome with a directed graph.

24. Show that the number of vertices of odd degree in an undirected
graph is even.

25. If a graph, either connected or disconnected, has exactly two vertices
of odd degree, prove that there is a path joining these two vertices.

26. Find an Eulerian path or Eulerian circuit if it exists in each of the
following two graphs.

A B B C

A
(i) (i) D

C D E F E

27. Determine whether the following graphs G and H are isomorphic.
Give reason.

uy M

uy u3 Vs V2

V, v
us uy 4 3
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28.

29.

30.

31.

32.

33.
33.

34.

35.

36.

37.

Discrete Mathematical Structures

Which of the following simple graphs have a Hamiltonian circuit,
or if not, a Hamiltonian path?

Gy G, G;

il J

d

Prove that a simple graph is bipartite if and only if it is possible
to assign one of two different colours to each vertex of the graph so
that no two adjacent vertices are assigned the same colour.

Show that every connected graph with n vertices has at least n — 1
edges.

Show that there does not exist a graph with five vertices with
degrees 1, 3, 4, 2, 3, respectively.

Can you draw a graph of five vertices with degree sequence 1, 2, 3,
4, 57

Draw a graph that is Eulerian but not Hamiltonian.

Let G be a graph with ten vertices. If four vertices have degree 4
and six vertices have degree 5, then find the number of edges of G.

How many edges are there in a graph with ten vertices each of
degree 57

Give an example for a graph which is
(i) Eulerian and Hamiltonian
(ii) neither Eulerian nor Hamiltonian.

How do you find the number of different paths of length r from i to
j in a graph G with adjacency matrix A?
Establish the isomorphism of the following pairs of graphs.

v,
6 ug
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Algebraic Structures

4.1 Introduction

An algebraic system can be described as a set of objects together with some
operations. These operations will impose a certain structure on the set. In this
chapter, we study the axiomatic set theory, semigroups, groups, and monoids
which are the basic tools of discrete mathematics.

4.2 Algebraic Systems

Definition 4.2.1 Binary Operation: Let A be any set. A mapping
f:AxA— A s called a binary operation.

Definition 4.2.2 Algebraic System or Algebra: A set together with a
number of (binary) operations on the set is called an algebraic system or an
algebra.

Properties of Binary Operations:
Let G be a set.

(i) Closure Property: A binary operation x : G x G — G is said to
be closed, if for all a,b € G, an element a xb =z € G.
(ii) Associative Property: a x (bxc) = (axb) x ¢, for all a,b,c € G.

(iii) Existence of Identity: There exists an element e € G such that
exa=ax*e=a, for all a € G. The element e is called the identity
element.

(iv) Existence of Inverse: For a € G, there exists an element b € G
such that a xb = bxa = e. The element b is called the inverse of a,
and it is denoted by b = a~!.

(v) Commutativity: For all a,b € G, if a xb = bx a, then % is
commutative.

173
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(vi) Distributive Properties: Let e be any other binary operation on
G. Then,

ax(bec)=(axb)e(axc) (Left distributive law)
(bec)yxa=(bxa)e(cxa) (Right distributive law)

for all a,b,c € G.
(vii) Cancellation Property: For a,b,c € G and a # 0,

axb=axc=b=c.

Definition 4.2.3 Algebraic Structure: The operations on a set G define
a structure on the elements of G. Then, the algebraic system G is called an
algebraic structure.

Example 4.2.4 Let R be the set of real numbers. Consider the algebraic
system (R,+,x) where + and X are the operations of addition and
multiplication on R.

4.2.1 Semigroups and Monoids

Definition 4.2.5 Semigroup: A non-empty set S together with the binary
operation x : S x S — S is said to be a semigroup if * satisfies the
following conditions, namely, the closure property and the associative property.
We denote the semigroup as (S, x).

Example 4.2.6 Let N = {1,2,3,...} be the set of natural numbers. Then,
(N, +) and (N, ®) are semigroups under the binary operations of addition and
multiplication, respectively.

Definition 4.2.7 Monoid: A semigroup (M,x) with an identity element e,
with respect to the operation x is called a monoid. In other words, a non-empty
set M together with the binary operation x : M x M — M s said to be a
monoid if x satisfies the closure property, associative property, and the identity

property.
Example 4.2.8 Let ZT = {0,1,2,3,...} be the set of all non-negative

integers. Then, (Z1,+) is a semigroup as well as a monoid.

Definition 4.2.9 A semigroup (or monoid) (S,*) is said to be commutative
or abelian if axb=0bxa, for all a,b € S.

Example 4.2.10 The set of integers, the set of reals, the set of complex
numbers are abelian semigroups (abelian monoids) under the usual operations
of addition and multiplication.

Definition 4.2.11 Idempotent element: Let (G, *) be a group. An element
a € G is said to be idempotent if axa = a.
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Definition 4.2.12 Congruence Relation: Let (X,*) be an algebraic
system and E an equivalence relation on X. The relation E is called a
congruence relation on (X, %) if E satisfies the substitution property with
respect to the operation x.

Remark 4.2.13 Substitution Property: Let (X, *) be an algebraic system
i which * is a binary operation on X . Let us assume that E is an equivalence
relation on X.

The equivalence relation E is said to have the substitution property with
respect to the operation  if and only if for any z1,x2 € X,

(x1Ex)) A (22Exh) = (11 % 22) E(22 % 25)

where z7, x5 € X.

4.2.2 Solved Problems

1. Show that intersection of any two congruence relations on a set A is
again a congruence relation on A.

Solution.
Let E; and E5 be two congruence relations on (A, x).
= (a1E1a)) A (aaF1ah) = (a1 * az) By (a)] * af)
and (a1Eqal) A (agEsal) = (a1 * az) Ea(a) * ab).
Let £ = E1 n Eg.

To prove: FE is a congruence relation on A

(alEa’l) N (CLQEGIQ) = [0,1 (E1 N Eg)all] N [CLQ(El N EQ)G/Q]

Hence, F is a congruence relation on A.

2. Show that a semigroup with more than one idempotent cannot be
a group. Give an example of a semigroup which is not a group.

Solution.
Let (S,*) be a semigroup.
Let a, b are two idempotents.
axa=a and bxb=0.
Let us assume that (S,*) is group. Then, each element has an
inverse. Hence,

(axa)xa ! =ax(axa"t) (by associative property).
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Now,

(axa)xa ' =axa ' =e since axa=a. (4.1)
Also,
ax(axa™')=axe=a. (4.2)

From (4.1) and (4.2), we get a = e.

Similarly, we can prove that b = e.

But in a group we cannot have two identities, and hence (.59, *)
cannot be a group.

This contradiction is due to an assumption that (S,*) has two
idempotents.

Example: Let S = {a, b, c} under the operation x. The composition
table of (S, ) is shown in the following table.

Composition Table of (.5, %)

* a b c
a a c a
b c b a
c b a c

(S, %) is a semigroup which is not a group.

3. Give an example of a semigroup which is not a monoid.

Solution.
Let D={...,—4,-2,0,2,4,...}
(D, ) is a semigroup but not a monoid since its multiplicative
identity is 1, but 1 ¢ D.
4. Give an example of a monoid which is not a group.

Solution.
(Z*,-) is a monoid which is not a group, since for all a € Z7,
1
—e¢7t.
2
5. What do you call a homomorphism of a semigroup into itself?

Solution.
A homomorphism of a semigroup into itself is called a semigroup
endomorphism.

6. If (Z,+) and (E,+) are two semigroups, where Z is the set of all
integers and F is the set of all even integers, show that the two
semigroups (Z,+) and (E, +) are isomorphic.
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Solution.
First, we define a function g : Z — FE by g(a) = 2a, for all a € Z.

To prove g is one-to-one:

Suppose g(a1) = g(az), where a;,as € Z.
Then, 2a; = 2as = a1 = as.
Therefore, g is one-to-one.

To prove g is onto:

Suppose b is an even integer.

b
Let a = 3 Then, a € Z and
b

sor-a(2) =2 Lo

That is, every element b € E has a preimage in Z.
Therefore, g is onto.

To prove g is homomorphism:
Let a,b € Z.

gla+b)=2(a+10)
=2a+2b
= g(a) +9(b).
Hence, (Z,+) and (E,+) are isomorphic semigroups.
7. If x is a binary operation on the set of R of real numbers defined
by axb=a+ b+ 2ab,
(i) show that (R,*) is a semigroup.
(ii) find the identity element if it exists.
(iii) which elements has inverse and what are they?
Solution.
(i)
(axb)xc=(a+b+2ab)+c+2(a+ b+ 2ab)c
=a+ b+ c+ 2(ab+ bc+ ca) + 4abc
and
ax(bxc)=a+ (b+ c+ 2bc) + 2a(b+ ¢ + 2bc)
=a+ b+ c+2(ab+ be + ca) + 4abe.
Hence, (axb) xc=ax* (bxc).
Therefore, x is associative.
(ii) If the identity element exists, let it be e. Then for any a € R,

axe=a
or a+e+2ae=a
or e(l1+2a)=0.

Therefore, e = 0, since 1 + 2a # 0, for any a € R.
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(iii) Let a=! be the inverse of an element a € R. Then, axa™! = e.
That is, a +a 1 +2a-a=1 =0
a=t-(1+2a) = —a.

Therefore, =t = —

1+2a’

1
Hence, if a # 3 then a1 = a

1+ 2a
8. Show that a semigroup with more than one idempotent cannot be
a group. Give an example of a semigroup which is not a group.

Solution.
Let (S, *) be a semigroup.

Let a,b € S be two idempotents. Then,

axa=aand bxb="0.

Let us assume that (S, *) is a group. Then, each element has its
inverse. Now, by associative property, we have

1

(axa)xa ' =ax(axa™t).

1

(axa)xa ' =axat=e. (4.3)

ax(axa ) =axe=ua.

From (4.3) and (4.4), we get a = e.

Similarly, we can prove that b = e.

But in a group, we cannot have two identities and hence (.59, *)
cannot be a group. This contradiction is due to the assumption that
(S, *) has two idempotents.

Example: Let S = {a, b, ¢} under the operation x. The composition
table of (S, ) is given inthe following table.

Composition Table of (.5, %)

* a b c
a a c a
b c b a
c b a c

(S, %) is a semigroup but not a group.

9. Let (N,+) be the semigroup of natural numbers and (S,*) be a
semigroup where S = {e, 0,1} with the operation x given in the
following table.

Composition Table of (.S, *)

* e

[en el an R an]
— O = =

e e
0 0
1 1
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A mapping g : N — S is defined by g(0) = 1 and ¢(j) = 0 for
j #0.Is g is a semigroup homomorphism?
Solution.
Though both (N, +) and (S, *) are monoids with identities 0 and e,
respectively, g is not a monoid homomorphism because ¢g(0) # e.

g is a semigroup homomorphism.

10. If x is the operation defined on S = Q x Q, the set of ordered pair
of rational numbers and given by (a,b) * (z,y) = (ax,ay + b), show
that (S, %) is a semigroup. Is it commutative? Also, find the identity
element of S.

Solution.
Given

(a.0) % (2,y) = (az, ay +b). (4.5)

To prove: (S,x) is a semigroup, that is, to prove * is associative.

[(a,b) x (z,y)] * (¢,d) = (ax + ay + b) x (¢,d) [using (4.5)]
= (acx,adx + ay +b) [using (4.5)]. (4.6)

(a,b) * [(x,y) * (¢,d)] = (a,b) * (cx,dx + y)
= (acz,adzx + ay + b). (4.7)

From (4.6) and (4.7), % is associative on S.
To prove (S,%) is not commutative:

(z,y) * (a,b) = (azx,bx +y). (4.8)
(a,b) * (z,y) = (ax,ay + b). (4.9)

From (4.8) and (4.9), (a,b) * (z,y) # (z,y) * (a, b).
Hence, (S, *) is not commutative.
To find the identity element of (.5,*):
Let (e1,es) be the identity element of (S,%). Then, for all
(a,b) € S, we have (a,b) * (e1,e2) = (a,b)
= (aey,aes +b) = (a,b).
— ae; = a and aey +b =b.
— e =1and aes =0 or es =0.
Therefore, (1,0) is the identity element of (5, *).

11. Is it true that a semigroup homomorphism preserves identity?
Justify your answer. Or prove by an example that semigroup
homomorphism need not preserve an identity.

Solution.
To prove that semigroup homomorphism need not preserve
an identity:
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Let W ={0,1,2...}. Then, (W, +) is a semigroup homomorphism
with identity element 0. Let S = {e,0,1} and * be the operation on
S given by the table below.

Composition Table of (.5, *)
* e 0 1
e e 0 1
0 0 0 0
1 1 0 1

Then, (5, ) is a semigroup with identity e.

Now, define a mapping g : W — S by ¢(0) = 1 and ¢(i) = 0 for
i # 0.

We can see that g(a + b) = g(a) * g(b), for all a,b € W. Thus, g
is a semigroup homomorphism. But g(0) = 1 # e. Thus, g does not
preserve the identity.

12. Find all semigroups of Zs, xg where Zg = {[0], [1], [2], [3],][4], [5]}-

Solution.
The composition table is given below.

» X6

[=2]

Composition Table of (Z

~

xe 0] [1] [2] [3] [4] [b

[0) [0] [0] [0] [0] [0] [O

1 0] [1] 2] [3] [] [5

2] [0] [2] [4] [0] [2] 4

B8] [0] [3] [0] [3] [0] [3

[4] [0] [4] [2] [0] [4] [2

5] [0] [5] [4] [3] [2] [1

The semigroups are

{[0]}, {1o], [1]}, {0},
{[1], 2], [4]}, {(0], (1], 2], (4}, {[2], [4]},
{[0], [3), 4]}, {[1], 5]}, {[0], [1], [5]},
{[0], [4]}, {[0], 1], 4]}, {[0], [2], 3]},
{[0], (1], [2}, [3]}-

13. Prove that (Zs, x5) is a commutative monoid, where x5 is the
multiplication modulo 5.

Solution.
Zs = {[0], [1], [2], [3], [4]}-

The composition table is given below.
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Composition Table of (Z5, x5)

x5 [0 Q] 2] 3] [4]
[0 [o] [o] [o] [o] 0]
[ oy [ 2 B [4
2] [0 2] [4 [ 3]
8] [0 (3 [] [4 [
[4] [0 [4 B [2 [

(i) Closure Property:
From the table above, it is clear that Z5 is closed under xs.
(ii) Associative Property:
It is also clear that the associative property holds from the
table above. That is, [a] X5 ([b] x5 [c]) = ([a] X5 [b]) x5 [¢], for
all [a], [b], [c] € Z5.
(iii) Existence of Identity:

[1] is the identity element since [a] X5 [1] = [a], for all [a] € Z5.
(iv) Commutative Property:

Clearly, from the table above, [a] x5 [b] = [b] x5 [a], for all

[a], [b] € Zs.

Hence, (Zs, x5) is a commutative monoid.

14. Let (M, *,epr) be a monoid and a € M. If a is invertible, then show
that its inverse is unique.

Solution.

Let b and ¢ be inverse elements of a € M such that
axb=bxa=eand axc=c*a=e.
Now,b=bxe=bx(axc)=(bxa)xc=e*xc=c.

Therefore, its inverse is unique.

15. Show that the set N of natural numbers is a semigroup under the
operation z xy = maz{x,y}. Is it a monoid?

Solution.
Let N = {1,2,3,...}. Define the operation z x y = max{z,y} for
z,y € N.

Clearly, (N,x) is closed because z x y = maz{z,y} € N and « is
associative since

(x*y) *z = max{z*y,z}
= max{maz{z,y}, z}
= max{x,y, 2z}

= max{z,max{y, z}} = maz{x,y* z} = v * (y * 2).

Therefore, (N, %) is a semigroup.

16. Prove that monoid homomorphism preserves invertibility and
monoid epimorphism preserves a zero element (if it exists).
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Solution.
Let (M,*,ep) and (T,A,er) be any two monoids, and let
g: M — T be a monoid homomorphism. If a € M is invertible,
let a~! be the inverse of a in M. We will now show that g(a™!) will
be an inverse of g(a) in T.

axa t=a"lxa=eyp (by definition of inverse)

So, glaxa™t) =gla™t xa) = g(en).

Hence, g(a)Ag(a™) = g(a=)Ag(a) = g(er). (since g is a
homomorphism)
But g(en) = er. (since g is a monoid homomorphism)

Therefore, g(a)Ag(a=?) = g(a=')Ag(a) = er.

This means g(a~1) is an inverse of g(a). That is, g(a) is invertible.
Thus, the property of invertibility is preserved under monoid
homomorphism.

