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Preface

In recent years, more and more Chinese students are going overseas, either as ex-
change students or to pursue degrees. At the same time, more and more students are
coming from other countries to Chinese universities to further their studies. We have
noticed that, in terms of both knowledge transfer and intercultural communication,
the English language has played an indispensable role. Furthermore, it is in the inter-
est of these students to have a smooth transition from one system to another, for their
credits to transfer, and for them to immerse themselves in the new environment as
quickly as possible. To this end, more and more Chinese schools are offering courses
delivered bilingually or in English to enhance students’ international outlook. One
of the greatest challenges in offering Chinese students a course in English is finding
a suitable textbook; the textbook must seriously consider what students have done
in high school, it must meet the national and local official course standards, and it
should resonate with significant international flavors so as to benefit the students.
Single Variable Calculus is a textbook that meets all of these challenges. This textbook
offers a rigorous approach to single variable calculus and incorporates graphical and
numerical approaches and historical notes for many key concepts. All of the impor-
tant topics of a traditional single variable calculus course are thoroughly covered, but
the size of the text is minimized in order to reduce the cost for potential users. It is
also the first ever calculus textbook in China printed in color — a tremendous benefit
for understanding the applications in differential and integral calculus.

In writing the first edition of Single Variable Calculus, we benefited from the con-
tributions of many people, and here I would like to recognize and thank them. We
received useful assistance and valuable suggestions from:

Stanley D Bristol, editor, Rio Salado College, USA

Julie M Clark, primary editor, Hollins University, USA

John Jensen, Rio Salado College, USA

Liao Wenyuan, University of Calgary, Canada

Min Xinchang, Sichuan University, China

Xia Fuquan, Sichuan Normal University, China

Xu Xiaozhan, Sichuan University, China

Xu Youcai, Sichuan University, China

Xiao Yibin, University of Electronic Science and Technology of China, China

Yang Liang, Sichuan University, China

Zhang Liangcai, Chongqing University, China

and students of the years of 2013 to 2017 at Wu Yuzhang College. In particular, I want
to thank Mr. Zhang Shenhang and Wu Zengbao for collecting materials and student
feedbacks for me.

During the past decade, I have used many calculus books either as textbooks or
reference books. These include Calculus by Gilbert Strang; Calculus: Ideas and Appli-

https://doi.org/10.1515/9783110527780-201



VI —— Preface

cation by Alex Himonas and Alna Howard; Calculus (3rd edition) by Michael Spivak;
Calculus (7th edition) by Robert Adams and Christopher Essex; Calculus (6th edition)
by James Stewart; Calculus for Engineers (4th edition) by Donald Trim; Calculus of a
Single Variable: Early Transcendental Functions (9th edition) by Ron Larson, Bruce
Edwards and Robert Hostetler; Calculus: Graphical, Numerical, Algebraic (4th edition)
by Ross Finney, Franklin Demana, Bert Waits and Daniel Kennedy; Calculus (10th edi-
tion) by Ron Larson and Bruce Edwards; Calculus: for Business, Economics, and the
Social and Life Sciences (10th edition) by Laurence E. Hoffmann and Gerald L. Brand-
ley; Calculus I and II by Jigang Ma, Yunzhi Zou and Peter Aitchision; Calculus textbook
(6th and 7th edition) authored collectively by the department of mathematics at Tongji
University, and Calculus textbook authored collectively by the College of Mathematics
at Sichuan University. I thank those wonderful calculus textbooks for giving me in-
spirations and insights in developing this calculus text. Without borrowing ideas and
adapting materials, this work would have been impossible.

I am very glad that this work is published in Germany. I thank people working
hard on this. These include editor Liu Hui at the World Publishing Corporation, and
editor Ina Talandiené at VTeX for De Gruyter without whose work, this book would
not have achieved this level.

I also want to thank the Department of Mathematics and the Academic Affairs
Office at Sichuan University for their financial support.

The responsibility for any errors in this text lies entirely with me. Corrections and
feedback are very welcome and can be sent to zouyz@scu.edu.cn.

Zou Yunzhi

Department of Mathematics

Sichuan University

Wang Jiang Road 29

Chengdu, China

610065

zouyz@scu.edu.cn; 609181697 @qq.com;
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1 Prerequisites for calculus

1.1 Overview of calculus

In this chapter, you will:

— see a big picture of calculus;

— review the definition of a function;

— review properties of a function;

— review basic functions and form new functions using basic functions.

When first introduced to calculus, one probably will ask questions such as “what is
calculus?” and “what can calculus do?”. This book has answers to these questions. To
begin, we start with two problems, the area problem and the tangent problem.

The area problem
We start with an example. Many students start their school day by traveling in cars or
buses from their homes to their schools. We will simplify our discussion by assuming
such a trip is along a straight road of 100 km and the trip duration is 2hours. If you
kept looking at the speedometer (see Figure 1.1.1), then you would be able to sketch an
approximate speed/velocity versus time graph.

The velocity graph in Figure 1.1.2 shows a period of acceleration, followed by a
brief period of constant velocity and then a period of deceleration.

Figure 1.1.1: A speedometer.

A velocity v(?)

_»A
0 1 2 time

Figure 1.1.2: Velocity versus time graph.

https://doi.org/10.1515/9783110527780-001



2 =—— 1 Prerequisites for calculus

How do we know the distance traveled up to time = 1 hour? We note that
distance traveled = speed x time.

However, the problem here is that the speed/velocity on this trip is not constant, and
in order to determine the distance traveled, we subdivide the time interval [0, 1] into
several subintervals. For each subinterval [¢t;_;, t;], since the elapsed time is very little,
we can approximate the distance traveled by the car during that time interval At; by
considering the motion as one with constant speed. Multiplying At; by v(t;"), where ¢/
is a sample point in [t;_;, ¢;], we obtain v(t;")At;, which approximates the real distance
traveled by the car during that time interval. Notice that this is exactly the area of the
shaded rectangle in Figure 1.1.3. Adding up the areas of all these rectangles (assume
there are n such rectangles), we have an approximation of the area of the region R (see
Figure 1.1.4) that is between the t-axis, the curve v(t), and the two linest =0and t =1,
which is also an approximation of the total distance traveled by the car during this
time interval:

area of region R = distance traveled by the car

=v(t) -t —to) +v(E3) - (b — b)) + - +v(E)) - (t, — tyy)-

As seen in Figure 1.1.5, it is easy to see that the more rectangular the region, the
better the approximation. As the width of each rectangle tends to 0, the sum of the
areas of all rectangles will approximate the area that we want to calculate closer and
closer, so we need to investigate the behavior of the limiting procedure when the par-
tition gets smaller and smaller.

A velocity v(?)

(i)

1 N

0 il 2 time

Figure 1.1.3: Area of a shaded rectangle approximates the real distance traveled by the car in that
time interval.

A velocity v(f)

>
0 1 2 time

Figure 1.1.4: The area of region R is the distance travelled by the car.
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Figure 1.1.5: More rectangles, better approximation.

As seen above, finding the distance traveled is equivalent to finding the area of some
region which may not have a familiar shape such as a triangle, rectangle, circle, etc.
The formulas studied in high school do not apply. Calculus can do the job, as we will
see later.

This idea has a long history and was used by the ancient Greeks and Chinese thou-
sands of years ago. For example, the astronomer Eudoxus used the method of exhaus-
tion, while Liu Hui used a similar method in order to find the area of a circle, as shown
in Figure 1.1.6.

( S VAN /—\\ /7
N

U U

Figure 1.1.6: Regular polygons approximate a circle.

The tangent problem

Now suppose the distance versus time graph for your trip is shown in Figure 1.1.7.
How can you find the velocity of the car at the instant when t = 1? If we use the

equation

As 100-0

— = =50km/h,
At 2-0

4 distance s(t)

Figure 1.1.7: Distance versus time graph.
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we obtain the average velocity of the car during the trip, but the question is to obtain
the velocity at the instant ¢ = 1. We can still use the equation, but it now becomes

ﬁ_s(t)—s(l)
At -1

This still gives the average velocity of the car, but during the time interval [1,¢].
Starting at t = 1 and imagining the additional distance traveled from t =1to t =
1.1seconds gives ﬁ—f as a very close approximation of the real instantaneous velocity
at t =1. As shown in Figure 1.1.8, extrapolating, we can make At smaller and smaller,
each time improving our approximation of the true value. Thatis, as t — 1and At — 0,

% gets closer and closer to the instantaneous velocity that we want to calculate.

“distance s(1)

100

al

>

0 1 2 time

Figure 1.1.8: The slope of the tangent is the instantaneous velocity at the point.

Also, we notice that % is the slope of the secant line to the velocity curve and when
At — 0, the secant line approaches the tangent line of the curve at t = 1. This problem
is the same as finding the tangent line to the graph at t = 1.

NOTE. The word tangent is derived from the Latin word tangens, which means “touch-
ing”.

Equivalently, we need to determine the limiting process of some function when
the change in one variable tends to 0.

Many of the applications in the practical world fall into two categories of mathe-
matical problems, the tangent problem and the area problem. The area problem can
be solved by integral calculus, whose origins can be traced back to 2 000 years ago. The
tangent problem can be solved by differential calculus, which came much later than
integral calculus. Modern calculus is generally considered to have been developed by
the English physicist and mathematician Isaac Newton and the German mathemati-
cian Gottfried Wilhelm Leibniz in the seventeenth century. Using the work of many
mathematicians, such as Fermat, Descartes, Cavalieri, and Barrow, Newton and Leib-
niz discovered the fundamental theorem of calculus, which is the connection between
integral and differential calculus. It allows one to go from nonconstant rates of change
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to the total net change or vice versa. In many problems, we usually know one and try
to find the other, as illustrated previously.

Sir Isaac Newton

(1642-1726) was an English physicist and mathematician. He is
widely recognized as one of the most influential scientists of all
time. He was also a key figure in the scientific revolution.

Gottfried Wilhelm von Leibniz

(1646-1716) was a German polymath and philosopher. He occu-
pies a prominent place in the history of mathematics and the
history of philosophy. Most scholars believe Leibniz developed
calculus independently of Isaac Newton, and Leibniz’s notation
has been widely used ever since it was published. He was the
first to describe a pinwheel calculator in 1685 and invented the
Leibnizwheel, used in the arithmometer, the first mass-produced
mechanical calculator. He also refined the binary number sys-
tem, which is the foundation of virtually all digital computers.
http://en.wikipedia.org/wiki/Gottfried_Wilhelm_Leibniz

Both types of calculus have enormous applications in many scientific fields, for
example in areas such as the physical sciences, actuarial science, computer science,
statistics, engineering, economics, business, medicine, demography, and in other
fields wherever a problem can be mathematically modeled and an optimal solution
is desired. In physics, classical mechanics, and electromagnetism, Newton’s second
law, Maxwell’s theory of electromagnetism, and Einstein’s theory of general relativity
all need calculus. Economists use calculus for the determination of maximal profit.
In the realm of medicine, calculus can be used to find the optimal branching angle of
a blood vessel to maximize blood flow. Calculus is also used to derive dosing concen-
trations from the decay laws for the elimination of a particular drug from the body.
In nuclear medicine, calculus is used to build models of radiation transport in tar-
geted tumor therapies. Chemists also use calculus in determining reaction rates and
radioactive decay.

As already seen, calculus deals with changes in functions. A function is used to de-
scribe, in a mathematical way, the relationship between two or more changing quan-
tities or variables. In this book, all the functions determine the value of one variable
(the dependent variable) from the value of another variable (the independent variable),
using a specific rule or formula relating the variables. Such a function is called a func-
tion of one variable because there is only one independent variable. All the functions
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in this book are defined on sets of real numbers, so we will first review some basic
mathematical notations and concepts that provide the building blocks for the devel-
opment of calculus. These include sets, numbers, intervals, and functions.

1.2 Sets and numbers

1.2.1 Sets

A set is a collection of elements, or members, that are often numbers but may be other
mathematical or nonmathematical objects. Sets can have a finite or infinite number of
members. Sets are denoted by capital letters such as A, B, S, or T and can be defined
simply by listing all elements, such as

$={1,2,3,4,5,6,7,8,9,10}.

Sets can also be defined by giving the characterizing properties of the elements. For
example, the set S defined above can also be defined by any of the following charac-
terizing properties:

S = {natural numbers from 1 to 10 inclusive} or

S ={x| |1 <x <10, where x is a natural number}.
Another example of a set defined by a property is

T = {real numbers that are zeros of sin(x)}

= {x | x = nm, nis an integer}.
We write

x € Sif x is an element of S (or shorter: “x isin S”),

x ¢ Sif x is not an element of S (or shorter: “x is not in S”).

For example, if N = {all natural numbers}, then 1 € N means that 1is a member of the
set of natural numbers (or shorter, “1 is a natural number”). Also, 7 ¢ N means that
T =3.1415926535 ... is not a member of the set of natural numbers (or shorter, “m is
not a natural number”).

If A, B are two sets, then they can be compared in various ways:

A ¢ Bor in words: “A is a subset of B”
means: every element in A is also an element of B.
A =Bor in words: “A equals B”

means: A and B have precisely the same elements.
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A c Bor in words: “A is a proper subset of B”
means: A is a subset of B, but A is not equal to B.
A’ (sometimes A) or in words: “the complement of A”

means: the set of all elements that are not in A.
If A, B are sets, then new sets can be created in various ways:

AU B or in words: “A union B”
means: the set of all elements that are either in A or in B or both.
AN B orin words: “A intersect B”
meaning: the set of all elements that are both in A and in B.
A\ B or in words: “A minus B”
means: the set of all elements that are in A but not in B.
A x B or in words “the product set of A and B”
(also called the direct product or the Cartesian product)

means: the set of all pairs (a,b) where a € A and b € B.

In particular, R x R is the set of all real number pairs (x,y) € R? (also referred to
as points of the real plane with respect to a two-dimensional Cartesian coordinate sys-
tem).

It is useful in some circumstances to be able to refer to a special set that has no
members at all. Hence, & denotes the empty set, the only set that contains no ele-
ments.

To illustrate relationships between sets, we often use a Venn diagram, conceived
around 1880 by John Venn. An example of a Venn diagram is shown in Figure 1.2.1.

John Venn (1834-1923) was an English logician and philosopher noted for introducing the Venn dia-
gram, used in the fields of set theory, probability, logic, statistics, and computer science. http://en.
wikipedia.org/wiki/John_Venn

Figure 1.2.1: A Venn diagram.
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1.2.2 Numbers

In the following, the use of the three dots “...” means that the pattern established by
the preceding numbers is followed forever (an infinite number of times). For example,

N denotes the set of all natural numbers, {1,2,3,4,...}.

Z denotes the set of all integers: {...,-3,-2,-1,0,1,2,3,...}.

Q denotes the set of all rational numbers. A rational number is of the form %, where
p and q are integers. There are also irrational numbers. The number V2 cannot be writ-
ten as a quotient of two integers; V2 is an irrational number.

R denotes the set of all real numbers, which includes the rational and irrational
numbers.

C denotes the set of all complex numbers. A complex number has the form a + bi,
where a, b are two real numbers and i is a special number (an imaginary number, not
in R) satisfying i2=-1.1f b= 0, then a + Oi is also a real number.

Obviously, we have

NcZcQcRcC, asshown in Figure1.2.2.

Figure 1.2.2: Sets of numbers.

NOTE. If not specified, all the numbers in this calculus course are real numbers.

We now review some basic knowledge of the real number system R. If a, b, c are
any three real numbers, then the following properties hold (where the notation ab
means multiplication: a x b):

a + b and ab are both in the set R (closed under addition and multiplication);
a+b=>b+aand ab = ba (commutative laws);

(a+b)+c=a+ (b+c)and (ab)c = a(bc) (associative laws);

a+ 0 =a (0 is the additive identity);

ax0=0;

1x a = a (1is the multiplicative identity);

a(b + c) = ab + ac (distributive law);

for any number a, there is another number written as —a (the negative of a) such
that a + (-a) = 0 (additive inverses);

® N AW
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9. foranynumber b # 0, there is another number written % (the reciprocal) such that
b x ¢ =1 (multiplicative inverses).

NOTE. Subtractionis a special kind of addition in which “a minus b” is writtenas a—b
and defined by a — b = a + (-b). Division is a special kind of multiplication in which “a
divided by b” is written as 7 and defined by 7 = a x (%). However, the operations of
subtraction and division do not obey the commutative and associative laws. In other
words,a-b+b-aanda/b+b/a.

Also, there is an order relation “<” for real numbers which satisfies the following
properties:
1. For any two real numbers a and b, exactly one of the following is true

a=b, a<b, or b<a.

2. Ifa<bandb<c, then a < c (transitive property).
3. Ifa<b,thena+c<b+c.Ifc>0,thenac< bc.

The notation “>” means greater than or equal to. For example a > b means a is greater
than or equal to b, and a < b mean a is less than or equal to b.

The real numbers, and their subsets, share the unifying geometric property that
any straight line that is infinitely long in both directions can be made into a number
line, as seen in Figure 1.2.3.

2 -1 0 1 2

Figure 1.2.3: Number line/axis.

This means that we can create a one-to-one correspondence between the real numbers
and points of the number line. A number line preserves our intuitive ideas of ordering
and size of numbers. In particular, the integers ...,-3,-2,-1,0,1,2,3, ... are at equally
spaced points on the number line and “a < b” is exactly identical to the statement
“a is to the left of b on the number line”. Number lines are used as axes in Cartesian
coordinate systems and in other important applications.

1.2.3 The least upper bound property
The term “bounded” is the same as in daily language.
Definition 1.2.1. A set S of real numbers is said to be:

1. bounded above if there is a real number M such that x < M for all x € S; M is called
an upper bound of S;
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2. bounded below if there is a real number m such that x > m for all x € S; mis called
a lower bound of S;
3. bounded of it is bounded above and bounded below.

If a set S of real numbers is bounded above, then S has infinitely many upper
bounds. For example, for the set {x | x <1}, 1, 2, 3 are all upper bounds of S.

The least upper bound, f3, of S, if it exists, is unique. The least upper bound of S is
called the supremum of S. We write

B=supS.

In mathematical language, the formal definition of supremum is given as follows.

Definition 1.2.2. f is the supremum of a nonempty set S of real numbers if:
1. x<fBforallxesS;
2. if € >0, then there is a number x;, in S such that x, > - €.

Similarly, if S is bounded below, the greatest lower bound of S (the infimum of S),
if it exists, is denoted by infS. The supremum or infimum of a set S may or may not be
in the set.

Example 1.2.1. The supremum of the set {x | x> < 4} is 2. The infimum of the set {x |
0<x<2}isO.

An interesting question is whether or not a set of real numbers has an infimum or
supremum. For this purpose, we have to adopt an important axiom that is necessary
to make the real number system a complete one. This axiom is also known as the least
upper bound property, which assumes the existence of a supremum for any nonempty
set of real numbers that is bounded above.

Axiom 1.2.1. If a nonempty set of real numbers is bounded above, then it has a supre-
mum.

Similarly, any nonempty set of real numbers that is bounded below has an infi-
mum. In fact, for any set of real numbers that is bounded below, we take the negative
of each member of the set to form a new set which is bounded above. Then the nega-
tive of the supremum of the new set is the infimum of the original set, so the Axiom
could also be stated as follows.

Axiom 1.2.2. If a nonempty set of real numbers is bounded above/below, then it has a
supremum/infimum.
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1.2.4 The extended real number system
For an unbounded set of real numbers, we have the following definition.

Definition 1.2.3. A nonempty set S of real numbers is unbounded above if it has no
upper bound and unbounded below if it has no lower bound. It is unbounded if it is
either unbounded above or unbounded below.

Example 1.2.2. SetsN, Q, Z, Rare allunbounded. The set of whole numbers {0, 1,2, ...}
is unbounded above, and the set of negative even integers {...,-6,-4,-2} is un-
bounded below.

To better describe the term unbounded, it is convenient to introduce two fictitious
points, +co (Which we usually write more simply as co) and —co. They are called points
at infinity. We define the order relationships between them and any real number x by
—00 < X < 00, as seen in Figure 1.2.4.

|
0

Figure 1.2.4: —co and co.

In addition, we define

00+00=00, (—00)X(—00)=00,
(-00) + (—00) = —00, 00 X 00 =00,
00 X (—00) =—-00, 00 =00, |-00|=o00.
If a is a finite real number, then it is natural to define the relations
a a
co+a=00, a-oo=-c0, —=0, and — =0.
o _
Furthermore, if a > 0, then we define
axoo=00, ax(—oo)=-00.
However,
0

00
c0—-00, ©0°, 0%, 1®°, and —
00

are not defined; they are indeterminate forms.
If S is a nonempty set of real numbers without an upper bound, we write

sup S = co.
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If S is a nonempty set of real numbers without a lower bound, we write
infS = —co0.

The real number system with the two points at infinity is called the extended real
number system.

1.2.5 Intervals

Intervals are special and important subsets of real numbers. They often appear as so-
lution sets to inequalities and are important in the definition of many functions. In-
tervals come in various forms as summarized below. In the following, it is assumed
that a and b are real numbers satisfying a < b, except in the definition of the closed
interval [a, b], where we allow the possibility that a = b.

The open interval (a, b), as seen in Figure 1.2.5, is the set of real numbers

{xeR|a<x<hb}

$ >
a b

Figure 1.2.5: Open interval (a, b).

The closed interval [a, b] is the set of real numbers
{xeR|la<x<bl.
The half-open interval (a, b], as seen in Figure 1.2.6, is the set of real numbers

{xeR|a<x<bh}

. ;
a b

Figure 1.2.6: Half-open interval (a, b].

The half-open interval [a, b) is the set of real numbers
{xeR|a<x<b}l

The above intervals are intervals with finite length b — a. The following intervals
have infinite length:
the infinite interval [a, co0), as seen in Figure 1.2.7, is the set of real numbers

{xeR|a<x< oo}
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&
T
a

Figure 1.2.7: Infinite interval [a, 0c0).

the (open) infinite interval (a, co) is the set of real numbers
{xeR|a<x< oo}
the infinite interval (—oo, b] is the set of real numbers
{xeR|-oco<x<hb}

the infinite interval (—oo, co) is the same as the set R of all real numbers.

NOTES. 1. The closed interval [a,a] is just the single value a.

2. The symbol (a,b), where a and b are real numbers, has many uses in mathe-
matics and it is used in particular to denote a point in the plane defined by a
two-dimensional Cartesian coordinate system. Thus, sometimes it is necessary to
make this clear using words such as “the interval (a, b)” or “the point (a,b)”.

3. The notation {a, b} indicates the set with members a and b, not an interval or a
point.

A neighborhood of x = a means an open interval (b, c) containing a, so that b <
a < c. A §-neighborhood (6 > 0) of x = a, denoted by U(a, §), is the open interval (a - 6,
a + 8), or equivalently, all x satisfying |x — a| < 6. That is,

U(a,6)={x|Ix-al <6}

Since |x — a| stands for the distance between x and a, U(a, §) represents all the x whose
distance from a is less than §. Consequently a is called the center of the neighborhood,
while 6 is sometimes called the radius of the neighborhood.

We use the notation U(a, §) to represent the set {x | 0 < |x — a| < 6}. This means that
Ul(a,6) is the 6-neighborhood without its center, often called the deleted §-neighbor-
hood of x = a.

Usually, we say that (a — 6, a) is the left §-neighborhood of x = a, while (a,a + 6) is
the right 6-neighborhood of x = a. Figure 1.2.8 shows some neighborhoods of a.

o ) ) o
| | >
a a
(a) (b)
e b
a a

—
O
~
—~
(=%
=

Figure 1.2.8: Some neighborhoods of a.
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1.3 Functions

1.3.1 Definition of a function

In previous courses, you have encountered many functions defined by equations. For
example, y = kx + b is a linear function, y = ax? + bx + ¢ is a quadratic function, and
f(x) = sinx is a trigonometric function. In the practical world, the volume V of a sphere
is also a function of the radius r of the sphere. The rule is given by

V=V = 4o,
3
The temperature of a particular day at a particular place is a function of the time ¢,
although the explicit rule linking temperature and time may be difficult to find. The
amount of money that you save at a bank is also a function of time, since you receive
interest from the bank.
So what is a function? We now give the formal definition of a function.

Definition 1.3.1 (Function, domain, and range). Let D and R be two subsets of the set
of real numbers R. A function f from D to R is a rule/mapping/correspondence that
assigns to each element x in D exactly one element y in R.

The set D is called the domain of the function. The set of elements in R that are
assigned to one or more elements of D is called the range of the function, as shown in
Figure 1.3.1.

Domain Range

Figure 1.3.1: A function is a mapping between two sets.

There are some conventional notations and terms for describing a function. We some-
times write a function as f : D — R or y = f(x) and we say that y is a function of x. In
this case, x is a variable, called the independent variable, representing all values from
the domain D. Then y is a variable, called the dependent variable, representing all val-
ues in the range. The essential property of a function is that, for each x € D, there is
just one value of f(x), and if x ¢ D, then the function has no value. The domain D of
a function f is sometimes denoted as Dy. For x € D, the corresponding value in R is
denoted as f(x) and we refer to f(x) as the value of the function at x.

The definition of a function can be extended, in an obvious way, to cases where
the domain and/or range are not sets of real numbers. In multivariable calculus, we
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will meet functions whose domains are pairs of real numbers. However, for most of
the functions that we will work with in this course, the domain and range are subsets
of real numbers.

Most often, functions are described by equations, although functions can be de-
scribed in other ways. Three other common ways to represent a function are verbally
(by a description in words), numerically (by a table of values), and visually (by a
graph). Thus, graphs and tables that appear in newspapers or magazines may also
represent functions, though we usually do not regard them as “functions” when we
see such things.

NOTE. It may help to think of a function as a machine. When you put in an x-value
from the domain of f, the machine gives a unique output value y, depending on this
x-value and the rule f that links x and y, as seen in Figure 1.3.2.

Input  x
oput ¥ | f

output y }

Figure 1.3.2: A function behaves like a machine.

In many situations, the domain of a function is not given. Then we generally as-
sume that the domain is the largest possible set for which the function is defined. We
can then try to determine this domain by using knowledge of algebra and trigonome-

try.
Example 1.3.1. Let f be the function defined by

foO)=v2+x.

1. Find the domain and range of f.
2. Find the values of f(1), f(a), f(%), and ’w

Solution. To find the domain, we notice that the real square root function cannot take
a negative input, which means

2+x =20,

so the domain of f is {x | x > -2}, or in interval notation [-2, c0).

The range of f is the set of numbers that are assigned to each value of x in [-2, c0).
The minimum value of f is 0 when x = -2 and the range of f is {y | y = 0} or [0, c0).

To find the value of f(1), we replace x by 1 in the formula for f(x) and obtain

f)=v2+1=+3.
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Similarly,

flay=V2+a, f(%): H

and

flxg+h)—f(xg) _ V2+ (X +h) - 2+Xx,
h h ’

The graph of f(x) = V2 + x is shown in Figure 1.3.3.

¥

Figure 1.3.3: Graph of y = V2 + x.

Example 1.3.2. A rectangular storage container has a volume of 16 cm>. The length
of its base is twice its width. The materials for making the container have a cost of $12
per square centimeter. Express the cost of material as a function of the width of the
base.

Solution. First we draw a diagram, as in Figure 1.3.4. The volume V of the container
isV=2wxwxh, so

2w?h =16 cm®.
The surface area S of the container is

S=2xwxw+hx2w+hxw).

2w

Figure 1.3.4: A container with dimension 2w x w x h.
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Therefore, the cost C is

C=12xS=12x2xQwxw+hx2w +hxw)
=24 x (2w x W + 3wh).

16

el we have

Substituting h =
C=2x <2w2 +3w£>
2w?

=24><<2w2+2—4)
w
2

= 48wW? + & the domain is w > 0.
w

1.3.2 Graph of a function

The graph of a function y = f(x) consists of the points (x,y) in the xy-plane whose
coordinates x and y satisfy the equation y = f(x). Graphs of functions are curves in
the xy-plane, but not all curves in the plane are graphs of functions. For example, the
curve in Figure 1.3.5 is a graph of a function and the curve in Figure 1.3.6 is not a graph
of any function. This is because, for each x-value, there must be one and exactly one
y-value assigned to this x-value. The method of determining whether or not a given
curve in the plane is a graph of some function is called the vertical line test. It says
that, if a vertical line intersects a curve more than once, the curve is not a graph of any
function.

\

Figure 1.3.6: Vertical line test: it is not a graph of any function.
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1.3.3 Some basic functions and their graphs

We now review the following basic functions, which you have already seen in previous
studies.

Constant functions

The constant functions are given by f(x) = C, where C is a real number. The graph of
a constant function is a horizontal line in the xy-plane, as seen in Figure 1.3.7. The
domain of a constant function is R and the range of a constant function is the set with
only one element, {C}.

Figure 1.3.7: Graph of f(x) = C.