Assume g is a monoid epimorphism. Let ¢ = g(b) € T. Then

tAg(z) = g(b)Ag(z) = g(b* z) = g(2)
and  g(z)At = g(2)Ag(b) = g(z % b) = g(2).
Therefore, g(z) is the zero element of T'.
17. The operation  is defined by a xb = a + b — ab, on the set Q
of all rational numbers. Show that under this operation, Q is a
commutative monoid.

Solution.

(i) Closure Property:
Since a + b — ab is a rational number for all rational numbers
a, b, the given operation « is a binary operation on Q.

(ii) Associative Property:
For all a,b,c € Q,

(axb)*xc=(a+b—ab)*c
=(a+b—ab)+c—(a+b—ab)c
=a+b—ab+c—ac—bc+ abc
=a+(b+c—bc)—alb+ c—be)
=ax*(b+c—bec)
=ax(bxc).

Hence, x is associative.
(iii) Existence of Identity:
For any a € Q,
ax0=a+0—-a-0=a
and O0xa=04+a—0-a=a.
Hence, 0 is the identity element in Q under the operation x.
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18.

19.

(iv) Commutative Property:
From the definition of the operation , it is clear that x is
commutative.

Hence, under the operation *, Q is a commutative monoid with 0
as the identity element.

Let V = {a,b} and A be the set of all sequences on V including A
beginning with a. Show that (A4, o, A) is a monoid.

Solution.

Let V = {a,b} and A be the set of all sequences on V including
A beginning with a. Then, A = {A, a, ab, aa, ab, aba, abd, ...}. Let
o be a concatenation operation on the sequences in A. Clearly for
any two elements a, 8 € A, aof = af also belongs to A, and hence
(4, 0) is closed.

Also o is associative because

(aop)oy=apy
=ao(fy)
= (aofBon).

A is the identity since Aoa = ao A = q, for all a € A.
Therefore, (A,0,A) is a monoid.
Let V = {a,b}. Show that (V*,0,A) is an infinite monoid.

Solution.

While defining the alphabet and set of strings V*, we proved that
(V*,0,A) is a monoid, where A is an empty string. So, it is enough
to show that V* is an infinite set. As a is an element of V| a, aa, aaa,
aaaaq,. . .; b, bb, bbb, bbbb,. . .; and ab, abb, abbb, ... are the elements
of V*, and hence V* contains infinitely many strings including an
empty set.

4.2.3 Groups

Definition 4.2.14 Group: A non-empty set G together with a binary
operation *, that is (G,*), is called a group if x satisfies the following

conditions:

(i) Associative: For every a,b,c € G, a* (bxc) = (axb) * c.
(ii) Existence of Identity: There exists an element e € G called
the identity element such that a xe =exa = a, for alla € G.

(iii) Existence of Inverse: There exists an element a=' € G called

the inverse of a such that axa ' =a ' %xa =e, for each a € G.

183
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Example 4.2.15 The set of all integers Z with the addition operation is a
group.

Example 4.2.16 The set of all mon-zero real numbers R* wunder the
multiplication operation is a group.

Definition 4.2.17 Abelian Group or Commutative Group: A group
(G, %) is said to be an abelian group or commutative group if axb = bxa, for
all a,b € G.

Otherwise, it is a non-abelian group.

The set of all integers Z with the addition operation is an abelian group.

Properties of Groups

1. The identity of a group is unique.

2. The left and right cancellation laws are true.

(i) axb=axc=b=c (left cancellation law) and
(ii) bxa=cxa=b=c (right cancellation law).
The inverse of any element in a group is unique.

If @ is an element of a group G, then (a—l)_l =aq.

For any two elements a,b in a group G, (axb)~ ' =b"!xa~!.

o ok W

In a group, the solution for the equations a xz = b and yxb = a
exists, and it is unique.

Theorem 4.2.18 FEvery row or column in the composition table of a group
(G, %) is a permutation of the elements of G.

Proof.
Initially, we shall show that no row or column in the composition table can
have an element of G more than once.

Let us assume the contrary. Suppose that the row corresponding to an
element ¢ € G has two entries which are both k. That is, assume that
a*b; =axby =k, where k,by,bo € G and by # by. Then by cancellation
law, we have by = by which is a contradiction. A similar result holds for any
column.

Next we will show that every element of G appears in each row and column
of the table of composition. Consider the row corresponding to the element
a € G, and let b be an arbitrary element of G. Since b = ax(a~!xb), “b” must
appear in the row corresponding to the element a € G. The same argument
applies to every column of the table.

Thus, we obtain that no two rows or columns are identical. Hence, every
row of the composition table is obtained by a permutation of the elements G
and that each row is a distinct permutation. The same result applies to the
columns of the composition table.
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Theorem 4.2.19 In a group (G, %), an element a € G such that a® = e,

a# e if and only if a = a™".

Proof.
Let us assume that a = a~1.
Then, a> =a*xa=a*a ' =e.

Conversely, assume that a? = e with a # e.

That is, axa=e
a txaxa=atlxe
exa=a"t
a=a"t.

Theorem 4.2.20 In a group (G,*), (a™')~t =a, for alla € G.

Proof.
Let a~! be the inverse of a.
axa t=a"lxa=c¢

= q is the inverse of a~1.
That is, (a=1)~! = a.

Definition 4.2.21 Permutation Group or Symmetric Group: The set
P, of all permutations of n elements is a permutation group or a symmetric
group under the composition of functions.

That is, P, = {f/f is a one-to-one and onto mapping from S to S} isa
group under the composition operation of functions, where S is any non-empty
set.

Example 4.2.22 The set Ps of all permutations on S = {1,2,3} is a finite
non-abelian group of order sixz with respect to composition of mappings.
The composition table for Ps is given in the table below where,

Composition Table of Ps

o fi fo fs fa f5 fe
fi fi fo fs fa f5 fe
fo fo f fo fs5 fo f3
fs fs fs fi fe [fa Ja
fa fa fo f5 f1 f3 fo
fs fs fs fa fo fo f1
fe fo fa fo f3 fi fs




186 Discrete Mathematical Structures

4.2.4 Solved Problems

a 0
0 0

matrix multiplication.

1. Show that G = { ) ca#£0€ R} is an abelian group under

Solution.

(i) Closure Property:

a O b 0
LetA(O O)’B<O O>€G.

Then, AB = (%b 8) € G since ab € R, for all a,b € R.

(i) Commutative Property:
AB = BA is true for all A, B € G, since
AB = BA = <%b 8) [.-ab = ba is true in R].
(iii) Associative Property:
Matrix multiplication is associative always. That is,
A(BC) = (AB)C, for all A,B,C € G.
(iv) Existence of Identity:

E= (1) 8 € G is the identity in G, since

AE:(S 8) (é 8):(8 8):A,forallAeG.

(v) Existence of Inverse:

A= (¢ 0 € G, then A™1 = % 0 € G is the inverse of
~\o o : ~—\o o >

A,sinceAA1<(1) 8) ('.'a#OGRﬁ%#OER).

Hence, G is an abelian group under matrix multiplication.

2. Examine whether G = { Z ) a #0 € R} is a commutative
group under matrix multiplication, where R is the set of all real
numbers.

Solution.

(i) Closure Property:

Let A= [ *) B= (" %) @ Then,
a a b b

AB = 2ab - 2ab € G since 2ab € R, for all a,b € R.
2ab  2ab

(iil) Commutative Property:
AB = BA is true for all A, B € G, since

AB = BA = @Zlg ;Zg) [." 2ab = 2ba is true in R].
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(iii) Associative Property:
Matrix multiplication is associative always. That is,
A(BC) = (AB)C, for all A,B,C € G.

(iv) Existence of Identity:

E= < ) € G is the identity in G, since

AE( Z)( )(g Z)A,forallAeG.

(v) Existence of Inverse:

N= N
Q Q W= N

NI D=
(SIS

11

IfA= (a a) € G, then A~! = (41“ 41“> € @ is the inverse
a a 1 1
4a 4a

OfA,sinceAA_1:< ) (fra#20eR= L # 0€ R).

[T NI
[N

Hence, G is a commutative group under matrix multiplication.

3. Prove that G = {(é ?) ; <_01 ?) ) (é _01> ) <_01 _01>}

forms an abelian group under matrix multiplication.
Solution.

10 -1 0 1 0 -1 0
Let A = (0 1),3(0 1),0 <0 _1>,D - (0 _1>.

The composition table is shown in the table below.

Composition Table of (G,

)

D
D
C
B
A

Qe -
Qe
QT =T
e TQaQ

(i) Closure Property:
Clearly, from the table above, we have zy € G for all z,y € G.
Hence, closure property is satisfied.

(i) Commutative Property:
We observe from the table above that zy = yx, for all z,y € G.
Hence, commutative property holds.

(iii) Associative Property:
Matrix multiplication is associative always. That is z(yz) = (zy)z,
for all x,y,z € G.

(iv) Existence of Identity:

A= (é (1)> is the identity element in G since
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AA = A, AB = BA = B, AC = CA = (C, and
AD =DA=D.
(v) Existence of Inverse:
From Table 4.2, all elements in G are self-inverses.
That is, inverse of A is A, inverse of B is B, inverse of C' is C,
inverse of D is D, since AA = A, BB = A, CC = A,
DD = A.
Hence, G forms an abelian group under matrix multiplication.

4. Show that (Q*,%) is an abelian group, where * is defined by
b
a*b:%,Va,beQ*.
Solution.

(i) Closure Property:

ab
It is clear that for all a,b € QF, axb € QT, since 5 € Qt.
Hence, closure property is satisfied.

(i) Commutative Property:

a*b="bxa is true for all a,b € QF, since
b
a*b:b*a:%b ['.'%z%aistruein@*].

(iii) Associative Property:
b a%  ab
a*(b*c):a*<20> ac

:l:
2

ab e abe
(a*b)*c—<2 *C—T—T.

Therefore, a % (bxc) = (axb) xc, for all a,b,c € QF.
Hence, associative property is satisfied.
(iv) Existence of Identity:
e =2 ¢c QT is the identity element, since
-2
axe=ax2= aT =aq, foralla € QT.

(v) Existence of Inverse:

4 . . .
a~!=— € Q" is the inverse of a € QF, since
a

4
1 a - . 4q
axa T =a*x— = =_— =
a 2 2a
Hence, QT is an abelian group under the operation x defined in the
problem.

5. Prove that the identity element of a group is unique.

Solution.
Let (G,*) be a group.
Let e; and ey be two identity elements in G.
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Then,

e1xex = e [ eg is the identity]

€1 x ey = eg [ ep is the identity].

Thus, e; = es.
Hence, the identity is unique.

6. Prove that the identity element is the only idempotent element of
a group.

Solution.
Let (G,*) be a group.

Since e x e = e, e is the idempotent element.

Let a be any idempotent element of G.

Then, a xa = a.

Also, exa=a [ e is the identity element].

It follows that a xa = e x a.

By the right cancellation law, we have a = e, and so e is the only
idempotent element.

7. Prove that if every element in a group is its own inverse, then the
group must be abelian. Or prove that for any group (G, %), if a®> = e
with a # e, then G is abelian.

Solution.
Given a =a~ ! for all a € G.
Let a,b € G. Then, a =a~ ' and b =b"1.

Now, (a%b) = (axb)~!

=blxag !

=bxa.

= G is abelian.

8. Prove for any element a in a group G, the inverse is unique.

Solution.
Let a be any element of a group G.

If possible, let @’ and a” be two inverses of a. Then
axa =da xa=ce
axa’=a"xa=e.

Now, a' =d' =d' x(axa”) = (a' xa)xa

Hence, the inverse is unique.

"

9. Prove that in a group (G,*), (axb)™' =b"1xa

Solution.

(axb)(b"txa ™ =ax(bxb1)xa!
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10.

11.

Discrete Mathematical Structures
_ -1

=a*xexa
—axa l=¢

and
(b P xa ) x(axb)=b"lxatxaxb

=blxexb
=b'xb=e.
Hence, (axb)~! =b"1xa™ L.

If @ and b are any two elements of a group (G, ), then show that
G is abelian if and only if (a % b)? = a2 x b

Solution.
Necessary Part:
Given that (G, *) is an abelian group.

= For all a,be G,axb=bxa. (4.10)
To prove: (axb)? = a®xb?.

(a%b)*> = (axb)x (axb)

=a*(bxa)xb
=ax*(axb)xb [using (4.10)]
= (axa)*(bxb)
= a® x b%.
Sufficient Part:
Given: (a%b)? = a® * b2 (4.11)

To prove: axb = bx*a.

(4.11) = (axb)? =a**b?

(axb)x(axb) = (a*xb)*(bxb)
ax[bx(axb)]=ax*lax(bxd)

bx(axb) =ax(bxb) (using left cancellation law)
(bxa)xb=(axb)*xb (using associative property)

bxa=ax*b (using right cancellation law)

FEErny

G is abelian.

Show that every group of order four is abelian.

Solution.
Let (G, *) be a group of order four where G = {e, a,b,c}. Since G
is of even order, there exists at least one element, say a such that

a~! = a. Then, two cases arise:
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12.

13.

(i) bt=bcl=c
(i) b= l=c, e t=0.

Case (i):el=¢,al=a,bl=bcl=c
That is, every element has its own inverse.
Then, (G, *) is abelian.

Case (ii):at=a, bl =c, ct =0
Therefore, a®> =e, bxc=e, cxb=ce.

Since (G, *) is a group, its elements will appear in a row (column)
only once.

Since a, e appear in the second row and b appears in the third
column, ¢ will appear as (2,3)"™ element.
: (2,4)*" element is b
3,3)t" element is a
element is ¢
element is b

)™M clement is a.
Composition Table of (G, *)
* e a b c
e e a b c
a a e c b
b b c a e
c c b e a

Show that the set S = {[1],[5],[7],[11]} is a group with respect to
multiplication modulo 12.

Solution.
The composition table of S with respect to X2 is given in the
table below: Here, 5 x12 7 = 35, which on division by 12 gives the

Composition Table of (S, x12)

X12 [1] [5] [7] [11]
() B [7 11
][5 [ {1 [7]
7 [7 [y 1] [5]
L S O (N T R Y

remainder 11, 11 x5 7 = 77, which on division by 12 gives the
remainder 5, etc.

Hence, S is a group, in which [1] is the identity and each element
of S is its own inverse.

Show the set of matrices G = { (cosa — e a) ,a € R} forms a

sina  cosa
group under matrix multiplication.
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Solution.

(i) Closure Property:
Lot A, — (5@ —sma) € Gand Ay = <cosﬂ —smﬁ) ca

sina cosa sinf  cosp
Then
A A, — [cosa —sina\ (cosf —sinf
a8 = \sina  cosa sinf8  cosf3
_ (cosacosf —sinasinfS —(cosasinf + sinacos f)
~ \sinacos 3 + cosasin 8 cosacos B — sinasin 3

- (Zﬁf((fﬁ I g; _ccs)isr(léa:/f)) > = Autp €G. (4.12)

(ii) Associative Property:
We know that matrix multiplication is associative.
(iii) Existence of Identity:

Iy = <(1) (1)> is the identity in G, since Aoly = IpAn = A, for

A, €G.
(iv) Existence of Inverse:
A_,, is the inverse of A, for each A, € G,
since AqA_o = Agt(—a) = Ao = o, using (4.12)

Hence, G forms a group under matrix multiplication.

4.2.5 Subgroups

Definition 4.2.23 Subgroup: A non-empty subset H of a group G is said
to be a subgroup of G, if H itself is a group under the same operation defined
on G and with the same identity element.

Example 4.2.24 The set of all integers Z is a subgroup of the set of all real
numbers R under usual addition. That is, (Z,+) is a subgroup of (R, +).

Theorem 4.2.25 The necessary and sufficient condition is that a non-empty
subset H of a group (G, ) is a subgroup iff for any a,b € H, axb~! € H.

Proof.
Necessary condition:
Assume that H is a subgroup of G.
Since H itself is a group, we have a,b € H = axb € H (using closure
property). Also, b€ H = b~! € H (using inverse property).
a,be H=qab'c H=axb'cH.

Sufficient condition:
Let axb~! € H, for all a,b € H and H is a subset of G.
We have to prove H is a subgroup of G.
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(i) Existence of Identity:
letae H=—axa e HCG
= ecH.
e is the identity element of H.

(ii) Existence of Inverse:
Letec Hae H
—exaleHCG
= alecH.
Every element of H has an inverse in H.

(iii) Closure Property:
Letbe H=1b"' € H.

For a,be H=a,b-'ec H

:>a*(b*1)_1 cHCG
== axbc H.

H is closed under the operation x.

(iv) Associative Property:
Given that H C G.
—> The elements of H are also the elements of G. Since * is
associative in (G, it must also be associative in H.
Therefore, H itself is a group under the operation x in G.