Power functions

The power functions are f(x) = x. For example, f(x) = x, f(x) = x2, and f(x) = x 3 are
power functions. There are two special power functions: the reciprocal function f(x) =
)1( and the root functions, such as f(x) = x%, fo) = x%, fo) = xg, .... We can obtain
the domain of a power function by using our knowledge of algebra. For example, we
cannot take the square root of a negative number so the domain of f(x) = vx is {x | x >
0}. The domain of f(x) = X"i is {x | x > 0} because the denominator cannot be zero.
Graphs of some power/root functions are shown in Figure 1.3.8 and Figure 1.3.9.

The sine and cosine functions

The sine function is y = sinx and the cosine function is y = cosx. Their domains are
both all real numbers R and their ranges are also the same, [-1,1]. Figure 1.3.10 and
Figure 1.3.11 show graphs of sin x and cos x respectively.

Figure 1.3.8: Graphs of some power functions.
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Figure 1.3.9: Graphs of some root functions.

/\ 1 y=sinx
\\/‘ N g
Figure 1.3.10: Graph of y = sinx.

AN /‘1\ TN,

N

oy

Figure 1.3.11: Graph of y = cosx.

Exponential functions
The exponential functions are f(x) = a* where a > 0 and a # 1. For example f(x) = ¥,
y=2,andy= (%)" are all exponential functions. Figure 1.3.12 shows graphs of some
exponential functions.

X
>
.

1

Figure 1.3.12: Graphs of some exponential functions.
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1.3.4 Building new functions

Combining functions

New functions can be formed from simpler functions by addition, subtraction, mul-
tiplication, and division. Given two functions f and g, with domains Df, Dg, respec-
tively, we can add, multiply, and divide these functions to create new functions in a
very natural way.

fF+8)0)=f0)+gk), fg)=f(x)gk), and

(f)(x) SO e 20,
g gx)

The domains of these new functions will be DynD, (with the additional restriction for
é that g(x) # 0). This set must be nonempty for the new functions to exist.

For example, the other four basic trigonometric functions are combinations of the
sine and cosine functions in accordance with above rules.

1. The tangent function is tanx = ;‘;’; , with domain

D={x|x¢kn+g,kez}

and range R = R. Figure 1.3.13 shows the graph of y = tanx.

A y=tanx

Figure 1.3.13: Graph of y =tanx.

2. The cotangent function is cotx = = with domain

D={x|x+kmkeZ}

and range R = R. Figure 1.3.14 shows the graph of y = cot x.

3. The secant function is secx = ﬁ with domain

D={x|x¢kn+§,ke2}

and range R = (00, -1] U [1, 00). Figure 1.3.15 shows the graph of y = secx.
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y=cotx

Figure 1.3.14: Graph of y = cotx.

A y=secx

Figure 1.3.15: Graph of y = secx.

l} y=cscx

\

Figure 1.3.16: Graph of y = cscx.

4, The cosecant function is cscx = 51% with domain
D={x|x+kmn+mkelZ}
and range R = (—00,-1] U [1, 00). Figure 1.3.16 shows the graph of y = cscx.
A linear function has the form f(x) = mx + b, or y = mx + b, and its graph is a straight
line. The number m is its slope and b is the y-intercept. The equation y = mx + b is
called the slope-intercept form of the line. If we know a line has slope m and passes

through a point (x,,y,), then we can obtain its equation in its point-slope form as
follows:

Y =Yo =m(x - Xo).
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A polynomial function of degree n can be written

fx)=ag+ax+---+a,x", whereay,a,...,a, are constants and a,, # 0,

and is a combination of power functions and the constant function. Some examples
of polynomial functions include f(x) =1+ 2x, f(x) = 2x?> — 3x — 5, and f(x) = x>. The
domain of a polynomial function is the set of all real numbers, R.

A rational function is

Ay + X+ -+ ax"

P(x) = )
) by +bix+ -+ byx™

whereay,a;, ...,a, and by, by, ..., b, are constants, a, # 0, and b,,, # 0. A rational func-
tion is simply the quotient of two polynomial functions. Its domain is all real numbers
except those that make the denominator zero.

Composite functions

Another way of constructing new functions from simpler functions is by substituting
the equation for one function into the equation for a second function (a process called
composition of functions) to form a composite function. The formal definition is as fol-
lows.

Definition 1.3.2. Let f and g be two functions with domains Dy and D,, respectively.
The composition f - g of f with g is defined by

(f o 8)(x) =f(g(x)),

provided that x is in the domain of g and g(x) is in the domain of f. Therefore, the
domain of f o g is

Dy,g ={x | x € D, and g(x) € Df}.

The composition of two functions f(x) and g(x) is illustrated in Figure 1.3.17.

Inputx g g(x) _ f

—_— >
)’l

Figure 1.3.17: Composition of two functions.

output / (g(x))

Example 1.3.3. The function f(x) = sinx? is the composition of the function u(x) =
sinx and the function v(x) = x2, so f(x) = u(v(x)), or, using another notation, f(x) =
Uov.

Example 1.3.4. The function f is given by
Flx) = 2cos(x2+1)‘

Describe f as a composition of three functions.
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\

Figure 1.3.18: Graph of y = 2605®™+D)

Solution. Let g(x) = 2%, u(x) = cosx, and v(x) = x> + 1. Then f(x) = g(u(v(x))), or, in

another notation, f = g o u o v. Figure 1.3.18 shows the graph of f(x).

Example 1.3.5. Find f - g and g - f for the functions defined by the equations
f)=(x+1)? and g(k)=Vx-9.

Give the domain of each composition.

Solution. The domain of f is (—co, +00), the set of all real numbers. The domain of g
is [9, 00).

First consider f - g, which is given by
(fo8)(x)=f(g(0) =f(Vx=9) = (Vx -9 +1)?

and is defined whenever g(x) = vx — 9 is defined. Hence f - g has domain [9, co).
Similarly, the function g - f is given by

) =g(f(x)) =g((x+1)%) = (x+1)2 -9
and is defined only when f(x) = (x + 1) is in the domain of g, which means

x+1229 =

x+1=23 or x+1<-3.
This implies x < —4 or x > 2. Hence the domain of g o f is (—00, 4] U [2, ).
Inverse functions

Definition 1.3.3. A function f is called a one-to-one function if, for each number y in
the range of f, there is only one number x in the domain of f such that y = f(x).
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A function is one-to-one if and only if every horizontal line intersects its graph in
at most one place. This method of determining whether or not a function is one-to-
one is called the horizontal line test. If a horizontal line intersects the graph of y = f(x)
at x-values x; and x,, then f(x;) = f(x,) and this means that f is not one-to-one. The
horizontal line test is illustrated in Figure 1.3.19 and Figure 1.3.20.

A
¥

=Y

Figure 1.3.19: Horizontal line test: one-to-one.

=Y

Figure 1.3.20: Horizontal line test: not one-to-one.

The horizontal and vertical line tests suggest that a one-to-one function, y = f(x), also
has a function of the form x = g(y) that goes the other way, and this is why one-to-one
functions are important. That is, one-to-one functions are precisely those functions
that possess inverse functions in accordance with the following definition.

Definition 1.3.4. Let f be a one-to-one function with domain D and range R. Then it
has an inverse function, denoted f~!, with domain R and range D, defined as

x=fUy), foranyyeR,
where x € D is the unique value linked to y by the original function
fx)=y.
Another way of putting this is that f ! reverses the action of f. We have

f:x—y:fmapsxtoy=f(x),
fliy—x:fmapsy=f(x)tox.

This is illustrated in Figure 1.3.21.
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Domain Range

Figure 1.3.21: f and f~! are inverse to each other.

NOTES. 1. The “reversing” property shows that

Y (fx)=x forallxeD,
f(f'() =y forallyeR.

2. Iff were not one-to-one, then x would not be determined uniquely by y = f(x), so
it would not be possible to define !, because the choice for x = f~1(y) would not
be uniquely defined.

3. The functions f and f~! exchange their domains and ranges. We have

domain of f! = range of f,

range of f! = domain of f.

4, Though we defined the inverse function as x = f~'(y), we usually switch the roles
of x and y and write the inverse function, with x, y in their usualroles, asy = f ! (x).
In this case, the graphs of f and f~! are symmetrical about the line y = x. That is,
if (x,y) is a point on the graph of y = f(x), then (y,x) is a point on the graph of
y =f1(x) and vice versa.

Definition 1.3.5. The logarithm function y = log, x is the inverse of the exponential
function y = a*, where the constant a > 0 and a # 1.

That is, y = log,, x is the same relationship as x = @”. The function y = a* has do-
main R and range {y | y > 0,y € R}, whereas y = log, x has domain {x | x > 0,x e R} and
range R.

We list some properties of logarithms.
For any real numbera>0,a#1,b>0,b+1, x>0, and y > 0, we have:

1. log,(xy) =log, x +log,y (product rule);

2. log, 3 =log,y - log, x (quotient rule);

3. log,x¥ =ylog, x (power rule);

4. a°%* = x and log, @* = x (undo each other);
_ log, x .

5. log,x= @ (change of base formula);

6.

a® =1and log, 1 =0 (definitions).
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Example 1.3.6. A famous inverse function pair is y = €* and y = Inx, where the tran-
scendental number e ~ 2.718 is the base of the natural logarithm function, y = Inx.
Their graphs are shown in Figure 1.3.22, along with the line of symmetry, y = x.

A

Figure 1.3.22: Graphsof y =e*, y =Inx and y = x.

Example 1.3.7. Find the inverse function of f(x) = x> + 5 and draw a graph showing
both functions and the line of symmetry y = x.

Solution. We write the function as y = x> + 5 and we solve this equation for x. We have

x>=y-5,
x=13y-5.
Hence the inverse function is given by the equation x = 3/y — 5. In order to change this
to the usual notation for functions, y = f ~1(x), we interchange x and y. We have

y=3x-5.

Therefore, the inverse function is f1(x) = 3/x — 5. Figure 1.3.23 shows the graphs of
y=x>+5and y = x5 as two solid curves and y = x (line of symmetry for the two
graphs) as a dashed line.

Figure 1.3.23: Graphsof y =x> + 5,y = x—5and y = x.
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The six trigonometric functions sinx, cosx, tanx, cotx, secx, and cscx do not have
inverse functions because none of them is one-to-one on their domain. Furthermore,
you can see that a horizontal line intersects the graph of any of these functions in
infinitely many points. However, if we just take a part of each function for which a
horizontal line intersects the graph in a single point, then we can create an inverse
function for that part of the trigonometric function. These give the well-known so-
called inverse trigonometric functions.

Definition 1.3.6. The definition of the six inverse trigonometric functions are as fol-
lows:
1. The inverse sine function

y= sin"! x has domain [-1,1] and range [—g g]

It is equivalent to siny =x, -5 <y
2. The inverse cosine function

N
NI

y = cos~! x has domain [-1,1] and range [0, 7T].

It is equivalent to cosy = x, 0 <y < 7.
3. The inverse tangent function

y = tan"' x has domain (—co, co) and range (—g %[)

It is equivalent to tany = x, -5 <y < 5.
4. The inverse cotangent function

y = cot™! x has domain (-co, co) and range (0, 7).

It is equivalent to coty =x, O <y < 71.
5. The inverse secant function

y = sec”! x has domain {x | x < -lorx>1}

and range [0, E) u (E,n}.
2 2

Itis equivalent to secy =x, 0 <y <m,y + 3.
6. The inverse cotangent function

y = csc ! x has domain {x | x < -1orx>1}

and range [—E,O) u (O, E}.
2 2

Itis equivalent to cscy =x, -5 <y < 5,y #0.
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NOTE. The notations arcsinx, arccosx, arctanx, arccotx, arcsecx, and arccscx are
also used for the corresponding inverse trigonometric functions.

Figures 1.3.24-1.3.29 show the graphs of these functions.

Ay

Ay
6
4 )/
2
X‘
4 2 2 4 6
/2
4

Figure 1.3.26: Graphs of y =tanx and y = tan™x.

|

\

Figure 1.3.27: Graphs of y = cotx and y = cot ' x.



1.3 Functions =— 29

Figure 1.3.28: Graphs of y = secx and y = sec™ x.

Ay

4

Figure 1.3.29: Graphs of y = cscx and y = csc ™ x.

Piecewise defined functions
A function can be defined by different equations for different parts of its domain. For
instance, the absolute value function y = |x| is defined in two parts, as shown in Fig-

ure 1.3.30, as follows:
-x, ifx<0
y=1xl=

x, ifx=0.

VA

\ B

Figure 1.3.30: Graph of y = |x]|.

Example 1.3.8. Let the function f be defined by

£00 x+1 ifx<1
X)=
2-(x-1)? ifx>1.

Evaluate f(0), f(1), and f(2) and sketch the graph of f.
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Solution. Recall that a function is a rule. For this particular function, the rule is the
following. First look at the value of the input x. If it happens that x < 1, then the value
of f(x) is x + 1. On the other hand, if x > 1, then the value of f(x) is 2 - (x - 1)2.

Since 0<1, wehave f(0)=0+1=1.
Since1<1, wehavef(1)=1+1=2.
Since2>1, wehave f(2)=2-(2-1)?=1.

The graph of f also consists of two parts. When x < 1, then f(x) =y = x + 1 is the part
of the graph of f that lies to the left of the vertical line x = 1, and it is a straight line
with slope 1 and y-intercept 1. When x > 1, then f(x) =y = 2 - (x — 1) is the part of the
graph of f that lies to the right of the line x = 1, and it is a parabola. This is shown in
Figure 1.3.31.

Figure 1.3.31: Graph of f(x) in Example 1.3.8.

Example 1.3.9. The sign function

-1, ifx<O0
y=sgn(x)=40, ifx=0
1, ifx>0,

which takes the sign of x, is also a piecewise defined function with domain D =
(-00,+00) and range R = {-1,0,1}. Its graph is shown in Figure 1.3.32. In the figure,
y T
1

‘ X

0‘

-1

Figure 1.3.32: Graph of y = sgn(x).
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the solid dot indicates that the point (0,0) is included on the graph; the open dots
(circles) indicate that the points (0,1) and (0,-1) are excluded from the graph. Often
we will show only the open dot.

Example 1.3.10. The greatest integer function, y = [x], is the function that gives as out-
put the largest possible integer which is less than or equal to x. For example, [g] =0,
[m] =3, [-1] = -1, and [-2.5] = -3. This is therefore a piecewise defined function with
range Z (set of all integers). A part of its graph is shown in Figure 1.3.33.

v A

o|1234

_1|

Figure 1.3.33: Graph of y = [x].

1.3.5 Fundamental elementary functions

So far, we have reviewed all the basic functions. These simple functions are often re-

ferred to as the fundamental elementary functions and include:

— the constant functions, given by f(x) = C, where C is a real number;

— the absolute value function, y = |x|;

— the power functions y = x", including the reciprocal function y = }(;

—  the general power functions y = xX (where k is any real number), including the
root functions y = Vx™;

— the six basic trigonometric functions y = sinx, y = cosx, y = tanx, y = cotx, y =
secx, and y = cscx;

— the six inverse trigonometric functions y = sin"'x, y = cos™!'x, y = tan"!x, y =
cot™lx,y=sec’'x,andy =csc ' x;

- thelogarithmic functionsy =log,x, a>0,a+1;

— the exponential functionsy =a*,a>0, a+1.

An elementary function referred to in this book is a function built from a finite number
of exponential, logarithm, constant, power, and trigonometric functions and their in-
verses through composition and combinations using the four elementary operations
(+, -, %, +). For example, the function y = 2sin e+ tan~'(In(|x| + 1)) is an elementary
function.
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1.3.6 Properties of functions

Boundedness

Definition 1.3.7. f(x) is said to be:

1. bounded above on the interval I if there is a number M, called an upper bound,
such that f(x) <M forall x € I;

2. bounded below on the interval I if there is a number m, called a lower bound, such
that m< f(x) forallx e I;

3. bounded on the interval 1 if it is bounded above and below;

4. unbounded above on the interval I if f(x) has no upper bound;

5. unbounded below on the interval I if f(x) has no lower bound.

If f(x) is bounded on the interval I, then there must be a positive number, say, B,
such that |f(x)| < Bforeach x € I. Upper and lower bounds of a function are not unique.
If an upper bound M is found for a function, then any other number greater than M is
also an upper bound. Similarly, if a lower bound m is found for a function, then any
other number less than m is also a lower bound.

Example 1.3.11. Find an upper bound and a lower bound for the following functions:
@ y=x% (b) f()=2sin(*3}).

Solution. (a) y = x? is defined for all x, so its domain is all real numbers. It is not
bounded above since x? becomes arbitrarily large as x becomes large. It is bounded
below by 0, since x? > 0 for all x. The graphs of the two functions are shown in Fig-
ure 1.3.34 and Figure 1.3.35.

oA

Figure 1.3.34: Graph of y = x2.

|

| >

—2

Figure 1.3.35: Graph of y =2 sin(#).
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(b) f(x) = Zsin(@) is defined for all x, so its domain is all real numbers. The sine

function satisfies -1 < sinx < 1 for all values of x. Hence, -2 < ZSin(’%) < 2 for all x.
Hence f(x) has an upper bound 2 and a lower bound -2.

Monotone functions
A function f is called monotone increasing (or increasing) on an interval I if

f(x)) <f(x,) whenever x; < x, and x;,x, € 1.

Figure 1.3.36 shows the graph of an increasing function.

v A

Figure 1.3.36: An increasing function.

A function f is called monotone decreasing (or decreasing) on an interval I if
f(x) 2f(x;) whenever x; < x, and x,x, € I.

Figure 1.3.37 shows the graph of a decreasing function.

yﬂ

Y

Figure 1.3.37: A decreasing function.

Following the definition of increasing functions, it is important to realize that the in-
equality f(x;) < f(x,) must be satisfied for every pair of numbers x; and x, in I with
Xy < X,
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A function f is called strictly increasing on an interval I, if
f(x;) <f(x,) whenever x; <x, and x;,x, €.
A function f is called strictly decreasing on an interval I, if
f(x;) >f(x;) whenever x; <x, and x;,x, €.

For example, the function f(x) = x? is strictly decreasing on the interval (-co,0] and
strictly increasing on the interval [0, +00). The exponential function f (x) = a is strictly
increasing on (—oo, c0) when a > 1 and strictly decreasing when 0 < a < 1.

Symmetry: even and odd functions
Definition 1.3.8. A function f is said to be an even function if, for each x in the domain,
the number —x is also in the domain and f(-x) = f(x).

The functions y = cosx, y = |x|, and y = x* are examples of even functions. The
geometric significance of an even function is that its graph is symmetric about the
y-axis, as seen in Figure 1.3.38 (a). That is, if (x,y) is a point on the graph, then (-x,y)
is also a point on the graph.

y=x

AV

y=cosx

Figure 1.3.38: Graphs of some even/odd functions.

Definition 1.3.9. A function f is an odd function if, for each x in the domain, the num-
ber —x is also in the domain and f(-x) = —f(x).

The functions y = sinx, y =x, y = )1(, and y = /x are examples of odd functions.
The geometric significance of an odd function is that its graph is symmetric about the
origin, as seen in Figure 1.3.38 (b). That is, if (x,y) is a point on the graph, then (-x,-y)
is also a point on the graph.

NOTE. Many functions are neither even nor odd. For example, f(x) = x2 — x is neither
even nor odd.
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Example 1.3.12. Determine whether each of the following functions is even, odd, or
neither:

@ fx)=x>-2x, (b) gx)=1-x% (c) t(x)=sinx+cosx,
(d) hx)= ln(il—i), for-1<x<1.
Solution. (a) f is an odd function, because
F2) = (=2 = 2(=2) = = + 20 = (x> - 2¢) = ~f ().
(b) g is an even function, because
g0 =1- (%) =1-x*=g(x).
(c) t is neither even nor odd, since

t(—x) = sin(—x) + cos(—x) = —sinx + cos x
and t(—x) # t(x), t(=x) # —t(x).

(d) his odd, because
_x\1 _
h(_x)zln(“_"):ln(l_x) :_1n<1_x):_h(x),
1-x 1+x 1+x

Figure 1.3.39 shows the graphs of the functions. Notice that the graph of t(x) is
neither symmetric about the y-axis nor about the origin.

A f(x)
h(x) ry

Figure 1.3.39: Graphs of functions in Example 1.3.12.

Periodicity

Definition 1.3.10. For a functiony = f(x), if there exists a positive constant T such that
f(x + T) = f(x) for all values of x in its domain D, then the function f(x) is a periodic
function. The least possible positive value of T is called the period.
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-~ Nt + L =t vt + L <k + L2 ot + L

Figure 1.3.40: Graph of a periodic function with period 2.

For example, the four trigonometric functions y = sinx, y = cosx, y = secx, and y =
cscx are periodic functions with period 2. The two trigonometric functions y = tan x
and y = cot x are periodic functions with period . Figure 1.3.40 shows a periodic func-
tion with period 2.

Transformations of a function

Given a function y = f(x) and its graph, we can obtain the graphs and equations of
certain related functions. For example, we can shift the graph of y = f(x) upward by k
units, where k > 0. This is called a vertical translation. The new graph is still a graph
of a function, but for each x-value, the corresponding y-value is k more than the orig-
inal one, so we know the new function is y = f(x) + k. Similarly, we can obtain a new
function by shifting the old one k units downward, or k units to the right or k units to
the left. This is summarized as follows.

Vertical and horizontal shifts laws

If the constant k is positive (k > 0), then the graph of:

1. the function y = f(x) + k is obtained by shifting the graph of y = f(x) k units up-
ward;

2. thefunction y = f(x) — k is obtained by shifting the graph of y = f(x) k units down-
ward;

3. the function y = f(x + k) is obtained by shifting the graph of y = f(x) k units to the
left;

4, the function y = f(x — k) is obtained by shifting the graph of y = f(x) k units to the
right.

Also, we can stretch or shrink the graph of f(x) by k units (k > 1) to obtain a graph of
a new, related function. To find an equation of the new function, let us first consider
the case where we stretch the graph of f(x) vertically by k units. For the same x-value,
the corresponding y-value is now k times the original one, so the new function must
be y = kf (x). Similarly, we can obtain the new function by stretching or shrinking the
old one k units vertically or horizontally. This is summarized as follows.

Vertical and horizontal stretch/shrink law
If the constant k > 1, then the graph of the function:
1. y=kf(x)is obtained by stretching the graph of y = f(x) vertically by a factor of k;
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2. y= % f(x) is obtained by shrinking the graph of y = f(x) vertically by a factor of k;

3. y=f(kx) is obtained by shrinking the graph of y = f(x) horizontally by a factor
of k;

4, y=f (%) is obtained by stretching the graph of y = f(x) horizontally by a factor of k.

If the graph of a function y = f(x) is reflected over the x-axis or the y-axis, then a graph
of a new function is obtained. We now consider the case that the reflection is over the
x-axis. This means that, for each value of x, the corresponding y-value is the negative
of the original one, so the new function must be y = —f(x). Similarly, we can obtain the
new function when reflecting the graph of the old one over the y-axis. This is summa-
rized as follows.

Reflection laws

The graph of the function:

1. y=-f(x)is obtained by reflecting the graph of y = f(x) over the x-axis;
2.y =f(-x) is obtained by reflecting the graph of y = f(x) over the y-axis.

A combination of the above laws is illustrated in Figure 1.3.41.

Vertical translation

Vertical stretch or compress
Reflection in the x-axis

™.

y=uf(b(x+¢))+d

e

Horizontal stretch or compress Horizontal translation
Reflection in the y-axis

Figure 1.3.41: Transformations of a function.

For example, to obtain the graph of the sinusoid

y=351n(2(x+ %)) +2,

we first shift the graph of sin x to the left by % units, then shrink the graph horizontally
by a factor of 2, then stretch the graph vertically by a factor of 3, and, lastly, shift the
graph 2 units vertically and we are done.

1.4 Exercises

1. Find the 0.02-neighborhood and the 0.001-deleted neighborhood of the point a =
3.5. Give your answer in terms of intervals.

2. Find an equation for the line which:
(a) passes through the points (1,3) and (-3,5);
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10.
11.

12.

(b) passes through the point (4,9) and has slope -2;

(c) passes through the point (5,3) and is parallel to the line y = 4x - 5;

(d) passes the point (7,-3) and is perpendicular to the liney = —x + 7.

Find f(g(x)), g(f(x)), f(f(x)), g(g(x)), and f(f (f (x))) for each of the following func-
tions:

@ f0 =1, g0 =x (b) f(0) = VX, g0 =X +1;

(0 fx)=a*, gx)=log,x,a>0,a+1 (d) f(x)=1-x, g(x)=sinx.

Write the function f(x) = tan(eSin"z) as a composition of four functions.

Find the inverse function f~* for each of the following functions, and then graph
f and f~! on the same diagram:

@ f=e*;  (b) f(t)=2-1,t>1;

(©) f(0)=30-1; (d) f(x)=secx, 0<x<73.

Find the domain and range for each of the following functions, and graph each of
them:

@ y=x*+2x-1; (b) y=1-In(x -2); (c) y=v25-x%
(d) y=3>*+2% (e) y=2sin(x+%)-1;

tan(2x-m), x<O0
) y= {xz/s, 0<x<9

X -4, xX>09.

Discuss the properties (boundedness, symmetry, periodicity) for each of the fol-
lowing functions:

@ y=IxI-1 (b) y=e"2 +cosx; (c) y=1-sinx; (d) y=secxtanx;
(€ y=Vx"-1; ® y=5% (8) y=x"3

(h) y: {COSX, x>

sinx+2, X<
If f(x) =2 - 5cos(3x), then:
(a) find the domain, range and period of f;
(b) find all zeros of f in [-7, 3 ];
(c) graphf(x)for-m<x<m.
Describe the transformations required in order to obtain the graphs of the follow-
ing functions from a basic trigonometric function:
@ y= % sin(3x); (b) f(x)=-2 cos(z%) -1 (c) y=tan g +2;
(d) y=-secx); (e) f(x)=-2sin(2x+3)+1.
Given the graph of f(x), how would you graph (a) f(|x|), (b) |[f(x)|, and (c) ﬂ—lx)?
The Dirichlet function D(x) is defined by

1, when x is rational
D(x) =
0, when x is irrational.
Is D(x) a periodic function? If so, what is its period? Explain.

Prove that:
(a) the sum or difference of two odd functions is an odd function;
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14.

15.

16.

17.
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(b) the sum or difference of two even functions is an even function;

(c) the product of an even and an odd function is an odd function;

(d) the product of two even functions and the product of two odd functions are
both even functions.

In mathematics, hyperbolic functions are analogs of the ordinary trigonomet-

ric, or circular functions. The hyperbolic sine, sinh x, hyperbolic cosine, coshx,

hyperbolic tangent, tanh x, and hyperbolic cotangent, coth x, are defined as

. e —e™* e*+e™*
sinhx = , coshx= R
2 2
sinh x coshx
tanhx = , and cothx=— .
oshx sinh x

Show that:

(a) sinhxis odd and coshx is even;

(b) cosh?x —sinh?x=1;

(c) sinh2x =2sinhxcoshx;

(d) cosh(x +y)=coshxcoshy +sinhxsinhy;

(e) sinh™(x) =In(x + Vx2 + 1) (sinh™! denotes the inverse of sinh);

(f) Can you deduce more identities involving hyperbolic functions?

(Telephone bills) A telecom company sells two packages including the basic
fees plus a variable fee charged per minute. Package A has basic fees of $5 per
month and $0.05 per minute. Package B has no basic fees, but has a cost of $0.10
per minute. Alice estimates she will use approximately 120 minutes each month.
Which package is better for her? Explain.

(Earthquake intensity) The magnitude R of an earthquake (measured by the
Richter scale) is defined as

A

R log(AO(a) )

where A is the amplitude in pm (micrometers) and the empirical function 4, de-

pends only on the epicentral distance of the station 6.

(a) Find the earthquake magnitude if A = 1200 and A(6) = 2.5.

(b) How many times more severe was the 2008 Wenchuan earthquake (R = 8.0,
Sichuan) than the 2014 Ya’an earthquake (R = 6.0, Sichuan), if the A, (8) is the
same value for both earthquakes?

(Compounded interest) If Carina invests $10 000 into her saving account with a

yearly interest rate of 5%, how long will it take until she has doubled her money?

The following are economic definitions related to the marketing of a particular

commodity:

(a) The supply function S(x) is a function that determines the unit price, p, of a
product that must be charged if x units of the product are available (supplied).

(b) The demand function D(x) for the commodity determines the unit price p =
D(x) that must be charged if x units are demanded by consumers.
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(¢) The revenue function R(x) is defined as the number of units sold times the
unit price: R(x) = xp(x).

(d) The cost function C(x) is the cost of producing x units of the commodity.

(e) The profit function is the profit obtained from selling x units of the goods
and is defined to be P(x) = R(x) — C(x). Production is profitable if P(x) > 0.

(f) The utility function U(x, y) measures the total utility (or satisfaction) the con-
sumer derives from having x units of the first commodity and y units of the
second. This is a function of two variables.