4.2.6 Cyclic Groups

Definition 4.2.26 Order of a group: Let (G,x) be a group. The number
of elements in G is called the order of the group G and is denoted by O(G).

Note: If O(G) is finite, then G is called a finite group, otherwise it is called
an infinite group.

Definition 4.2.27 Cyclic Group: A group (G, *) is said to be cyclic if there
exists an element a € G such that any x € G can be written as either x = a™
or x = na, where n is some integer.

This element a is called the generator of the cyclic group G, that is, the
cyclic group generated by a, and we denote it by G = <a>.

Example 4.2.28 The multiplicative group, G = {1,—1,4,—i}, (i being the
complex number) is cyclic.

We can write 1 = i*, —1 =42, i = i3. That is all the elements of G can be
expressed as integral powers of the element i.

Therefore, G is a cyclic group generated by i. Since i is the generator of G,
i~ is also a generator of G.

Hence, G is a cyclic group, and its generators are i and i~ 1.
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Theorem 4.2.29 FEvery cyclic group is abelian.

Proof.

Let (G, *) be a cyclic group generated by an element a € G, that is G = <a>.
Then, for any two elements x,y € G, we have x = o™,y = a™, where m,n

are integers. Therefore,

rxy=a"xa™
— am+n
=a™ *xa"
=y*z
Thus, (G, *) is abelian.

Theorem 4.2.30 Let (G,*) be a finite group generated by an element a € G.
If G is of order m, that is, O(G) = n, then a™ = e so that

G = {a,da?,...,a"™ = e}. Further, n is the least positive integer for which
a =e.
Proof.

Let us assume that, for some positive integer m < n, a™ = e.

Since G is cyclic, any element of G can be written as a*, for some k € Z.
By division algorithm, we have k = mq + r, where ¢ € Z and 0 < r < m.
Therefore,

ak: —_ aqurr

=a™ %xa"
= (a™)"xa"
=el%xa”
=exa”
=a’.
Hence, every element of G can be expressed as a”, for some 0 < r < m.
Therefore, G has at most m distinct elements. That is, O(G) = m < n,
which is a contradiction.
Hence, a™ = e, for m < n is not possible.
We now proceed to show that the elements a,a?,a?,...,a" are all distinct

where a™ = e.
If possible, let a* = a7, for i < j < n. Therefore,

atxa 7l =alxa’
= a7 =d""7 =e where i—j<n,

which is again a contradiction.
Hence, a* # a?, for i,j5 < n.
Hence, the theorem is proved.
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Theorem 4.2.31 FEvery subgroup of a cyclic group is cyclic.

Proof.
Let G be a finite cyclic group of order n with generator a. That is,

g=1{ea,a® ... a"" '}

Let H be a subgroup of G. Then, elements of H are of the form a* with
1 < k < n. Let t be the smallest positive integer such that o' € H. We shall
prove that H = <a’>. Indeed, let a™ € H. By the division algorithm, there
exist unique integers ¢ and 7 such that m = tq 4+ r where 0 < r < t. It follows
that a™ = (a')%a” or a” = a™(a’)79. But a™ € H and a' € H. Then by
closure, a” € H. Since t is the smallest positive integer such that a! € H, we
must have r = 0. Hence, a™ = (a?)? or ¢™ € <a'>. Clearly, <a®>C H since
a' € H and H is a group.

Theorem 4.2.32 FEvery group of prime order is cyclic and hence is abelian.

Proof.

Let G be a group with O(G) = p, a prime.
Let a # e € G and H = <a> be the cyclic group of G generated by a.
By Lagrange’s theorem, O(H)|p. So, O(H) =1 or p.
Since O(H) # 1 (as a # e and a,e € H, O(H) > 2), we have O(H) = p.
So, G = H = <a> is a cyclic group.
Since every cyclic group is abelian, G is abelian.

4.2.7 Homomorphisms

Definition 4.2.33 Homomorphism: Let (G,*) and (H,A) be any two
groups. A mapping f : G — H s said to be a homomorphism if
flaxb) = f(a)Af(b), fora,beG.

Example 4.2.34 Let G = (Z,+) and H = (nZ,+) be two groups (for a fized
integer n). The mapping f : G — H defined by f(m) = nm form € Z is a
homomorphism from G into H.

Definition 4.2.35 Kernel of a Homomorphism: Let f : G — G’ be a
group homomorphism. The set of elements of G which are mapped into €' (the
identity of G') is called the kernel of f and is denoted by ker(f). That is,

ker(f) ={z € G/f(x) =€, where €' 1is the identity of G'}.

Theorem 4.2.36 The kernel of a homomorphism f from a group G into a
group G’ is a subgroup of G.

Proof.
Let f: (G,*x) — (G’,*') be any homomorphism.

Then, ker(f)={x € G/f(z) =€, where ¢ is the identity of G’}.
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Since f(e) = €’ is true always, at least e € ker(f). Therefore, ker(f) is a
non-empty subset of G.
Let a,b € ker(f) with f(a) =€’ and f(b) = ¢’. Therefore,

flaxb™Y) = f(a) %" f(b~")(since f is a homomorphism)
= fla) %' (f(0))”

=e «¢€
/
=e

= axb '€ ker(f).

That is, a,b € ker(f) = axb~t € ker(f). Hence, ker(f) is a subgroup of G.

Definition 4.2.37 Endomorphism: A homomorphism f of a group into
itself is called an endomorphism.

Definition 4.2.38 Isomorphism: A mapping f from a group G to a group
G’ is said to be an isomorphism if f is a one-to-one and onto homomorphism.

Theorem 4.2.39 Cayley’s Representation Theorem: Fvery finite group
of order n is isomorphic to a permutation group of degree n.

Proof.
Let G be any finite group of order n. For each a € G, define a function
fa : G — G such that f,(z) = az, for every z € G.
Clearly, this function f, is bijective (one-to-one and onto).
Consider Gy = {f./a € G}.
This G; becomes a group under the composition operation of functions.
That is, (G, 0) is the permutation group of order n.
Now, define a function ® : G — G such that ®(a) = f,, for all a € G.

Claim 1: ¢ is a homomorphism

(I)(b) = fab
= faofy [since fop(x) = abx = a(bx) = fo(bx) = fu 0 fo(x)]
= ®(a) o ®(b).

Claim 2: & is bijective
Clearly, ® is one-to-one, since

®(a) = (b)
= fa=1/o
= fo(x) = fo(x), forevery ze€G
= ar =V0bx
= a="h

Also, for every f, € G, we have a € G such that ®(a) = f,.
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Therefore, ® is onto.

Hence, @ is bijective. Thus, ® : G — (G becomes as an isomorphism.

Hence, every finite group of order n is isomorphic to a permutation group
of degree n.

Theorem 4.2.40 Any cyclic group of order n is isomorphic to the additive
group of residue classes of integers modulo n.
Proof.
Let G = {a,a?,...,a™ = e} be a cyclic group of order n generated by a.
We know that (Z,,,+,) is the additive group of residue classes modulo n
Let f: G — Z, be defined by f(a") = [r], for all a” € G.
For all [r] € Z,, there exists a” € G such that f(a") = [r]
= f is onto.

For r # s, [r] # [s] and hence f(a") # f(a®)

= f is one-to-one.
For all a",a® € G, f(a" -a®) = f(a"%) = [r+s] = [r] + [9]
= f(a") +n f(a%)

— f is a homomorphism.
Hence, (G, -) is isomorphic to (Z,, +).

4.2.8 Cosets and Normal Subgroups

Definition 4.2.41 Left and Right Cosets: Let (H,*) be a subgroup of a
group (G,*).

(i) For any a € G, the set ax H defined by
axH ={axh/he H}

is called the left coset of H in G determined by the element a € G.
(ii) For any a € G, the set H x a defined by

Hx={h*a/h € H}
is called the right coset of H in G determined by the element a € G.

Example 4.2.42 Consider the multiplicative group G = {1,—1,i,—i} and a
subgroup H = {1,—1}. Clearly, iH, —iH, 1H, and —1H are the left cosets.

Definition 4.2.43 Index of a subgroup in a group: Let (H,*) be a
subgroup of a group (G,x). Then, the number of different left (or right) cosets
of H in G is called the index of H in G, and it is denoted by i (H).

Some important results:

(i) If G is abelian, then a x H = H x a, for all a € G.
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(ii) If H is a subgroup of G and e € H, then ex H = Hxe = H.
(ili) Any two left or right cosets of H in G are either disjoint or identical.

(iv) The union of all distinct left (or right) cosets of H in G is equal
to G.

Theorem 4.2.44 Let (H,*) be a subgroup of a group (G,*). The set of left
cosets of H in G forms a partition of G. Also, every element of G belongs to
one and only one left coset of H in G.

Proof.
To prove: Every element of G belongs to one and only one left coset of H
in G.

Let H be a subgroup of a group G. Let a € G. Then, aH = H if and only
ifae H.

Suppose a € G and aH = H. Then,

aH=H = aec€ H=-ac€ H (since H is a subgroup and e € H).

Conversely, assume that a € H.
Then ah € H, for all h € H. So,

aH C H. (4.13)

Givenany y € H,a 'y € H,and y = a(a~'y) € H. So,y € aH, for all y € H.
That is,
H C aH. (4.14)

From (4.13) and (4.14), we have
H=qaH.

Hence, every element of G belongs to one and only one left coset of H in G.
To prove: The set of left cosets of H in G forms a partition of G.
Let a,b € G and H be a subgroup of G.
If aH N Ha # ¢, then let ¢ € aH N Ha.
Since ¢ € aH, we have cH = aH.
Let H be a subgroup of a group G. Let a,b € Gifb € aH;then bH = aH.
Since ¢ € bH, we have cH = bH. So

aH = cH = bH.

Thus, if aH NbH # ¢, then aH = bH.
Therefore, any two distinct left cosets are disjoint. Hence, the set of all
(distinct) left cosets of H in G forms a partition of G.

Theorem 4.2.45 Lagrange’s Theorem: The order of each subgroup of a
finite group is a divisor of the order of the group.
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Proof.
Let G be a finite group and H be a subgroup of G.
Let O(G) = n and O(H) = m. Let us consider all left cosets of H in G.
Each coset has exactly m elements.
ahi = aho = h1 = hs, for all a € G.
By result (iii), namely, G is decomposed into say r mutually disjoint
subsets, each of order m.
Therefore, n = rm. That is, O(G) = rO(H).
Thus, O(H) divides O(G).
Note: The converse of Lagrange’s theorem is not true in general. That is, if

n is a divisor of a group G, then it does not necessarily follow that G has a
subgroup of order n.

Theorem 4.2.46 If (G,x) is a finite group of order n, then for any a € G,
we must have a™ = e, where e is the identity of the group G.

Proof.

Let O(G) =n. Let a € G.
Then, the order of the subgroup <a> is the order of the element a.
If O(<a>)=m, then a™ = e, and by Lagrange’s theorem, we get m|n.
Let n = mk. Then, a" = a™ = (a™)* =e* =e.

Definition 4.2.47 Normal Subgroup: A subgroup (H,*) of a group (G,*)
is said to be a normal subgroup of G if for every x € G and for every h € H,
zhe™' € H orzHz ' C H.

Example 4.2.48 Consider the group (Z,+). Clearly, (3Z,+) is a normal
subgroup of (Z,+).

Definition 4.2.49 Quotient Group or Factor Group: Let N be a normal
subgroup of a group (G, *) and the set of all right cosets of N in G be denoted by

G/N = {Nala € G}.
Now, define ® as binary operation on G/N as
Na® Nb= N(ax*b).
Then, (G/N,®) will form a group called quotient group or factor group.

Theorem 4.2.50 The kernel of a homomorphism is a normal subgroup.

Proof.

Let f: (G,x) — (G’,*’) be any homomorphism.
Then, ker(f) = {z € G/f(x) = € (where € is the identity element of G’)}

is a subgroup of G by Theorem 4.2.36.
Let x € ker(f) and let g € G.
= f(z)=¢.
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Consider

(9)
= f(9) % [f(x)* flg™h)]
= flg)* e+ flg)]
= flg)+ flg™")
=flg*xg™")
=fle)=¢

Thus, f(gxxxg~ 1) =¢.
Therefore, gxx % gt € ker(f).
Hence, ker(f) is a normal subgroup.

Theorem 4.2.51 Let (H,*) be a subgroup of a group (G,x). Then, (H,*) is
a normal subgroup if and only if ax hxa™t = H, for all a € G.

Proof.
Let H be a normal subgroup of G.
Then by definition, a x H = H % a, for all a € G. Hence,

axHxa ' =ax(a ' xH)

=(axa V) xH
=exH
— H.
Conversely, let a™' x Hxa = H, for all a € G.
That is, ax(a ' «Hxa)=axH
or  (axa Y)x(H%a)=axH
or ex(Hxa)=axH
or Hxa=axH.

Thus, H is a normal subgroup.

Theorem 4.2.52 Let (G, ) be a group.
Let H={ala € G & axb="0bx*a,Vbe G}. Then, H is a normal subgroup.
Proof.
H={alaeG&axb=bxa,VbeG}.

Since exa =axe=a, Ya € G, we have e € H.

Therefore, H is non-empty.

Let x,y € H. Then

axr=xz*a,VreG andaxy=yxa,VyeGqG.

Claim: H is a normal subgroup. Consider

ax(zxy) = (axz)*y
=(z*xa)xy

=zx(a*xy)
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=x*x(yxa)
=(z*xy)xa

= x*xy € H.

Let a € H. Then, a xx = x xa, Vx € G. Then

-1 1

a Kk (axx)=a""*x(x*xa)

r=a'%(z*a)

1 1

—
== =a'x(zrxa)xa”
=(a ' xx)*(axa™t)

Txa

=a lxzx
— z+xa l=alxz, Vz el
— alteH

Thus, H is a subgroup.

To prove: H is normal.
Let z € H, g € G.
Then, axz =z *a, Va € G.
Then, gxxxg ' =x4g*g™
= z€H.
Thus, gxx*g~' € H = H is normal.

1

Theorem 4.2.53 N is a normal subgroup of a group G if and only if
gNg™' = N, for every g € G (or gN = Ng). Show that the number of
right and left cosets are equal in normal subgroups and every left coset is a
right coset.

Proof.
Let N be a normal subgroup of G.
Let € gNg~ ' = 1z =gng~ ', for some n € N.
Therefore, x = gng~ ! € N (.- N is a normal subgroup).
Hence, gNg=* C N.
Now, g 'Ng=g 'N(g~")"1 C N, since g~! € G, and g~ 'ng € N.
Therefore, N = g(g ' Ng)g~! € gNg~*
Therefore, N C gNg~*.
Hence, N = gNg~1.
Conversely, let Ng=! = N, for every g € G.
That is, gNg~" is the set of all gng™!, for n € N.
Clearly, gNg~—' C N.
Therefore, NV is a normal subgroup.
We get if N is a normal subgroup, then gNg~' = N or gN = Ng, that
is, the left and right cosets are equal.
Therefore, the right and left cosets are equal in number in normal
subgroups, and every left coset is a right coset.
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Fundamental Theorem of Group Homomorphism
Let H be a normal subgroup of a group G. Let G/H be the set of all left
cosets of H in G. That is, G/H = {aH/a € G}. Let us define an operation
“” as follows.

For any a,b € G, (ab)H = (aH)(bH).

This is a binary operation under which G/H becomes a group. It is called
the quotient group or factor group.

Let f: G — G/H be defined as f(a) = aH, for any a € G.

Then, for any a,b € G,

f(ab) = (ab)H = (aH) - (0H) = f(a) - f(b).

Therefore, f is a homomorphism of G into G/H. It is called the natural
homomorphism or canonical homomorphism.

Theorem 4.2.54 Let g be a homomorphism of a group G into a group G'.
Let K be the kernel of g and R be the image set of g in G'. Then, G/K is
isomorphic to R.

Proof.
We have already shown that K is a normal subgroup of GG. Therefore, there
exists a canonical homomorphism f : G — G/K given by f(a) = aK, for
any a € G.

Now, let us define a mapping h : G/K — R such that h(aK) = g(a).

The image set of h is the same as the image set of g, and hence h is onto.
Further, for any a,b € G such that aK = bK, we have ak,; = bks, for some
kl, ko € K.

Therefore, g(ak1) = g(a)g(k1) = g(a ) =g(a)

)= ¢ = g(b)

and g(bk2) = g(b)g(k2) = g(b
so that a K = bK = g(a) = g(b).
g(b) = h(bK).

Therefore, h(aK) = g(a)

Also, f(a) = f(b).

Hence, h is one-to-one and onto.
Further, h(aKbK) = h(abK) == g(ab) = g(a)g(b) = h(aK)h(bK).
Hence, h is an isomorphism of G/K to R.

s
iy

4.2.9 Solved Problems

1. Prove that the intersection of any two subgroups of a group (G, *)
is again a subgroup of (G, *).

Solution.
Let H and K be subgroups of G.
Let a€e H=— a,b€ H and a,b € K
= axbl'cHandaxb '€ K (as H and K are subgroups)
= axb'cHNK.
Hence, H N K is a subgroup of G.
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2. Is the union of two subgroups of a group a subgroup of G?7 Justify
your answer.

Solution.
The union of two subgroups of a group G need not be a subgroup
of G.

For example, we know (Z, +) is a group.

Let H = 3Z = {0, £3,46,...}

Let K = 27 = {0,4£2,£4,...}

= H and K are subgroups of (Z,+)

= 3€3Z2C3ZU2Z=HUK

= 2€22C2ZU3Z=HUK.

But 3+2 =5 ¢ 2Z U 3Z.
H UK is not a subgroup of (Z,+).

3. If H; and Hy are subgroups of a group (G,x), then prove that
H,{UH; is a subgroup of G if and only if either H; C Hy or Hy C H;.
Solution.

Given H; and Hs are two subgroups of (G,*) and Hy C Hy or
H> C H;.
If Hy C Hs, then H; U Hy = Hs which is a subgroup of G.
If H, C H,, then H; U Hy = H; which is a subgroup of G.
Conversely, suppose Hy ¢ Hy and Ho ¢ H;.
Then, there exist a € H; and a ¢ Hs, and there exist b € Hy and
b¢ H.
Now a,b € H; U H,.
Since Hy U Hy is a subgroup, it follows that a xb € Hy U Ho.
Hence, axb € Hy or axb € Hs.
Case (i): If axb € Hy, then a™ ' x (axb) € Hy.
That is, b € Hy, which is a contradiction.
Case(ii): If ax b € Hy. Then, (axb) xb~! € Hs.
That is, a € Hs, which is a contradiction.
Thus, either H; C Hy or Hy C Hjy.

4. Find all the subgroups of (Zy, +9).

Solution.

Zy = [0, [1], [2], (3], [4], [5], (6], [7], [8]}-

The binary operation is addition modulo 9 (or +g).
Consider the subsets

Hy = {[0}7 [2]7 [4]’ [6]5 [8]}7H2 = {[0]7 [3]’ [6]}a
Hs = {[0], [4], 8]}, Ha = {[0], [5]}-

The improper subgroups of (Zg, +9) are ({[0]}, +9) and (Zy, +9).
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o b b
H> is closed since 3] 3] [6] [0]
[6] [6] [0] [3]
+o [0] [2] [4] [6] [8]
HaE
H is closed since 4] [4] [6] [8] [1] [3]
6] (6] (8] [1] [3] [5]
(8] 8] [1] [3] [5] [7]
oo
Hsj is closed since 4] 4] [8] [3]
8] 8] 3] [7]
9 (0] [5
Hy is closed since —[B] H H
(5] [5] [1]

The above composition tables show that Hy, Hy, Hs, and H, are
closed under +g. Therefore, the possible subgroups of (Zg, +9) are
(H17 +9)a (H27 +9)7 (H?n +9)7 and (H47 +9)

5. Find the left cosets of {[0],[3]} in the addition modular group
(Z67+G)'

Solution.
Let Zs — {[0], 1], [2], 3], [4], [3]} be a group and H = {[0], 3]} be
subgroup of Zs under +¢ (addition mod 6).

The left cosets of H are

0] +6 H = {[0], [3]} = H

(1] +6 H = {[1], [4]}

2] +¢ H ={[2], [5]}

3] +6 H = {[3], [6]} = {[3], [0]} = {[0], 8]} = H
[4] +6 H ={[4], [7]} = {[4], 1]} = [1] +¢ H

(5] +6 H = {[5], [8]} = {[5], [2]} = [2] +¢ H.

0] +6 H=[3]+¢ H=H

and [1] +6H=[4] +¢ H, [2} +6H=[5] +¢ H
are the distinct left cosets of H in Zg.
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6. Find the left cosets of {[0], [2]} in the group (Z4, +4).

Solution.
Let Z, = {[0],[1],[2],[3]} be a group and H = {[0],[2]} be a
subgroup of Z4 under +4 (addition mod 4).
The left cosets of H are
O]+ H ={0],[2]} = H
(1] +H = {{1], 3]}
(2] + H = {[2], [4]} = {[2], [0]} = {[0],[2]} = H
B8]+ H = {[3],[5]} = {8, [1]} = {[1], 3]} = [1] + H.
Therefore, [0] + H = [2] + H = H and [1] + H = [3] + H are the
two distinct left cosets of H in Zj.

7. Let G = {1,a,a% a®} (a* = 1) be a group and H = {1,a?} be a
subgroup of G under multiplication. Find all the cosets of H.
Solution.

The right cosets of H in G are
Hl={a,a*}=H
Ha = {a,a®}
Ha? = {a? a*} = {a®,a} = H
and Ha® = {a® a°} = {a3,a} = Ha.
Therefore, Hl = H = Ha? = {1,a®} and Ha = Ha® = {a,a®}
are two distinct right cosets of H in G. Similarly, we can find the
left cosets of H in G.

8. Prove that any two infinite cyclic groups are isomorphic to each
other.
Solution.
Let G = <a> and G5 = <b> be two cyclic groups of infinite order.
G1 = {a"|n is an integer} and G = {b™|n is an integer}.
Define a map f : Gy — Gy by f(a™) = b".

Let z,y € G1. Then, x = a™, y = a™ for some integers n and m.
Now,

F@) f(y) = fla")f(a™) = "™ =" = f(a"™)
= f(a"a™) = f(zy).
Hence, f is a homomorphism.

If f(z) = f(y), then f(a") = f(a™) = b" = b™.

Then, b"~™ = ¢’ in G5. As G5 is an infinite cyclic group generated
by b, there is no non-zero integer k such that v* = e¢’. Hence,
from "™ = ¢/, we have n — m = 0, or n = m, and hence
xr=a" =a™ =y. Thus, f is one-to-one.
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Let z € G5. Then, z = b" for some integer n. Now, take =z = a”.
Then, f(z) = f(a™) =b"™ = 2. So, the map f is onto.

Now, f is one-to-one and onto homomorphism. Hence, it is an
isomorphism.

Prove that the group homomorphism preserves the identity element.
Solution.
Let (G,*) and (H,o) be two groups. Letf : G — H be a group
homomorphism.

Let e be the identity element of G.

Let ey be the identity element of H.

To prove: f(eg) = eq.
Consider

fleg) = flegxeqg) (since eq is the identity in G)
= f(eg) o f(eg) (since f is a homomorphism)
Multiplying bothsides by f(eg)™" on the right side, we get
fleg) o flec)™ = flea) o flea) o fleq)™

ex = f(eg)-

Hence, the group homomorphism preserves the identity element.
Prove that the group homomorphism preserves the inverse element.

Solution.
Let (G, ) and (H,o) be two groups. Let f : G — H be a group
homomorphism.

Let eg be the identity element of G.

Let ey be the identity element of H.

To Prove: [f(z)]7! = f(z7!), for all z € G.

It is sufficient to prove that f(z)o f(z71) =ey.
Now, for all x € G, we can write
f(x)o f(xz~1) = f(x x2~1) (since f is a homomorphism)
= f(@)of(z™") = flec) = em.
Hence, the group homomorphism preserves the inverse
element.
If f: G — G’ is a group homomorphism from (G, *) to (G', A),
then prove that for any a € G, f(a™t) = [f(a)] L.

Solution.
For all a,a™' € G, we have

or fle) = f(a)Af(a™)
or e = fla)Af(a™h). (4.15)
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Similarly,

or ¢ = f(a ) Af(a). (4.16)

From (4.15) and (4.16), we get
f@Af(a™h) = fla™)Af(a)
= f(a!) is the inverse of f(a).
That is, f(a™!) = [f(a)] .
12. Let G be a group and a € G. Let f : G — G be given by f(z) =

ara™!, for all z € G. Prove that f is an isomorphism of G onto G.

Solution.
To show f is a homomorphism:
If x,y € G, then

f(@) f(y) = (aza™")(aya™")
La)ya™!

=ax(”
= arya
=a(zy)a!
= f(zy).
Therefore, f is a homomorphism.

To show f is one-to-one:

If f(z) = f(y), then aza™' = aya~!. Hence, by left cancellation
law, we have za~! = ya~'; again by right cancellation law, we get
x = y. Therefore, f(x) = f(y) = = = y. Hence, f is one-to-one.

To show f is onto:
Let y € G; then a 'ya € G and

f(a~"ya) = aa~'ya)a™"

= (aa™!)y(aa™)
= y'
Therefore, f(x) =y, for some x € G.
Thus, f is an isomorphism.

13. Prove that the intersection of two normal subgroups is a normal
subgroup.

Solution.
Let H and K be any two normal subgroups of a group G. We have
to prove that H N K is a normal subgroup of G.
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Since H and K are subgroups of G, e € H and e € H. Hence,
e € HN K. Thus, H N K is a non-empty set.

Let a,be HNK.
Claim: ab~' € HN K.

Since a,b € H N K, both a and b belong to H and K.

Since H and K are subgroups of G, ab~! € H and ab™' € K, so
that ab™' € HN K.

Hence, H N K is a subgroup of G, by a criterion for subgroup.
To prove: H N K is normal.

Letze HNK and g € H.

Sinccexe HNK,x€ H and z € K.

Sincex € H, g€ G = gxg '€ K (as H is normal).

Similarly, z € K, g € G = grg~! € K (as K is normal).

Hence, r€¢ HNK and g € G = gxg '€ HNK.

Thus, H N K is a normal subgroup of G.

Prove that every subgroup of an abelian group is a normal subgroup.

Solution.
Let (G,*) be an abelian group and (N, *) be a subgroup of G.
Let g be any element in G, and let n € N.

Now,
gxnxg = (nxg)xg™' [. G is abelian]
=nx(gxg™")
=nx*e
=n¢€N.

Therefore, for all g € G and n € N, gxnxg~' € N.
Hence, (N, %) is a normal subgroup.

4.2.10 Permutation Functions

Definition 4.2.55 A bijection from a set A to itself is called a permutation

of A.

Example 4.2.56 Let A =R, and let f : A — A be defined by f(a) = 2a+1.
Since f is one-to-one and onto, it follows that f is a permutation of A.

Example 4.2.57 Let A = {1,2,3}. Then, all the permutations of A are

L (123 (1 2 3 (1 2 3
A=\ 2 3)P1=\1 3 2)P27 2 1 3)°
(1 3 (1 2 3 (1 3
p3_2 17]94—3127175—3 1

\)
[\)

w
N}
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Remark 4.2.58 In the above erample, we can write the permutations as
ordered pairs. For example,

pa={(1,3),(2,1),(3,2)} and PZl =1{(3,1),(1,2),(2,3)}.

Or, if the first component of each ordered pair is written in increasing
order, then we have

p4_1 = {(17 2)’ (27 3)7 (37 1)}
_ 1 2 3
Thus, p41 = <2 3 1) =ps.

Remark 4.2.59 The function ps takes 1 to 2, and p3 takes 2 to 3, so p3 o ps
takes 1 to 3. Also, pa takes 2 to 1, and ps takes 1 to 2, so p3 o py takes 2 to
2. Finally, ps takes 3 to 3, and p3 takes 3 to 1, so ps o py takes 3 to 1. Thus,

1 2 3

Remark 4.2.60 The process of forming psops is shown below. It can be noted
that ps o p2 = ps.

— 1 2 3
1 2 3 1 1 2 3
p3op2 = ! Tol 5 1 3[=\l3 9 {)=ps
2 3 —
Theorem 4.2.61 If A ={aj,as,...,a,} s a set containing n elements, then

there are n! =n-(n—1)---2-1 permutations of A.

Definition 4.2.62 Cyclic Permutation: Let by,bs,...,b. be 1 distinct

elements of the set A = {a1,as,...,a,}. The permutation p : A — A is
defined by
p(b1) = bo
p(b—2) =b;
p(br71> r
p(br) = bl

plx) =z ifx €A, x & {b1,ba,... b} is called a cyclic permutation of length
r, or simply a cycle of length of r, and will be denoted by (by,ba, ..., by).

Example 4.2.63 Let A = {1,2,3,4,5}. The cycle (1,3,5) denotes the

permutation
1 2 3 4 5
3 2 5 4 1)°

Definition 4.2.64 Disjoint Cycles: Two cycles of a set A are said to be
disjoint if no element of A appears in both cycles.
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Example 4.2.65 Let A = {1,2,3,4,5,6}. Then, the cycles (1,2,5) and
(3,4,6) are disjoint, whereas the cycles (1,2,5) and (2,4,6) are not.

Theorem 4.2.66 A permutation of a finite set that is not the identity or a
cycle can be written as a product of disjoint cycles of length > 2.

Definition 4.2.67 Transposition: A cycle of length 2 is called a
transposition. That is, a transposition is a cycle p = (a;, a;), where p(a;) = a;
and p(a;) = a;.

Remark 4.2.68 Note that if p = (a;,a;) is a transposition of A, then
pop=1a, the identity permutation of A.
Every cycle can be written as a product of transpositions. In fact,
(b1, bg, ey b,) = (bl, b,) o (b1, br—l) ©---0 (bl, bg) 9] (bl, bg)

This case can be verified by induction on r as follows.

Basis Step:
If r = 2, then the cycle is just (b1, ba), which already has the proper form.

Induction Step:
We use P(m) to find P(m+1). Let (by,ba, ..., bm,bmi1) be a cycle of length
m—+1. Then, (b—1,b—2,... by, bims1) = (b1,bmy1) 0 (b1, ba, ..., by) as may
be verified by computing the composition.
Using P(m), (bl, bg, ey bm) = (bh bk) o (bl, bmfl) ©---0 (b1, bg)
Thus, by substitution,
(b1,b2, ..., bma1) = (b1, bma1) 0 (b1,bm) 0+ 0 (by,b3) o (by,bs).
This completes the induction step. Thus, by the principle of mathematical
induction, the result holds for every cycle. For example,
(1,2,3,4,5) = (1,5) 0 (1,4) o (1,3) o (1, 2).

Corollary 4.2.69 FEvery permutation of a finite set with at least two elements
can be written as a product of transpositions.

Theorem 4.2.70 If a permutation of a finite set can be written as a product
of an even number of transpositions, then it can never be written as a product
of an odd number of transpositions, and the converse is also true.

Definition 4.2.71 Even and Odd Permutations: A permutation of a
finite set is called even if it can be written as a product of an even number of
transpositions, and it is called odd if it can be written as a product of an odd
number of transpositions.

Remark 4.2.72 From the definition of even and odd permutations, we have
the following:

(a) The product of two even permutations is even.

(b) The product of two odd permutations is even.

(¢) The product of an even and an odd permutation is odd.
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Theorem 4.2.73 Let A = {a1,a2,...,a,} be a ﬁm'te set with n elements,
n > 2. Then, there are % even permutations and 5 odd permutations.

Proof.
Let A,, be the set of all even permutations of A, and let B,, be the set of all
odd permutations. We shall define a function f : A, — B,,, which we shall
show is one-to-one and onto, and this will show that A,, and B,, have the same
number of elements.

Since n > 2, we can choose a particular transposition gy of A, say
qo = (an—1, an). We now define the function f : A,, — B, by

f(p)=qop, pecAn.

Observe that if p € A, then p is an even permutation, so gg o p is an odd
permutation, and thus f(p) € B,.
Suppose now that p; and py are in A,, and f(p1) = f(p2). Then

qo © P1 = qo © Pa. (4.17)
We now compose each side of equation (4.17) with go:
g0 © (go ©p1) = qo © (qo © p2);
so by the associative property,

(CIO 0(10) op1 = (QO OQO) o p2, Or since qo © go = 1a,
laopr =1laopo
pP1 = p2.

Thus, f is one-to-one.