When S(x) > D(x) there is a surplus and when D(x) > S(x) there is a shortage, as
seen in the figure below. When the supply function and demand function inter-
sect, the supply and demand are equal. At this point, the amount of goods being
supplied is exactly the same as the amount of goods being demanded. The allo-
cation of goods is therefore at its most efficient point, and the economy is said to
be at equilibrium.

p(price)
A

p=8(x)

Equilibrium
point
Pt Shortage surplus

p=D(x)

» x(units)

Market research indicates that the demand and supply functions for a particular
coffeemaker are given by D(x) = -3x + 27 and S(x) = x? + 2.

(a) Atwhatlevel of production x and unit price p is market equilibrium achieved?
(b) Sketch the supply and demand curves on the same graph and interpret.



2 Limits and continuity

In this chapter, you will learn about:

—  the definition of a limit;

—  the properties of a limit;

— one-sided limits;

—  how to evaluate limits;

—  the squeeze theorem;

— limits of sequences;

— the monotonic and bounded sequence theorems;
- infinitesimal and asymptotic functions;

—  continuity and discontinuities;

—  the properties of continuous functions defined on closed intervals.

2.1 Rates of change and derivatives

As introduced in Chapter 1, the average rate of change of a particle moving along a
straight line with displacement s, expressed as a function of time ¢ on a time interval
[t 6], 1s

As s(t))-s(t)) changeins
At t-t changeint’

In general, the average rate of change of a function y = f(x) over an interval [a, b] is
defined by

g =f(b) -f(a) _changeiny

= . 2.1
Ax b-a change in x @)

The geometric significance of the average rate of change of f(x) over the interval [a, b]
is that it is the slope of the secant line PQ, as shown in Figure 2.1.1.

y
(b, f(b))
average rate of change
Ay _[O-f@
P(a,fla)) Av b-a
Ax
a b X

Figure 2.1.1: Average rate of change of f(x) over the interval [a, b].

https://doi.org/10.1515/9783110527780-002
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Example 2.1.1. Find the average rate of change of the function f(x) = x> + x over the
interval [2,5].

Solution. Since f(2) =23 +2=10 and f(5) = 5> + 5 = 130, the average rate of change
over the interval [2,5] is

f6)-f@ _10-10_,
5-2 3
When finding the instantaneous rate of change of f(x) at the point P, one is deter-
mining how fast f(x) is changing at that point. Now consider equation (2.1) over [a, x]
by varying b as a variable x. Then Ax = x — a and x = a + Ax. Then we let Ax — 0. This
means x — a but x never actually equals a (otherwise Ax would be 0). Hence, we have
derived the following limit of a quotient:

2.2)
AX—0 AX  Ax—0 Ax

We use this limit wherever we want to know the rate of change of a function at a specific
point. For example, a chemist may want to know the rate of change of a chemical
reaction at a particular point in time and a physicist may want to know the velocity
of an object at a particular instant. This limit, if it exists, is given a special name: the
derivative of f(x) at the point x = a. It is denoted by f' (a) or y'(a).

From a geometric point of view, as Ax — 0, the secant line PQ approaches the
line tangent to the graph of f(x) at the point P and the slope of the secant line PQ
approaches the slope of the tangent line at P. Therefore, the slope of the tangent line
at P can be defined as the derivative of f(x) at P.

So far, we have used the term “limit” several times. It is not hard to understand
the limit lim,_,, f(x) from an intuitive point of view. If it exists, it is a number that
f(x) approaches in the limiting process. For example, lim,_,; x> = 1, since x> — 1 as
x — landlim,_,, sinx = 0 since sinx — sin7 = 0 as x — 7. We will discuss the limit in
further details in the next section.

2.2 Limits of a function

2.2.1 Definition of a limit

To introduce the concept of a limit of a function, let us first investigate the behavior
of the function f defined by f(x) = x?> + 2x — 3 for values of x near 2. Table 2.2.1 gives
values of f(x) for some values of x close to 2, but not equal to 2.

In Figure 2.2.1, we see that, when x is close to 2 (on either side of 2), f(x) is close
to 5 =f(2). In fact, it appears that we can make the value of f(x) as close as we please
to 5 by taking x sufficiently close to 2. We express this by saying that “the limit of the
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Table 2.2.1: Some values of f(x) when x is near 2.

X fex) X fx)

1.0 0.000000 3.0 12.000000
1.5 2.250000 25 8.250000
1.8 3.840000 2.2 6.240000
1.9  4.410000 21 5.610000
1.95 4.702500 2.05 5.302500
199 4.940100 2.01 5.060100
1995 4.970025 2.005 5.030025
1999 4994001 2.001 5.006 001

Figure 2.2.1: Behaviors of f(x) when x — 2.

function f(x) = x? + 2x — 3 as x approaches 2 is equal to 5”. The notation for this is
lim(x? +2x-3) =5.
Xx—2

This example shows a result that is probably quite obvious to you, that is, as x
approaches the value 2, the values of f(x) approach the value f(2) = 5. However, in
later applications of the limit, the results will not be so obvious.

In general, we use the following notations for a limit:

limf(x)=L, or limf(x)=L.
X—a X—a

In words: “the limit of f(x), as x approaches a, equals L”. In plainer but not formal
language, this means: when x gets sufficiently close to a, f(x) gets arbitrarily close to L
(as close to L as we please). The only values of f(x) that matter in defining lim,_, , f (x)
are those values for x close to a, but with x # a. The limit lim,_,, f (x) does not require
f(x) to exist at x = a and even if f(a) exists, then this value may or may not be equal to
lim,_,, f(0).

NOTE. Thelimit of a function refers to the value that the function approaches, but this
may or may not be the actual function value if it exists. In Figure 2.2.2, lim,_,, f (x) = 2,
not 3.
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D >

1 2

Figure 2.2.2: The limit of f(x) at a may not necessarily equal f(a).

An alternative way of writing lim, _,, f(x) =L is
f(x)>L asx—a,

or, in words, “f(x) tends to L as x tends to a”.

x’-1
x—1 x-1°

Example 2.2.1. Guess the value of lim
Solution. We first notice that the function f(x) = ’% is not defined when x =1, but
that doesn’t matter because the limit lim,_,; f(x) only concerns the values of x that
are close to 1, but not equal to 1. Table 2.2.2 gives values of f(x) for values of x that
approach 1.

Table 2.2.2: Some values of f(x) when x is near 1.

x<1 fx) x>1  fx)

0.5 15 15 25
0.9 1.9 11 21
0.99 1.99 1.01 2.01
0.999 1.999 1.001 2.001
0.9999 19999 10001 2.0001

It appears from the table that the limit might be 2. That is,

. x-1
lim
x-1 x—-1

=2

To emphasize this point, one needs to be aware that the limit lim,_,, f(x) is the

value that f(x) approaches when x — a (but does not equal a). It is not a surprise that
2 2

lim,_,, ’;—:11 exists, although the function ’;%11 is undefined at x = 1. Because x is never
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Figure 2.2.3: Behaviors of f(x) when x — 1.

(x-1D)(x+1)
x-1

equal to 1, x — 1 is never 0, and thus for all other x, % is equal to =x+1

Thus, we have

. xX*-1
lim
x-1 x -1

=lim(x+1)=2
x—1

It is now clearer to see that when x tends to 1, x + 1 tends to 2, as shown in Figure 2.2.3.

The above examples have given us some visual and numerical approaches to the
limit, so that we can make a guess in these cases. Computer programs or electronic cal-
culators can also be used to evaluate limits, but one needs to be careful since they only
have the capacity to deal with a certain range of numbers. For example, a calculator
may work out

x—0\x2  (sinx)2

correctly, but it may not be able to work out

lim( ! ! )
x—0\ x100 (Sinx)mo '

100 100

As x is very small, both 1/x™" and 1/(sin x)"*" may exceed the maximum number that
the computer algebra can work with. Table 2.2.3 shows values of ﬁ - for some
very small values of x.

1
(sinx)100

Table 2.2.3: Computer fails to evaluate the limit numerically.

1/x7100 — 1/(sin(x))"100

1 -31339022.21

0.5 —-8.343 24E+31
0.2 —7.49E+69
0.1 —1.8143E+99
0.05 —5.3939E+128
0.001 -1.6667E+295

0.0001 #DIV/0!
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You may be the next to invent a better computer, but we will need to know how the
machine works before we make it, so we need to convince ourselves algebraically, in
a mathematical way. First, let us clarify what we meant by saying “f(x) is arbitrarily
close to L, as close as we please.” We need a rigorous definition of the limit. The fol-
lowing definition is credited to Cauchy and Weierstrass.

Definition 2.2.1. For a function f(x) defined on some open interval containing a (but
not necessarily at a itself), we say lim,_,, f(x) = L if, given any number € > 0, there is
a corresponding number § > 0, such that

[f(x)-L| <& whenever0< |x—-al<8.

NOTE. “e-6 definition of limit” is a formalization of the notion of limit. It was first
given by Bernard Bolzano in 1817. Augustin-Louis Cauchy occasionally used e-6 ar-
guments in proofs. The definitive modern statement was ultimately provided by Karl
Weierstrass. http://en.wikipedia.org/wiki/(g,6)-definition_of_limit

Since ¢ is any positive number, we can make it as small as we want. The definition
says that, if lim,_,, f(x) = L, then, for any given number &, no matter how small it is,
we can always find a corresponding number § > 0, such that the distance between f(x)
and L will be less than £ as long as x is in the deleted §-neighborhood of a. For instance,
if £ = 0.1, we can make f(x) be within 0.1 units of L by requiring that x be within the
8o 1 units of a; if € = 0.01, we can make f(x) be within 0.01 units of L by requiring that
x be within 8, o; units of a. This is the meaning of “as close as we please”. Figure 2.2.4
illustrates the § — € definition of a limit.

Example 2.2.2 (Building blocks). Show thatlim,_,,c=candlim,_,,x = a, where cis
a constant and a is any real number.

YA

L+e

a-da a+d x

Figure 2.2.4: £ — J definition of a limit.
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Proof. Intuitively speaking, these facts are so obvious that they need no proof, but
now we confirm them by using the -6 language.

(1) Let f(x) = c. Then given any positive number &, we could choose § to be any
positive number, since

[fx)-c|=lc—cl=0<g, forallx.

(2) Let f(x) = x. Then, given any positive number &, we can choose § = &, so that,
whenever 0 < |x —a| < 6,

fx)-a|=Ix—al<é=¢.

By the formal definition of a limit, we have lim,_,, c = cand lim,_,, x = a, as illustrated
in Figure 2.2.5 and Figure 2.2.6. O

Example 2.2.3. Prove thatlim,_,, [x|=0.

Solution. Given any number € > 0, choose § = € so that, whenever 0 < |x — 0| < §, we
have

[Ix| -0 =Ix|=|x-0|<6=¢.

¥
=Y

Figure 2.2.5: The limit of a constant function.
y A

Figure 2.2.6: The limit of x when x — a is a.
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Figure 2.2.7: The limit of |x| when x — 0 is 0.

This means lim, _, x| = 0. Figure 2.2.7 illustrates this limit.
Example 2.2.4. Prove that lim,_,; =1 =2.

Proof. Given any number ¢ > 0, in order to find a corresponding number § such that

x?-1
| 1 —2|<£ whenever 0 < |x — 1| < 6,
X_

we simplify the inequality to obtain

x-Dx+1) B
x-1
o|x+1)-2|<e

2
x-1
| 2| <e

——2|<s<—>|
x-1

o x-1<e

This means that, if 0 < [x — 1| < g, then ’% - 2| < &, so we can choose 6 = €. Then

2
x‘ -1
| —2|<£ when [x -1/ <6=¢,
x-1
so, by the definition of the limit, we have lim,_,; ’% =2. O

Example 2.2.5. Show that lim,_,,x? = 4.
Proof. For any given number € > 0, in order for
- 4] =|x-2)(x+2)| <&,

we need

€
x+2|
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Because x — 2, we could assume 1< x < 3, i.e., [x — 2| < 1. Then 3 < |x + 2| < 5. Now let
the number 8§ be the minimum of 1 and g, i.e., § =min(l, g). Then § <1and 8 < g, o)
whenever 0 < |x — 2| < §, we have

€
|x2—4|=|x—2||x+2|<§><5=£.

Thus lim,_,, x> = 4 by the formal definition of a limit. O

2.2.2 Properties of limits of functions

As x approaches a, can the limit of f(x) be two different values? Of course, the an-
swer is no. If lim,_,, f(x) exists, it must be unique. Since, as x — a, if f(x) —» L and
f(x) — M, then, when x is sufficiently close to a, f(x) can be made arbitrarily close to
L and arbitrarily close to M, L and M must be sufficiently close to each other; as close
as possible. Thus L must be equal to M.

Theorem 2.2.1 (Uniqueness). Iflim,_,,f(x) exists, it must be unique.

Proof. Intuitively, if lim,_,,f(x) = L, lim,_,,f(x) = M, then f(x) can be made suffi-
ciently close to L and M. Thus, L and M must be sufficiently close to each other. This
indicates that L must be equal to M. A rigorous proof can be found in Section 2.7. O

Another property is that f(x) must be bounded on some neighborhood of x = a
(except possibly at a) if lim,_,, f(x) exists. This is because the values of f(x) will be
close to the limit for all values of x in that deleted neighborhood of a.

Theorem 2.2.2 (Boundedness). If lim,_,,f(x) = L, then there is a deleted neighbor-
hood I of x = a such that f (x) is bounded on I.

Proof. Intuitively, if lim,_,, f(x) = L, then f(x) is close to L when x is close to a. There-
fore, all values of f(x) should be close to L when x is near a, except possibly at x = a.
This means f(x) must be bounded when x is near a. A rigorous proof can be found in
Section 2.7. O

NOTE. A deleted neighborhood of x = a instead of a neighborhood of x = a is neces-
sary. For example, consider the Dirac 6 function

0, whenx#0
foo = {
0o, whenx=0.

For this function, lim,_,, f (x) = O, but it is not bounded on any open interval contain-
ing x = 0. This function is a generalized function and it is used to model some abstrac-
tions such as point charges, point masses, and electron points.
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Iflim,_,,f(x) =L > 0, then, when x is sufficiently close to a, f (x) will be sufficiently
close to L. This means that, on some deleted neighborhood of a, we will have f(x) > 0.

Theorem 2.2.3. Iflim,_,,f(x) =L > O, then there is a deleted neighborhood of x = a
such that f (x) > O for all x in that deleted neighborhood.

Proof. A rigorous proof can be found in Section 2.7. O

From Theorem 2.2.3, we deduce the following result.

Corollary 2.2.4. If f(x) > O for all x near a, except possibly at x = a, and lim,_, , f (x)
exists, then lim,_,, f(x) > 0.

Proof. If lim,_,,f(x) < O, then, as shown above, for all x sufficiently near a,
f(x) < 0. This contradicts the assumption that f(x) > O for all x near a (except pos-
sibly x = a). O

NOTE. We cannot draw the conclusion that lim,_,, f(x) > 0. This is because, even if
f(x) is not O for all x near q, the limit lim, _, , f(x) may be 0. For example, |x| > O for all
x near 0, but lim,_,, x| =0.

Corollary 2.2.5 (Order properties). If f(x) > g(x) for all x near a, except possibly at
X = a, and both lim,_,, f (x) and lim,_, , g(x) exist, then lim,_, , f(x) > lim,_,, g(x).

Proof. Let h(x) = f(x) — g(x) and the result follows from Corollary 2.2.4. O

2.2.3 Limit laws

In the previous section, we tried to use evaluation and graphs to guess the values of
limits and determined the limits of some simple functions. In this section we show the
following properties of limits. These are called the limit laws (or limit rules). These can
be used to calculate the limits of more complicated functions from the known limits
of simpler functions.

Limit laws

If ¢ is a constant and the two limits lim,_, , f(x) and lim,_, , g(x) exist, then:
1. lim,_,[f(x) + g(x)] =lim,_,, f(x) + lim,_,, g(x) (sum rule);

2. lim,_,[f(x)-g(x)] =1lim,_,,f(x) - lim,_,, g(x) (difference rule);

3. lim,_,[f(x)g(x)] =lim,_,,f(x)lim,_,, g(x) (product rule);
4

lim,_,, g%)) = %, provided lim, _,, g(x) # O (quotient rule).
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These rules show that the limit operations follow the basic mathematical operations
in a natural way. It is easy to believe that these properties are true. For instance, the
sum rule says the limit of a sum is the sum of the limits. This is because, if f(x) tends
to L and g(x) tends to M as x — a, it is reasonable to conclude that f(x) + g(x) tends
to L + M as x — a. This gives us an intuitive basis for believing that the sum rule is
true.

Proofs of these limit laws can be found in Section 2.7.

Corollary 2.2.6. Iflim,_,, f(x) exists, using law 3, we have the following:
1. lim,_ ,[cf(x)] =clim,_,, f(x), where c is any constant (constant multiple rule);
2. lim,_,[f0)]" = (lim,_,, f(x))", where n is a positive integer (power rule).

Proof. For1,let g(x)in the product rule be g(x) = c. For 2, repeatedly using the product
rule with g(x) = f(x) gives the proof. O

Example 2.2.6. Find lim,_;(3x* - 5x +7).

Solution.

lim(3x* - 5x +7)
x—3

=lim3x? - lin% 5X + lin% 7 (sum/difference rule)
X— X—

x—3
=3limx>-5limx +1lim7 (constant multiple rule)
x—3 x—3 x—3
. 2 . .
= 3()1(15%)() - S)ILH%X + )I(LH% 7 (power rule)
=3x32-5x3+7
=19.

In fact, using a combination of the sum, difference, and power rules, we state a
more general rule.

Theorem 2.2.7 (Direct substitution rule for polynomials). For any polynomial

f(X)=ay +ayx + ax*+ - +a,x* where ay,ay,...,a, are constants,

we have
n

limf(x) = ag + a,c + ayc® + - + a,c", where c is a constant.
X—C

x*=2x+5
X3+5x-7"*

Example 2.2.7. Find lim,_,;
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Solution.

X2 -2x+5
x>1x3 +5x -7
_lim_; 0 - 2x +5)
lim, ;03 +5x - 7)
= w (direct substitution rule)
PB+5x1-7
=4,

(quotient rule)

Example 2.2.8. Find lim,_,, ’;;gjg

Solution. The limit of the denominator is lim,_,,(x? + 5x — 14) = 2> + 5(2) - 14 = 0, so
we cannot use the quotient rule that says “the limit of a quotient is the quotient of the
limits”. Instead, a standard approach is to factor the denominator and the numerator,
if possible, and then simplify the expression by canceling factors. The fact that the
denominator has limit zero as x approaches 2 suggests that 2 is a root of the denomi-
nator, so x — 2 is a factor of the denominator. It turns out that x — 2 is also a factor of
the numerator. Thus we have

lmx2—7x+10 L (x=2)(x-5)
X52X2+5x—14  x=2(x-2)(x+7)

The factor x — 2 can be canceled, because, for all x # 2 and x # -7, the function is equal
to (x —=5)/(x + 7). We have

x*-7x+10 . x-5 2-5 1
im =1i = =—=.
x=2x2+5x-14 x-2x+7 247 3

Theorem 2.2.8 (Direct substitution rule for rational functions). If ¢ is a constant, for

any rational function %, where P(x) and Q(x) are two polynomials, if Q(c) # O, then
i PX) _ P(c)
im, ¢ 569 = 00

Proof. 1t follows from the quotient rule and the direct substitution rule for polynomi-
als. O

NOTE. We will see later that, for most of the functions we know so far, the direct
substitution rule holds. For example, lim,_,. cosx = cos ¢ and lim,_,. vx = +/c for any
number ¢ > 0.

Example 2.2.9. Show that lim,_,. cosx = cos c for any constant c.
Proof. Given a number € > 0, choose 6 = €. Then, when O < |x — c| < §, we have

.. X+C . X-¢C . X—¢C
|cosx —cosc| = 231nTsmT <2 smT
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cose f—
—m/2 w2

Figure 2.2.8: The limit of cosx when x — cis cosc.

A

sin(c) p————

Figure 2.2.9: The limit of sinx when x — c is sinc.

X —
<2|—C| =|x-c|<e.
2
This means lim,_,. cosx = cosc. Figure 2.2.8 illustrates this limit.

NOTES. 1. |x|>|sinx| for all x. This equality holds only when x = 0.
2. Similarly, we have the direct substitution rule for sin x, that is, lim
for any c € R, as illustrated in Figure 2.2.9.

X—C

Example 2.2.10. Show that lim,_,. vx = v/c for any constant ¢ > 0.

Proof. Given a number & > 0, choose § = v/ce. Then, if 0 < [x — ¢| < 8,

_ | (VX = VO + )
[Vx - Vel = R+ Ve
:| X-c <|x—c|

el S e
This means lim,_,. vx = v/ for any ¢ > 0. Figure 2.2.10 illustrates this limit.

(conjugate pair)

<E.

53

sinx =sinc

O

There is also a limit law for function composition. It says that, if g(x) > basx — a

andf(u) > Lasu—b, f(g(x)) > Lasx— a.

Theorem 2.2.9 (Substitution rule). Suppose that u = g(x) is defined on some interval
containing a, but not necessarily at a, f (u) is defined on some interval containing b, but
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yl\

Figure 2.2.10: The limit of vx when x — cis v/c.

not necessarily at b, and lim,_,, g(x) = b and lim,,_,;, f (u) = L. Then
lim f(g(x)) = lim f(u) = L.
x—a u—b
Proof. See Section 2.7. O

This theorem enables us to make substitutions in evaluating limits. Intuitively, the
theorem is reasonable, because, if x is close to a, g(x) — band f(g(x)) — Las g(x) — b.

Example 2.2.11. Find lim 1+x.

X2
Solution.
)l(l_}n% Vitx= 1141—% Vu (substitutionu=1+x,u—3asx —2)
=3 (direct substitution by Example 2.2.10).

Also, we could write the above in the following way:

lim Vi+x= \/lin%(1+x)= \/1+lin%2= V1+2=13.
X— X—

x—2

V2x+1-3
x4 °

Example 2.2.12. Find lim,_,,

Solution. If we try to evaluate at x = 4, we obtain an indeterminate form, 0/0. The key
here is to find a hidden factor of x — 4 in the numerator that will cancel with this factor
in the denominator. One technique is to rationalize the numerator by making use of
the algebraic identity

(a-b)a+b)=a*-b%

We multiply the numerator and denominator by v2x +1 + 3, so that the numerator
becomes

(V2x +1)?> =32 =2x - 8,



thus eliminating the square root. Here are the details:
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V2x+1-3 :hm(\/2x+1—3)(\/2x+1+3)

I
Ui x—4 =4 (x=4)  (V2x+1+3)
(Vx+1)>-3°

= l1im
X=4 (x = 4)(V2x +1+3)
2X+1-9

:1.
o (- (VX +143)

20x-4)

=lim ————
x=h (x —4)V2x +1+3

2
=lim ——
X4 A2X+1+3

lim,_,2

B lim,_, v2x+1+lim,_, 3

2

- \/2x4+1+3_§

2.2.4 One-sided limits

In the previous sections, our limits were determined by requiring x to approach the
number a from both the left and the right. However, sometimes we wish to consider
these as separate cases: x approaches a from the left (x — a~) and x approaches a
from the right (x — a*). The corresponding limits are known as one-sided limits, the
left-hand limit and the right-hand limit, respectively. Here is the notation:

Left-hand limit:

lim f(x) is the limit as x approaches a from the left.
X—a

Right-hand limit:

lim f(x) is the limit as x approaches a from the right.
x—at

Figure 2.2.11 illustrates the two one-sided limits.

Figure 2.2.11: One-sided limits.
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Example 2.2.13. Investigate the one-sided limits of the function as x — 0* and
x—0".

f(x)=—=
X

Ix| )1, whenx>0
-1, whenx<O.

Solution. The left-hand limit, lim,_,,- f(x), means x approaches O from the left, so
we are only concerned with values of x that are less than 0. In this case f(x) =-1is a
constant function, so

Xlggff(x) = Xlirgf(—l) =-1.
Similarly we have lim,_,y: f(x) = lim,_,: (+1) = 1. We indicate this situation symboli-
cally by writing

. x . x
lim U =-1 and lim U =1
x—0" X x—0t x

Figure 2.2.12 illustrates these two limits.

y A

Figure 2.2.12: The limit of 'j—' when x — 0 does not exist.

Using the -6 language, the definitions of one-sided limits are given as follows.

Definition 2.2.2. The left-hand limit of f (x) as x approaches a from the left is L, written
as

lim f(x) =L,
x5a
if, for any given number € > 0, there is a number § > 0, such that
|f(x)-L|<e, whenevera-6<x<a.
The right-hand limit of f(x) as x approaches a from the right is L, written as

lim f(x)=1L,
x—at*
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if, for any given number € > 0, there is a number § > 0, such that

[f(x)-L| <&, whenevera<x<a+s.

By comparing the definition of limits and the definition of one-sided limits, we
derive the following result.

Theorem 2.2.10. A limit exists if and only if both one-sided limits exist and are equal.
That is,

limf(x)=L & lim f(x)= lim f(x)=L.

This means that, if either of the one-sided limits does not exist or if the one-sided
limits are not the same, the function has no limit. Thus, the function f(x) = |x|/x has
no limit as x — 0, because lim,_,,- f(x) =-1#1=1im,_ ¢ f(x).

Example 2.2.14. For the greatest integer function f(x) = [x], find lim,_, f(x),
1imx_>1+ f(X), and limx—)]f(x)'

Solution. The notation x — 1~ means x approaches 1 from the left. For these values
of x, [x] =0, so

lim f(x) = lim 0 =0.
x—1" x—1"

The notation x — 1" means x approaches 1 from the right. For these values of x,
[x] =1, so

lim f(x) = lim 1=1.

x—1* x—1*

Hence, lim,_,; f(x) does not exist, because lim,_,;- f(x) # lim,_,;+ f(x), as seen in
Figure 2.2.13.

Example 2.2.15. Use the definition of a one-sided limit to prove that lim,_,+ vx = 0.

-0
y

Figure 2.2.13: The limit of [x] when x — 1 does not exist.
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Solution. Given &> 0, let § =£2. If 0 < x < 6, then
Ifx)-0|=|vx-0| < V6= Ve =&.

Then, according to the definition of the right-hand limit, lim,_,+ vx =0.

Example 2.2.16. If

X2 -3x, ifx<2
fx)= )
xX-3, ifx>2,

find lim,_,,. f(x) and lim,_,,- f(x). Does lim, _,, f(x) exist?
Solution. For the right-hand limit, we consider only x > 2. These values of x are
greater than 2, which means f(x) = x - 3, so
lim f(x) = lim (x - 3).
x—2t x—2t
Now, we proceed by using the limit theorems and the usual steps, to obtain
lim f(x)= lim(x-3)=2-3=-1.
x—2+ x—2+

Similarly, for the left-hand limit lim,_,,- f(x), we consider only x < 2. These values
of x are to the left of 2, for which f(x) = x* - 3x, so

. 1 2 _
g f60 = lirp (x”~3x)
= lim (?-3x)=22-322)=-2
X—

Since the one-sided limits as x — 2 do not agree, lim,_,, f(x) does not exist. Fig-
ure 2.2.14 illustrates these limits.

v A

Figure 2.2.14: The limit of f(x) in Example 2.2.16 when x — 2 doesn’t exist.
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2.2.5 Limits involving infinity and asymptotes

If we investigate the limit

as x approaches 0, the denominator gets closer and closer to zero, so the fraction 1/x?
gets larger and larger and is unbounded, as seen in Figure 2.2.15. It will not tend to
any finite number. Therefore, the limit does not exist. However, since we introduced
the two symbols co and —co in Chapter 1, we now use them to indicate a limit that
does not exist in this unbounded way. For example, lim,_,, f(x) = co means that f(x)
becomes larger and larger and can be made bigger than any given positive number as
x approaches a. A formal definition is the following.

Figure 2.2.15: Behaviors of y = 5 whenx — 0.

Definition 2.2.3. We say lim,_,, f(x) = oo if, for any given number M > 0 (no matter
how large it is), we can find a number 6, such that

f(x)>M whenever O < |x—al<é.

Similarly, one can give a definition for lim,_,, f(x) = —co stated as “when x ap-
proaches a, f(x) becomes smaller and smaller and can be less than any given negative
number when x is sufficiently close to a.”

Example 2.2.17. Show thatlim,_,, ﬁ =00.

Proof. Given any positive number M > 0, choose § = ﬁ Then, whenever 0 < |x —
2| <6,

1 . 1 1
o2~ 82 1 -
x-22 & (\/—M)2

Hence, lim,_,, 1/(x - 2)? = co by Definition 2.2.3. O
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If f(x) is a quotient of two functions, then f(x) — oo (or —co) usually implies that
the denominator approaches 0 in the limiting process. This was shown in the example
above, where (x — 2) — 0, when x — 2, so the reciprocal tends to infinity. In general,
we have the following.