Now, let ¢ € B,,. Then, ggoq € A,, and

fl@ooq)=qoo(qoq)=I(qoq)=1a0qg=gq,

which means that f is an onto function. Since f : A,, — B, is one-to-one
and onto, we conclude that A, and B, have the same number of elements.
Note that A,, N B,, = ¢, since no permutation can be both even and odd. Also,
by theorem, |A, U B,| = n!

n! =14, UB,|=|A,| +|Bn| — |An N Byp| = 2|A,|.

|
Hence, we have |A,|=|B,|= %

4.2.11 Solved Problems

1. Let A = {1,2,3,4,5,6}. Compute (4,1,3,5) o (5,6,3) and
(5,6,3)0(4,1,3,5).
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Solution.
We have

1 23456 12345 6
(4’1’3’5)_<3 25 1 4 6) and (5’6’3)_<1 25 4 6 3)'

123456\ (123456
Then,(4,1,3,5)o(5,6,3)—(325146)o<125463>
/123456
=3 24156 5
1 23456\ (123456
and(5’6’3)°(4’1’3’5)_(125463)°<325146)
/123456
=\5 26 1 4 3)

Observe that
(4,1,3,5) 0 (5,6,3) # (5,6,3) 0 (4,1,3,5)

and that neither product is a cycle.

2. Let A=1{1,2,3,4,5,6,7,8} be a set. Then, write the permutation

1 23 45 6 7 8
p= <3 465 2 1 8 7) as a product of disjoint cycles.

Solution.

We start with 1 and find that p(1) = 3, p(3) = 6, and p(6) = 1, so
we have the cycle (1,3,6). Next, we choose the first element of A
that has not appeared in a previous cycle. We choose 2, and we have
P(2) =4, p(4) = 5, and p(5) = 2, so we obtain the cycle (2,4, 5).
We now choose 7, the first element of A that has not appeared in
a previous cycle. Since p(7) = 8 and p(8) = 7, we obtain the cycle
(7,8). We can then write p as a product of disjoint cycles as

p=(7,8)0(2,4,5) 0 (1,3,6).

1 2 3 4 5 6 7

3. Is the permutation p = (2 45 7 6 3 1) even or odd?

Solution.
We first write p as a product of disjoint cycles, obtaining

p=(3,5,6)0(1,2,4,7).
Next, we write each of the cycles as a product of transpositions:
(1,2,4,7) = (1,7) o (1,4) o (1,2)
(3,5,6) = (3,6) o (3,5).
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Then, p = (3,6) o (3,5) o (1,7) o (1,4) o (1,2). Since p is a product
of an odd number of transpositions, it is an odd permutation.

2 3 4 5 6
5 6 2 4 1 3

. (1 2 3 45 6).
permutation 1S even.

4. Show that the permutation ) is odd, while the

6 3 4 5 2 1

Solution.
@ coo 0 g) (1 5)2 6 3) =01 5 6)( 3).

The given permutation can be expressed as the product of an odd
number of transpositions, and hence the permutation is odd. Again

((15 g i g ; (15) =(1 6)(2 3 4 5)=(1 6)(2 3)(2 4)(2 5).

Since it is a product of even number of transpositions, the
permutation is an even permutation.

1 2 3 4 5 6

6 5 2 4 3 1) as a product of

5. Express the permutation (
transpositions.

Solution.

<(15 ? 2 i g (13) =(1 6)(2 5 3)=(1 6)(2 5)(2 3).

. . . 1 2 3 45
6. Find the inverse of the permutation <2 3 1 5 4).

Solution.

Given (

1 2 3 4 5
2 3 1 5 4)°

Let the inverse permutation be (316 ?3 3 4 5).
1 2 3 4 5\/(/1 2 3 4

Then, (2 3 1 5 4) (:U Yy oz ou

. 1 2 3 4 5\ (1 2 3 4 5
y z x v u) \1 2 3 4 5

= y=1lz=2,z=3,v=4,u=>5.

2 3 4 5
31 2 5 4)°

7. fA=(12 3 4 5), B=(2 3)(4 5), find AB.

Hence, the inverse permutation is <
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Solution.
Given A= (1 2 3

=(1 3 5).

8. If A=1{1,2,3,4,5,6,7,8}, then express the following permutations
as a product of disjoint cycles.

(i)_12345678
P=\6 5 7 8 4 3 21
(ﬁ)_12345678
P=19 3146 7 8 5)
Solution.

(i) p(1) = 6,p(6) = 3,p(3) = T,p(7) = 2,p(2) = 5,p(5) = 4,
p(4) =8,p(8) = 1.
Therefore,p=(1 6 3 7 2 5 4 8).
(ii) p(1) =2,p(2) =3,p(3) =1 = (1 2 3)
p(5) =6,p(6) =7,p(7) =8,p(8) =5=(5 6 7 8).
Therefore, p=(5 6 7 8)(1 2 3).

1 2 3 4 5 6
9. Let A = {1,2,3,4,5,6} and p = <2 4315 6) be a
permutation of A.

(i) Write p as a product of disjoint cycles.
) Compute p~1.
(iii) Compute p?.
) Find the period of p, that is, the smallest positive integer k
such that p¥ = 14.
Solution.
. . 1 2 3 4 5 6
(i) Givenp= <2 43 1 5 6)'
Since p(1) = 2,p(2) =4, and p(4) = 1, we write p = (1,2,4) as

the other elements are fixed.
) pio (243156 (123456
WP =1 2345%6) P 41325 %¢6)

(111)2_0_12345
PP=PeoP=1y4 1 3 2 5

bS]

D D
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. 1 2 3 45 6
: 3 _ 200 — _
(v) " =p Op(l 2 3 45 6)1A'
p* =p,p° =p?, etc.
Therefore, the period of p = 3.
10. If f = (1 23 4) and g = (1 23 4) are permutations,

3 2 1 4 2 3 41
prove that (go f)™! = f~log™L.

Solution.
4 (321 4 {1 2 3 4
f‘(1234andg_4123
(1 2 3 4

f°9_<4321
oJ6712340123471234
gel =192 3 4 1 321 4)" 4 3 21
4 (1 2 3 4

Hence, (go f)™' = f~log™t.

1 2 3 4 5 6 7 1 2 3 45 6 7
- Letpl_(? 321 45 6)andp2_<6 3 215 4 7)
(i) Compute pq o po.
(ii) Compute p;*.
(iii) Is p; an even or odd permutation? Explain.
Solution.
.07123456701234567
O per={7 3 9 1 4 56)°\6 321547
(1 234567
“\5 2 3 7 41 6)

(i) (1 2 3 45 6 7
Wh =4 32567 1)
(iii) pp=(1 7 6 5 4)0(2 3)

=(1 4)o(1 5)o(1 6)o(l T)o(2 3)
= product of odd number of transpositions.
Therefore, p; is an odd permutation.
12 fz=(1 2 3),y=(2 4 3),and z = (1 3 4), then show that
ryz = 1.

Solution.

Givenx:(123):<; § i’ i)
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y=(243)=

— =
NN =N

z=(134)=

Therefore, xyz = (;

=~

o
7 N\
— =
[N CRNG )
— W N W
W
o
N\
w =
NN
>~ W
—
~_

- W

MMM[\DCO[\DG\\/\
WWHWFE W
=~
N s o W
—

e~

4.2.12 Problems for Practice

1.

Which of the following functions f : Z — Z are permutations of Z?
(i) f is defined by f(a) =a+ 1.
(ii) f is defined by f(a) = (a — 1)2.

Which of the following functions f : R — R are permutations
of R?

(i) f is defined by f(a) = a3.
(ii) f is defined by f(a) = e®.

Which of the following functions f : R — R are permutations
of R?

(i) f is defined by f(a) =a — 1.

(ii) f is defined by f(a) = a®.

Which of the following functions f : Z — Z are permutations of Z?
(i) f is defined by f(a) = a® + 1.

(i) f is defined by f(a) = a® — 3.

Let A ={a,b,c,d,e, f,g}. Write each of the following permutations
as a product of disjoint cycles.

(i) a b c d e f g
! g d b a ¢ [ e
. fa b c d e f g
(i) (d e a b g f c)
Let A = {1,2,3,4,5,6,7,8}. Write each of the following

permutations as a product of transpositions.

(i) (2145 8 6)

(ii)) 31 6)o(4 8 2 5)

Code the message “WHERE ARE YOU” by applying the

permutation

(1735 11)0(2 6 9 o(4 8 10).
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8. Decode the message “ATEHAOMOMNTI”, which was encoded
using the permutation
(371 12)0(2 5 8o0(4 10 6 11 9).

9. Let A = {1,2,3,4,5,6,7,8}. Determine whether the following
permutations are even or odd.

(1)12345678
42165 8 7 3
(..)12345678
W7 342186 5

(iii) (6 4 2 1 5)
(iv) (4 8)0o(3 52 1)o(2 4 7 1)
10. Prove that the product of two even permutations is even.
11. Prove that the product of two odd permutations is even.
12. Prove that the product of an even and odd permutation is odd.

13. Let A = {1,2,3,4,5}. Let f = (5 2 3)and g = (3 4 1) be
permutations of A. Compute each of the following, and write the
result as the product of disjoint cycles:

(i) fog
(i) f~tog "

4.2.13 Rings and Fields
Definition 4.2.74 Ring: An algebraic system (S,+-) is called a ring if the

binary operations + and - on S satisfy the following three properties:
1. (S,4) is an abelian group.
2. (S,-) is a semigroup.
3. The operation - is distributive over +; that is, for any a,b,c € S,

a-(b+c)=a-b+a-c and (b+c)-a=b-a+c-a.
Examples:

1. The set of all integers Z, the set of all rational numbers Q, the set
of all real numbers R are rings under the usual addition and usual
multiplication.

2. The set of all n x n matrices M, is a ring under the matrix addition
and matrix multiplication.

3. If n is a positive integer, then Z, = {[0],[1],...,[n — 1]} is a
ring under +,,, the addition modulo n, and X,,, the multiplication
modulo n.
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4. Let (R,+,:) be a ring and X be a non-empty set. Let
A be the set of all functions from X to R. That is,
A={f|f: X — R is a function}. We define @& and - on A as
follows:

(i) if f,g € A, then f®g: X — R is given by
(f®g)(x) = f(x)+g(z), forall e X.
(ii) if f,g € A, then f,g: X — R is given by

(f-9)(z)=f(z) -g(z), forall ze€ X.

Definition 4.2.75 Integral Domain: A commutative ring (S,+,e) with
identity and without divisors of zero is called an integral domain.

Definition 4.2.76 Field: A commutative ring (S, +, ) which has more than
one element such that every non-zero element of S has a multiplicative inverse
in S is called a field.

Definition 4.2.77 Subring: A subset R of a ring (S, +, e) is called a subring
if (R,+,e) itself is a ring with the operations + and e restricted to R.
Examples:

1. The set of integers Z is a subring of the ring of all rational
numbers Q.

2. The set of all even integers is a subring of the ring of all integers Z.

Definition 4.2.78 Ring Homomorphism: Let (R, +,e) and (S,®,®) be
rings. A mapping g : R — S is called a ring homomorphism from (R,+,e)
to (S,®,®) if for any a,b € R,

gla+b) =g(a)® g(b) and
gla-b) =g(a) ©g(b).

Examples:

1. The ring M,, of all non-zero matrices is not commutative and has

non-zero divisors. For example, let n = 2; then if A = 8 (1)
10 00 0 1
and B = (O O>’ then AB = (0 0) and BA = (O O)' So,

AB # BA, and A is a non-zero divisor.

2. The ring Q of rational numbers and the ring R of real numbers are
fields.

3. The ring (Z7,+7, X7) is a field.
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4. The ring (Z10, +10, X10) is not an integral domain since 5 x192 = 0,
even though 5 # 0, 2 £ 0 in Zyg.

5. The ring Z of all integers is an integral domain but not a field.

Definition 4.2.79 Commutative Ring: A ring (R,+,-) is said to be
commutative if a-b="b-a, for all a,b € R.

Theorem 4.2.80 Fvery finite integral domain is a field.

Proof.
Let (R,+,e) be a finite integral domain.

To prove: (R — {0}, e) is a group, that is, to prove

(i) there exists an element 1 € R such that
l-a=a-1=a,foralla € R (since 1 € R is an identity)

(ii) for every element of 0 # a € R, there exists an element a=! € R
such that
a-at=a1l a=a.

Let R — {0} = {a1,a2,a3,...,an}.
Let a € R—{0}. Then, the elements aay,aas, ..., aa, are all in R—{0},
and they are all distinct. That is, if a-a; = a-a;, i # j, then a- (a; —a;) = 0.
Since R is an integral domain and a # 0, we must have
a; —aj = 0 = a; = a;, which is a contradiction.
Therefore, R — {0} has exactly n elements, and R is a commutative ring
with cancellation law. Hence, we get
a=a-a;,, for some iy (since a € R — {0}).
That is, a - a;, = a;, - a (since R is commutative).
Thus, let © = a - a; for some a; € R — {0}, and
Y@, =a-a, =(a;-a)a, =a,-a=a-a; =y.
Therefore, a;, is unity in R — {0}. We write it as 1.
Since 1 € R — {0}, there exists an element aaj, € R — {0} such that

aar = 1.

Therefore, ba =b =1 (let ar, = D).
Hence, b is the inverse of a, and the converse is also true.
Hence, (R, +, ) is a field.

Theorem 4.2.81 FEvery field is an integral domain.

Proof.
Let (F,+,-) be a field. That is, F' is a commutative ring with unity.

To prove F' is an integral domain, it is enough to show that it has no zero
divisor.

Let a,b € F such that a-b=0.
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If a # 0, thena™! € F.
Therefore, a-b =0
= a 'l (a-b)=a"1-0
= 1:b=0
= b=0.
Hence, the theorem is proved.
Note:
The converse of the above Theorem 4.2.81 need not be true.

Theorem 4.2.82 A commutative ring (R, +,+) is an integral domain if and
only if the cancellation law holds in R. That is,
fora#0, a-b=a-c=b=c, forall a,b,c€R.

Proof.
Let R be an integral domain and a-b=a-c and a # 0, for all a,b,c € R.
Wehavea-b—a-c=0=a-(b—c) =0.
Therefore, since R is an integral domain and a # 0, b — ¢ = 0. (R has no
zero divisor).
Therefore, b = ¢. Hence, the cancellation law holds.

Converse Part: Assume that the cancellation law holds in a ring R.
Let a-b=0, for a # 0 and b € R. We have
ab=0=a0
= b=0.
Thus, ab=0in R=a=0o0r b=0.
Therefore, R has no zero divisors.
Therefore, R is an integral domain.

4.2.14 Solved Problems

1. Prove that the set Zy = {[0],[1],[2],[3]} is a commutative ring
with respect to the binary operations addition modulo 4 (+4) and
multiplication modulo 4 (x4).

Solution.
Tables 4.1 and 4.2 are composition tables for addition modulo 4
(44) and multiplication modulo 4 (x4), respectively.

From Tables 4.1 and 4.2, we get the following:

TABLE 4.1
Composition Table for +4
+4 [0 Q1) 2] [3]
0 o [ 2 [
Y P N T (U
2] 2 B o] [
Bl B 0o [ [2
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TABLE 4.2

Composition Table for x4

X4

[0]
[1]
2]
3]

W N —= O

1] 2

3]
[0]
3]
2]
[1]

(i) All the entries in both the tables belong to Zj.

Therefore, Z, is closed under the operations +4 and x4.
(ii) In both the tables,

Entries in the first row = Entries in the first column
Entries in the second row = Entries in the second column
Entries in the third row = Entries in the third column

Entries in the fourth row = Entries in the fourth column.

Therefore, the operations +4 and x4 are commutative in Zy.

(iii) Also, for any a,b,c € Zy, we have

and
since

and
Also,

and

Thus, the operations +4 and x4 are associative in Zy.

a+4(b+s¢)=(a+4b)+4c
axyg(bxgc)=(axq4b)xX4c
0+4(1+42)=0+43=3

(0O+41)+42=(1442)=3.

(0+41)+42=(0441) 44 2.

1X4(2X43):1X42=2
<1X42)X43:2X43:2.

1 Xy (2%43)=(1x%x42)x43.

221

(iv) [0] is the additive identity of Z,, and [1] is the multiplicative

identity of Zy.

(v) Additive inverses of [0], [1], [2], [3] are, respectively, [0], [3], [2], [1]-
Multiplicative inverses of the non-zero elements [1],[2], [3]
are, respectively, [1],[2], [3].

(vi) If a,b,c € Zy, then

a X4 (b+4c):(a ><4b)-|—4 (a ><4C)
and (a+4b) Xqge=(axqc)+4(bxyc).

Thus, the operation x4 is distributive over +,4 in Z4.

Hence, (Z4, 44, X4) is a commutative ring with unity.

2. Show that (Z,+, x) is an integral domain where Z is the set of all

integers.
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Solution.

We know the following:
(Z,+) is an abelian group.
(Z, x) is a monoid.
The operation x is distributive over +.
(Z, x) is commutative.
(Z,+, x) is without zero divisors.
(Z,+, x) is an integral domain.

3. Give an example of a ring which is not a field.

Solution.
The ring Z of all integers is an integral domain but not a field.