Theorem 2.2.11. Iff(x) is not O near x = a, except possibly at a, then lim, _, , |f (x)| = co
if and only if lim L —o.

x—a fx)

Proof. “=” Given any number ¢ > 0, since lim,_,, |[f(x)| = co, we can find a number
6 > 0 such that, whenever 0 < [x —a| < 8,

1
[f ()] > -

However, then

) ’1%‘ ) If(lx)l

‘ 1

7o~

1
< = £,
e
solim,_,, 1/f(x)=0.
“&=” Given any number M > 0, since lim,_,, 1/f(x) = 0, for the positive number
1/M, we can find a number 6 > 0 such that, whenever 0 < |x — a| < §, we have

1 1
— = O‘ < —.
‘ fx) M
This means ﬁ < Ai/[, so |[f(x)| > M and therefore lim,_, , |f(x)| = co. O

Example 2.2.18. Investigate the following limits:

(@) lim,_,, é; (b) lim,_, )1(

Solution. (a) Since lim,_,, x* = 0, we have

2 1
lim—=Zlim—2=2xoo=oo.
x—0 X x—0 X

(b) Since lim,_,, x = 0, we know that 1/|x| — co. However, we need to be very care-
ful here. When x — 0", this means 1 0, so . % When x — 0, )1( — 00, SO We have

X X~
o1
lim - =c0
x—-0* x
However, when x — 07, ﬁ = —%. This means
o1
lim -~ =-o00
x—0" X

1

We conclude that lim,_,q

does not exist. Figure 2.2.16 illustrates this limit.
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Figure 2.2.16: The limit of y = % when x — 0 does not exist.

Vertical asymptotes
There is a geometric significance for the limit lim, ,,+ f(x) = oo or lim,_,,- f(x) =
+00. In this case, the line x = a is a vertical asymptote to the graph of f(x).

Example 2.2.19. Find all the vertical asymptotes for the function

x+5
X)= —5>———.
fx) 223
Solution. To find vertical asymptotes, we need to determine when f(x) — +co. This
means we need to investigate when the denominator tends to 0. Factoring the denom-
inator, we obtain

x+5

fO= e

When x — 3, the denominator of f(x) tends to 0, but the numerator tends to the
finite number 8, which is not 0, so f(x) — oo when x — 3. This is also true when
x — —1. This means x = -1 and x = 3 are two vertical asymptotes to the graph of f(x).
Figure 2.2.17 shows the graph of f(x).

YA

Figure 2.2.17: Graph of f(x) in Example 2.2.19.
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Example 2.2.20. Find all vertical asymptotes for f(x) = tan x.

Solution. tanx = %, so we need to determine when cos x = 0. This happens when

x =km + 7%, k € Z, and in these cases sinx # 0, so when x — kr + 5, k € Z, tanx — 0.
Thus the vertical asymptotes to the graph of tan x occur exactly when x = kmr + %, keZ.

Figure 2.2.18 shows the graph of tan x.

vy

Figure 2.2.18: Graph of y =tanx.

There is one more situation in which we use the infinity symbol with a limit. These are
the “limits at infinity”, denoted by

lim f(x)=L, lim f(x)=L or lim f(x)=L.
X—00 X——00 X—100

This means that, when x gets sufficiently large (or small), the value of f(x) gets arbi-
trarily close to the number L. For example, we can guess that the limit lim,_, )1( =0,
since, as the denominator gets larger, the reciprocal gets smaller. A formal definition

is given below.

NOTE. Sometimes, we use the notation +co to mean positive infinity or negative in-
finity, so lim, _, , , f(x) means lim, , f(x) or lim,_, ., f(x). This notation should only
be used when the behavior of f(x) is the same when x — co and when x — —co. For
example lim,_,, }( =0and lim,_,__ )1( =0 can be rewritten as lim,_,, ., )1( = 0. If the
behavior of f(x) as x — oo is different from that when x — —co, then we have to discuss
lim, .., f(x) and lim,_,__, f(x) separately.

Figure 2.2.19 illustrates the limit lim,_,, ., f(x) = L.



2.2 Limits of a function =—— 63

Figure 2.2.19: Limits at infinity.

Definition 2.2.4 (Limits at infinity).
1. The limit lim,_,, f(x) = L if, for any number ¢ > 0, there exists a number N > 0
such that

|f(x)-L|<e wheneverx > N.

2. The limit lim,_,_, f(x) = L if, for any number € > 0, there exists a number N > 0
such that

|f(x)-L| <& wheneverx < -N.

3. The limit lim,_,,  f(x) = L if, for any number ¢ > 0, there exists a number N >0
such that

|f(x)-L| <& whenever |x| > N.
Example 2.2.21. Show that lim, }( =0.

Solution. From Theorem 2.2.11, we know the denominator tends to infinity and the
reciprocal tends to 0, but now we use Definition 2.2.4. Given a number € > 0, we choose
N= 1, S0

&

1 1 1
|— —O| ==-<y=¢ Wheneverx>N.
X X <
&
. . 1 . . . 1
Similarly, we can show thatlim,_,_, + =0, so sometimes we write lim,_,,, ; =0,

as illustrated in Figure 2.2.20.

“+
=Y

Figure 2.2.20: The limit of y = * when x — too0 is 0.
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NOTE. Limit laws also work for limits involving infinity.

5x%+x+7
x2+1

Example 2.2.22. Find lim,_,

Solution. We have

1,7
5X24X+7 i 2T xte

lim =1 X (dividing by x?
ST e 143 ( ghy x?)
lim, . 5+lim,_ % +lim,_ 5
= X XO0X (limit laws)
lim,_,, 1+1lim,_,, =
5+0+0
=——=5.
1+0

Horizontal asymptotes

There is also a geometric meaning for the limits lim,_, . f(x) = band lim,_,__ f(x) = b.
In these cases, y = b is a horizontal asymptote to the graph of the function f(x). In Ex-
ample 2.2.22, we know that y = 5 is a horizontal asymptote to the graph of the function.
The graph of a function may have up to two horizontal asymptotes, as seen in the fol-
lowing example.

Example 2.2.23. Find the horizontal asymptotes for the function
y=tan'x (Note: tan' x = arctanx.)

Solution. The graph of y = tan™! x and the graph of y = tanx on (—%, %) are reflections
iny =x. In fact,
sinx sinx

lim tanx= lim —— =00 and lim tanx= lim —— =-co.

x—2 x—357 COSX x—

2 2

X = —% and x = ’51 are two vertical asymptotes of the graph of y = tanx, so

) i .
lim tan™'x = 5 and lim tan'x= —g.

X—00 X——00

Therefore, there are two horizontal asymptotes of the graph of y = tan"" x.

Another example of functions which have two horizontal asymptotes is

f(X)={§_+}’ X<

=5, x>0.

To the left and to the right, y = 1and y = O, respectively, are two horizontal asymptotes.
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Slant asymptotes
Graphs of functions may have slant asymptotes. You already know the graph of the
hyperbola

X2y
S-35=1 where a, b are nonzero constants.
a2 b
It has two slant asymptotes, y = gx and y = —gx. A slant asymptote is a nonhorizon-
tal, nonvertical line that the graph of a function gets arbitrary close to when x moves

increasingly far to the left or to the right along the x-axis.

Definition 2.2.5. If there are constants m and b such that
lim (f(x) -mx-b)=0 or lim (f(x)-mx-b)=0,
X—00 X——00

then y = mx + b is a slant asymptote to the graph of the function f(x).

But how do we find a slant asymptote if there is one? Notice that, ify=mx+ b isa
slant asymptote, then

lim (f(x)-mx-b)=0,
X—=+00

SO
b= xl—1>1-’tnoo(f(X) - mx).
Thus
lim fOO-mx-b _ 0.
X—+00 X
Therefore,
lim (f(—x)—m—é):o.
x—+oco\ X X
Since lim, _,, g =0, we obtain
m= lim @
X—*00 X

In fact, we can prove the converse is also true. That is, if

lim 0o

Jm = =m and Xgri}lm(f(x)—mx):b,

then
lim (f(x) -mx-b)=0,
X—*00

so y = mx + b is a slant asymptote.
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X—100
asymptote to the graph of f(x).
2. Iff(x) behaves differently when x — +co and x — —oo, then one has to investigate

the two one-sided limits separately.

NOTES. 1. Iflim f(TX) =mandlim,_,,  (f(x)-mx) = b, theny = mx + bis a slant

Example 2.2.24. Find any slant asymptotes for
F00) = Vx2 + 4x.

Solution. Simplifying gives f(x) = |x|/1+ f—:, when x > 0 or x < —4. Therefore, x — co
and x — —o0, f(x) behaves differently. Thus we discuss the two cases separately in-
stead of discussing x — +co.

Since

hmf() lim || hm 1+—

xX—oo X xX—o00 X X—00 X
lim (f(x) — x) = lim (Vx? + 4x —x)
X—00 X—00

(VX2 + 4x — x)(VX2 + 4x + X)

= lim
x—00 X%+ 4x +X
. X rsx-x* 4x
= lim ————— = lim ——
X200 \x2 + hx +x X200 VX2 +4x +X
. 4x
= lim ———,x>0,
RO X1+ E e x
. 4
= lim —— =2.
1+ 41

The slant asymptote to the graph of f(x) asx > coisy =x+2.
Similarly, we find that y = —x — 2 is the slant asymptote to the graph of f(x) as
x — —oo. Figure 2.2.21 shows the graph of this function and its two slant asymptotes.

Example 2.2.25. Determine whether or not the graph of the function f(x) = x? - VX,
x > 0, has a slant asymptote.

Solution. If a slant asymptote exists, then lim,_, [ <X) must exist. However,

fOO X -Nx 1y =
lim —= = lim _11m(x—ﬁ)—oo 0 = oo,

xX—00 X X—00 X X—00

so there is no slant asymptote to the graph of f(x) = x*> - v/x, as shown in Figure 2.2.22.
Sometimes, there is a simpler way to identify slant asymptotes for rational func-
tions.
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=y

=Y

2k

Figure 2.2.22: Graph of f(x) in Example 2.2.25.

Example 2.2.26. Find all the asymptotes for

22 +3x+2

foo = 2x +1

and find the x- and y-intercepts. Sketch the curve.
Solution. When x — -1/2, f(x) — +00, so x = —1/2 is the vertical asymptote. Since

2 +3x+2 . 2X+3+%
lim ——— — = lim ——*
x—tco  2x+1 Xx—too 24 1

it has no horizontal asymptote. However, using long division, we have

22 +3x+2
——=x+1+

X) = X ,
f 2x+1 2x +1
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so we have lim, ,, (f(x) -x - 1) =lim,_,, ﬁ = 0. Therefore, y = x + 1 is the only
slant asymptote.

In order to find the intercepts, we plug in x = O to obtain the y-intercept 2 and if we
lety = 0, we have 2x* + 3x + 2 = 0, which has no real solution, so there is no x-intercept.
This means the graph of the function does not cross the x-axis. The graph is shown in
Figure 2.2.23.

VA

Figure 2.2.23: Graph of f(x) in Example 2.2.26 and its asymptotes.

2.3 Limits of sequences

To better explore limits of functions, we now consider limits of sequences which are
special functions with domain the set of natural numbers N.

2.3.1 Definitions and properties

A sequence is a list of numbers written in a definite order:
a;,05,0s3,...,dp, ... .

The number g, is called the first term, a, is the second term and in general a, is the
nth term of the sequence. In many cases, a sequence is defined by giving a formula for
the nth term that is valid for all values of n. Some examples of sequences are
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1 1 1
(1) 1, 2 3 s e
@ L, L 1
1x2° 2x3? 3x4° e nx(n+1)?
1 4 +(-1)"?
() I R N
1 2 3 n
4 20 3 PEREREEY) et

In (1) and (2), as n gets larger and larger, the sequence of numbers comes closer
and closer to 0. In (3) and (4), as n gets larger and larger, we see that the sequence
values come closer and closer to 1, even though no term is actually 1. In other words,
intuitively speaking, we have

1 1 n
lim = =0, lim ——— =0, and lim —=1.
n—oco n n—oconx (n+1) n—oon+1
To analyze these limits, we use the results for limits of functions, since a sequence can
be viewed as a special function with domain {1,2,3, ...}, the set of positive integers,
range {a,,a,,as, ...}, and the rule f such that f(n) = a,,. Thus

lim a, = lim f(n).
n—-.oo n—oo
Therefore, in view of the definition of limits of functions lim,_, f(x), we have the

precise definition of limits of sequences.

Definition 2.3.1. lim,_,, a, = L if and only if, for any given number € > 0, there is a
number N such that

la, —L| <& whenevern>N.

Example 2.3.1. Prove that the sequence {x,} = {%} has limit 2.

Solution. It is easy to see that the sequence tends towards 2 as n — oo, SO we can
guess the limit of the sequence is 2. However, we now prove this by using the precise
definition of the limit. For a given number £ > 0, we must find an N so that, whenever
n>N,

2n+1
n

|xn—2|=| —2|<£.
. 1 1
Equivalently, —<& or -<n.
n €

n+1 _ 2

Hence, if N is any number larger than 7, then ; < nwhenevern > N, solim,_ o, 2! =2.

Example 2.3.2. Show that lim,_, bi =1for any number b > 1.
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Proof. Given a number € > 0, we want to find a number N such that, when n > N, we
have

|b% -1l <e.
Since b >1and b» > 1, the above inequality implies
1
bn —1<eg,
o)
1
bn <1+e.

Taking the natural logarithm on both sides gives

1

—Inb<In(+¢),

n
so

Inb
n>——.
In(1+¢)
Now we can choose N to be any number that is larger than the number %. Accord-
ing to the definition of limits, we now have
lim b =1. 0

n—oo

Although lim,_, f(n) is different from lim,_, f(x), the two limits must have
some sort of connection. We notice that the difference between x - co and n — co is
that x takes the value of every positive real number, but n only takes the values of all
positive integers. The set of positive integers is a subset of the set of all positive real
numbers. Hence, lim,,_, ., f(n) must inherit something from lim f(x).For example,
if lim,_, f(x) = L, then lim,_,  f(n) must also be L, as shown in Figure 2.3.1. A nice
theorem connecting the limit of a sequence and the limit of a function is due to Heine.

X—00

Theorem 2.3.1 (Heine). lim,_,,f(x) = L if and only if lim,_, . f(x,) = L for every se-
quence {x,} that converges to a.

Proof. See Section 2.7. O

Heinrich Eduard Heine (1821-1881) was a German mathematician. Heine became known for results on
special functions and in real analysis. In particular, he authored an important treatise on spherical
harmonics and Legendre functions. He also investigated basic hypergeometric series. He introduced
the Mehler-Heine formula. http://en.wikipedia.org/wiki/Eduard_Heine#Selected_Works
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ry
L
f2) —
A
of 12 n n+l ;

Figure 2.3.1: Limit of a sequence vs limit of a finction as x — co.

This theorem says that lim,_,, f(x) = L, if and only if, for any sequence {x,,} that con-
verges to a, the corresponding sequence of function values {f (x,,)} also converges to L.
It may be hard to determine the existence of lim,_,, f(x) by investigating all possible
sequences {f(x,,)} where x,, — a. However, Heine’s theorem enables us to determine
the nonexistence of certain types of limits.

Example 2.3.3. Show that the Heaviside function

0, forx<O
fx) =

1, forx>0
does not have a limit as x — 0.

Solution. We choose two sequences, both of which converge to 0:

{Xn} = -1, -
k=1

-+, ... (allterms are negative)

) e 7» - (allterms are positive)

Then we have

1im f(x,) = lim f(%l) =0 and lim f(x})= lim f(%) -1

n—-oo
Therefore, lim,_, f(x) does not exist. Figure 2.3.2 illustrates this limit.

Example 2.3.4. Show that lim,_,, sin % does not exist.

Proof. The function f(x) = sin(1/x) is undefined at 0, but the limit may, or may not,
exist. Notice that sin )1( oscillates between —1 and 1 when x approaches 0, so we choose
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0.5

—_—— — - ——t— . — —— —— P

0.5k

Figure 2.3.2: Use Heine’s theorem to show a limit doesn’t exist.

two sequences

bk = {ﬁ} and ) = {anrl+ z }

2

Then we have

.. 1 . .1 .
lim sin — = lim sin - = lim sin2nm =0,
n—oo Xn n—oo o n—oo

. .1 . .
lim sin — = lim sin
n—oo Xn n—oo

= lim sin<2nn + %n) =1

1 n—-oo

nm+5

Hence, by Theorem 2.3.1, we know that lim,_,, sin )1( does not exist. The graph of y =
f(x) is shown in Figure 2.3.3. O

Figure 2.3.3: Graph of y = sin 1.

Example 2.3.5. Show that lim,_,_ sinx does not exist.

Solution. The graph of the sine function oscillates infinitely many times between -1
and 1, as x — co. Therefore, sinx does not tend to any single value, so lim,_, sinx
must not exist. We now confirm this analytically. We choose two sequences

{x,} = {2nm} and {Xr'l}={2nﬂ+g}.
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Both sequences tend to infinity, but

lim sinx, = lim sin2nm=0 and lim sinx

n—oo n—oo n—oo

lim sin(2nrr + g) =1,

n =
n—oo

so lim sinx does not exist.

X—00

Some theorems on convergent sequences

Properties of convergent sequences are analogs of those for functions since a se-
quence can be regarded as a function. We state some useful theorems for convergent
sequences. The proofs of them are similar to those for functions.

Theorem 2.3.2. If the sequence {x,} is convergent, then it has a unique limit (there can
only be one limit).

Theorem 2.3.3. If the sequence {x,} is convergent, then the sequence {x,} must be
bounded.

Theorem 2.3.4. If x,, > O for sufficiently large n (there is a number N such that x,, > 0
foralln > N), then lim,,_, . x,, 2 0.
NOTE. Even if each term of a sequence is not 0, the limit of the sequence can be 0.

For example lim,,_, % =0.

Monotone and bounded sequences theorem
Similar to functions, monotone sequences and bounded sequences are defined as fol-
lows.

Definition 2.3.2. A sequence {x,,} is said to be:

monotone increasing (also called increasing) if x,, < x,,,; for all n;
monotone decreasing (also called decreasing) if x,, > x,,,, for all n;
bounded above if there is a number M, such that x,, < M for all n;
bounded below if there is a number m, such that x,, > m for all n;
bounded if it is bounded above and bounded below;

monotone if it is either increasing or decreasing.

A

For example, the sequence {1}, whichis 1,3,3,..., ;,..., is monotone decreasing

with an upper bound of 1 and a lower bound of 0. The sequence {%}, which is %,
%, % vy %, ..., is monotone increasing with an upper bound of 1 and a lower bound
of % Also, it is easy to see that, if an increasing sequence is bounded above, it must
be bounded. Similarly, if a decreasing sequence is bounded below, then it must be

bounded. The graph of the sequence {%} is shown in Figure 2.3.4.
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5 10 15 20 25 30

Figure 2.3.4: Graph of the sequence {m}

There is a very important property of monotonic and bounded sequences that says
they must converge. This is an existence theorem that tells us about a case where a
limit exists, but tells us nothing about its value. Hence, the value of the limit must be
found, or estimated, in some other way. The theorem can be explained in an obvious
geometrical way. By the least upper bound property, if the sequence {x,,} is increasing
and has bound M, then there must be a least upper bound, j, such that x,, < § for all n.
The rising values of x,, cannot increase above f§ but eventually must become arbitrarily
close to B (otherwise there would be a smaller least upper bound than f). Hence, 8 is
the limit of the sequence. We now state a theorem about this.

Theorem 2.3.5. A monotonic and bounded sequence must converge.

Proof. See Section 2.7. O

Example 2.3.6. Show that the sequence a; = V2, @, = V2+ V2, a3 = 2+ V2+ V2, ...

converges. Then find lim, a,.

n—oo

Proof. First, we notice that a,, > 0 and a,, = 2 + a,_;. Now we prove by induction that
the sequence {a,} is bounded above. For n =1, a; = V2 < 2. Now we assume q; < 2 for
k>2.Then

Q=2+ @ <V2+2=2,

so by induction, we obtain

a, <2 forallintegersn>1.

a, \/2 N2+ a, 1_ 2
an—l

SO a, 2 a,_;. This means the sequence {a,} is increasing.

For n > 2 we have
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Now we have proved that the sequence is increasing and bounded above, so it has
a limit.

To find the limit, we suppose lim
from

a, =L. Then lim a,_, =L, so it follows

n—oo n—oo

a,=+2+a,4

that L = V2 + L. This means L?> — L — 2 = 0. Solving for L, we have L = -1 (rejected, be-
cause all terms are positive) and L = 2, so lim a,=2. O

n—oo

The “e” limit
In the following, we show that lim,_, (1 + %)" has a very unexpected value. We first
use Theorem 2.3.5 to prove the existence of the limit of the corresponding sequence
=11+ %)”}. We graph the sequence {x,,} and see how it looks.

Figure 2.3.5 shows the graph of the sequence {x,}, forn=1,2,...16.

Table 2.3.1 shows numerical values of the sequence {x,,} for some integers n.

y A

2k

Figure 2.3.5: Graph of the sequence {(1+ %)“}.

Table 2.3.1: Select values of the sequence {(1+ %)"}.

n @+1/n)An

1 2

2 2.25

3 2.37037037

10 2.59374246

100 2.704813829

1000 2.716923932
10000 2.718145927
100000 2.718268237
1000000 2.718280469
10000000 2.718281694
100000000 2.718281786
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It seems, both from the graph and the table, that {(1+ %)"} is monotonic increasing
and bounded above, so lim,_, (1 + %)“ should exist. Now we prove this by using the
binomial expansion and by induction.

Theorem 2.3.6. The limit of the sequence (1 + %)" as n — oo exists.
Proof. By the binomial expansion, we have
1 n
X, = (l + E)
1+n. 1+ n(n—l)i n(n—l)(n—Z)i+
n 2 n? 3! n3

N n(n—l)(n—2)---(n—(n—1))l
n! n"

:1+1+l(1—1)+l<1—1>(1—3)+
2! n 3! n n
...+l(1_l>(1_3)...(1_"_—1)
n! n n n
SRR VORI A VCH T 0 T
2! n+1 3! n+1 n+1
+l(1_L)(1_L)...(1_”_—1)
n! n+1 n+1 n+1

+(nil)l(l_nil)(l_nil)m(l_#>

= Xyt

This shows that {x,,} is a monotonic increasing sequence. Furthermore, it is bounded

because
1 1 1 1 2
Xy :1+1+—(1— —>+—<1——>(1— —>+~--
2! n 3! n n

3002 -%5)

<1+1+l+l l
20 3! n!
1 1
<1+1+§+—2+ F
1-()yn
=1+ ) <3.

Hence, 0 < x,, < 3 for all n, so {x,} is a monotonic and bounded sequence. By Theo-
rem 2.3.5, it has a limit. O

NOTE. This limit, of course, is unique and is denoted by the letter e, thus

n
lim (1+1> =e.

n—oo n
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As shown in the previous table, using a large value of n, we estimate the value of e =
2.718 28, correct to five decimal places.

Leonhard Euler

(1707-1783) was a pioneering Swiss mathematician and physicist. He is
considered to be the preeminent mathematician of the eighteenth cen-
tury and one of the greatest mathematicians to have ever lived. He made
many important discoveries in mathematics and physics. He also in-
troduced much of the modern mathematical terminology and notation.
A statement attributed to Pierre-Simon Laplace expresses Euler’s influ-
ence on mathematics: “Read Euler, read Euler, he is the master of us
all.” http://en.wikipedia.org/wiki/Leonhard_Euler

In 1683, Jacob Bernoullilooked at the problem of compound interest and, in exam-
ining continuous compound interest, he tried to find the limit of (1 + %)” as n tends to
infinity. It is believed that Euler proved that e is an irrational number and introduced
e as the base of the natural logarithm. Euler gave an approximation for e to 18 decimal
places e =~ 2.718 281828 459 045235 (O’Connor, J.].; Robertson, E.F. “The number e”.
MacTutor History of Mathematics).

The number e is the base of the natural logarithm, Inx, and it has a very special
role in calculus, as we will see later.

There is a similar result for a monotone function defined on some left neighbor-
hood of a point x = a, as stated without proof in the following theorem.

Theorem 2.3.7. If the function f(x) is defined on an interval (c,a) and it is monotone
and bounded on (c,a), then lim, _, ,- f (x) exists.

2.3.2 Subsequences

A subsequence carries much of the information of its mother sequence. We first give
the definition of a subsequence.

Definition 2.3.3. Let {x,} be a sequence. A subsequence {xnk} is a sequence such that
Xp, € {X,} and m <y, forall k € N.

This definition tells us that terms of a subsequence must retain the order of the
terms in the parent sequence. For example, both

1 11 1
'35 a1’
and
TR N
48 n

which is 1,%,%,...,%,....

—

are subsequences of the sequence {%
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If a sequence {x,,} approaches L as n — oo, then any subsequence of {x, } must
have the same tendency since all terms in the subsequence are also terms of {x,,} and
the order of the terms is also retained as in {x,,}.

NOTE. The subscript n; implies that n; > k.
Theorem 2.3.8. If{x,} converges to L, then any subsequence of {x,;} also converges to L.

Proof. Iflim,_,., x, =L and {xy }isa subsequence of {x,}, then, given a number € > 0,
there is a number, say, M, such that

Ix,—L| <& whenevern> M.

If we choose N to be any number greater than M, then, for every k > N, we have n; >
N >M and

|xnk -Li<e.
Thus, limy_,, x,, =L. O

A peak term of a sequence is a term that is larger than all subsequent terms. That
is, if x,,, is a peak term of a sequence {x,,}, then, whenever n > m, we have x,, < x,,.

We now state the Bolzano—Weierstrass theorem, which is a fundamental theorem
in analysis.

Theorem 2.3.9. A bounded sequence {x,} of infinitely many real numbers must have a
convergent subsequence.

Proof. See Section 2.7. O
Karl Weierstrass (1815-1897) was a German mathematician cited as the “father of modern analysis”.
Despite leaving university without a degree, he studied mathematics and trained as a teacher, even-

tually teaching mathematics, physics, botany, and gymnastics. http://en.wikipedia.org/wiki/Karl_
Weierstrass

2.4 Squeeze theorem and Cauchy’s theorem
First we investigate an interesting limit. We have

. ( , .1 )

lim( x*sin — ).

x—0 X

What makes this limit interesting is that we cannot use the product limit laws
which state that the limit of a product is the product of the limits, i.e.,

lim (F(0g00) = (lim f(0) ) (lim g (),

provided the limits exist.
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Even though lim,_,, x> = 0, lim, _, sin )1( does not exist, so

. N
lim x? x lim sin — is not defined.
x—0 x—0 X

Although you might think 0 times anything is 0, this is not always true. For example,
if you evaluate

1 1
. 2 L — . 2 . L
time () = (tm) (im ).
then you have the form 0x something. It is obvious that the limit is not 0; instead, it
is oo.
However, notice that
1
-1<sin=<1 forallx#0.
X

Hence, we have

't
—x*<x?sin=<x? forallx+0.
X

When we let x — 0, both —x? and x? approach 0 and therefore all values between them
also approach 0, as shown in Figure 2.4.1.

y=x?

S
y=x’sin-g

y==x

. .1
Figure 2.4.1: Graphs of y =x?, y = —x? and y =x? sin -

The way we solved the above example by “sandwiching” or “squeezing” x?sin(1/x)
between two other functions with known equal limits suggests that we can write down
a principle about a general “sandwiching process”. It is called the sandwich theorem
or the squeeze theorem.
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Theorem 2.4.1. Suppose that f(x) < g(x) < h(x) for all x close to a, except possibly for
x=a. Iflim,_,,f(x)=lim,_,, h(x) =L, then lim,_,,g(x) = L.
Proof. See Section 2.7. O

The squeeze theorem, of course, also works for limits of sequences which are spe-
cial functions.

n
n—oo n*

Example 2.4.1. Find lim

Solution. We have

0< n_n n
D INCEE T 1+n+"("T_1)+--~ ) @
and
lim =" = lim —2— o,
n—oo _"<"2‘1) n—oon-—1
so lim,_,, 3 =0O.
Example 2.4.2. Find lim,_, i—",
Solution. We have
5" 5x5x5x5x%x5 513 5° (5)"*5
<== x <=x(=
n' 1x2x3x4x5 6x7x8x---xn 5! 6
and
5 n-5 g5 n-5
lim 5—><(E> =5—>< lim(5> =0,
n—oo 5! 6 5! n-oo\ 6
. 5n
solim,_,., = =0.

Example 2.4.3. Find lim,_,, Y27+ 5".
Solution. We have
5= {51 < Y2+ 57 < /5T 4 57 < 5 x 20
Then
5< lim ¥27+5" < lim 5x 27 =5x lim 21 =5,
n—c0 n—c0 oo

so lim,,_,,, V27 + 5" =5.
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Example 2.4.4. Show that lim,_,, f(x) = 0 if and only if lim,_,, |[f(x)| = 0.
Proof. “="1Iflim,_,, f(x) = 0, then, given any number ¢ > 0, we have § > 0 such that
|f(x)-0| <& whenever0< |x—al<8é.

However, this also means ||f(x)| — O] < € whenever O < |[x — a| < §, so lim,_,, [f(x)| = 0.
“ &= " Assume lim,_,, |[f (x)| = 0. Then, by the inequalities

-If00] <f00 <If )|
and the squeeze theorem, we have lim, _,, f(x) = 0. O

Example 2.4.5. Show that lim bi=1for0<b<1.

n—oo

Proof. If b =1, the statement is true. Now suppose 0 < b< 1. Let b= 1. Then a > 1and

a
1\# 1
1 n
ocia-|(2) -1
a an

1
S e

an

Moreover,

lim 0=0 and lim (a% -1)=0 by Example 2.3.2.

n—oo n—oo

So, by the Squeeze theorem, lim b — 1) = 0. This means lim br =1. O

n—oo ( n—oo

NOTE. Together with Example 2.3.2, we have lim b =1for any constant b > 0.

n—-oo

Example 2.4.6. Find lim,_, % (the function sin x requires x to be computed in ra-

dian angle measure, not degree angle measure).

Solution. Computing numerical data for small values of x suggests thatlim, _,,(sinx)/
x =1, as does the graph of (sinx)/x. To verify this by using the squeeze theorem we
first need to find bounding functions.

Consider the unit circle with center O (0,0) and radius 1. Let S be the point (1,0)
and label P on the upper half of the circle so that 4POS has (radian) measure x. Then
P is the point (cos x, sin x). From point P, draw a line perpendicular to the x-axis inter-
secting the axis at point R(cos x, 0). Let the line perpendicular to the x-axis at point S
meet OP at point Q(1, tan x).

From Figure 2.4.2, we know that

area(AORP) < area(sector OSP) < area(AOSQ).
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P(cosx,sinx)

\\, Q(1,tanx)

R(cosx,0) | S(1.0)

Figure 2.4.2: Diagram for Example 2.4.6.

By the formulas for area of a triangle and area of a sector, these inequalities become
1 . 1 1
- Ccosxsinx € —x < - tanx.
2 2 2

Since x is a small positive number, sinx > 0 and cos x > 0. Multiplying the inequalities
by 2/sin x gives

1
<

0<cCcosx < — < .
sinx cosx

Taking reciprocals of the expression (thus reversing the direction of the inequalities)
gives the inequalities

nx 1
COSX< —— <
X Cos X
We know from Example 2.2.9 that
1 1

limcosx=cosO0=1 and lim = — =1
x—0 x—0cosx lim, ,,cosx

Hence, by the squeeze theorem, we find the previous guess for the limit was correct:

Example 2.4.7. Find lim,_,, 2%,
Solution. We have
lim tanx _ lim sinx _1 =lim sinx lim L 1x1=1

x—=0 X x-0 X cosx x—0 X x—0cC0Sx
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1-cosx
x2

Example 2.4.8. Find lim,_,,

Solution. We have

. 1-cosx . 2sin’3
lim ———— =lim
x—0 )(2 x—0 X2

sin £ \2
:l(lim X2>
2\x=0 (3)

1(. sint)2
= -(lim —
2\t—=0 t
1.12

2

1

>

Example 2.4.9. Use the squeeze theorem to show that

X X
lim(1+l) = lim <1+1> =e.

X—00 X X——00 X

Proof. For any positive number x > 0, there exists a unique integer n such that

ns<x<n+1.
Therefore,
1 n 1 X 1 X 1 n+l
(1+—) ( +—> <<l+—) <(1+—>
n+1 n+1 n
Moreover,
1 n n+l 1 -1
tim (101 ) = i (10 1) (10 L) e
n—+00 n+1 n—+00 n+1 n+1
and

1 n+l 1 n 1
lim (1+—> = lim <1+—> (1+—)
n—+oo n n—+oo n n

n
= lim <1+ l) lim <1+1>:e><1=e.

n—+co n/ n-+oo n

By the squeeze theorem, we obtain

1\* 1\"
lim (1+—> = lim <1+—> =e.
X—+00 X n—+o0o n

If x tends to negative infinity, let x = —(t + 1) and then t — +co. Then

X —(t+1) _ —(t+1)
lim <1+1> = lim <I—L) = lim<tJrl 1)

X——00 X t—+00 t+1 Tt 5%00 t+1
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t —(t+1) t+1 t+1
= lim (—) = lim (—)

t—+oo\t +1 t—+oo\

1 t+1 1 t 1
= lim <1+—) = lim <l+—) lim (1+ —)
t—+00 t t—+00 t/ t—+oo t

=exl=e.

Therefore, for x — —co, we also have

1 X
lim <1+—) =e.
X——00 X

Figure 2.4.3 shows the graph of the function (1 + }()X . O

Figure 2.4.3: Graph of y = (1+ %)x'

Example 2.4.10. Find lim, . (1+ 2)*.

Solution. We have

x 92
lim(1+z> = lim[(l+%)2} .
X—00 X X—00 5

Now, let t = 5. Then t — co as x — 00, 50

b 2.2 t2
1im(1+3) =1im[(1+;)2] =1im[(1+1)] e
X—00 X X—00 5 t—00 t

In order to use our formal definition of limit, it is necessary for us to know the
value L of the limit. For any particular value L, we can use the limit definition to test
whether or not L is the limit of f as x — a, but using the definition to show that L is not
the limit of f does not tell us whether or not a limit actually exists as x — a. A useful
criterion for testing the existence of limits of functions is given by the next theorem.

Theorem 2.4.2 (Cauchy’s theorem). The limit lim,_,, f(x) exists if and only if, for any
given g > 0, there exists a number 6 > 0 (that depends on &) such that, for any x' and x"
satisfying 0 < |x' —a| <6 and 0 < |x" - a| < 8, we have

[F(x") - f(x")] <e.



2.4 Squeeze theorem and Cauchy’s theorem =— 85

Augustin-Louis Cauchy (1789-1857) was a French mathematician who is reputed to be an early pioneer
of analysis. He is also a profound and prolific mathematician who exercised a great influence over his
contemporaries and successors. His writings cover the entire range of mathematics and mathematical
physics. http://en.wikipedia.org/wiki/Augustin-Louis_Cauchy

Proof. “=” If lim,_,, f(x) exists, then there is a finite number L such that, for any
given number € > 0, there is a number 6 > O (corresponding to the number £/2) such
that

[fx)-L| < ; whenever 0 < [x —al < 6.

Choose any two numbers x’ and x” such that 0 < |x' —a| <§and 0 < |x" —a| < §. Then
() =FO) = IF(x") = L= (F(x") - L)]
<[f(x")-L[+|f(x") - L
€
<-+-=¢
2
<= ” Not given here. O
Theorem 2.4.3 (Sequence form of Cauchy’s theorem). The limit lim,_, x,, exists if

and only if, for any given € > 0, there exists an integer N > O (that depends on €) such
that, for any n and m satisfying n > N and m > N, we have

X, — Xl <€
Example 2.4.11. Show that lim,_,, s,, does not exist, where
1 1 1
Sp=l+=+—-+-+—.
2 3 n

Solution. If the limit exists, then, for the number € = %, there is an integer N > 0 such
that

ISy — Sl < % foralln>Nand m> N.
If we choose n = 4N and m = 2N, then

1 1 1 1 1
Isn—sm|:‘1+§+--~+——<1+—+ +~--+—)’

4N 2 3 2N
1 1|
= + +... —_—
2N+1 2N +2 4N
1 1 1
= + 4o + ——
2N+1 2N +2 4N
1 1
> — + — —
4N 4N 4N
_4N—(2N+l)+1_1
- 4N T2

This is a contradiction, so lim s, does not exist.

n—oo
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2.5 Infinitesimal functions and asymptotic functions

One of the great ideas derived from calculus is the one called “infinitesimal”. Calcu-
lus was originally called the infinitesimal analysis. We first give the definition of an
infinitesimal function.

In the following definitions, the letter a could be a finite real number or +co. The
connection between infinitesimal functions and limits is given by the following theo-
rem.

Definition 2.5.1. Iflim

L a @(x) = 0, then we say a(x) is infinitesimal as x — a.

Theorem 2.5.1. lim,_,, f(x) = L if and only if the difference a(x) = f (x) — L is infinitesi-
malas x — a.

Proof. This is because
lima(x)=0 < lim(f(x)-L)=0
X—a X—a
— limf(x)-limL=0 < limf(x)=L. O
X—a X—a X—a

X _5 2 _5_ 4

Example 2.5.1. Since lim,_, 5 =25 -2=,5—0,asx—oo0.

Corollary 2.5.2. Iflim [0 L,thenf(x)=L-g(x)+a-g(x), wherea > 0asx — a.

X—a g(x)

Proof. This follows directly from Theorem 2.5.1. O

Definition 2.5.2. We say that two functions a(x) and f(x) are asymptotic as x — a if

lim,_,, % =1, and we write S(x) ~ a(x), as x — a.

From Examples 2.4.6, 2.4.7, and 2.4.8, we know that

. x2
asx —» 0, sinx~x, tanx ~ x, 1—cosx~?.

Figure 2.5.1, Figure 2.5.2 and Figure 2.5.3 show graphs of these functions.
Example 2.5.2. Show that arcsinx ~ x as x — 0.
Proof. By the definition of inverse functions, we have
. . m T
x =sin(arcsinx) =x for ) <x< 5
Then from above, sinx ~ x as x — 0, which means
x =sin(arcsinx) ~ arcsinx asx — 0.

Figure 2.5.4 shows this pair of asymptotic functions. O
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y=x

y=sin(x)

-7/2 z/2

Figure 2.5.1: Graphs of y =x and y = sinx.

y=tan(x)

-7/2 z/2

Figure 2.5.2: Graphs of y =x and y = tanx.

y=1-cos(x)

1 1
-7/2 /2

Figure 2.5.3: Graphs of y = "72 andy =1-cosx.

Example 2.5.3. Prove that ¥Y1+x -1~ %x asx — 0.

Solution. Recall the factorization
(a"-b")

=(a-b)(a" ' +ad b+ d"3P? + - + @b +ab™? + bY).
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y=arcsin(x)
72 y=x

-7/2

Figure 2.5.4: Graphs of y =x and y = arcsinx.

Leta=41+xand b =1. Consider

. M+x-1
lim ———
x—0 HX
. a-b
=lim —
x—0 HX
Mim (V1+x)"-1"
x=0 ﬁ[’\’/(1+x)”‘1+ '{/(1+x)"‘2+ e+ AT ) +1)
. 1+x-1
= lim
x=0 ﬁ['{/(1+x)"*1+ '{/(1+x)"*2+ er A+ x) +1]
. 1
= lim
x=0 %['{/(1+x)"*1+ '{/(1+x)"*2+ er A+ x) +1]
L =z=1

R e —
SA+1+ 41
As a result, we show the graphs of y = ’3—‘ and y = 1+ x - 1in Figure 2.5.5.

Example 2.5.4. Show that x> + 7x?> — x + 10 ~ x> as x — +00.

\

1 -
y=x/3
y=(1+x)""-1

/ 1 2 3

Figure 2.5.5: Graphs of y = 3T+x-1andy = §.
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Figure 2.5.6: Graphs of y = x> and y = x> — 2x? — x + 10 in a small viewing window.

1 1 1 1 1
200 400 600

Figure 2.5.7: Graphs of y = x> and y = x> — 2x?> — x + 10 in a large viewing window.

Proof.

lim
X—+00 x3 X—+00

X-22-x+10 2 1 10
XX XD fim (1—-—— ):1.
x x2 X3

Figure 2.5.6 and Figure 2.5.7 show the graphs of the two functions in different viewing
windows. O

NOTE. Sometimes a,x" is called the dominant term of the polynomial P(x) = a, +
ax + - +ax", a, + 0, because P(x) ~ a,x" as x — *oo.
Using asymptotic functions to evaluate limits

When evaluating limits, we can replace the numerator, the denominator, or both of a
quotient by corresponding asymptotic functions, provided that the limits exist.



90 — 2 Limits and continuity

Theorem 2.5.3. If a(x) ~ a(x) and B(x) ~ B(x) as x — a and all of them are nonzero,
then

tim 2% _ Jim 40 _ jjp A0y, GO0
x—a ﬂ(x) x—a ﬁ(x) x—a B(X) x—a ﬁ(X)

Proof. For the first equality,

xl—I>Ic11 ﬁ(x) x—a m x—a q(x) T x—a ﬁ(x) a(x) T XSa M

w0y @00 800 600 800 ) 600

Using similar ratios, one can deduce the remaining equalities. O

1-cosx

Example 2.5.5. Findlim, ,q

Solution. First note that1-cosx ~ "72 as x — 0. Then

lim 220X i 2 _pmi-1
x=0  2x2 x=02x2 x=04 4
. . 2 l —
Example 2.5.6. Find lim,_ X071
Solution. Observe that, asx — 0,1—-cosx ~ %xz and
1 1
(1+x2)§ —1~=x?
3
by Example 2.5.3. Therefore,
2y% _ 152
lim (A+x7)> -1 “lim 2 -2

x>0 cosx-1 x>0 _%Xz 3

tan x—sinx
Example 2.5.7. Find lim,_,, =—5—.
Solution.
. sinx .
li tanx —sinx _ Jim cosx ~ sinx  lip S0 1
im 3 = lim 3 =lim — 1
x—0 X x—0 X x—0 X COS X
1- x
sinx cosx .. X >
= lim = lim = —2

HO X3 cosx  x—0x3 cosx
1 1

= — 1 = -,
2'x—0 cosx 2
NOTE. This example shows that, if the function is a product of other functions, we
can replace one or more of the “factors” by asymptotic functions, provided that all the
limits involved exist.
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Definition 2.5.3. Iflim,_,, % =0 as x — a, then we say that f(x) is a negligible func-

tion with respect to g(x) as x tends to a. We denote this by f(x) = o(g(x)) (referred to as
the “small o notation”).

Intuitively speaking, if f(x) = o(g(x)), then f(x) is much smaller than g(x) as x — a.

Example 2.5.8. Both x? = o(x) and x? — x> = 0(2x — x?) as x tends to 0, since
2 2.3 2
. - . - 0-0
limx— =limx=0 and hmx X2 =11mX X =
x—=0 X x—0 x=02x—-x* x=02-x 2-0

Theorem 2.5.4. Asx — a, f(x) ~ g(x) if and only if f (x) = g(x) + o(f (x)).

0.

This theorem says that, if f(x) and g(x) are asymptotic functions as x — a, the
difference between f(x) and g(x) is a negligible function with respect to each of them.
We leave the proof as an exercise.

Example 2.5.9. As x — 0, sinx ~ x, so we have sinx — x = o(x). Table 2.5.1 shows the
values of sin x and the difference between x and sin x for some small values of x.

Table 2.5.1: Selected values of sinx and x — sinx forx = 0.

X sin(x) x —sin(x)
0.1 0.099833416646828 0.000166583353172
0.01 0.009999833334167 0.000000166665833
0.009 0.008999878500492 0.000000121499508
0.005 0.004999979166693 0.000000020833307
0.002 0.001999998666 667 0.000000001333333
0.0001 0.000100000000000 0.000000000000000

2.6 Continuous and discontinuous functions

2.6.1 Continuity and discontinuity

The mathematical definition of a continuous function corresponds closely to the mean-
ing of the word “continuity” in everyday language. We think of a continuous process
as one that takes place gradually, without interruption or abrupt large changes. For
example, the outside temperature changes continuously, the height of a child grows
continuously, etc. The graph of a continuous function is a continuous curve with no
holes, that you can draw without lifting your pencil from the page.

Figure 2.6.1is the graph of a function defined on [0, 4]. It is not continuous at x = 1
and x = 2, because the curve jumps abruptly from one value to another at these places.
The formal definition of continuity is given below.
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y

Figure 2.6.1: Continuity and discontinuity.

Definition 2.6.1. A function y = f(x) is continuous at a point x = a, provided

lim,_,,f(x) =f(a).

NOTES. The definition is implicitly placing three requirements on the function f:

1. aisin the domain of f(x), so that f(a) is defined;

2. the function f(x) is defined for x in a 6§ neighborhood of x = a and lim,_,, f(x)
exists (as a finite real number);

3. lim,_,f(x)=f(a) (from this, we also have lim,_,,(f(x) - f(a)) = O or equivalently
lim,,_,o Ay =0).

In other words, f is continuous at a, if it is defined at @ and f(x) — f(a) as x — a.
Thus, a continuous function f at x = a has the property that, at x = a, small changes in
x produce only small changes in f(x). In fact, the change in f(x) can be kept as small
as we please by keeping the change in x sufficiently small, since lim,,_,, Ay = 0.

Figure 2.6.1 shows the graph of a function f(x). This function f is not continuous
at x =1 since lim,_,; f(x) does not exist. This function is also not continuous at x = 2
since lim,_,, f(x) is not equal to f(2).

If a function f(x) is not continuous at x = a, we say that f(x) is discontinuous at x =
a or f(x) has a discontinuity at x = a. There are four types of common discontinuities.
For example, in Figure 2.6.1, we say that f has jump discontinuity at x =1 and f has a
removable discontinuity at x = 2. Figure 2.6.2 shows some types of discontinuities. We
now give a formal definition of these types of discontinuities.

removable removable jump infinite oscillating

Figure 2.6.2: Some types of discontinuities.



2.6 Continuous and discontinuous functions =—— 93

Definition 2.6.2. If f is discontinuous at x = a, then at x = a:
1. f has a removable discontinuity if lim,_, , f (x) exists but f(a) + lim,_,, f(x);
2. f has a jump discontinuity if both lim,_ .. f(x) and lim,_, f(x) exist but
lim, _, + f00) #1im,_, - f(X);
3. f has an infinite discontinuity if either lim, _, - f(x) or lim,_, .+ f(x) is co or —co;
4. f has an oscillating discontinuity if f (x) oscillates as x — a.
X

Example 2.6.1. The function f(x) = XZ;_ll has a discontinuity at x = 1. Write an extended

function so that f is continuous at x = 1.

Solution. Since f(x) is undefined at x =1, it must be discontinuous at x =1 and
x-1 . x-1 . 1 1

lim =1lim =1lim =,
x->1x2-1 x-1(x-1)x+1) x-lx+1 2

Because the limit exists but the function value at x = 1 does not, f must have a remov-
able discontinuity there.
We now define

x-1 :

> 1fX;E1
glo=11"1

3 ifx=1.

Notice that g(x) is now continuous at x = 1. The discontinuity at x = 1 has therefore
been removed. Figure 2.6.3 shows the graph of this function.

y

Figure 2.6.3: Graph of f(x) in Example 2.6.1.

NOTE. The functions f and g also have a discontinuity at x = —1. However, this discon-
tinuity cannot be removed; it is an infinite discontinuity (there is a vertical asymptote
atx =-1).

Since the continuity of a function at point x = a involves a limit, it is sensible to
explore the significance of the two corresponding one-sided limits.
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Definition 2.6.3. A function f is continuous from the right at x = a if both f(a) and
lim,_, .+ f(x) exist and

lim f(x) = f(a).
X—a
Similarly, f is continuous from the left at x = a if both f(a) and lim,_, .- f(x) exist and
lim f(x) =f(a).
X—a

For example, from Figure 2.6.1, we know that the function f(x) is continuous from
the right at x = 1 and f(x) is continuous from the left at x = 4. Example 2.2.10 shows
that the function +/x is continuous from the right at x = 0.

Obviously, if a function is continuous from the left at x = a and also continuous
from the right at x = a, then it must be continuous at x = a, since

Xlirgllj(X):f(a) and Xlir}ll,f(X):f(a) = )l(inglf(X)=f(a).
Thus,

f(x) is continuous at x = a if and only if

f(x) is continuous from the left and from the right at x = a.

Evaluating limits of a continuous function is easy since, if f is continuous at x = a,
lim,_,,f(x) = f(a). This means that one can find lim,_,, f(x) simply by substituting
x = ain f(x) to find the limit f(a).

Direct substitution rule for limits of a function at its continuities
If f(x) is continuous at x = a, then lim,_,, f(x) = f(a).

2.6.2 Continuous functions

Definition 2.6.4. If f is continuous at each point a in an interval I, then f is said to
be continuous on the interval I.

Theorem 2.2.7 and Example 2.2.9 show that the polynomial functions cosx and
sinx are continuous at every point a € (—0o, c0). We now show that several other ba-
sic functions are also continuous on their domains (we would expect this from their
graphs).

Example 2.6.2. The exponential function f(x) = b, b > 0, b # 1, is continuous on its
domain (-co, ).

Proof. See Section 2.7. O
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Building continuous functions

In Section 2.2.3, it was shown how the limit of a function f(x) whose formula is an
algebraic combination of basic functions could be computed from the limits of those
much simpler basic functions. These same results apply to continuous functions. That
is, continuous functions could be added, subtracted, multiplied, divided (provided
the denominator is not 0), and composed to form new continuous functions. You can
probably understand and appreciate these on the intuitive level, as well as construct
simple proofs for limit theorems.

Theorem 2.6.1. If f(x) and g(x) are continuous at x = a, then the following functions
are also continuous at x = a:

L (f+8)(x) =f(x)+gx) (sumrule);

(f - 8)(x) = f(x) - g(x) (difference rule);

(cf)(x) = ¢f (x) (constant multiple rule);

(fg)(x) = f(x)g(x) (product rule);

(é)(x) = g—’g, provided g(a) + O (quotient rule).

SN

Proof. Each of the five parts of this theorem follows from the corresponding limit laws
from Section 2.2.3. For example, we give the proof of number 1. Since f(x) and g(x) are
continuous at a, we have

)l(intllf (x)=f(a) and imé g(x) =g(a).
Therefore,
)l(ig}l[f(X) +8(0)] = lii%f(x) + Pﬁ’%g(x) =f(a) +g(a) = (f + g)(@).

This shows that f + g is continuous at a. O

Example 2.6.3. Each of the six basic trigonometric functions, sin x, cos x, tan x, cot x,
secx, and cscx, is continuous on its own domain.

Solution. We proved that sinx and cosx are continuous on their domains in Exam-
ple 2.2.9. For the remaining functions, tan x, cotx, secx, and cscx, we have

sinx CcosX 1 1
tanx=——, cotx=——, secx=——, and cscx=—.
CcoSX sinx Ccos X sinx
Then, because the functions sin x and cos x are continuous on R and because the re-
maining trigonometric functions are quotients of 1, cos x, and sin x, by Theorem 2.6.1,
these four trigonometric functions are continuous on their domains.
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Continuity of inverse functions

Ify = f(x) is a one-to-one function, then it has an inverse function, x = f~1(y). We claim
that, ify = f(x) is continuous, x = f1(y) (or y = f ' (x) in the more traditional notation)
is also continuous. For example, ify = 2x + 1, then x = (y —1)/2is its inverse (in this case
you should be aware that x is now the dependent variable and y is the independent
variable). Both of these functions are polynomials and therefore both are continuous
onR.

Because the graphs of a function y = f(x) and its inverse function y = f1(x) are
reflections across the line y = x, if f is continuous, then f~! must also be continuous.
Observe, however, that if you reverse the roles of the x- and y-axes in your graph, the
graph of x = f~1(y) will be identical to the graph of y = f(x) in the traditional xy-plane.
Therefore, we have the following theorem (the proof is omitted here).

Theorem 2.6.2. Ify =f(x) is a one-to-one continuous function defined on D with range
R, then its inverse y = f~(x) is also continuous on R.

Example 2.6.4. Determine the intervals on which a logarithmic function and the six
inverse trigonometric functions are continuous.

Solution. A logarithmic function y =log, x (b > 0, b # 1) is the inverse of the expo-
nential function y = b*. Such an exponential function is continuous and one-to-one
on the whole real line with range y > 0. Therefore, its inverse function is continuous
on its entire domain {x|x > 0}.

The six trigonometric functions are also continuous and are one-to-one on their
restricted domains. Therefore, the inverse trigonometric functions are all continuous
on their domains. That is to say:

(1) y=arcsinx is continuous on [-1,1];

(2) y=arccosx is continuous on [-1,1];

(3) y = arctanx is continuous on (-co, c0);

(4) y = arccotx is continuous on (-co, c0);

(5) y=arcsecx is continuous on (-co,-1] U [1,00);
(6) y=arccscx is continuous on (oo, -1] U [1, 00).

Continuity of composite functions

Another way of combining continuous functions f and g to form new continuous func-
tions is to form the composite function (f - g)(x) = f(g(x)), in which we substitute the
formula g(x) in place of the variable of f(x). Intuitively, if x is close to a, then g(x)
is close to b and, since f is continuous at b, g(x) is close to b, so f(g(x)) is close to
f(b). The continuity properties of the composite function are given in the following
theorem.
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Theorem 2.6.3. Ifu =g(x) is continuous at x = a, g(a) = b, and f is continuous at u = b,
then f(g(x)) is continuous at x = a. That is,

lim f(g(x)) =f(b) =f(g(@)).

Proof. Since f(u) is continuous at b, for any given number € > 0, we can find a number
6, such that

If(g(0) -f(g(@)| = |f(w) —f(b)| <& whenever [u-b|<§,.
However, lim,_,, g(x) = b means that there exists a number § such that
|g(x)—b| <6, whenever |x—al <8.
By the definition of a limit, lim, ,, f(g(x)) =f(b) and f(g(x)) is continuous at a. O
NOTE. If g(x) is continuous at x = a, g(a) = b, and f(x) is continuous at x = b, then
lim f(g(0) =f(limg(x)) = f(g(@).
Example 2.6.5. Find lim,_,, 357X,

Solution. Since 3* and sin x are continuous and x = 71 is a point in the domain of 3sinx
we have

lim 38inX = glim,,sinx _ 3sin7 _ 30 _ ¢
X—7

Example 2.6.6. Find lim,_, <.
Solution. Letu=e*-1.Then x=In(u+1) and u — 0 as x — 0. Then

Loe -1 u , 1
lim = lim =lim T
x—=0 X u—0 In(u+1) u—-0 4 In(u+1)

. 1 1 1
= lim - = —=— =1
u=0n(u+1)s  Inlim, ou+1)» Ine

NOTE. From this example we see that e -1~ x as x — 0 (or €¥ — 1 =~ x for small x).

Example 2.6.7. A power function is defined as y = x¥, where u € R, u # 0. For some u,
the domain of a power function is all real numbers, but for other u, the domain is re-
stricted to positive numbers, x > 0. The domain must be determined in each individual
case. Show that y = x" is continuous for x > 0.

Proof. This is because y = x* = e*!"X, The exponential function and the logarithm are
both continuous when x > 0, so y = x* is continuous on x > 0. O
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Recall that an elementary function is a function built from a finite number of expo-
nentials, logarithms, constants, power functions, trigonometric functions, and their
inverses through composition and combinations using the four elementary operations
(+, -, %, =). Now, in view of Theorem 2.6.1, Theorem 2.6.2, and Theorem 2.6.3, we con-
clude as follows.

Theorem 2.6.4. Each elementary function is continuous on its domain.
Example 2.6.8. Find all x-values for which f(x) = x> + * sinx is continuous.

Solution. By Theorem 2.6.4, x3, €, and sinx are continuous for all real x-values.
Therefore, the function f(x) = x> + e* sinx is also continuous for all real x-values.

Example 2.6.9. For the function f(x) = log,(sinx), find all x-values for which f is con-
tinuous.

Solution. By Theorem 2.6.4, the function log, x is continuous when x > 0 and sinx is
continuous for all real x, so f(x) is continuous when

sinx > 0.
Solving this inequality gives
nr+0<x<2nm+mn forallneN.

This means the function f(x) = log, sinx is continuous on these open intervals. The
graph of f(x) is shown in Figure 2.6.4.

\

Figure 2.6.4: Graph of the function in Example 2.6.9.
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Example 2.6.10. Find

sinxz)

lim (2 + tan x)n+e
x—0

Solution. This is a limit of an elementary function when x — 0 and x = 0 is a point in
its domain, so by the direct substitution rule we have

sinx? sin 02
lim (2 + tanx)n1+e™) = (2 4 yln@+e™™)
X—
_ 21n(1+e°)

— 21n(1+1)

— 21n2

Example 2.6.11. Classify the discontinuity for the function

1

2x -1
fxX)=——.
2x +1

Solution. This function is an elementary function defined for all x except 0, so the
only discontinuity of f(x) occurs at x = 0. Then

1 1
L 2x—1t=t 21  1-% 1-0
lim = = lim =— = lim —2 = =1,
x=0" 2% +1 t—oo 2l +1 t—>001+? 1+0

1

2x -1 201 0-1
lim = lim im — =-1.

= = li
X—>0’2%+1 t>-002l+1 t-5000+1

This discontinuity is a jump discontinuity. Figure 2.6.5 shows the graph of f(x).
i
|
7
- l | .

Figure 2.6.5: Graph of f(x) in Example 2.6.11.