4.2.15 Problems for Practice

1. Discuss a ring and a field with suitable examples.

2. If (R,+,") is a ring, then prove that a -0 =0, for all « € R, and 0
is the identity element in R under addition.
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Lattices and Boolean Algebra

5.1 Introduction

In this chapter, we focus on partially ordered sets, lattices, Boolean algebra,
and their properties. These structures are useful in set theory, algebra, sorting,
and searching and in the construction of logical representation for computer
science. The concept of the lattices is a special case of a partially ordered set.
Boolean algebra is a special lattice.

5.2 Partial Ordering and Posets
Definition 5.2.1 Partial Order Relation: A relation R on a non-empty

set P is called a partial order, if R is reflexive, antisymmetric, and transitive.
That is, if R satisfies
(i) zRx, for allz € P (reflexive)
(ii) xRy and yRx = = =y, for all z,y € P (antisymmetric)
(iii) zRy and yRz = xRz, for all z,y,z € P (transitive).
Example 5.2.2 Let P be the set of all positive integers. Define the relation
‘R’ such that xRy holds if and only if v <y, for all x,y € P. Clearly, “<”

relation is reflexive, antisymmetric, and transitive. Hence, “<” relation on
P is a partial order relation.

Remark 5.2.3 Usually, the partially ordered relation is denoted by “<”.

Definition 5.2.4 Partially Ordered Set or Poset: A set P with the
partial order relation “<” is called a partially ordered set or simply a poset.
It is denoted by (P, <).

Example 5.2.5 Consider P = {collection of all subsets of any set}. Clearly,
“C” relation (set inclusion) is a partially ordered relation on P.

Definition 5.2.6 Totally Ordered Set: Let (P, <) be a partially ordered
set. If for every a,b € P we have either a < b or b < a, then < is called

223
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simple ordering or linear ordering on P, and (P, <) is called a totally ordered
or simply ordered set or a chain.

Example 5.2.7 The poset (Z,<) is totally ordered, since a < b or b < a
whenever a and b are integers.

Definition 5.2.8 Well-ordered Set: A partially ordered set is called well-
ordered if every non-empty subset of it has a least member.

5.2.1 Representation of a Poset by Hasse Diagram

A partially ordered relation “<” on a set P can be represented by means of
a diagram known as a Hasse diagram. In such a diagram, each element is
represented by a small circle or a dot. The circle for an element x in P is
drawn below the circle for y in P, if x < y, and a line is drawn between x
and y, if y covers x. If x < y but y does not cover z, then x and y are not
connected directly by a single line.

Example 5.2.9 For example, let P = {1,2,3,4} and “<” be the relation
“less than or equal to”. Then, the Hasse diagram is shown below.

4

1
Hasse diagram of P

Example 5.2.10 Consider the set X = {2,3,6,12,24,36} and the relation
“<” is defined as x < y if and only if z divides y. The Hasse diagram of the
poset (X, <) is shown below.

24 36

2 LX)

Hasse diagram of X
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Note:

1. Hasse diagram is named after the twentieth-century German
mathematician Helmut Hasse.

2. In a digraph, if we apply the following rules, then we get Hasse
diagram.

(i) Each vertex of a poset P must be related to itself. So, the arrows
from vertex to itself are not necessary.

(ii) If a vertex b appears above vertex a and if vertex a is connected
to vertex b by an edge, then we have aRb; so, direction arrows
are not necessary.

(iii) If vertex c is above a and if ¢ is connected to a by a sequence
of edges, then we have aRc.

(iv) The vertices are denoted by points rather than by circles.

Example 5.2.11 Let A = {a,b}. Let B = P(A) = {{¢},{a}, {b},{a,b}}.
Then, C is a relation on A whose digraph and Hasse diagram are given in
Figures 5.1 and 5.2.

FIGURE 5.1
Digraph of (B, C)

FIGURE 5.2
Hasse diagram of (B, C)
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5.2.2 Solved Problems

1. Show that the “greater than or equal” relation (>) is a partial
ordering on the set of integers.

Solution.

(i) Since a > a for every integer a, the relation > is reflexive.
(ii) If @ > b and b > a, then a = b. Hence, > is antisymmetric.

(iii) The relation > is transitive since @ > b and b > ¢ imply that
a > c.

Hence, > is a partial ordering on the set of integers, and (Z,>) is
a poset.

2. Show that the inclusion relation C is a partial ordering on the power
set of a set S.

Solution.

(i) Since A C A, whenever A is a subset of S, the relation C is

reflexive.

(ii) Since A C B and b C A imply that A = B, the relation C is
antisymmetric.

(iii) Since A C B and B C C imply that A C C, the relation C is
transitive.

Therefore, the relation C is a partial ordering on P(S), and
(P(S), <) is a poset.

3. Let R be a binary relation on the set of all positive integers such
that R = {(a,b)/a = b®}. Is R reflexive, symmetric, antisymmetric,
transitive, an equivalence relation, or a partial order relation?

Solution.

(i) R={(a,b)/a,b are positive integers and a = b}.

For R to be reflexive, we should have aRa, for all positive
integers a. But aRa holds only when a = a? by hypothesis.
Now, a = a? is not true for all positive integers. In fact, only
when a = 1, we have a = a%. Hence, R is not reflexive.

(ii) For R to be symmetric, if aRb holds, then we should have bRa.
But aRb implies a = b%. But a = b? does not imply b = a?
always for positive integers. For instance, 16 = 42, but 4 # 162.
Hence, aRb does not imply bRa. Hence, R is not symmetric.

(iii) For R to be antisymmetric, for positive integers a, b if aRb and
bRa hold, then a = b. aRb implies a = b?, and bRa implies
b = a. Hence, if a = b> and b = a2, then a = b = (a?)? = a*,
that is, a* —a = 0, that is, a(a® — 1) = 0. Since a is a positive



Lattices and Boolean Algebra 227

integer, a # 0 so that a® — 1 = 0, that is, ® = 1 which implies
a = 1. This means b = a? = 1. Hence, aRb and bRa imply
a =b=1. Hence, R is antisymmetric.
(iv) For R to be transitive, if aRb holds and bRc holds, then aRc
should hold.
That is, aRb implies a = b2, and bRc implies b = ¢?, so that
a = b%? = ¢*. Hence, aRc does not hold.
For example, 256 = 162 and 16 = 42 but 256 # 42. Thus, R
is not transitive.
(v) R is not an equivalence relation since an equivalence relation is
reflexive, symmetric, and transitive.
(vi) Risnot a partial order relation, since a partial ordering relation
is reflexive, antisymmetric, and transitive.

4. Give examples of a relation which is both a partial ordering relation
and an equivalence relation on a set.

Solution.
Equality and similarity of triangles are examples of a relation which
is both a partial ordering relation and an equivalence relation.

5. Let S be a set. Determine whether there is a greatest element and
a least element in the poset (P(S), Q).
Solution.
The least element is the empty set since ¢ C T for any subset T

of S. The set S is the greatest element in this poset. Hence T C S
whenever T is a subset of S.

6. Is there a greatest element and a least element in the poset (Z*,[)?

Solution.

The integer 1 is the least element since 1 divides n whenever n is
a positive integer. Since there is no integer that is divisible by all
positive integers, there is no greatest element.

7. Let A be a given finite set and P(A) its power set. Let C be the
inclusion relation on the elements of P(A). Draw Hasse diagram of
(P(A),C) for

(i) A={a} (i) A= {a,b}
(iii) A = {a,b,c} (iv) A=/{a,b,cd}.



228 Discrete Mathematical Structures

Solution.

@) {ab}
{ab} % (b.c}
e X
[ ]
o

@ (i) (iii)
Hasse diagrams of (i), (ii), and (iii)

{a,b,c,d}

(iv)
Hasse diagram of (iv)
8. Which elements of the poset ({2,4,5,10,12,20,25},|) are maximal,
and which of them are minimal?

Solution.
The Hasse diagram is shown in Figure 5.3.

From the Hasse diagram in Figure 5.3, this poset shows that the
maximal elements are 12, 20, and 25 and the minimal elements are

12 20
25
4
2 5
FIGURE 5.3

Hasse diagram of the given poset
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2 and 5. As this example shows, a poset can have more than one
maximal element and more than one minimal element.

9. Determine whether the posets represented by each of the Hasse
diagrams in the following figure have a greatest element and a least

element.
b c d d e d d
C
Y X ./K <b :‘c
[ ]
a a b a b a
@ (i) (i) (@iv)
Hasse diagrams of the given posets
Solution.

(i) The least element of the poset with Hasse diagram (i) is a. This
poset has no greatest element.

(ii) The poset with Hasse diagram (ii) has neither a least nor a
greatest element.

(iii) The poset with Hasse diagram (iii) has no least element. Its
greatest element is d.

(iv) The poset with Hasse diagram (iv) has the least element a and
greatest element d.

10. Draw the Hasse diagram of the set of partitions of 5.

Solution.
4+1

3+2

3+1+1 24241

2+1+1+1

1+1+1+1+1

Hasse diagram of the set of partitions of 5
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5=25
5=4+1
9=3+2
5=3+1+1
5=2+2+1

09=2+1+1+1
5=1+1+1+1+1.

5.2.3 Problems for Practice

1. Let R be the relation on the set of people such that xRy holds if x
is older than y. Show that R is not a partial ordering.

2. Show that (N, <) is a partially ordered set, where N is the set of all
positive integers and < is a relation defined by m < n if and only
if n —m is a non-negative integer.

3. Show that there are only five distinct Hasse diagrams for partially
ordered sets that contain three elements.

4. Give an example of a set X such that (P(X),C) is a totally
ordered set.

5. Let S denote the set of all the partial ordering relations on a set P.
Define a partial ordering relation on S, and interpret this relation
in terms of the elements of P.

6. Let X ={1,2,3,4,6,8,12,24} and R be a division relation defined
on X. Find the Hasse diagram of the poset (X, R).

7. Draw the Hasse diagrams of the following sets under the partial
ordering relation “divides”, and indicate those which are totally
ordered:

{2,6,24}, {3,5,15}, {1,2,3,6,12}, {2,4,8,16}, {3,9,27,54}.

8. If R is a partial ordering relation on a set X and A C X, show that

RN (A x A) is a partial ordering relation on A.

9. Let D3p ={1,2,3,5,6,10,15,30}, and let the relation R be divisor
on Dsg. Find
(i) all the lower bounds of 10 and 15
(ii) the greatest lower bound of 10 and 15
(iii) all upper bounds of 10 and 15
(iv) the least upper bound of 10 and 15.
Also, draw the Hasse diagram.

10. Draw the Hasse diagram of (X, <), where X = {2,4,5,10, 12,20, 25}
and the relation < be such that x < y if z divides y.
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Definition 5.2.12 Linearly ordered set or Chain: A poset (P, <) is called
a linearly ordered set or a chain if every pair of elements in a poset (P, <) are
comparable.

Example 5.2.13 Let Z1 be the set of all positive integers. The usual relation
“<” s a partial order relation on ZT, since any two integers in ZT can be
comparable with respect to the relation “<”. Thus, (Z*,<) is a linearly ordered
set.

Definition 5.2.14 Upper bound and Lower bound: Let S be any subset
of a poset (P,<). An element x € P is called an upper bound of S if y < z,
for ally € S. An element z € P is called a lower bound of S if z <y, for all
yeSsS.

Example 5.2.15 Let A = {a,b,c} be a given set and p(A) be its power set.
Let “C” be the relation on p(A). Then clearly, {(p(A),C) is a poset.

For the subset S = {{a, b}, {a},{b},{c}} C p(A), the upper bounds are {a,b}
and {a,b,c}, and its lower bound is ¢.

5.3 Lattices, Sublattices, Direct Product,
Homomorphism of Lattices

Definition 5.3.1 Lattice: A lattice is a poset (L,<) in which any subset
{a,b} consisting of two elements has a least upper bound and a greatest lower
bound.

We denote LUB({a, b}) by a ®b and call it as the join of a and b. Similarly,
we denote GLB({a,b}) by axb and call it as the meet of a and b.

Example 5.3.2 Let S be a set, and let L = p(S). Let “C” (set inclusion) be
the relation on L. Clearly, (L,C) is a lattice in which the meet and join are
the same as the operations N and U on sets, respectively.

That is, for any two elements A, B € p(S), GLB({A,B}) = AN B and
LUB({A,B})=AUB.

Definition 5.3.3 Dual Lattices: Let (L, <) be a poset, and let (L,>) be the
dual poset (the symbol >’ used for the partial order is <').

If (L, <) is a lattice, we can show that (L,>) is also a lattice. In fact, for
any a,b € L, the LUB(a,b) in (L, <) is equal to GLB(a,b) in (L,>).

Similarly, the GLB(a,b) in (L,<) is equal to LUB(a,b) in (L,>).

Thus, the dual of (L, <) is (L,>) and vice-versa.

5.3.1 Properties of Lattices
In the following theorems, let (L, <) be a lattice.
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Theorem 5.3.4 [Idempotent law] For any a,b,c € L, we have a xa = a
and a ®a = a.

Proof.
Let a,b,c € L. Then by the definition of GLB of a and b, we have

axb<a (5.1)
and if a < a and a < b, then

a<ax*b. (5.2)

Since a < a, from (5.1) and (5.2), we have
axa<a and a<axa.
By the antisymmetric property, it follows that a = a x a.
Similarly, we can prove that a @ a = a.

Theorem 5.3.5 [Associative law| The operations of meet and join on
(L, <) are associative. That is, for any a,b,c € L, we have the following:

(i) ax (bkxc) = (a*xb)*xc
(i)ad(bdc)=(adb)dec.

Proof.
To prove: ax (bxc) = (axb)xc.
Let a,b,c € L, Then by the definition, we have
(axb)xc<axb
and (a*xb)xc<ec.
By the definition of GLB of a and b, we have a xb < a and axb < b.
Hence, by the transitive property of <, we have
(axb)xc<a
and (axb)xc<h.
Since (axb)xc < b and (axb)xc < ¢, we see that (axb) xc is a lower
bound for b and ¢. From the definition of bx ¢, it follows that (axb)xc < bxc.
Since (axb)xc < a and (axb)*c < bxc, from the definition of ax (bxc),
we have

(axb)xc<ax*(bxc). (5.3)

Now, ax(b*xc) <a and ax(bxc) <bxc.
Since b x ¢ < b, by transitivity, we have a x (bx¢) < b.
Since ax (bxc) <a and ax(bxc)<b, we have ax (bxc) < axb.
Since ax (bxc¢) < bxc <, we have

a*x(bxc) < (axb)*c. (5.4)
From (5.3), (5.4) and by antisymmetric property, it follows that

a*(bxc)=(axb)xc.
Similarly, we can prove that a ® (b® ¢) = (a ® b) @ c.
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Theorem 5.3.6 [Commutative law] The operations of meet and join on
(L, <) satisfy commutative property. That is, for any a,b € L, we have the
following:

(i) axb=bx*a
(i) a®db=bDa.

Proof.
Given: a,b € L. Both axb and bx a are GLB of a and b. By the uniqueness
of GLB of a and b, we have a xb = b* a. Similarly, a & b = b & a holds good.

Theorem 5.3.7 [Absorption law] For any a,b € L, we have the following:

(i) ax(adb)=a
(ii) a® (a*b) = a.

Proof.

Let a,b € L. Then, a < a and a < a® b. So, a < ax (a ® b). On the other

hand, a*x (a®b) < a. By antisymmetric property of <, we have a = ax(a®b).
Similarly, we have a ® (a xb) = a, for all a,b € L.

5.3.2 Theorems on Lattices

Theorem 5.3.8 Let (L, <) be a lattice in which * and & denote the operations
of meet and join respectively. For any a,b € L,
a<b<=axb=a<=adb=0b.

Proof.
First, let us prove that a < b<= axb=a<= a®b=0>.
Let us assume that a < b, and also, we know that a < a.

a<axb. (5.5)
But, from the definition of a x b, we have
axb < a. (5.6)

Hence, a <b=-a*b=a [using (5.5) and (5.6)].
Next, assume that a x b = a. But it is only possible if a < b.
That is, axb=a = a < b.
Combining these two results, we get
a<b<=ax*xb=a.
Similarly, we can prove that a < b <= a®b=10.
From a x b = a, we have
bd(axb)=bBa=aDb.
But b ® (a*b) =b.
Hence, a ® b = b follows that a xb = a.
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Theorem 5.3.9 Let (L,<) be a lattice. For any a,b € L, the following are

equivalent:
(i)a<b
(ii) axb=a
(iil) a® b =0b.
Proof.