2.6.3 Theorems on continuous functions

A number of results involving continuous functions are very important in the devel-
opment of calculus, including the extreme value theorem and the intermediate value
theorem. First we give the definitions of global extrema.
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Definition 2.6.5. If f has domain D, then:

1. f has an absolute maximum (also called global maximum) at x = a € Dif f (x) < f(a)
for every x € D;

2. f has an absolute minimum (also called global minimum) at x = a € D if f(x) > f (a)
for every x € D.

NOTE. An absolute maximum can occur at more than one x-value in the domain of f.
The same is true for absolute minima, as shown in Figure 2.6.8. Also, global extrema
may occur at end points or at some interior points of an interval as shown in Fig-
ure 2.6.6 and Figure 2.6.7.

\

Figure 2.6.6: Global extrema may occur at endpoints.

v A

Figure 2.6.7: Absolute maximum and absolute minimum.

Figure 2.6.8: A function may obtain its global extrema at more than one point.
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If you sketch the graph of a continuous function f on a closed interval [a, b], then you
find that the curve is bounded above and below by two horizontal lines. The curve will
always have a global maximum and a global minimum somewhere in the interval. This
is because the two points A(a,f(a)) and B(b,f(b)) are fixed and the graph which is a
continuous curve goes from point A to point B. No matter how many turns or oscilla-
tions there are along the curve, the path cannot increase or decrease without bound as
the graph moves from A to B. The highest points and the lowest points reached are the
global extremum points. This observation is confirmed by the following two theorems.

Theorem 2.6.5 (Boundedness theorem). If f is continuous on a closed interval [a, b],
then f must be bounded.

Proof. See Section 2.7. O

Furthermore, we conclude that there must be both an absolute maximum and an
absolute minimum somewhere in the closed interval.

Theorem 2.6.6 (Extreme value theorem). If f is continuous on a closed interval [a, b],
then f must have an absolute minimum value f (c) and an absolute maximum value f(d)
at some points c and d in [a, b]. That is,

fle)<sf(x)<f(d) forallxe[a,b].

Proof. See Section 2.7. O

If a function is not continuous or is continuous only on an open interval, then the
extreme value theorem may not hold. For example, consider the two functions f(x)
and g(x):

x+1, 0<x<2 1
fx)= and g(x)== forxe(0.5,3).
4-(x-2)?% 2<x<4 b%

Graphs of f(x) and g(x) are shown in Figure 2.6.9 and Figure 2.6.10 respectively.

y

Figure 2.6.9: A function may not have global extrema if it is not continuous.
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Figure 2.6.10: A function may not have global extrema if the interval is not closed.

The function f(x) is defined on the closed interval [0, 4], but it is not continuous on
the interval and it has no global maximum value. The function g(x) is continuous at
each point in the interval (0.5, 3), but the interval is not closed. This function has no
global extrema in the interval.

NOTE. The extreme value theorem was originally proved by Bernard Bolzano in the
1830s in a work called Function Theory, but the work remained unpublished until 1930.
Bolzano’s proof consisted of showing that a continuous function on a closed interval
was bounded and then showing that the function attained a maximum and a mini-
mum value. His proof involved what is known today as the Bolzano—Weierstrass the-
orem. http://en.wikipedia.org/wiki/Extreme_value_theorem

Now we discuss another theorem on continuous functions defined on a closed in-
terval, named the intermediate value theorem. If your height at birth was 50 cm and
you are now 180 cm tall, then there must have been a time when your height was ex-
actly 170 cm, since you grew continuously and your height could not jump from one
point to another. Similarly, if the temperature changes continuously from negative to
positive, then you would believe that there must have been an instant when the tem-
perature was exactly O.

Now let us go back to mathematics and explore this in terms of continuous func-
tions. If the graph of a continuous function has one end below the x-axis and the other
end above the x-axis, then the curve must cross the x-axis at least once. This is stated
as the following theorem.

Theorem 2.6.7 (Bolzano’s theorem). If f(x) is continuous on a closed interval [a, b],
and f(a) x f(b) < 0, then there is at least a value c € [a, b] such that f(c) = 0.

Proof. See Section 2.7. O
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NOTE. This theorem was first proved by Bernard Bolzano in 1817. Augustin-Louis
Cauchy provided a proof in 1821. http://en.wikipedia.org/wiki/Intermediate_value_
theorem

Bernhard Bolzano
(1781-1848) was a Bohemian mathematician, logician, and philosopher.
http://en.wikipedia.org/wiki/Bernard_Bolzano

This theorem can be extended in an obvious way. For a continuous function f and
any number m between f(a) and f(b), there must be at least one number ¢ between
a and b such that f(c) = m. We can prove this by leaving the shape of the curve un-
touched but shifting the axes up or down by m units.

Theorem 2.6.8 (Intermediate value theorem). Iff(x) is continuous on a closed interval
[a,b] and m is any number between f(a) and f(b), then there is at least one value c €
[a, b] such that f(c) = m.

Proof. Iff(a) < m< f(b), then let g(x) = f(x) — m. Then g(x) is also continuous on [a, b].
Since

g(a)=f(a)-m<0
and g(b) =f(b) — m > 0, by Bolzano’s theorem, there is a value c € [a, b] such that
g(c)=0.

This means f(c) = m.

If f(b) < m < f(a), then we let g(x) = m — f(x). By an argument similar to the one
above, we can also find a number ¢ such that f(c) = m.

The intermediate value theorem states that a continuous function takes on every
intermediate value between the function values f(a) and f(b). This means that any
horizontal line y = m between y = f(a) and y = f(b) must intersect the graph of y = f(x)
at least one x-value in the interval [a, b], as seen in Figure 2.6.11 and Figure 2.6.12. If
there is no point of intersection between the line y = m and the graph of y = f(x), then
part of the graph of y = f(x) will be below y = m and some part of the graph of y = f(x)
will be above y = m, so the graph of y = f(x) must jump over the line y = m at some point
and there would be some holes or breaks in the graph of y = f(x). For some functions,
an intermediate value m will be attained more than once, as in Figure 2.6.13.
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S(b)

fla) —

Figure 2.6.11: There is a “c” such that f(c) = m in case that f(a) < f(b).

f@)

1) ! |

Figure 2.6.12: There is a “c” such that f(c) = m in case that f(a) > f(b).

v A

f(b)

f(a)j

=Y

Figure 2.6.13: There may be more than one c such that f(c) = m.

For the intermediate value theorem to hold, the function f must be continuous on a
closed interval. The theorem is not true in general for discontinuous functions, even if
the function is defined on a closed interval. For example, consider the two functions

X, 0<x<2
fx)= and g(x)=x,0<x<1.
X+2, 2<x<4
The function f(x) is not continuous on [0, 4], because f (x) cannot take every value
between f(2) and f(4) as shown in Figure 2.6.14. The function g(x) is not defined on a
closed interval, so g(1) does not exist. O

Example 2.6.12. Show that the equation 4x> + 3x — 2 = 0 has at least one root between
x=0andx=2.
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Figure 2.6.14: No intermediate values for a discontinuous function.

Proof. Let f(x) = 4x> + 3x — 2 and look for a number ¢ between a = 0 and b = 2 such
that f(c) = 0. We try

f(0)=0-0-2=-2, sof(0)<O,
f2Q=32+6-2=36, sof(2)>0.

Since f is continuous on [0, 2], it follows from Bolzano’s Theorem that f(x) must have
at least one root x = ¢ in the interval (0, 2). O

NOTE. In fact, we can locate a root more precisely by subdividing it into smaller in-
tervals and using the intermediate value theorem again. For example, because f(1) =
5> 0, we know there must be a root in (0,1).

Example 2.6.13. Show that the equation sin x = x — 1 has a real root.

Proof. Let f(x) = x — 1 - sinx. Then we must prove that there is a number ¢ such that
f(c) = 0. Note that

f(0)=0-1-0=-1<0,
while
fmy=m-1-sinm=m-1>0.
Since f(x) is continuous on [0, 7] (in fact on all of R), we may apply Bolzano’s theorem
to conclude the existence of some c in (0,77) such that f(c)=c-1-sinc=0, and cis

therefore a root of the equation sinx =x - 1. O

Example 2.6.14. Every polynomial of odd degree has a real root.
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Proof. Letf(x)=ay+ayx + -+ + a,x", where n is odd. Assuming that a,, > 0 (a similar
proof holds if a, < 0), we have

. . a, a
lim (ag +ax+-+a,x") = lim [<—°+ L +---+an>x"]
X—+00 x—+ool\ x1 ~ xn-1

=a, lim x" =+ co.
X—+00

Similarly,

lim (ag+ax+ - +ax")=a, lim x"=—oo.

X——00 X——00

Since f(x) is continuous, there must be a sufficiently large x-value, b, such that 0 <
f(b). Similarly there must be a negative x-value a in the other direction for which
f(a) < 0. Hence, by Bolzano’s theorem, there is at least one ¢ with a < ¢ < b such that
f(c)=ag +a,c+--- +a,c" = 0, where c is the required root. O

Example 2.6.15. If f(x) is continuous on the interval [a, b] and
aA<X;<Xy<--<x,<b,

then show that there exists a number c € [a, b] such that

_fO0) +f0G) + - +f0G)

fo)
n
Proof. Let
f(x,) = min{f (x)).f (x,), ....f(x,)} and
fOqp) = max{f (x,),f (), ... f(x,)}.
Then

FO)+f00Q)+ - +f(x)
flx,) < -

<fOqp)-

Since f(x) is continuous on [a, b] and the interval [x,,,x;;] (or [x,, x,,,]) is a subset of
[a, b], we know that f(x) is also continuous on the closed interval [x,,, x3;] (o1 [x37, X, 1)-
Following from the intermediate value theorem, there exists a number c € [x,,,, x;1] (or
[Xa1> X, ]) such that

fioy= Lo /) o) -
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2.6.4 Uniform continuity

We know that the function y = }( is continuous at each point in (0,1). However, from
the graph of the function y = }(, we know that the value of y changes more and more
rapidly as x approaches 0. This means that, even if we keep the change in x, Ax, con-
stant, the change in y, Ay, which depends on the specific x-value in (0,1), can be
larger than any given number. This is different from other continuous functions, like
y = sinx; if Ax is small, Ay is also small at each point x. We now give the definition of
uniform continuity.

Definition 2.6.6 (Uniform continuity). Let f(x) be defined on an interval I. Then f is
uniformly continuous on I, if, for any given positive number ¢, there exists a number §
(which depends only on ¢) such that, for every two points a,b € I, we have |f(a) —
f(b)| < € whenever |a — b| < 6.

Notice that the number § is independent of the choices of values of a and b. That
is, f is uniformly continuous if it is possible to guarantee that f(a) and f(b) will be as
close to each other as we please by requiring only that the distance |a — b| between
a and b is less than a sufficiently small value 6 that does not depend on the values a
or b.

Example 2.6.16. Prove thaty = )1( is continuous on (0, 1], but not uniformly continu-
ous on (0,1].

Solution. The functiony = )1( is obviously continuous on (0, 1], since it is an elemen-
tary function (a power function) defined on (0, 1]. We prove by contradiction that the
function is not uniformly continuous on (0, 1].

For a given small number 0 < e < 1,ify = )1( is uniformly continuous on (0, 1], there
must be a number 6 such that |f(a) - f(b)| < € whenever |a — b| < §. Now we choose two
numbers a = % and b = ﬁ, where n is a positive integer. For a sufficiently large n, the

value of |a — b| will be smaller than 6 since |a - b| = |% - n%l| = m —0asn— oco.
However, for these numbers, we have
1 1
f@-f®)l=|1 - |=In-(+D|=1>e
n n+l

This contradicts the definition of uniform continuity. Therefore, y = }( is not uniformly
continuous on (0,1].

A uniformly continuous function must be continuous, but a continuous function
may not be uniformly continuous. A useful theorem to determine whether or not a con-
tinuous function is uniformly continuous is given below without a proof. The theorem
is due to Eduard Heine and Georg Cantor.
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Theorem 2.6.9 (Heine-Cantor theorem). If f(x) is continuous on a closed interval
[a, b], then f(x) is also uniformly continuous on [a, b].

2.7 Some proofs in Chapter 2

Proof of Theorem 2.2.1. Assume lim,_,,f(x) = L and lim,_,,f(x) = M, where L + M.
Then |L — M| =d # 0. Now choose € = d/2 > 0. By the definition of a limit, there exist
two numbers, 6, and §,, such that

If(x)-L| < g whenever 0 < |x —a| < §;,
If(x) - M| < g whenever 0 < |x —a| < 6,.
Then, when |x — a| < min{6;, 6},

IL-M]|=|L-f(x)+f(x)- M|
<|L=fOO] + |f(0) - M|
d d

<-—+—-=d
2 2

This is a contradiction to the assumption that |L - M| =d. O

Proof of Theorem 2.2.2. Since lim,_,, f(x) = L, for any given number € > 0, there is a
corresponding & such that

[f(x)-L| <& whenever0< |x-al<8.

Now choose € = 1. Then there is a § such that |f(x) - L| < 1 whenever O < |x — a| <.
This means

-1<f(x)-L<1 whenever0< |x—al<é,

soL-1<f(x) <L +1whenever 0 < |x -al| <é.
This means that f(x) is bounded on the deleted neighborhood (a,a - 6) U (a,a + 8)
ofx=a. O

Proof of Theorem 2.2.3. SinceL >0, % > 0.Becauselim,_,, f(x) = L, for a given number
€= %, there is a corresponding 6 > 0, such that

fx)-L|< % whenever 0 < |x —a| < 6.
This means

—IE“ <f(x)—L<§ whenever 0 < [x —a| < 8,
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SO

L—§<f(x)<§+L whenever 0 < [x —a| < 6.

Therefore, f(x) > L - %‘ = % > 0 for all x in the deleted 6 neighborhood O < [x—al| < &
ofx=a. O
Proof (Limit law 1). Assume lim,_,,f(x) = L and lim,_,, g(x) = M, where both L and M
are two real numbers. Then, given any number € > 0, we have §; and 6, such that

Ifx)-L| <

lg(x) - M| <

whenever 0 < [x —a| <§; and

NIMNIM

whenever 0 < |x — a| < 6,.

Now choose 6 to be the smaller one of the two numbers §; and §,, that is, § =
min{d;, 6,}. Then, whenever O < |x —a| < §, wehave O < [x —a| < §; and 0 < |[x — a| < §,,
and |(f(x) +g(x)) = (L+ M) < |f(x) —L| +|g(x) -M| < 5 + 5 =&, 50

linlll(f(x) +8(X))=L+M.
Therefore,
lm%ﬂm+gun=yqﬂm+yggul

This completes the proof. O

Proof (Limit law 3). Since lim,_,, f(x) = L and lim,_,, g(x) = M, where both L and M
are two real numbers, given any positive number £ > 0, the number >0 and
we can find §; and §, such that

__£
|LI+IM]+1

&
Ifx)-L| < T

W whenever O < [x —al <§; and
+

lgx) - M| < ] whenever 0 < [x — a| < §,.

&
+ M| +1
Furthermore, for the number € = 1, we can find a number §; such that
|g(x) —M|<1 whenever O < |x - al < 85.
This means
lg00| - IM| < |g(x) - M| <1,

SO

|gx)| <IM|+1 whenever0< |x-al<6;.
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We choose 6 to be the smallest one of the three numbers 6,, §,, and 85, sincex —a
must satisfy the three conditions simultaneously. Let § = min{6;, 6,, 85}. Then, when-
ever 0 <|x—al <, wehave O <|x—al<d;,0<|x—-al<8,,and O < |[x —a| < §5. Then

If00g(x) - LM| = |f(x)g(x) — Lg(x) + Lg(x) — LM|
< |gM)|If (%) - L| + |LI|g (x) — M|
<(IM]+1) IL|

£ N £
L] + M| +1 L] + M| +1

= €.
This implies that, for any given number € > 0, we have found a number § > 0 such that
[f(x)g(x) - LM| <& whenever 0 < |x —al <,
SO
Lim[f () x g00)] = LM = lim f (x) x lim g(x).

This completes the proof. O
The proofs of the remaining limit laws are left to the reader.

Proof of the substitution rule. Given any number € > 0, since lim,_,; f(u) = L, there is
a number §; > 0 such that

[f(u)—L| <& whenever O < |u-b|<86,.

On the other hand, we havelim, _,, g(x) = b, so for the number §; > 0, there is a number
6, such that

|g(x)—b| <6, whenever0< |x-al<é,.

Let § = min{§,, 6,}. Then, whenever O < |x — a| < §, we have |g(x) - b| = lu - b| < §;.
Then

If(gx) - L|=|f(w) - L| <e. O

Proof of Heine’s theorem. “=—” Given a number € > 0, since lim,_,, f(x) = L, there is
6 > 0 such that

[f(x)-L| <& whenever0< |x-al<8.

Thus, if lim,,_,, x,, = a, this means that x,, approaches a but is not equal to a, so for
the number 8, there is a number N > O such that

0<|x,—-al<é whenevern>N.
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In this case,
If(x,) —L|<e.
We conclude that lim,,_, f(x,,) = L. O

We leave the proof of the necessary condition to the reader.

Proof of the monotonic and bounded sequence theorem. We suppose that a sequence
{x,} is a monotonic increasing and bounded above sequence. We show that it must
converge. Since the set {x;,x,, ..., Xy, ...} is bounded above, it must have the supremum
B according to Axiom 1.2.1 in Chapter 1. That is, 8 = sup{x,}. We claim that x, — f.
Given any number € > 0, 8 — € is not the supremum of {x,,}, so there must be a term,
say, Xy, such that xy >  — €. However, the sequence {x,,} is increasing, so

x, >xy foralln>N.
This means that
B-x,<B-xy<e foralln>N.
Because > x,, for all n, |x,, — Bl < €, for all n > N. This implies

lim x, = 8. O
n—oo
The proof of the case that the sequence is decreasing and bounded below is anal-
ogous. In this case, the sequence converges to the infimum of the set {x,|n = N}.

Proof of the Bolzano and Weierstrass theorem. We first prove that the sequence has a
monotonic subsequence. If there are infinitely many peak terms of {x,}, then these
terms, in the same order as they appear in {x,,}, consist of a monotone decreasing sub-
sequence. Otherwise, there must be a finite number of peak terms. Let x); be the last
peak term of {x,}, while n; = N + 1. Then x,, is not a peak term. Therefore, there must
beatermx, afterx, suchthatx,, >x, .However, x, itselfisnota peak term, so there
exists a term x,,, after x,, such thatx, > x,, . Repeating this process, we will obtain the
sequence {xnk}:

Xp, < Xp, <Xp, <o

This is a subsequence of {x,,} and it is monotone increasing. Therefore, we con-
clude that the sequence {x,,} has a monotonic subsequence. If the sequence {x,} is also
bounded, so is its subsequence, so any bounded sequence {x,} must have a bounded
monotonic subsequence and, by the monotonic and bounded convergence theorem,
this subsequence is convergent. O
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Proof of the squeeze theorem. Given a number € > 0. Since lim,_,, f(x) = L, there is a
number §; such that

[f(x)-L| <& wheneverO< |x-al<8é,.
This means
L-e<f(x)<L+e whenever0< |x—al<?¥;.
Similarly, there is a number §, > 0 such that
L-e<h(x)<L+e& wheneverO<|x-al<6,.

Now choose § = min{6;, 65}, s0 0 < |x — a| < § implies that both 0 < |x — a| < §; and
0 < |x - a| < 8, hold. In this case we have

L-e<f(x)<gx)<h(x)<L+e.

This means
L-e<g(x)<L+& whenever0<|x—al<é,
so
|s(x)—L| <& wheneverO< |x-al<8.
Thus, by the definition of a limit, we have lim,_,, g(x) = L. O

Proof of the continuity of an exponential function. To prove that lim,_,, b* =b® (b > 0,
b #1) at any point a € (—c0, 00), we investigate

b* - b? =b% (b7 -1).
Then

lim (b* — b%) = lim b*(b*~% — 1)

X—a X—a

= b }in&(bt -1) (substitution: t = x — a).

Hence, we need only to consider the limit lim,_,, (b’ — 1). Now we only need to be con-
cerned with those values of ¢ that are close to 0, for instance, -1 < t < 1. We can find
an integer n for each of these t such that

1 . 1 1
[t|] < = orequivalently - <t< -,
n n n
so we have

1 1 P .
b n < bl <bn, forb>1,b"isincreasing, or
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b <bf <b™n inthe casethatO<b< 1,b* is decreasing.

From Example 2.3.2, Example 2.4.4, and the squeeze theorem, we have

1

lim br =1, lim b~n = lim (1); =1, solimbi=1.
b t—0

n—-oo n—-oo n—-oo

Therefore, we have

lim(b* - b?) = b* }irré(bt -1)=0.

X—a

This means that lim,_, , b* = b4, so bX is continuous at a. O

X—a

Proof of the boundedness theorem. Assume f is unbounded, say, unbounded above
on [a, b]. This means, for any number M, we can find a number x in [a, b] such that
fx)>M,soforM=1,2,3,...,n,..., we can find a sequence x;, X, X3, ... , X, ... such that
each term is in [a, b] and

fOq) > 1L,f(x) >2,f(x3)>3,....f(x) >n,....

This means lim,,_,, f(x,) = co. However, the sequence {x,,} is bounded because a <
X, < b. Therefore, there is a convergent subsequence, say, {Xnk}, such that Xy, —Cas
k — oo. Because the function f is continuous at c, as a result of Heine’s theorem we
must have lim;_, f () = f(0). This contradicts lim,_,, f (xp,) = 0o, since {x, } is a
subsequence of {x,,}, so the function f must be bounded above.

A similar argument can be used to prove that f must be bounded below. Therefore,
a continuous function f must be bounded on the closed interval [a, b]. O

Proof of the extreme value theorem. We prove the case that there is anumber d € [a, b]
such that f(d) is the maximum value.

Since f is continuous on [a, b], by the boundedness theorem it must be bounded.
This means the set

S={f(x)|xelabl}

is a bounded set. Of course, S is nonempty. Then, by the least upper bound property,
we know that there is a number M such that M = sup S. This implies that f(x) < M for
all x in [a, b]. We show that there is a number d in [a, b] such that f(d) = M. If there is
no x such that f(x) = M, then the function m must be continuous on [a, b], so by
Theorem 2.6.5 it must also be bounded. Given any number € > 0, since M is the least
upper bound of S, M - ¢ is not the least upper bound. Thus there is an x such that
fx)>M-eand e >M - f(x), so

1
M—fx) €
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Since € can be any positive number, this means m can be made as large as we
please, SO 3= f(x) is unbounded. This contradicts the previous statement that ———
bounded, so there must be a point d such that f(d) = M.

Similarly, there must be a point ¢ such that f(c) = m is the minimum value. O

M-, f(X>

Proof of Bolzano’s theorem. We first prove the case where f(a) < 0 and f(b) > 0.
Let S be the set of all x in [a, b] such that f(x) < 0. S is nonempty since a € S and
S is bounded above by b. Hence, by the least upper bound property of real numbers,
c = supS exists. That is, c is the least number such that it is greater than or equal to
every number in S. Furthermore, for any number x between b and ¢, we have f(x) > 0.
We now show that f(c) = 0. If f(c) # 0, assume f(c) > 0. Since f is continuous, we
have

limf(x) =f(c) > 0.
X—C
By Theorem 2.2.3, there is a number § > 0 such that
f(x)>0 wheneverc-8<x<c+6,

so sup S < ¢ - 6, which contradicts the assumption that c = sup S.
Similarly, if f(c) < O, then there is also a number 6 > 0 such that

f(x) <0, wheneverc-6<x<c+86.

Then sup S must be at least ¢ + §, which also contradicts the assumption that ¢ = sup S.
Thus f(c)=0

For the case where f(a) > 0 and f(b) < 0, let g(x) = —f(x), which is also continu-
ous on [a, b]. Then there must be a ¢ such that g(c) = 0 and this c, of course, satisfies
f(c)=0. O

2.8 Exercises

1. Find the average rate of change of each of the following functions on the indicated
interval:
(@) f(x) =tanx,[0,%]; (b) g(t)=x>-2x,[-2,2]; (c) r(6) =sin26,[0,2n].

2. Part of the graph of a piecewise defined function f(x) is shown below. Find
(a) lim,_,_3f(x), (b) lim,_,, f(x), (c) lim,_,5f(x), and (d) lim,_,, f(x), or state they
do not exist.
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y A

4

3 b=

2 b=

1 b=
L 1 1 1 1 1 1 1 1 1 1 1 1 >
6 5 4 3 2 1 1 2 3 4 5 6 7 x

-1

-2

Question 2

Assume that lim, _,, f(x) = -8, lim,_,, g(x) =0, and lim,_,, h(x) = 5. Find each of
the following limits, if it exists:

() lim,_,(f(x) - 2h(x)); (b) lim,_, ﬂ;’f—i)g(’()

() lim,_,(g(x) - f(x))% (d) lim,_,, h(x)f(X).

Evaluate each of the following limits:
(@) lim,_;(3x>-2x+7); (b) lim, Xk,

-2 x+2°
. 2— —_ . —
(©) lim,_,_, =22, (d) lim,_,, @ as>o0;
- 2 AR,
(e) limy,_,o &=, ) limy,, ;
h-0 = 3 Ax—0
(g) lim,_,, i; (h) limxﬁ%(cos X — V2mx).

(Marginal cost) The cost (in dollars) of producing x units of a certain commodity

is modeled by C(x) =500 + 2x + 0.5x2.

(a) Find the average rate of change of C with respect to x when the production
level is changed from x = 50 to x = 100.

(b) Find the instantaneous rate of change of C with respect to x when x = 80 (this
rate is called the marginal cost).

Choose 6 so that |f(x)| < ﬁ, when |x| < 8, for the following functions:

@ f)=2x; (b) f(x)=sin3x; (c) f(x)=xcosx; (d) f(x)=x>

Use the precise definition of a limit to show that:

(@) lim,_,(x+1)=3; (b) lim,_,.sinx=sinc foranyceR;

(0) lim,_,_;x*=1; (d) lim,_,x> =8.

Using the function given in question 2, find (a) lim, ;- f(x), (b) lim,_,5. f(x),

(c) lim,_,,+ f(x), and (d) lim,_,,- f(x). (e) Does lim,_,; f(x) exist? Explain.

Given

x*>-1, whenx<0

f)=1+vx, whenO<x<4

[x], X=4,
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

find (a) lim,_,5 f(x), (b) lim, _,, f(x), and (c) lim,_,, f(x) or explain why they do not
exist.

The formal definition of “f(x) — L as x — —00” is as follows: for any € > 0, there
isan M >0, such that _ _ _ _ _ < & when x < —M. (a) Fill in the blank. (b) Give an
example in which f(x) —» 5as x — —co.

Find the asymptotes and intercepts for the following functions and graph them

(exact turning points are not required):
@ f00= 2222 (b) f0)= 5241 (o) g0 =
(d) g =525 (o) h(n =24 () f) =

X— l > xX+2
(8) f()= mf T
(Air pollution) Assume the population size p (in thousands of people) of a cer-
tain community ¢ years from now is modeled by p(t) = 2000 - ;- 4 e_[ Further-
more, suppose the average level of carbon monoxide in the air is modeled by

x2+1’

3x5’

c(p) = 0.54/p? - p + 17. What happens to the level of pollution c in the long run?
Find the limit for each of the following sequences:

. 2014
(@) lim,,_,, nz—ﬂn; (b) lim,,_,, ﬁ;

)n+

(C) 11mn—>oo(l + \/’ ); (d) llmn_mo 57—:1’
(e) limnﬂoo(ﬁ + E T+t -n»(r}ﬂ));

() Tim,,_., —3’;2;';;11; (@) lim,_, 226",
(h) lll’Iln_“)o(n3 + 3— b (2”—31)2 %

(i) lim,_, ﬁgjgz—++bn(|a| <1,b| <1,ab#0).
Use Heine’s theorem to explain why the following limits do not exist:

(@) lim,_,,cos )1(; (b) lim,_,, sin )%; (c) lim,_, 1 Ltanx;  (d) limxéoxtan}(.
For each of the following sequences, determine as; and then the limit L. After

which N is la, —L| < 100 —=7? You may use a calculator.

@ L-3.35-7...5 (0 32,23, 5 (0 222,2222222,....
Use the monotonic and bounded theorems to prove the convergence of the follow-
ing sequences:

@ X} =1{55 Jrlﬁ e 3—1+1}1

(b) {a,}={1-3)1- 7)o (=5

(Prove by induction) Assume x; = % and x,,,; = . Prove that x,, =
find lim
Ifx, = E(X + i), n=1,23...,x; >0, a> 0, prove {x,,} is monotonic and bounded
and find 11mn_>OO

Suppose x; > 0 and Xpy1 = C(Cl:; n)
(a) Show that, when x; > v/, {x,} is deceasing and bounded below.
(b) Show that, when x; < +/c, {x,} is increasing and bounded above.
(c) Findlim Xp

1)

2= and

n—>oo

, Where ¢ > 1.

n—oo
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21.

22.

23.

24.

25.

26.

27.
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Show that bn;:gnﬂ <(n+1)b", forb=a> 0.

(a) Leta=1+1/(n+1)and b =1+1/n. Show that (1+ %)" is monotonically increas-
ing.

(b) Leta=1,let b=1+1/2n, and deduce that (1+1/2n)*" < 4.

(c) Prove that {(1+ %)"} converges.

Give a counterexample for each of the following statements to show that it is false:

(@) ifx, —» Landy, — L, thenx,/y, - 1;

(b) ifa,<0and a, —» L, then L < 0;
(@i ifx, is bounded, theny, — 0

(c) assumex,y, —0; 1" "
(i) ifx, is unbounded, then y, must be bounded.

Use the “e” limit lim,,_, (1 + %)” = e to evaluate each of the following limits:

(a) llmn_>00(1+ %)n; (b) hmn—>oo(1+ %)n;
2

(c) lim,, ;- mvn; (d) Tim, o (1+3)721,

(@) limy o (35 + 55+ + m)"; (f) lim, (35"

(g) limnﬁoo(l - %)BH'
Use the squeeze theorem to find each of the following limits:

: 1 1 1, : (arctanx)?

(a) llmnﬂoom+m+"'+m, (b) hmx~>00 x
. sinx+2cos 1 . n?

(C) hmx_,oo TX; (d) hmn—»oo 35

(e) lim,_, ¥Va"+b"+c%, a>b>c>0; () lim_ox[1];

(g) lim,_,oxsin %; (h) lim,_, %.
For a sequence {a,}, show that lim,_,  a, = L if and only if lim,_, a,, =L and

lim,, o, @41 = L.
Use the “e” limit lim,_,, . (1+ )1()" = e to evaluate each of the following limits:

. 1 . 3x+2
@ lim,_ o, (1- )% (b) hmxﬂ,(%)z";
(©) lim, oo (£)V%  (d) lim,_o(1+x)5.

(Compounded interest) Assume P dollars are invested at an annual interest rate

r and the future value (accumulated value) in the account after ¢ years is M(t).

(a) Show that, if the interest is compounded n times per year, then M(t) =
P(1+ %)”t .

(b) Show that, if the interest is compounded continuously, then M(t) = Pe’t.

(c) Suppose $100 000 is invested at an annual interest rate of 7%. Compute the fu-
ture value in the account after 10 years if the interest is compounded (i) quar-
terly, (ii) monthly, and (iii) continuously.

(Installment loan) Assume Jack has borrowed an amount of $x, from a bank at

a monthly interest rate of r. He is supposed to pay the bank a fixed amount of $B

each month. If he owes the bank $x,, at the end of the nth month, then:

(@) showthatx,=(1+rx,;-B,n=12,...;

(b) find lim,_, x,;

(c) find the number B such that Jack pays off the loan by the end of the mth
month.
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28.

29.

30.
31
32.

33.
34.

35.
36.

(Stolz theorem) Assume the sequence {y,} increases, limy,, = +co, and

Xn+1 ~Xn

lim =1, where {x,} is a sequence.
=00 ¥pi1 = Vn
1 Xn _
Then lim,_,, =l
Use Stolz’s theorem to show that:
1
(@) lim,_,, 2220 = g, if lim, ., x, =a (b) lim,_, . (n)= =1.

(Fibonacci sequence) Fibonacci is considered to be the greatest European math-
ematician of the middle ages. He was born in Pisa, Italy in approximately AD 1175.
He introduced the sequence of numbers named after him in his book of 1202 called
Liber Abaci (Book of the Abacus). The Fibonacci sequence is

{1,1,2,3,...,Fn+2 :Fn+1 +Fn,...}.

(a) Find the first 15 terms of the Fibonacci sequence.
(b) Leta, = F;—;l Then:
(i) determine the first 5 terms of the sequence {a,};
(ii) show thata,,, =1+ ain and a,,,=2- ﬁ and deduce that the sequence
{a,} is bounded;
(iii) either by considering a,.,, — a, or any other method, show that the se-
quence {ay_;} is increasing and the sequence {a,} is decreasing.

(c) Show thatlim, & 2l = Lys

If V1+ ax? — 1 and sin? x are asymptotic as x — 0, find the constant a.
If Vax + b -2 and x are asymptotic as x — 0, find the constants a and b.

Use asymptotic functions to evaluate each of the following limits:
tan3x . sin(x")

(@) lim,_,q 573 (b) lim, o+ Gipyym> M1 > 0
: tanx—sinx : sinx—tanx

c) lim —_— d) lim —_—

(©) x>0 sindx ( ) x—0 (A1) (VIrsinx-1)"

(e) lim,_,, =Cosx, (f) lim,_,, Snax '} 40,

Xx—0 xsinx ’ x—0 tanbx’
31 1
. VXAV . n ¥2(1-cos )
(g) lim,_, e (h) lim,,_,, —

Show that f(x)~g(x) as x — a if and only if f(x) = g(x) + o(f (x)) as x — a.

Assume both f(x) and g(x) are infinitesimal when x — a and m is a positive integer.
If lim, _,, % = c # 0, then we say that the infinitesimal function f(x) has order
m with respect to the other infinitesimal function g(x) as x — a.

(a) Show that V1+x3 —1is negligible with respect to x as x — O.

(b) Find the order of V1 + x3 — 1 with respect to x as x — 0.

Show that o(x?) + 0(x®) = o(x?) and o(x?) — 0(x?) = 0(x?) as x — 0.

Find the value of a such that each of the following functions is continuous:

@) f(X)={X2_1’ x<3 (b) f(X):{2X+3’ x<2

2ax, xX=3; ax+1, x>2
1

o <0 ex, x<0
N X
© fe0={ @ fo0=1{o  x-0
a+In(1+x), x=0; 1
x%siny, x>0.
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39.

40.

41.

42,

43.

44,

45.

46.
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Locate and classify the discontinuities for the function whose graph is given in

question 2.
Locate and classify the discontinuities for each of the following functions:
(a) f( = Siﬂ’ (b) f(X) XZ 3X+2’
(©) gt)=32 ) €(0) = —=
1-e1-0
(e) f(x)= llm,HOO nx2+1, -1<x<1; (f) k(y)= ycos L
(8) £ = [2x] - [x]; (h) heo) = 25755

. . —yplX
(i) f()=1lim,_, %

Iflim,_,,f(x) =L, lim,_,,g(x) =M, both L and M are finite numbers, and LM # 0,
prove that lim,_,,(f(x))8® = L™, Then find lim, ,(x? +1)*"%,
Evaluate each of the following limits:

() lim,_, &, (b) lim,._o 200,

(©) lim, o p2ens (d) Tim, o Glrosds;

(e) lim,_,, %; (f) limyy_o w;

(g) lim,,_ o, (Y@ VEyn, (h) lim,_,(In(n +2) - Inn);
() Tim, o SRR G) Himy (1 5+ )

(&) lim,_, ., [tan(} + )"
Is it true that a continuous function that is never 0 on an interval never changes
sign on that interval? Explain.
(Dirichlet function) Show that the function
{1, if x is rational
D(x) =
0, ifxisirrational
is discontinuous at every point. Explore the continuity of the function y =
x’D(x) at x = O (the Dirichlet function can be written analytically as D(x) =
lim,, ., lim cos?(m!mx)).

(Riemann function) Explore the continuity of the Riemann function (also called
the Dirichlet ruler function)

n—oo

1 ifx = £ is a rational number in lowest terms
Rix)=11 q

0, otherwise.

Prove that the equation x = asinx + b (a > 0, b > 0) has at least one positive root

that is not more than a + b.

If f(x) is continuous on [0, 1], f(0) = 0, and f(1) = 1, then show that, for all positive

integers n, there is a number ¢ such that 0 < ¢ < 1and (f(c))" +c=1.

Assume f(x) is continuous on [0, 2a] and f(0) = f(2a). Show that there is a number
€ [0,a] such that f(xy + a) = f(xp).
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47.

48.

49,

50.

51.

52.

53.

54.

55.

56.

Prove that the function f(x) = 2 — x? has a negative root.

Suppose P(a, b) is a point on the parabola y = x> and O is the origin. The perpendic-
ular bisector of the line segment OP meets the y-axis at point Q(0, ). Find lim,_,, ¢
or explain why it does not exist.

(Fixed point) If f (x) is continuous on [0,1] and O < f(x) < 1, then show that there
is a number c € (0,1) such that f(c) = ¢ (this number c is called a fixed point of the
function f(x)).

(Clock hands) Explain why there is a time when the hour hand and the minute
hand of a clock coincide in each hour.

(Body weight) If you weighed 50 pounds at the beginning of year 2014 and by the
end of 2014 you weighed 59 pounds, explain why there was a time point on which
your weight was exactly 54 pounds.

(Stabilizing a wobbly table) A table whose four legs are equal in length was put
on an uneven floor and it was unstable initially. By slightly rotating the table, it
can be stabilized on the floor. Set up a mathematical model for this situation and
explain.

Consider the function f(x) = {2 -X%  x<0

24X, x20.
imum value on [-2,4]? How does this example illustrate the extreme value theo-
rem?

X, x<0 . .
If g(x) = {IX X o does g(x) have a maximum value and a minimum value on
» X>0,

[-2,4]? Does this example contradict the extreme value theorem? Why or why not?

Does f(x) have a maximum and a min-

- < . ..
If h(x) = { 2" ’ . x g does h(x) have a maximum value and a minimum value on
x*+1, x>0,

[-2,4]? Is h(x) continuous on [-2,4]? Does this example contradict the extreme
value theorem? Why or why not?

Assume, for all x € (—00, 00), f(x?) = f(x). If f is continuous at x = 0 and x = 1, then
prove that f(x) is constant.



3 The derivative

In this chapter, you will learn about:

— the definition of the derivative;

— how to find derivatives using differentiation rules;
— linearization and the differentials.

The derivative of a function y = f(x) is another function, derived from f(x), that gives
information about how the function f (x) changes, compared with changes in the inde-
pendent variable x. Differential calculus studies methods for finding derivatives and
applications of the derivatives in areas of mathematics, sciences, engineering, and
many other disciplines.

3.1 Derivative of a function at a point

3.1.1 Instantaneous rates of change and derivatives revisited

As seen in Chapters 1and 2, the average rate of change (average velocity) of a car mov-
ing with variable speed during a specified time interval [t;,¢,] is given by

E _s(ty) —s(ty)
At t—t;

V=

But what is the velocity of the particle at any given moment in time? How is this “in-
stantaneous” velocity defined? That is, how can you measure the velocity of that car
at a particular moment in time when the car’s velocity is continually changing?

In order to study this problem mathematically, let us suppose that an object is
moving along a straight line with variable velocity and its displacement s (from some
fixed origin point) is given, as a function of time ¢, by s = f(t). We will try to find a
formula for the velocity of the object at a particular time ¢,. If At is a small positive or
negative time increment, then at time ¢, + At, the object has displacement f (¢, + At), so
the average velocity during the time interval (¢, ¢, + At) is the change in displacement
divided by the change in time:

f(tg + A) - f(ty)
At '

It is reasonable to expect that, as At gets smaller and smaller, the average velocity will
become closer and closer to the velocity at the particular time ¢,. Hence, we define the
instantaneous velocity of the object at time ¢, to be

As . changein displacement s

lim — = lim T
At—0 At At—0 change in time ¢

https://doi.org/10.1515/9783110527780-003
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At) —
- lim [ty + At - f(ty)
At—0 At
= instantaneous velocity at time ¢,

provided that this limit exists.

Now we consider a more general form. For the function y = f(x), assume M (xy,y,)
is a point on the graph C of f. We choose a small positive or negative x-increment Ax
which takes us to a nearby point N(x, + Ax,y, + Ay) on C. The change in y is Ay, which
is

Ay =f(xy + Ax) — f(xg).

The secant line MN is the straight line joining M and N, as shown in Figure 3.1.1 and
Figure 3.1.2. Notice that the slope m of the secant line MN is given by

m:ﬂzw
Ax Ax .

It is reasonable to expect that, if N approaches M along the curve, the secant line
will become closer and closer to the tangent line that touches the curve C at M. Also,
the slope of the secant line MN will approach the slope of the tangent line. Hence, we
define the slope of the tangent line at M to be the limit (if the limit exists) of the slope

N(xy+Ax, y, +Ay)

A M) Ax Ax

Figure 3.1.1: Secant line with positive slope.

M(x,.3y)
™ N(x, + Ax, y, + Ay)

X

Figure 3.1.2: Secant line with negative slope.
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m of the secant line as Ax — 0, so we have

lim fxg + Ax) - f(xo)
Ax—0 AX

= lim &y
Ax—0 AXx

= the slope of the tangent at M(x,,y,).

Now, we have encountered the same type of limits twice even though they arose
from different backgrounds. We will see that limits of the form

lim fxg + Ax) - f(xg)
Ax—0 Ax

arise in many scientific fields whenever we want to calculate an instantaneous rate of
change, such as arate of areaction in chemistry, or a marginal cost in economics. Since
this type of limit occurs so frequently, it is worthy of being given a special name and
notation. It is called the derivative of the function f at M and it is denoted by f' (x,).

Definition 3.1.1. The derivative of a function at a point (x,,f(xy)) is written as f” (x,)
and is defined by

He) = Tim L %0 A0 ~f(xo)
f (XO) - Al)}TO Ax '
The process of finding the derivative is called differentiation.

NOTES. The derivative of a function at a point M(x,,y,) is:
1. the slope of the tangent line to the graph of f at M;
2. theinstantaneous rate of change of f(x) with respect to x at M.

There are many different notations for the derivative, or the rate of change of a
function. The notation used often depends on how the function f is presented or on
how the derivative is to be used. When a function is defined by an equation y = f(x),
the following are all notations for the derivative of f (or y) with respect to x at x = x,:

af

>
X=X

V), Y 4
f (XO)) dX )de(X)

>
X=X dx X=X,

Df (o) Y(Xo). ¥' (%), and  (f(0),_, .
Example 3.1.1. Find the derivative of f(x) = x* at x = 2.

Solution. We have

22
f(2+A2(X)—f(2) — lim 2+ Ax)" -2

"2 =1
'@ A;%go AX—0 Ax
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. 4Ax + (Ax)?
lim ————~
Ax—0 AX

. A+4AX+ (AX)? -4
= lim =
Ax—0 Ax
= lim (4 + Ax)
Ax—0
= 4,
so the derivative of f(x) = x? at x = 2 is 4.

Example 3.1.2. Find an equation of the tangent line to the graph of f(x) = )1( at (1,1).

Solution. First find the slope of the tangent line. We have

1 1
= lim 1+Ax 1

fA+Ax)-f(Q1)
QOT Ax—0  Ax

’ T
fly=l
1-(1+Ax)

= lim 1+Ax
Ax—0 Ax

. —-Ax
= lim ——
Ax—0 Ax(1+ Ax)
. 1
= lim -
Ax—0 1+ Ax
=-1

This means the derivative of f(x) at x =1 is -1, so the slope of the line tangent to the

graph of f(x) at x = 1is —1. Therefore, the point-slope form of the tangent line at (1,1)
is

y-1=-1x(x-1),

which is the same as y = —x + 2 (slope-intercept form). Figure 3.1.3 shows the graph of
f(x) and its tangent at x = 1.

Example 3.1.3. A ball is dropped from rest from the top of a building. In the subse-
quent motion under gravity the displacement of the ball with respect to time is given

YA

(DS

<Y

Figure 3.1.3: Graphs of y = 1 and y = —x + 2.
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by s = %gtz, where g is a constant called gravitational acceleration. Find the velocity
of the ball at any time ¢. Assume any air resistance is negligible.

Solution. The velocity at time ¢ is the derivative of s(t) at t. We have

vt =5 (0) = Jim X020

At
im 18(t+At)? - 1gt?

At—0 At

1 A 2 _ 42
_ Ly A0 -0

2° At—0 At

1 .. E+2t-At+(AD* -8
= =g lim

2° At=>0 At

1 .. 2t-At+(Ab)?
=-glim —————

2° At=>0 At

1 ..
= Eg Altlglo(21‘+ At)

1
=—gx2t

58
= gt)

so the instantaneous velocity at any time ¢ is gt. For example, at t = 1sec, the velocity
isgx1=9.8m/sec.

Some equivalent limits for finding derivatives at a point
We simplify (at least it looks simpler) the limit

lim flxg + Ax) - f(Xg)
Ax—0 AXx

by replacing Ax by h and x, by a to obtain

i FO0+ M0 —f0xg) . fla+h) (@)
Ax—0 AXx h—0 h

If welet x =a + h, then h =x - a. When h — 0, then x — a, so we have

lim f@th-f@ . f0)-fl@

h—0 h x—a X-—a

Therefore, the derivative of a function f at the point x = a (where y = f(a)) can also
be given by the following two limits:

fla+h)-f(a)

f’(a)=}lli£1(l)T or
ros 1 fO)=f(a)
f(a)—)l(glgl—x_a .
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Example 3.1.4. Find the derivative of the function f(x) =mx+ b at x = a.

Solution. From the definition of the derivative, we have

fla+h) -f(a)
h

fl(a)= lim

_ lim m(a+h)+b-(ma+b)

h—0 h
. ma+mh+b-ma-»b
= lim
h—0 h
= lim<m—h>
- h—0 h
=m,
SO
i(mx +b) =m.
dx x=a

NOTE. At each point on the straight line y = mx + b, the derivative is the same as the
slope m of the line.

Example 3.1.5. Find % |, for the function y =1+ +/x and find the line tangent to the
graph of y at (1,2).

Solution. The derivative of f(x) =1+ 4/x at x = 1 is given by
dy . fA+h)-fQ)
=y = lim2 ™
axl, ThS n
. (1+Vi+h)-Q1+V1)
= lim
h—0 h
. V1i+h-1
=lim ————
h—0 h
. (V1+h-1)(V1i+h+1)
= lim
h—0 h(Vi+h+1)

h
= lim ————
h—0 h(V1+h+1)

1
=lim ———
h—0 (V1+h+1)

Hence, the slope of the tangent line at (1,2) is f'(1) = %, so an equation of the tangent
line is
1 1 3
-2==-(x-1) or y==-x+-.
y 2( ) y=5x+5
The graph of this curve and its tangent line are shown in Figure 3.1.4.
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PN

2

7

>
X

> 4 o
Figure 3.1.4: Graphs of y =1+ vX and y = 3x + 3.
Example 3.1.6. Find the derivative of f(x) = x> at x = 2 and find the normal line to the

graph of f(x) at x = 2.

Solution. We use the form

B 33
£12) = lim L0 =@ -2
x=2  Xx-2 x=2 X—2
_ lim (x=2)(% +2x +4)
_XHZ xX-2

=lim(x? + 2x + 4)
xX—2
=22 42x2+4
=12
Now, when x = 2, y = 23 = 8. Since the slope at x = 2 is 12, the normal line at the

point (2, 8) has slope —11—2. The point-slope equation of the normal line to the graph of

fx)is

1 1 49
-8=——(x-2 =——X+—.
y 12(x ) or y 12x+ 6

Example 3.1.7. Find % lx=o for the function

x?sinl, ifx#0
fx) = x
0, ifx=0.

Solution. We have

F| o) [0SO _yyp Xsing —0
dxly-o x-0  x-0 x=0 x-0
. 1
=11m<xsm—)
x—0 X
=0.

The value of the last limit is zero because O < |x sin %I < |x|, so, by the squeeze theorem
from Chapter 2, we have
. 1 .
0< llm‘xsm—‘ <lim|x|=0.
x—0 X x—0

This means lim,_,o(xsin 1) = 0.
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3.1.2 One-sided derivatives
Since the derivative of a function y = f(x) at x = a is defined by the limit

(@) :}lir%f(mh’i—f(a)’

as we did in one-sided limits, the corresponding two one-sided limits are given special
names.
Definition 3.1.2. The limits

fla+h) -f(a)

fi(a)= lim

h
fl(@) = Jim fla+ h})l -f(@)

are called the one-sided derivatives of f at a. The right-hand derivative of f at a (or the
right derivative) is f(a) and the left-hand derivative of f at a (or the left derivative) is

fl(a).

In view of the results we have obtained from limits and one-sided limits, we con-
clude that f'(a) exists if and only if the two one-sided limits f/ (a) and f' (a) both exist
and are equal. That is,

f'(a)=L ifandonlyiff!(a)=f'(a)=L.
Example 3.1.8. Investigate f'(0) for f(x) = |x|.

Solution. Since

h—0 h h—0 h

and
. |n| . |hl
! = _— ! = _— = =
f/(0) —hhrg+ p 1 butf’(0) hhrgf h 1,

f'(0) does not exist.

As seen from the graph of |x|, when x < 0, the slope of the curve (and tangent line)
is —1 and when x > 0, the slope of the curve (and tangent line) is 1. There is a sharp
“corner” in the graph at x = 0, where the slope of the curve abruptly changes from -1
to 1. Whenever this happens, the function has no derivative at this point.
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3.1.3 Afunction may fail to have a derivative at a point

We have seen that y = |x| has no derivative at x = 0. Intuitively speaking, there is a
corner at x = 0 where f(x) changes abruptly. The analytical reason why there is no
derivative is because the two one-sided derivatives do not match. From a geometrical
point of view, the left derivative is the slope of the “left tangent line”, which is the lim-
iting secant line MN when the point M approaches N from the left. The right derivative
is the slope of the “right tangent line”, which is the limiting secant line PN when P ap-
proaches N from the right, as shown in Figure 3.1.5. If the slopes of the two tangents
do not match, then at that point, there will be no unique tangent line. Figure 3.1.6 and
Figure 3.1.7 show cases that a function fails to have a derivative. This lack of derivative
can also be interpreted in terms of rates of change. At any point on the graph of a func-
tion f(x), the instantaneous rate of change of f(x), which is the slope of the curve at

N
P

>
X

Figure 3.1.5: “Smooth” curves have tangents.

N —

/

>
X

Figure 3.1.6: There is no derivative at N.

A corner

Figure 3.1.7: A function has no derivative at a corner.
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that point, must be unique if it exists. You cannot have two different slopes/tangents
at a single point.

Now let us think about another case where the derivative of a function does not
exist: when f(x) has a vertical tangent at x = a. The slope of a vertical line is undefined,
or you could say the slope is +co. This happens when

hInf(a+h)—f(a)

=400
h—0 h

= >

or, equivalently,

ﬂx -f(a)

=+00.
X—>a xX—a
For example, if y = 3/x, then, at x = 0,

f(X) f(O) . W—O_
O )1<1—1>1(1J x-0 )1(1—I>I(l)\/_ o0

f1(0)=

In this case, the graph of f(x) = /x has a vertical tangent at x = 0, as seen in Fig-
ure 3.1.9.
There is one other situation where a function f(x) fails to have a derivative at x = a.
If f (x) is undefined at x = a, then it is easy to see that f’ (a) does not exist, since, in the
limit
hmfm+m—ﬂm)

h—0 h

f(a) is undefined. If f(a) is defined, as in Figure 3.1.8, but f(x) has a removable or
jump discontinuity at x = a, then we see from the graph that the “left tangent line”
and the “right tangent line” either are not the same, or one (both) tangent line(s) is
(are) vertical. In fact, analytically, we have the following theorem.

Theorem 3.1.1. If the function f(x) has a derivative at x = a, then f is continuous at
x =a. That is, lim,_,, f(x) = f(a).

v A

A discontinuity

Figure 3.1.8: A function has no derivative at any of its discontinuities.
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\

A vertical tangent

Figure 3.1.9: A function has no derivative where its tangent is vertical.

Proof. Take the limit

1im(7 00 - @) = lim "L @ g

=lim M lim(x — a)

x—a X-—-a x—a

=f"(a)x0=0.

This shows that lim,_,,f(x) = f(a), which means that f(x) is continuous
atx=a. O

If f(x) has a derivative at x = a, that is, if f’ (a) exists, then we say that f(x) is dif-
ferentiable at x = a. Otherwise, f is not differentiable at x = a. For example, y = |x| is
not differentiable at x = 0. To be differentiable, intuitively, a curve must be continuous
and smooth (have a unique tangent line at all points). Theorem 3.1.1 says that differen-
tiability implies continuity and thus we also know that f(x) is not differentiable at any
of its discontinuities.

NOTE. Continuity is a necessary but not sufficient condition for a function f to have
a derivative at point x = a. For example, y = |x| is continuous at x = 0, but not differen-
tiable there.

Example 3.1.9. Find a and b such that the function

x*+1, whenx>1
fx) =
ax+b, whenx<1

is differentiable at x = 1.

Solution. First, f(x) must be continuous at x = 1, so the left and right limits of f as x
approaches 1 must be equal. Thus

lim £0) = lim £ = £(0),
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lirllg(ax+b)=a+b=2=f(1).
X—

Since f(x) needs to be differentiable at x = 1, the two one-sided derivatives must
exist and must be equal to each other. This means we must have

fl)=f1Q.

Hence, we have

i FO =) _ o f0O-FO)

>

x—1- x-1 x—1t x—-1

. ax+b-2 . xX*+1-2
lim = lim .
-1 x-1 -1 x-1

However, sincea+b=2,b-2=-a, so

_ 2 _
lim ax-1) = lim x -1

x—1- x-1 x—»l*x—l’
alim1=lim x+1,

x—1" x—1*

a=2.

Therefore, b = 2 - a = 0. Moreover, we have f'(1) = 2. Figure 3.1.10 shows the graph
of f(x).

1 2 3 4y

Figure 3.1.10: Graphs of y = 2x and y = f(x) in Example 3.1.9.

Notice that the line y = 2x is the tangent to the curve y = x> + lat x = 1.
There are other ways in which the derivative fails to exist, but these are unusual.

For example,
xsin(%), ifx+0

foo= 0, ifx=0

is continuous at x = 0 but it has no derivative there since

.1
—f(0 xsin- -0 1
lim fx)-f(0) =lim X =limsin - does not exist.
x—0 x-0 x—0 x-0 x—0 X




3.2 Derivative as a function =—— 133

Geometrically, this is because this curve oscillates up and down, with large negative
and positive slopes, as x — 0, see Figure 3.1.12. Notice that this is different from the
case shown in Example 3.1.7, where

x2sin(}), ifx#0
fx) = T
0, ifx=0,

where the factor x? “smooths out” the oscillations as x — 0, as shown in Figure 3.1.11.

0.1

0.1 02 x

Figure 3.1.11: Graph of f(x) =x?sin .

YA

Figure 3.1.12: Graph of f(x) =xsin 1.

3.2 Derivative as a function

If x is equal to a specific number, say, x = a, then the derivative of f at a is the number
denoted by f'(a). If f(x) is differentiable at any point x in its domain, the derivative
f'(x) is a variable depending on the value of x. Thus we can think of the values f'(x)
as defining a function f' defined by the equation

fetW=f) 61)

f’(X)=}£%
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This function is defined for all x in the domain of f for which this limit exists. When
y =f(x), the derivative of f as a function can be written

! ﬂ ! ﬂ ! i
'), VI (feo)" or dxf(X).

To find the derivative of f(x) at a point x = a, we can find the derivative of f first and
then substitute x with a, that is,

f,(x)|x:a :fl (a)

3.2.1 Graphing the derivative of a function

Notice that the derivative of a function is the slope of that function, so we could graph
the derivative for some simple functions.

Example 3.2.1. Graph the derivative of

2x+1, whenx>1
fx)=
-x+2, whenx<1.

Solution. The graph of the function f(x) consists of two half lines. When x > 1, the
half line is y = 2x + 1 and has slope 2. When x < 1, the half line is y = -x + 2 and the
slope is -1, so we have

100 = {2, forx>1

-1, forx<1.

The graph of f(x) is shown in Figure 3.2.1. It is no surprise that f(x) has no derivative
at x =1 since f is not continuous there, as shown in Figure 3.2.2.

NOTE. If the graph is increasing, then the slope must be positive. If the graph is de-
creasing, the slope is negative.

AY

—_— N w = W [}
T g T T T

=Y

-2 -1 1 2 3
Sk

Figure 3.2.1: Graph of f(x) in Example 3.2.1.
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—_ N w £ W
T T T T T

Figure 3.2.2: The derivative of f(x) in Example 3.2.1.

3.2.2 Derivatives of some basic functions
Example 3.2.2. If f(x) = C, where C is a constant, find f'(x).
Solution. By equation (3.1),

. fx+h)-fx) .. C-C ..
! _ — — —
flx)= }llln‘é p = }1111’1(1) P }11111(1)0 =0.

This means

i(C):O or (C)=0.
dx
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This example proves that the derivative of a constant function is always zero. This
is to be expected because there is no change in f(x), so the rate of change is of course
0. Geometrically, the graph of a constant function is a horizontal line, whose tangent

line always has slope 0.
Example 3.2.3. Find the derivative of y = x", where n is a positive integer.