First, consider (i) < (ii).
We have a < a. Assume a < b. Therefore, a < axb. By the definition of
GLB, we have
axb<a.
Hence, by antisymmetric property, a x b = a.
Assume that a x b = a, but it is only possible if
a<b=axb=a=a<0b.
Combining these two results, we have a < b <= a*xb=a.
Similarly, a < b<= a® b=0b.
Now, consider (ii) <= (iii).
Assume axb = a, we have b® (axb) = bPa = a®b, but by absorption,
b® (axb) =0.
Hence, a® b =0.
By similar arguments, we can show that axb = a follows from a®b = b.
(i) < (iii)
Hence, the theorem is proved.
Theorem 5.3.10 Let (L,<) be a lattice. For any a,b € L, the following
inequalities hold:

(1

(i) a®(b*xc) < (a®b)*x(a®c)
(ii) ax(b®c) > (a*xb) D (axc).
(2) Modular Inequalities

~—

Distributive Inequalities

a<c<=ad®(bxc)<(a®b)*xc
a>c<=ax(b®dc)>(axb) De.
Proof.
Since (ii) in (1) and (ii) in (2) are duals of (i) in (1) and (i) in (2) respectively,
it is enough to prove (i) in (1) and (i) in (2) only.
Consider (i) in (1).
Let a,b,c € L. Since a < a @ b and a < a & ¢, we have
a<[la®db)x(ad ).
Since bxc<b<ad®band bxc<c<a®c, we have
(bxc) < (a®b)x(a®c).

Therefore, (a @ b) * (a ® ¢) is an upper bound for a and b * ¢, and hence

a® (bxc) < (a®b)x(adc).
Thus, (i) in (1) is proved.



Lattices and Boolean Algebra 235

The inequality (i) in (2) is a special case of (i) in (1).
If a < ¢, then a ® ¢ = ¢, and from (i) in (1), we obtain
a® (bxc) < (a®b)x(a®c)=(a®b)*c, which is inequality (i) in (2).
Hence, the theorem is proved.

Theorem 5.3.11 In a lattice (L, <), for all a,b,c € L, we have the following:
(i) (axb)® (cxd) < (aDc)* (DD d)
(ii) (a*b)® (b*xc) D (cxa) < (a®b)*(bDc)*(cDa).

Proof.
Let a,b,c € L. Then

axb<a (or) b<a®b. (5.7)
axb<a<cda. (5.8)
axb<b<bdec. (5.9)

Using (5.7), (5.8), and (5.9), we get
axb<(a®db)x(bdc)x(c®a).
Similarly, bxc<(a®b)*x(b®c)*(c®a),
cxa<(a®b)*(bdc)x(cDa).
This proves (ii).
Wehavea <a@®cand b< bdd.
We know that
c<ade. (5.10)

d<bdd. (5.11)

Therefore, c¢*xd < (a®c)* (bDd).
By (5.10) and (5.11), we have
(axb) @ (cxd) < (a®c)x(bDd).
This proves (i).

Theorem 5.3.12 In a lattice (L, <), prove that for a,b,c € L,

(i) (axb)® (axc) <ax(bd (axc))
(ii) (a®b)*(a®c) >a® (bx(a®c)).

Proof.
We know that axb < a, axc<a.
Therefore, (axb)@®(axc)<a®a=a. (5.12)
Also, axb<b,axc<axc
= (axb) @ (a*xc) <bd (axc). (5.13)

From (5.12) and (5.13), we have
(axb)@(axc)<a*(bd (axc)).
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This proves (i).

We know that a<adb;a<adec
= a=axa< (a®b)*(adc). (5.14)
Further, b<ad®b,a®dc<adPhc
= bx(a@c) <(adb)x(adc). (5.15)

Using (5.14) and (5.15), we have
a® (b*x(a®c) <(a®b)*(adc).
This proves (ii).

Theorem 5.3.13 In a lattice if a < b < ¢, show that

(i)adb=bxc
(ii) (axb)® (bxc) =(a®b)x(a®c) =b.
Proof.
Leta<b<e.
a<b=—a®b=0>b,axb=a.
b<c=bdd=c,bxc=0D.
a<c=—a®c=c a*xc=a.
Therefore, a®b=>b=0bxc, which is (i).
Now, (axb)® (bxc)=a®db=1b

(a®b)x(a®c) =b*c=>b, which is (ii).

5.3.3 Solved Problems

1. Determine whether the posets represented by each of the Hasse
diagrams are lattices.

Solution.

@ (i) (iii)
Hasse diagrams of the given posets
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The posets represented by the Hasse diagrams in (i) and (iii) are
both lattices because in each poset, every pair of elements has both
a least upper bound and a greatest lower bound. On the other hand,
the poset with the Hasse diagram shown in (ii) is not a lattice, since
the elements b and ¢ have no least upper bound.

It is to be noted that each of the elements d, e, and f is an upper
bound, but none of these three elements precede the other two with
respect to the ordering of this poset.

2. Is the poset (ZT,]|) a lattice?

Solution.

Let a and b be two positive integers. The least upper bound
and greatest lower bound of these two integers are the least
common multiple and the greatest common divisor of these integers,
respectively. Hence, it follows that this poset is a lattice.

3. Explain why the partially ordered sets of Figures 5.4 and 5.5 are
not lattices.

PR

@® (i) (iii)

FIGURE 5.4
Hasse diagrams of the given posets

e e
d d ¢
b c
c b c
a b a
a

@ (i) (iii)

FIGURE 5.5
Hasse diagrams of the given posets
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Solution. Given:

(i) does not represent a lattice since e @ f does not exist.

(ii) does not represent a lattice since b @ ¢ does not exist.

(iii) does not represent a lattice because neither d @ ¢ nor b ¢
exists.

Let the sets Sp, 51,52, ...,.57 be given by

So ={a,b,c,d,e, f}, S1 ={a,b,c,d,e},
Sy ={a,b,c,d, f}, S3 = {a,b,c, e},
Sy ={a,b,c}, S5 = {a,b},

Se = {a,c}, S7 ={a}.

Draw the diagram of (L, C) where L = {Sy, S1,S2,...,S7}.

Solution.
The diagram is shown below.

So

S;

S4

Ss Se

Sy
Hasse diagram of (L, C)

Show that every non-empty subset of a lattice has a least upper
bound and a greatest lower bound.

Show that every totally ordered set is a lattice.

Let A = {1,2,5,10} with the relation “divides”. Draw the Hasse
diagram.

Definition 5.3.14 Sublattice: Let (L, *, ®) be a lattice, and let S C L be a
subset of L. The algebra (S,x,®) is a sublattice of (L,*,®) if and only if S is
closed under both operations x and @.

Example 5.3.15 Let (L, <) be a lattice in which L = {ay,az,...,as} and
Sy, So, and Ss be the sublattices of L given by S1 = {ai,a2,a4,a6},
Sy = {as,as,a7,as}, and S3 = {a1, az,a4,as}. The diagram of (L, <) is below.
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ag

Hasse diagram of (L, C)

Note that (S7, <) and (S3, <) are sublattices of (L, <), but (Ss3, <) is not a
sublattice since ag, a4 € S5 but as xay = ag € S3. Also, note that (S3, <) is a
lattice.

Definition 5.3.16 Direct Product of Lattices: Let (L,*,®) and (S, A, V)
be two lattices. The algebraic system (Lx.S, -, +) in which the binary operations
“+7 and “” on L x S are such that for any (a1,b1) and (az,bs) in L x S
(al, bl) . ((12, bg) = (a1 *ag,bl AN b2)
(al, bl) + (ag, bg) = (a1 P ag, by V bg)
is called the direct product of the lattices (L,x,®) and (S, A, V).

Definition 5.3.17 Lattice Homomorphism: Let (L, *, @) and (S, A, V) be
two lattices. A mapping g : L — S is called a lattice homomorphism from
the lattice (L, *,®) to (S,A,V) if for any a,b € L,

glaxb) =g(a) Ag(b) and gla®b)=g(a)Vg(b).

Remark 5.3.18 Observe that both the operations of meet and join are
preserved. These may be mappings which preserve only one of the two
operations. Such mappings are not lattice homomorphisms.

Definition 5.3.19 Lattice Isomorphism: If a homomorphism g: L — S
of two lattices (L,*,®) and (S, A, V) is bijective, that is, one-to-one and onto,
then g is called an isomorphism. If there exists an isomorphism between two
lattices, then the lattices are called isomorphic.

Definition 5.3.20 Lattice Endomorphism: Let (L,x,®) be a lattice. A
homomorphism g : L — L is called an endomorphism.

Definition 5.3.21 Lattice Automorphism: Let (L, x, ®) be a lattice. If g:
L — L is an isomorphism, then g is called an automorphism.

Remark 5.3.22 Let (L, x,®) be a lattice. If g: L — L is an endomorphism,
then the image set of g is a sublattice of L.
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Definition 5.3.23 Order-Preserving Mapping: Let (P, <) and (Q,<') be
two partially ordered sets. A mapping f: P — Q is said to be order-preserving
relative to the ordering < in P and <’ in Q if and only if for any a,b € P
such that a < b, f(a) <’ f(b) in Q.

Remark 5.3.24 If (P, <) and (Q, <) are lattices and g: P — Q is a lattice
homomorphism, then g is order-preserving.

Definition 5.3.25 Order-isomorphic Partially Ordered Sets: Two
partially ordered sets (P, <) and (Q,<') are called order-isomorphic if there
exists a mapping f : P — Q which is bijective and if both f and f~' are
order-preserving.

5.3.4 Problem for Practice

1. Let (L,*,&®) and (S,A,V) be any two lattices with the partial
orderings < and <’ respectively. If g is a lattice homomorphism,
then ¢ preserves the partial ordering.

5.4 Special Lattices

Let (L,x,®) be a lattice and S C L be a finite subset of L where
S ={a1,as,...,a,}. The greatest lower bound and the least upper bound
of S can be expressed as

GLB S=x;—ja; and LUB S =& a;
where *2_a; = ayxay and *le a; = *f;ll (aixar), k=3,4,...

A similar representation can be given for ®]_;. In lieu of the associative
property of the operations x and &, we can write

*;L=1ai =Qa1 *xag % -k ap
and Gria,=a1Par® - Bay.

Definition 5.4.1 Complete Lattice: A lattice is called complete if each of
its non-empty subsets has a least upper bound and a greatest lower bound.

Definition 5.4.2 Complement Element: In a bounded lattice (L,*,®,0, 1),
an element b € L is called a complement of an element a € L if

axb=0 and a®b=1.

Definition 5.4.3 Complemented Lattice: A lattice (L, x,®,0,1) is said to
be a complemented lattice if every element of L has at least one complement.
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Definition 5.4.4 Distributive Lattice: A lattice (L,*, @) is called a
distributive lattice if for any a,b,c € L,

ax(bdc)=(axb)®(axc)
a® (bxc)=(adb)x(adc).

In other words, in a distributive lattice, the operations x and & are distributed
over each other.

Definition 5.4.5 Modular Lattice: A lattice (L, A,V) is called modular if
for all x,y,z € L,

r<z=zV(yAz)=(xVy) Az (modular equations).

Remark 5.4.6 We have (by modular inequality) if x < z = x V (y A z) =
(zVy) Az holds in any lattice. Therefore, to show that a lattice L is modular,
it is enough to show if

r<z=xzV(yAz)>(xVy Az holdsin L.
Theorem 5.4.7 FEvery chain is a distributive lattice.

Proof.
Let (L, <) be a chain. Let a,b, ¢ € L. Consider the following possible cases:

(i) a<bora<c
(i) a>band a>c

We shall now show the distributive law
ax(bdc)=(axb) ®(axc).
In case (i), if a < b or a < ¢, then we have

axb=a,a®a=a,axc=c and

= a<bde. (5.16)
Hence, ax(b®dc)=a
and (axb)@(axc)=ada=a. (5.17)

From (5.16) and (5.17), we get
ax(b®dc)=(axb)® (axc).

In case (ii), if a > b and a > ¢, then we have axb="b, axc=cand bPc < a,
so that
ax(b®dc)=bPc (5.18)

and (axb)®(axc)=bdec. (5.19)
From (5.18) and (5.19), we get
ax(b®dc)=(axb) ®(axc).
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Theorem 5.4.8 Let (L,*, @) be a distributive lattice. For any a,b,c € L,

(axb=axc)AN(adb=adc)=b=c.

Proof.
(axb)@c=(a*xc)Dc=c (5.20)
(axb)®dc=(adc)*x(bDc)
=(adb)x(bdc)
=b®(axc)
=b® (axb)
=b. (5.21)
From (5.20) and (5.21), we have
b=c

Theorem 5.4.9 FEvery distributive lattice is modular.

Proof.
Let (L, <) be a distributive lattice.
For all a,b,c € L, we have

a® (bxc)=(a®b)x(adc).
Thus, if a < ¢, then a ® ¢ = ¢ and
a® (bxc)=(aDb)*c.

Hence, if a < ¢, the modular equation is satisfied, and L is modular.

5.4.1 Solved Problems
1. Show that a chain of three or more elements is not complemented.

Solution.
In a chain, we have that any two elements are comparable.
Let 0,z,1 be any three elements in a chain (L, <) with least
element 0 and greatest element 1.
We have 0<z <1.
Now,0Az=0 and OVz==x.
Similarly, tAl=2 and zVv1=1.
Therefore, © does not have any complement.
Hence, any chain with three or more elements is not
complemented.

2. Find all sublattices of (Dsg,|) where | is the divisor relation.

Solution.
The Hasse diagram of (Dsg, |) is shown in Figure 5.6.
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30

FIGURE 5.6
Hasse diagram of (Dsy, |)

Therefore, the sublattices are

D¢ =1{1,2,3,6}
Dy =1{1,2,5,10}
Dys ={1,3,5,15}

S; = {5,10,15,30}

Sy ={3,5,15,30}, etc. are lattices.

In general, if m|n, then D,, is a sublattice of D,,, and Dy, is also
a sublattice of D,,.

3. Show that the lattices given by the diagrams are not distributive.

1 1
a
: b, b3

L3

a3

0 0

@ (i)

Hasse diagrams of given lattices
Solution.

In lattice (i),
ag*(al @az) = 0,3*]. =az = (ag*al) @(03*0,2)
a1 * (ag @ az) = 0= (a1 xaz) ® (a1 % az)
but agx (a1 @az) =as*x1=asy
(ag *xay) ® (ag *a3z) = 0® az = as.
Hence, the lattice (i) is not distributive.
In lattice (ii),
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by * (b2 D b3) = by while (bl * b2) (§5) (bl * b3) = 0 which shows
that the lattice is not distributive.

4. If D,, denotes the lattice of all the divisors of the integer n, draw

the Hasse diagrams of Dy, D15, D3z, and Dys.

Solution.
The Hasse diagrams are shown below.

- 45
10 15
16 9 15
2 5 3 5 8
4 3 5
1 1 2
1
1
Do Dys D3, Dys

Hasse diagrams of given lattices

5. Prove that in a distributive lattice, the complement of an element

is unique.

Solution.
Let a be an element with two distinct complements b and ¢. Then
axb=0 and axc=0
— a*xb=ax*c
Also,a®b=1 and a®c=1
= adb=adec
By a theorem, we have b = c.

6. Let L be a complemented, distributive lattice. Then for a,b € L,

show the following are equivalent:

(i) a<d

(ii) axbd =0
(iii) d ®b=1
(iv) ¥ <d

where ' denotes corresponding complement.

or
Show that the following hold in a distributive and complemented
lattice L:
a<b<=axb=0<=d db=1< b <da'for a,be L.
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Solution.

a<b=—adb=">
= (a®b)xb =0 since bxb' =0
= (axV)® (bxb')=0
= axb =0 since bxb' = 0.

Hence (i) = (ii).

axb =0= (axb) =1
= da@l)=1
= dpb=1.

Hence (ii) = (iii).

d®db=1= (d ®b)xb =V
= (a/' %)@ (bx')=b" (using distributive law)
= ad xb =V since bxb' =0
=V <d.

Hence (iii) = (iv).
7. Let (L, A, V) be a distributive lattice and a,b,c € L. If aAb=aAc¢
and aVb=aVc then b=c.
or
Show that the cancellation laws are valid in a distributive lattice.

Solution.
Let (L,A,V) be a distributive lattice and a,b,c € L, such that
aANb=aAcand aVb=aVc Now,

(anbyVe=(aVe)A(bVe) (since L is distributive)
=(aVbhA(Ve)
=(BVa)A(bVe)
=bV(aAc)
=bV (aAb)
=b

and (anb)Ve=(aNc)Ve=c.
Thus, b= (aAb)Vec=c, so that

aANb=aAcandaVb=aVc= b=c
That is, the cancellation law is valid in a distributive lattice.

8. Show that the direct product of any two distributive lattices is a
distributive lattice.
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Solution.

Let Ly and Ly be two distributive lattices. Let x,y,2z € Ly X Lo,
the direct product (lattice) of L; and Lo. Then, = = (a1,as2),
y=(b1,b2), and z = (c1,c2) for some aq,b1,c7 € L; and
as, b, co € Ly. Now,

xV (yAz)
= (a1,a2) V ((b1,b2) A (c1,¢2))
= (a1,a2) V (by Aci, by A ca)
= (a1 V (b1 Aci),az V (ba Acz))
= ((a1 Vb1) A (a1 Ver), (a2 Vba) A(az Ver))
(since Ly and Lo are distributive lattices)
= ((a1 Vb1),(az Vb)) A ((a1 V1), (az Vo))
((a1,a2) V (b1, b2)) A ((a1,a2) V (c1, ¢2))
=(xVy) A(zVz2).

Hence, for all z,y,z € L1 X Lo, a V(yAz) = (xVz)A(zV 2).
Therefore, if L1 and Lo are distributive lattices, then the direct
product Li x Lo is also a distributive lattice.

9. Prove that the lattice is modular.

1

0
Hasse diagram of given lattice
Solution.
The elements a, b, and ¢ are symmetric in the lattice. It is enough
to prove for any one of a, b, c.
We have the cases a < 1 and 0 < a.
Case (i): Let a < 1.
Let 1 = a and x3 = 1. Then
x1V(zaAzz)=aV (i Al)=aV
and (ryVas)Azg=(aVaa) ANl =aVxs.
Hence, x1 V (xz AN I’g) = (1’1 V xg) A xIs3.
Case (ii): Let 0 < a.
Let x1 = 0 and 3 = a. Then
1 V(e Ax3) =0V (z3Na) =22 Na
and (1 Vas)Azg=(0Va)ANa=x2Aa.
Hence, 1 V (2 A z3) = (21 V 22) A 23.
Therefore, the above lattice is modular.
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5.4.2 Problems for Practice

1. Find the complements, if they exist, of the elements a,b,c of the
lattice, whose Hasse diagram is given below. Can the lattice be
complemented?

2. Give an example for a distributive and complemented lattice.

3. Examine whether the lattice given in the following Hasse diagram
is distributive or not.

1)
[l

4. In a distributive complemented lattice, show that the following are

equivalent:
(i) a<bd
(i) aAb=0
(iii) avb=1
(iv) b <a.

5. Let (L,<,V,A) be a distributive lattice and a,b € LifaAb=aAc
and aVb=aV c. Then, show that b = c.

Define a lattice. Give a suitable example.

In a complemented and distributive lattice, prove that the
complement of each element is unique.

State modular inequality of lattices.

Show that cancellation laws are valid in a distributive lattice.
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5.5 Boolean Algebra

Definition 5.5.1 Boolean Algebra: A Boolean algebra is a complemented
distributive lattice.

A Boolean algebra will generally be denoted by (B, *,®, ’,0,1), and it satisfies
the following properties in which a, b, and ¢ denote any element of the set B.

1. (B,*,®, ’,0,1) is a lattice and satisfies the following:

(i) axa=a
(ii) axb=bx*a

(iii) (axb)*xc=a*(bxc)

)
)
(iv) ax(a®b)=a
)
)
)

(v) a®a=a
(vi) a®b=0b®Da
(vii) (a®b)@c=a® (bDc)

(vili)) a@® (a*b) = a.
2. (B,x,®) is a distributive lattice and satisfies the following:
(i) ax(b@c)=(axb)® (a*c)
(ii) a® (b*xc) = (a®b)*x(aDc)
(iii) (axb)® (bxc)®(cxa)=(a®b)*x(bdc)*(cPa)
(iv) (axb)=(a*c)and (a®b)=(adc)=b=c.
3. (B,%,&®, ’,0,1) is a bounded lattice and satisfies the following;:

(i) 0<a<1
(i) ax0=0
(iii) axl=a
(iv) a®0=a
(v) a®1=1.

4. (B,*,®, ’,0,1) is a complemented lattice in which the complement
of any element a € B is denoted by a’ € B and satisfies the

following:
(i) axa’' =0
(i) a®ad =1

)

(iii) 0 =1
(iv) =0
(v) (a*xb) =d @b
(vi) a®b =d xV.
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5. There exists a partial ordering < on B such that

(i) axb=GLB{a,b}
(ii) a ® b= LUB{a,b}

(ili) a<b<=axb=a<=adb=0b

(iv) a<b<=axll =0V <d <= d pb=1.

Example 5.5.2 Let A = {a,b,c} and consider the lattice (P(A),N,U) as
shown below.

{a7b’c}

{a,b} ’ ‘ {b,c}
{a} & {c}
8
Hasse diagram of (P(A),N,U)

Clearly, (P(A),N,U) is a Boolean algebra.

Example 5.5.3 Let B = {0,1} be a set. The operations *,®,” on B are
defined in the table below.

Tables showing Operations of x,®,” on B

* 0 1 &) 0 1 T x
0 0 0 0 0 1 0 1
1 0 1 1 1 1 1 0

Clearly, (B,*,®,",0,1) is a Boolean algebra.

Definition 5.5.4 Sub-Boolean Algebra: Let (B,*,&®,’,0,1) be a Boolean
algebra and S C B. If S contains the elements 0 and 1 and is closed under
the operations x, @, ', then (S, %, ®,’,0,1) is called a sub-Boolean algebra.

Remark 5.5.5 A sub-Boolean algebra of a Boolean algebra is itself a Boolean
algebra.

Remark 5.5.6 A subset of a Boolean algebra can be a Boolean algebra.
However, it may not be a sub-Boolean algebra because it may not close with
respect to the operations in the Boolean algebra.
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Definition 5.5.7 Direct Product of Boolean Algebra: Let

(B1,%1,®1, ,01,11) and (Bg,*2,®2,” ,02,12) be any two Boolean algebras.
The direct product of the two Boolean algebras is defined to be a Boolean
algebra that is given by (By X Ba,x3,®3,” ,03,13) in which the following
operations are defined for any (ay,b1), (az,b2) € By X By as

(a1,b1) %3 (az,b2) = ((a1 %1 az), (b %2 b2))
(a1,b1) D3 (az,b2) = ((a1 ®1 az), (b1 ©2 b2))
(a1,b1)"" = (a3, b7)
05 = (01,02) and 13=(11,15).

Definition 5.5.8 Join-irreducible: Let (L,x,®) be a lattice. An element
a € L is called join-irreducible if it cannot be expressed as the join of two
distinct elements of L.
In other words, a € L is join-irreducible, if for any a1,as € L,
a=a1 ®as = (a=a1)*(a=as).

Definition 5.5.9 Boolean Homomorphism: Let (B,*,®,,0,1) and
(P(A),u,N,c,a, B) be any two Boolean algebras, where A is a set. Then,
a mapping [ : B — P(A) is called a Boolean homomorphism, if for any
a,be B,

flaxb) = f(a) N f(b)
fla®b) = f(a) U f(b)
fld) =[f(a))
f(0) =«
f) =5

Remark 5.5.10 The binary operations x and @ are preserved under Boolean
homomorphism.

Remark 5.5.11 Let (L,*,&,<) and (S,A,V,<') be two Boolean algebras.
Then, a mapping g : L = S is called an order homomorphism, then
a<b= g(a) < g(b), for all a,b € L.

Theorem 5.5.12 In a Boolean algebra, De Morgan’s laws hold.

Proof.
Let (L,*,®,”,0,1) be a Boolean algebra. Then, L is a complemented and
distributive lattice.
De Morgan’s laws are
a®b=axb, axb=a®b, foralaabecL.
Assume that a,b € L. There exist elements @, b € L such that
a®a=1, axa=0, b&b=1, bxb=0.
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(i) Claim: a®b=axb.
(a®@b)® (axb) = [(a@b)@a]*[(a@b)e_a?)]

=[a®*xa®bx[a®bD b
:[a@b]*[a®a]

Hence, claim (ii) is proved.
Therefore, De Morgan’s laws are proved.

Theorem 5.5.13 In a Boolean algebra (L,*,®), the complement a of any
element a € L is unique.

Proof.
Let a € L have two complements b,c € L.
By definition, we have axb =0, a®b=1, axc=0, a®c=1.
Then, we have
b=0bx%1
=bx(a®c)
=(bxa)® (bxc)
=0® (bxc)
=bxc (5.22)
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and c=cxl1
=c*x(a®b)
= (cxa)®(cxb)
=0® (cxb)
=cxb
=bx*c. (5.23)

From (5.22) and (5.23), we have b = c.
Therefore, every element of L has a unique complement.

5.5.1 Solved Problems
1. Show that (P(A),U,N, C) is a Boolean algebra, where A is any set.

Solution.
We know that (P(A),U,N,C) is a lattice.
For any XY, Z € P(A),
XN(YUZ)=(XNY)U(XNZ)
XU(YNnZ)=(XUY)n(XUZ).
Also, for all X € P(A), there exists a subset X of A such that
XUX=A XnX={}=¢
Zero element of P(A) is { } = least element.
The greatest element of P(A) is A.

Therefore, (P(A),U,N, C) is a Boolean algebra.
2. Show that in any Boolean algebra,
(a+b)(a +c)=ac+ab+be.

Solution.
Let (B,+,-, ') be a Boolean algebra. Let a,b,c € B.

(a+b)(a +c)=(a+b)a" + (a+b)c
=aa' 4+ ba’ + ac+ be
=0+a'b+ac+be
=ac+a'b+be.

3. In any Boolean algebra, show that a = b if and only if ab + ab = 0.

Solution.
Let (B,+, 7,0,1) be any Boolean algebra. Let a,b € B and a = b.
To show that: ab + ab = 0.

a-b+a-b=aa+aa=0+0=0.
Now, let ab+ ab = 0, for all a,b € B. Then
ab+ab=0
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— aa + ab + ab + bb =0
a(@+b)+bl@a+b) =0
(a+b)(@a+b) =0
(a+b)ab=0
ab=a+b

GLB{a,b} = LUB{a, b}

4. Simplify (i) (a *xb) @ (a & b)
(ii) (a/ xb xc) P

Solution.
(i) (axb) @ (a®b) = (d V) (a' V)
=(dobdd)x(d ot ob)
=(a V) (a' xV)
=a V.
(ii) (@' *xb' xc) @ (axb xc) D (axb )

=(d @®a)x (b xc)
1x

(b xc) =01 xc.

5. Let a,b,c be any elements in a Boolean algebra B. Prove that
(i) axa=a (i) a®a=a.

Solution.

(i) To prove: a*a = a.

Let a=ax*1 (by identity law)
=ax(a®a) (by complement law)
=axadaxd (by distributive law)
=(axa)®0 (by complement law)
=ax*a. (by identity law)

(ii) To prove: a @ a = a.

Let a=a®0
=a®(axa)

(by identity law)

(
=(a®a)x(ada) (by distributive law)

(

(

by complement law)

=(a®a)x1

=a®da.

by complement law)

by identity law)
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6. Let a,b,c be any elements in a Boolean algebra B. Show that
(i) a®a=1 (ii)) ax0=0.

Solution.

(i) To prove: a® 1= 1.

Let a®l=(a®l)*1 (by identity law)
=(a@a®)x(add) (by complement law)
=a® (axa) (by distributive law)
=a® (a x1) (by commutative law)
=add (by identity law)
=1 (by complement law)

(ii) To prove: ax0 = 0.

Let ax0=(a%x0)®0 (by identity law)
= (ax0) P (axa) (by complement law)
=ax(0da) (by distributive law)
=ax(a ®0) (by commutative law)
=axad (by identity law)
=0. (by complement law)

7. Prove that a ® (o’ xb) = a @ b.
Solution.
a®(a*xb)=(a®ad)*x(adb)=1x(adb) =adb.
8. Prove that ax (a’ ®b) = a*b.
Solution.
ax(a®b)=(axd)D(axb)=0® (axb) =axb.
=a

9. Prove that (axb) @ (axb) .
Solution.
(axb) @D (a*xb)=a*x(bPV)=ax1l=a.

10. In any Boolean algebra, (B,-,+, ’,0,1), show that
(a+ )b+ )c+a)=(a+b)( +c)c +a).
Solution.

(a+ )b+ )ec+d)=(a+b +0)(b+c +0)(c+a +0)
=(a+b +cd )b+ +ad)(c+a +bb)
=(a+b +ec)a+b +) b+ +a)
(b+c +ad)(c+ad +b)(c+ad +V)
=

)
(@ +b+c)a +b+ )]
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(V) +c+a) +c+ad)

[( +a+b)(d +a+b)

=(a +b+cc ) +c+ad)(cd +a+bb)
= (d +b+0)(b’+c+0)(c +a+0)

= (a' +b)( + ¢)(c + a).

11. In any Boolean algebra, (B,-,+, ’,0,1), show that
a=0<=ab +adb=0.

Solution.
If a = 0, then it directly follows that
all +a’b=0+1b=0+b=hb.

Suppose b=ab +ab. (5.24)
Therefore, 0=bb="0(abl +d'b) =abl +0=ab.
Using De Morgan’s law, from (5.24) we obtain ¥'(a’ + b)(a + V).
Therefore,

0=abt =ald +b)(a+b")
= (ad’ + ab)(a + V)

= (0+ab)(a+1)

=ab(a +1)

= aba + abb’ = ab+ 0 = ab.
Therefore, 0=ab=al.
Therefore, O=ab+ab =a(b+V)=al =a.

Hence, a = 0.

5.5.2 Problems for Practice

What values of the Boolean variables x and y satisfy zy = x + y?

2. Show that De Morgan’s laws hold in a Boolean algebra. That is,
show that for all z and y, s Vy=TAgand z Ay =T V7.

Does a Boolean algebra contain six elements? Justify your answer.

=~ w

If P(S) is the power set of a non-empty set S, prove that
(P(5),U,Nn,°,,S) is a Boolean algebra.

Prove that in a Boolean algebra, (a Vb) =a' AV
Give an example of a two-element Boolean algebra.
Write the Boolean algebra whose Hasse diagram is a chain.

Is there a Boolean algebra with five elements? Justify your answer.

© X N

Show that a lattice homomorphism on a Boolean algebra which
preserves 0 and 1 is a Boolean homomorphism.
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10.
11.
12.
13.
14.
15.
16.
17.
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Prove that a lattice with five elements is not a Boolean algebra.
Show that in a Boolean algebra, a & (a’ xb) = a & b.

Show that in a Boolean algebra, a x (¢’ ® b) = a * b.

Show that in a Boolean algebra, (a xb) @ (axb') = a.

Show that in a Boolean algebra, (a xb*c) ® (axb) = axb.
Show that in a Boolean algebra, a < b= a + bc = b(a + ¢).
Simplify the Boolean expression: (axc¢)®c@ [(b B ') % a].
Simplify the Boolean expression: (1 xa) @ (0% a’).
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Closure property, 173
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Commutative group, 184

Commutative ring, 219

Commutativity, 173

Complemented lattice, 240
Complete bipartite graph, 144
Complete graph, 142
Complete lattice, 240
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Conjunction, 2

Connected graph, 158
Complement element, 240
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Cosets, 197

Cycle, 157

Cycle graph, 142
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Cyclic permutation, 209

D
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Directed graph, 138
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Direct proof, 22
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Disjoint cycles, 209
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Graphs, 135
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Join-irreducible, 250
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Lagrange’s theorem, 198
Lattice, 231
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Lattice isomorphism, 239
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0Odd permutation, 210
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Order-preserving mapping, 240

Out-degree of a vertex, 139
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Predicate calculus, 22
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Proposition, 1
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Q

Quantifier, 23
Quotient group, 199

R

Recurrence relation, 87
Regular graph, 142

Right coset, 197

Ring, 217

Ring homomorphism, 218
Rules of inference, 14

S

Self loop, 136
Semigroup, 174
Simple graph, 137
Simple path, 157
Special lattices, 240

Star graph, 144

Strong induction, 57
Sub-Boolean algebra, 249
Subgraph, 142

Subgroup, 192

Sublattice, 238

Subring, 218

Substitution property, 175
Symmetric group, 185

T

Tautology, 6

Terminal vertex, 157
Totally ordered set, 223
Transposition, 210
Trivial proof, 21

Truth table, 2

U

Undirected graph, 138
Unicursal graph, 164
Universal generalization, 28
Universal specification, 28
Universe of discourse, 23
Upper bound, 231

vV

Vacuous proof, 22

W

Walk, 156

Well-ordering property, 57
Well-ordered set, 224
Wheel graph, 143
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