Solution. We use the binomial theorem to expand (x + h)". We have

. fx+h)-f) . (x+h)"-x"
’ = ——————————— —————————
v’ = Jim h e —
i (O + x4 B =22 g ) -
= h
1 <nx"‘1h + ML yn-2p2 4 oy >
gk h
= 1im<nx"‘1 Py h"‘1>
h—0 2
=nx"!
Therefore,
d n n-1 n\/ n-1
— (") =nx or (x") =nx
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NOTE. This is a special case of the power rule (x*)! = ux*~!, for u € R. We have proved
that the rule is valid when u is a positive integer.

Example 3.2.4. Find the derivative of y = sinx.

Solution. Use the trigonometric formula

sinA -sinB = 2COS<A *

") 452)

as follows:
i —si 2cos(Z7) sin(2
y’:limSIH(X+h) sinx _ .o (=) sin(3)
h—0 h h—0 h
: ( h ) sin(%)
= lim cos{ x + =
h—0 2/ Iy
2
. hy .. sin(®)
=lim cos<x+ —) x lim h
h=0 27 too (3)
= COS X,
o)

d, . N
—(sinx) =cosx or (sinx)’ =cosx.
dx
NOTE. In a similar way, one can prove that
d . ) .
d—(cos x)=-sinx or (cosx)' =-sinx.
X

Example 3.2.5. Find equations for the line tangent to the graph of f(x) = sinx at the
point x = g and for the normal line at the same point.

Solution. Since
f'(x) = (sinx)’ = cosx,

we find

, n) n 1
— )] =CO0SX|,_r =COS — = —.
f (3 =g 3 2

This means the line tangent to the graph of sinx at x = g has slope %, so the line normal

to the graph of sin x at the same point has slope —2. When x = %, y=f (%) =sin g = ?,

so the point-slope form of the tangent at x = 5 is

——
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2F

Figure 3.2.3: Graphs of y = sinx, and its tangent and normal at x = %

and the normal line at x = % is

Graphs are shown in Figure 3.2.3.

NOTE. If two coplanar lines are perpendicular to each other, then the product of their
slopes, if both exist, is 1.

Example 3.2.6. Find the derivative of y = a*, where a > 0, a # 1 is a constant.

Solution. We have

. ax+h —a¥ . ah -1
¥ =iy =i
Leta"-1=t.Then h= % and t — 0 as h — 0, so the last limit becomes
_oat-1 t . tlna
lim =lim T =lim
h—0 h t—0 % t—0 11’1(1 + t)

1
= 1mlL:1na><lim1—
t-0 ;ln(1+t) =0 ?ln(l+t)

=lnaxlim ———
=0 1n(1+ )t
Ina lim; 51 __Ing lim; 51 :
lim; o In(1+¢)¢ Inlim; (1 +¢t)¢
_Ina
~Ine
=lna.

Hence, we conclude

dix(a"):a"lna or (@) =a*lna.
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NOTE. In particular, when a = e we have

d
—(e¥)=eX or (&) =¢,

G (e)

since Ine = 1, so the derivative of e is itself at any point x. This function is a fixed point
under the differential operator.

There is another way to define the number e. Since

X\ _ X 1: a’ —
(a)—a}lgrg)—,

as shown above, the limit

oa'-1 . a®h-q°
lim =lim
h—0 h h—0 h

is in fact the derivative of a* at x = 0. That is, this limit is the slope of the tangent line
to a* at x = 0. Numerical and graphical views (see Figure 3.2.4 and Figure 3.2.5) show
that the slope of 2* is less than 1 and the slope of 3* is greater than 1, so it is sensible

y=3

Figure 3.2.4: Graphs of y =x + 1, y = 3* and its tangent at x = 0.

YA

Figure 3.2.5: Graphs of y =x + 1, y = 2* and its tangent at x = 0.
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to believe that there is a number such that the exponential function with this base has
slope 1 at x = 0. We define this number by the letter e, so we obtain

h
. e -1
lim

=1
h—0 h

In other words, e is defined as the number such that this limit is 1. This definition

agrees with the previous one 1n Section 2.3in Chapter 2. Observe that, when h is small,

e—‘ ~ 1, which implies that el~1+h soe~(1+ h)h when h is small. If we take the

11m1t as h — 0, we will have e =lim;,_,o(1+ h)h .
Example 3.2.7. Find the derivative of y = Inx for all x > 0.

Solution. Again, we will use lim;_,,(1+ £)t = e as follows:

. In(x+h)-Inx (x+h>
! _ I _ S
y' =(nx) —%g% B 1H0h1 ”
=limlln<1+ﬁ)=lim1x£ln(l+ﬁ)
h—0 h X h—0x h X

h\i h
=—11m1n(1+ ),t:—, t—-O0whenh—0
X h—0 X X

= 1 x limIn(1 + t)?
t—0

X
= 1 xlne
X
_1
=
Thus we have
i(lnx) == or (Inx)'==
dx

3.3 Derivative laws

In the previous section, using the definition of the derivative, we found the derivative
of some simple functions. Since the derivative is defined as a limit, we can use the
limit laws to help us find derivatives of more complicated functions. In fact, we have
the following theorem.

Theorem 3.3.1. Suppose that f(x) and g(x) are two differentiable functions. Then:
1) Fex) g =f"x) £ g' (x) (sum/difference rule);

@) [f )] =cf' (x), ¢ € R (constant multiple rule);

B) fgM)] =f"()g(x) +f(x)g' (x) (product rule);

4) [ f (X) f—(x)g();)zzﬁx)g "0 if g(x) # O (quotient rule).
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Proof. (1) Let F(x) = f(x) £ g(x). Then

[f)£g00)] =F'(x)
F(x+h)-F(x)

= lim
h—0 h
_ i S £ 8+ W] - [FO0) £ 8(0)]
h—0 h
_hnva+m—fanigu+m—gun
B h—0 h
fu+m fx) + lim gx+h)-gkx)
h—>0 h h—»o h
=f'(x) g’ (x).

(2) Let F(x) = f(x)g(x). Then

mF(x+h)—F(x)

F'(x)=1 .
:%%fu+thH;0—ﬂwgu)
i FX MG+ B) ~ fO)g 0+ h) + fO0)g(x + h) ~ f(X)g ()
h—0 h
. (fx+h)-f(x) : gW+m gx)
= fim(T st im )

€u+m ﬂm)

. . (gx+h)-gx)
lim g0 + ) +£(0) ;lg%(—)

h

hHO

=f'(0g(0 +f(0g' (x).

NOTE. We have lim,,_,o g(x + h) = g(x). Since g(x) is differentiable, it must be contin-
uous.

The proofs of (3) and (4) are left to the reader. O
Example 3.3.1. Find the derivative of f(x) = sinx —2cosx + % and then find f' (7).
Solution. Use the sum rule and the constant multiple rule to obtain

T !
flx) = (sinx —-2cosx + E)

T !
= (sinx)’ —2(cosx)’ + (5)
=cosx —2(-sinx) +0

= CoSX +2sinx.

Then f' () = (cos x + 2sinx)|,_, = cosm + 2sinm = 1.
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Example 3.3.2. Find the derivative of y =log, x wherex >0, a >0, and a # 1.

Solution. Since log, x = }E—Z and (Inx)' = )1(, we have
Inx\’ 1
log_ x)' = (—) - .
(log,x) Ina lna( X' = xlna

Example 3.3.3. Differentiate y = x?sinx.

Solution. Using the product rule, we have

% = dix(xz) sinx +x2%(sinx)

= 2xsinx + x* cosx.
Example 3.3.4. Differentiate y = xe* Inx.
Solution. Use the product rule twice to obtain

xe* Inx)’

xe*)' Inx + (xe*)(Inx)’

x' e +x(eX) )lnx+xex—
e’ +xe¥)Inx + e*.

=
(
(
=(
Example 3.3.5. Use the quotient rule to find d%(%), where n is a positive integer.

Solution. Applying the quotient rule with f(x) = 1, g(x) = x", we obtain

i( 1 ): Lx"-1x L

dx \ xm (x™)?
_0-mx™!' n
T Ty
= 1

NOTE. This means (x ™)' = (-n)x"™~1, We have now proved another special case of
the power rule (x*)’ = ux*~! (for u is a negative integer). If n = 0, then x° = 1. Moreover,
we have (x°)! = 0 = 0x~'. Together with Example 3.2.3, we have proved that (x")’ =
nx"! is valid for all integers n (for x # 0). Some special cases of the rule include

1

!
x) =1x*1=1 and ()1() =(X’1)'=—X’H=—;.

Example 3.3.6. If y = tanx, then show that y’ = sec’x.
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sinx

Solution. Since tanx = Sonx?

we find, using the quotient rule,
y' = (tanx)' = (m),
CcoSXx

(sinx)’ cosx — (sinx)(cosx)’

cos?x
_cos®x +sin’x
B cosZx
B 1
 cos?x
=sec’x.

NOTE. Similarly, applying the quotient rule to cot x, csc x, and sec x, we have
(cotx)' = —csc?x, (secx)’ =secxtanx, and (cscx)’' =—cscxcotx.
Example 3.3.7. Find the line tangent to the graph of the function
1
y=Xx+-
X
at the point (1,2).

Solution. We first find the derivative of y. We have

oo w2

Then observe that, whenx=1,y'(1) =1~ % =0, so the equation of the tangent line
is

y-2=0(x-1), or y=2.

Figure 3.3.1 shows these graphs.

\ A

IS
[}
—_
()
I
a

Figure 3.3.1: Graphs of y =x + : and y = 2.
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Example 3.3.8. Biologists use the equation

to model the reaction of a change in temperature (measured in degrees) of a body to
a dose of medicine, where C is a positive constant and M is the amount of medicine
absorbed in the blood. The sensitivity is defined as the rate of change of R with respect
to M, that is, g—ﬁ. Find the sensitivity of the body to the medicine.

an (e G-5) =(5-5)

Solution. We have

_com 3w
) 3
=MC - M?

3.4 Derivative of an inverse function

Consider an inverse function x = ¢p(y) of a one-to-one function y = f(x) defined on an
interval I. If the original function is differentiable, then we would expect the function
x = ¢(y) to also be differentiable. As discussed previously, the inverse of a continuous
function is also continuous. The two functions x = ¢(y) and y = f(x) have the same
graph (the two equations are the same), although in the function y = f(x) we regard
y as the dependent variable while in the other function, x = ¢p(y), we regard x as the
dependent variable. We first restate the definition of a strictly monotonic function.

Definition 3.4.1. A function f(x) is strictly increasing on an interval I if f(x;) < f(x,)
whenever x; < x, in I. It is strictly decreasing if f (x;) > f (x,) whenever x; < x, in I. The
function f(x) is said to be strictly monotonic on I if it is either strictly increasing on I
or strictly decreasing on I.

A function that is strictly monotonic on an interval I clearly must be one-to-one, so
it must have an inverse function (see Section 1.3.4 on inverse and composite functions
in Chapter 1).

Theorem 3.4.1. Suppose thaty = f(x) is differentiable and strictly monotonic on some
interval I,. Then the inverse function x = ¢(y) is also differentiable on the interval I, =
{xlx=¢(y)andy € Iy}. Furthermore,

d 1
—[f0)] = ———, atanyx,y satisfyingy =f(x)
dx &0
. dy 1 dy dx
y Lo, AN}
or simply =~ Z—; e 0
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Proof. Sincey = f(x) is differentiable, the derivative is given by
4 [f(x)] = lim &y where Ay = f(x + Ax) — f(x)
dx Ax—0 Ax’ ’

Since y = f(x) is one-to-one, we have Ay + 0 as Ax — 0. Furthermore, since y = f(x) is
differentiable, it is continuous, which means that Ay — 0 as Ax — 0. Thus we have

A 1 1
G001 = fim, T < i, W, B
Since Ay = f(x + Ax) — f(x) and y = f(x), we have
Ay =f(x+Ax)-y, sincey=f(x),

SO

y+ Ay = f(x + Ax).
This means

oy + Ay) =x + Ax.
Since x = ¢(y), we have

Ax =y + Ay) —x = p(y + Ay) - ().

Thus we obtain

AL P+ AY) -9oY) _ d
A Ay = i, Ay =3PV
Therefore,
d 1
0] = 5 — -
ax /) a1 )]

NOTE. This means that the derivative of the inverse function x = ¢(y) with respect to
y is the reciprocal of the derivative of the original function y = f(x) with respect to x,
where (x,y) is any point satisfying y = f (x).

Example 3.4.1. Ify =3x-2, find:

1. 2
-3
2. theinverse function of y in the form x = ¢(y);

dx ; dy dx _
3. @ and verify that 2= = 1.
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Solution. Since y = 3x -2, we find

Y 3x-2) =30 -2 =3(x) —0=3.
dx

Solving the equation for x gives

x=Y22,
3

This is the inverse of y = 3x — 2, while

(323 -}

Of course, we have

The geometric interpretation of this fact is shown in Figure 3.4.1.

y
x=¢(y)

y
/ 1)
a
-

<

Figure 3.4.1: Geometric interpretation of % and Z—;.

X X
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Because y = f(x) and x = ¢p(y) are the same equation, the graphs and the tangent
lines at (x,y) are the same. However, the slope/derivative is interpreted differently.
The slope of y = f(x) is the steepness of the tangent line with respect to the positive
x-axis, or tan 6, as shown in Figure 3.4.1, while the slope of x = ¢p(y) is the steepness
of the tangent line with respect to the positive y-axis (in this case y is the independent

variable), or tan a, as shown in Figure 3.4.1. In this case we have

b4
a+0= > so tana = cot6.
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This means

Q =tana =cotf = L:i
dy tan 6 %

Rewritten in the inverse notation, we have y = f(x) and x = f1(y), so
1

dy _i 1
A N

Example 3.4.2. Find the derivative of the function y = arcsinx, -1<x < 1.
Solution. Since x = siny is the inverse function for -5 <y < 3, -1<x <1, and the
function x = siny is differentiable and monotonic on the interval (-3, 7), we have

1 1
y' = (arcsinx)’ = — =—.
[siny];, cosy

We know that, for any angle y, sin’y + cos?y =1, so cosy = /1 —sin’y (cosy > 0, since
—% <y< %), but siny = x, so we have cosy = V1 - x2. Hence,

. 1 1
y' = (arcsinx)! = — = .
cosy  vVi-x2

NOTE. Using the derivative of the inverse function, we show in a similar way that

1
(arccosx)’ = - ,
V1-x?
arctanx)' = ——,
( ) 1+x2
1
arccotx)’ =— .
( ) 1+ x2

Now we use another way, different from our previous example, to show that
(Inx)' = 1.

Example 3.4.3. Find the derivative of the function y = Inx, where x > 0.

Solution. The inverse function x = " is differentiable and monotonic on the interval
(-00, 00). Hence, using the derivative of an exponential function from Example 3.2.6,
we have

1
"'=(nx)' = =—=-
Y =o' = o= 5=
In the case that x and y are swapped in the inverse function, they play their usual
roles. This means y = f(x) and y = f}(x), so the graphs of the two functions are reflec-
tions in the line y = x. This theorem then becomes the following.
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Theorem 3.4.2. The derivative of y = f(x) at (xy,y,) is the reciprocal of the derivative
ofy =f1(x) at (v, xo)-

Example 3.4.4. For the function f(x) = €*, find:

af daf .
1. x and ﬁl(l,e)’

2. theinverse function for f and find %;l, %I(e)l) for this function.

Solution. If f(x) = e, then % =e* and %I(Le) =e"|,_, =e.

Let y = €*. Solving for x, we have x = Iny. Swapping x and y, we obtain y = Inx. In
other words, f~1(x) = Inx. For this function,

-1 -1
a- 1 and a— = 1
dx x dx l,_, e

Thus, we see that the derivative of f(x) = e* at (1, e) is the reciprocal of the deriva-

tive of f~1(x) = Inx at (e, 1).

Recall from Chapter 1 that, geometrically, the graph of a function and its inverse
are mirror images of each other through the line y = x. As an example, we present the
graphs of y = x, y = ¥, and y = In x together with a tangent drawn at two mirror image
points on each curve, as shown in Figure 3.4.2.

/ |
Figure 3.4.2: Graphs of y =x, y = € and y = Inx and tangents.

3.5 Differentiating a composite function - the chain rule

So far, we have obtained the derivatives of basic functions such as power functions
(when the exponent is an integer), exponential functions, logarithms, trigonometric
functions, and inverse trigonometric functions. What about a more complicated func-
tion formed by composing those basic functions? For example, how would we dif-
ferentiate the function y = sin(x?)? Notice that y = sin(x?) is a composition of the two
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functions y = sinu and u = x?, and we already know how to find the derivatives of both
of these functions. We now explore the connection between the two derivatives. Let us
first consider a simple case.

Example 3.5.1. Find the derivative of y = (x? + 1).
Solution. Method 1. We have

y=(2+1)2 =x*+ 2% +1,

SO
2 R S
— = +2x° +1) =4x° + 4x.
ol )
Method 2. Let u = x?> + 1and y = u?. Then
dy du
—=2u and — =2,
du dx
so
dy du
— X —=2ux2X
du dx

=203% +1) x 2x = 4x> + 4x.
Therefore, when y = f(u(x)) we have

dy _dy du
dx du’ dx’

This pattern is called the chain rule and is stated in the following theorem.

Theorem 3.5.1 (Chain rule). Suppose the functiony = f (u) is differentiable on an inter-

val I, and the function u = g(x) is differentiable on some interval I, such that, for any
x €1, g(x) =u € I,. The composition y = f(g(x)) is also differentiable on I, and

dy dy du

dx du dx’
or equivalently %f(g(x)) =f'(gx))g’ (x).

Proof. If Ax is an increment in x, then let Au and Ay be the corresponding increments
in u and y so that

Au=g(x+Ax)-gx)=g(x+Ax)-u,
Ay = f(u+ Au) - f(u) = f(g(x + Ax)) - f(g(x)).
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Note that u = g(x) is differentiable at x and y = f(u) is differentiable at u = g(x), so

. Au Ay
Al)}go o g'(x) and AII}QO v f' ().

By Corollary 2.5.2 from Chapter 2, we write

Au=g'(x)Ax +a-Ax, forsome a which approaches 0 as Ax — 0,

Ay =f"(w)Au+B-Au, for some B which approaches 0 as Au — 0.

If we substitute the expression for Au, we get

Ay = [f"(u) +B] - [g' X)Ax + a - Ax]
— Lo[rwep g0 +al,

If Ax — 0, then Au — O because u(x) is continuous, sobotha — 0and f§ — 0as Ax — 0.
Therefore,

dy lim &y

dx ~ Ax=0 Ax
= A1)3210[]”’@4) +B][g' %) +a]

. ! H !

= lim [f" )+ B] lim [g" () +a

=f'(wg'x)

=f'(g(x))g’ (0.
This proves the chain rule. O
NOTE. f'(g(x)) means: calculate f'(u) = % and then replace u with g(x).

Example 3.5.2. Find the derivative of the function y = sin(x?).

Solution. Let u = x?. Then both y = sinu and u = x? are defined and differentiable for
all x € R. By the chain rule, we have

dy _dydu

=COSU X 2X = 2X COS U = 2X COS X°.
dx dudx

Example 3.5.3. Find the derivative of the function y = cos(x? + x).

Solution. Let u=x? +x. Then y = cosu and u = x? + x are defined and differentiable
for all x € R. By the chain rule, we have

oy _dydu

—_ci . j— i 2
V== g - s (2x+1) =-(2x + 1) sin(x* + x).
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There is another way to interpret the chain rule:

f(g)=f"(gt)g’ x).

It says that the derivative of a composition is the derivative of the outside function with
respect to the inside function g(x), multiplied by the derivative of the inside function
with respect to x.

Example 3.5.4. Find the derivative of y = (x*> + 1)1,

Solution. The outside is a power function u'® and the inside is a polynomial function
2
x“+1,s0

@ _ 1002 + 1)1 X i(x2 +1)

dx derivative of the outside function

derivative of the inside function

=10(x% + 1)9 x (2x +0)

=20x(x® +1)°.
Example 3.5.5. Prove (x*) =ux*"!, where u ¢ R.
Proof. Since x" = e* Inx 3nd the outside function is €*, the inside function is uIn x. We
have

u ulnx
dx* de _ pulnx d(ulnx) _ ol

A dx dx X

NOTE. From this result, we now have the generalized power rule of differentiation:

=ux" 1, O

n-1

(x) =nx is valid for all n € R at each x where x" is defined.

A special case of the power rule is

(Vx)' = (X%)’ = %x%*l = %x*% = % forx > 0.
. ’ . — 1
Example 3.5.6. Find f'(x) if f(x) = T

Solution. First rewrite the function f as

foO) =02 +2x+3) P =y 13
and then use the power rule for derivatives (d%u‘l/ 3-_
follows:

%u“‘/ 3) and the chain rule as

flx) = —%(x2 +2x+3)_4/3dix(x2+2x+3)

= —é(x2 +20+3)P2x +2).
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Example 3.5.7. Lety =In|x|, x # 0. Find %.
Solution. When x > 0, then y =In|x| =Inx and

dy 1
== =(lnx)' = -.
dx (Inx) X

When x < 0, then y =1n |x| = In(-x), so

Y o) = Ly = Lwpn !
dx—(ln( x))—_x( x)—_Xx(l)—X.

Therefore,

ilnlxl = 1 forall x e R,x #0.
dx X

NOTES. 1. Inthe case that u is a function of x, using the chain rule, we obtain

d 1du
—(1 ==—.
dx(nluD u dx

2. The chain rule can be extended to compositions of three or more functions. For
example, if y = f(u), u = g(v) and v = h(x), so that y = f(u) = f(g(h)) = f(g(h(x))),
then we use the chain rule twice to obtain

dy _dydu _dydudv

dx dudx dudvdx’
or, in another notation,

£ Fgh0)) = (g(h0))g! (RO (0.

i 2
sm;_

Example 3.5.8. Find the derivative of the functiony =€

Solution. We write this as y = e¥, where u =sinv and v = % Then we use the chain
rule as follows:

dy _ dy dudv
dx  dudvdx
_ pU 2
=e -cosv-(—;)
2 2
=—eSM% . cos = 2

Example 3.5.9. Find f’(x) when f(x) = e0s(c0t)
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Solution. We write this as f(x) = ¥, u = cos(v), v = cot(x). Then

dy _dydua
dx  dudv dx
= e*(-sin(v))(-csc?(x))
= e°" sin(cot(x)) csc?(x)

_ ecos(cotx) sin(cot(x)) CSCZ(X)'

Alternatively, we apply the chain rule directly two times as follows:
! _ pcos(cotx) d
flx)=¢€ - — cos(cotx)
dx

. d
— geos(cotx) | _ sin(cotx)— cotx
dx

= gros(cotx) | _ sin(cotx) - — csc? x

= e%0s(c%t) gin(cot(x)) csc?(x).

3.6 Derivatives of higher orders

In mechanics, the first order derivative of the displacement function with respect to
time is the velocity function. If we differentiate the velocity function with respect to
time, we obtain the acceleration function. In fact, this acceleration function is ob-
tained by differentiating the displacement function twice with respect to time.

In mathematics, if we differentiate the function y' = f'(x), then we write this as
y" =[f"(0)]" =f"(x). We call this the second order derivative of y = f(x) or simply the
second derivative of y = f(x). In other words, we differentiate f(x) twice to obtain f" .
Similarly, y"" denotes the third order derivative of y = f(x) (differentiate three times)
and y(”) is the nth order derivative of y = f (x) (differentiate n times). Possible notations
for the nth order derivative of the function y = f(x) are

d’y

T [0, oy
X

Example 3.6.1. If f(x) = xsinx, then find f" (x).
Solution. Using the product rule, we have

' _i . i .
flx) = dx(x) smx+xdx(smx)

=sinx + X CoSX.

To find f" (x) we differentiate f' (x) and obtain

f'(x) = %(sinx +XCOSX)



3.6 Derivatives of higher orders = 153

= dix(sinx) + d%(x) COSX + xd%(cosx)

= COSX +COSX — xSinx

=2C0sX —xsinx.
For reference, the graphs of f, f', and f" are shown in Figure 3.6.1. Be aware that

you can interpret f” (x) as the slope of the curve y = f'(x) at the point (x,f'(x)) ory =
f"(x) as the rate of change of a rate of change.

AY

Figure 3.6.1: Graphs of f, f' and f” in Example 3.6.1.

Example 3.6.2. If y = sinx, find y™.
Solution. Compute the first few derivatives:
y' =cosx = sin(x + g)
" ' ; ; 2n
y" =(cosx)’ =-sinx =sin( x + > )
y" = (-sinx)’ = -cosx = sin(x + 3771)
y® = (~cosx)’ =sinx = sin(x + 4771)
This suggests the following result, which can be proved by induction:
y™ =sin™ x = sin(x + %)

NOTE. y',y",y" and y* are cosx, —sinx, —cosx, sinx =y, respectively. Hence, all
future derivatives just repeat this sequence of four derivatives.

Example 3.6.3. Ify = x%, find y™.



154 — 3 The derivative

Solution. We have

= ax*,

y" = a(a-1x*?,

" = a(a-1)(a-2)x%3,

<
1l

y® = a(a-D@-2)---(@a-n+1)x«".

NOTE. If ais a positive integer n, then % (x™) = n! and all higher order derivatives are
zZero.

Example 3.6.4. Ify =In(1+x), find y™.

Solution. We have

o b

1+x
y :( 1 >’:_ 1
1+x 1+x)?

1
mo _ -1 212 ,
y (-1 Ty
1
@ = (-1)%1-2-3- ,
Y 1) (1+x)*
™ = ()" (n-1) .
y (=)™ (n )(1+x)”

3.7 Implicit differentiation

In Chapter 1, we remarked that, when an equation is used to define a function, we often
use our knowledge to analyze the formula and supply a natural domain and range for
the function. However, for functions defined implicitly by an equation, the domain
and range of the function are not always obvious.

Consider the equation

X +y’=1
This equation defines two functions
y=V1-x2 and y=-V1-x% bothwith domain [-1,1].

Notice that the graph of the entire equation is the unit circle and the graphs of the
above two functions are semi-circles — one above the x-axis, the other below.
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However, if we consider the folium of Descartes, which is given by

The graph is shown in Figure 3.7.1. It is hard to express y explicitly as a function of x.
However, we can still view this equation as defining y in terms of x, because, if we
put an x-value into the equation, we can solve it to find one or more corresponding
y-values.

2 Y

Figure 3.7.1: Folium of Descartes.

For example, when x = 3 we find that there are three points of intersection between
the line x = 3 and the graph of the equation x> + y> = 6xy. Solving the equation when
X =3, we obtain

27 +y> =18y,

which givesy =3,y =-3 +3+/5,and y = -3 - 3 /5. A function defined by this equation
might map the domain element 3 to the range element 3 or —% + % V5 or —% - % /5, but
this would be a choice that we make (and we would have to make a choice in order to
have a function).

Notice that the tangents at these three points

E+ &E) and (3,—; - 3\/5)

2 2 2

(3,3), (3,— 5

are not vertical, so the restricted part of the graph which is near any of these points is
the graph of a function. Therefore, we are able to find the derivative of that function
at each point.

The process of finding the derivative of a function defined implicitly by an equa-
tion is called implicit differentiation and is illustrated in the following examples.

Example 3.7.1. Ifx? +y? =25, then find & and &|, 5.
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Solution. We differentiate each term in the equation with respect to x. We have

d d d

d o, Ao _ d
dx(x)+dx(y) dx(zs)’ 50
d o _

2X+a(y)—0

Since y? is a composition of a power function u? and the function u = y, we must use
the chain rule to find its derivative. We have

%(yz) = diy(yz) x % =2y%,
o)
2x+2y% =0
and
dy_ x
dx y

When x=4andy =3, %'(4,3) = —%‘. This is the slope of the line tangent to the circle
at (4,3).
In this example, we could have solved for y to obtain

y=+V25-x2.
Because we want the derivative at (4, 3), we only consider the positive y-values.
dy -1 x (=2x) X
dx  2v25-x2 Xt V25 —x2lx=4
4
V25 - 42
__4
3

Example 3.7.2. Find the tangent line and the normal line to the folium of Descartes
X +yP=6xy
at the point (3,3).

Solution. We differentiate each term with respect to x and use implicit differentiation
to obtain
3

d d ; d
“ 23 = Zexy),
dxX * dxy dx( )
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dy

3. Ay _ <dx ay
dx’

3X2+d£yy X2 6 a)y+6xx

3x? +3y29 = 6y + 6x X dy
dx dx
Solving % gives

dy 3x*-6y x’-
dx  6x-3y2 2x-y?’

At (3,3), %'x:B,y=3 = ’;%;’;Ileyﬂ = 2%8 = -1, so the slope of the tangent line at (3,3)

is —1. The slope of the normal line at (3,3) is 1. Therefore, an equation of the tangent
line at (3,3) is
y-3=—(x-3) or y=-x+6,
so an equation of the normal line is
y-3=x-3 or y=x.
Example 3.7.3. Given the equation
X2+xy+y*=3,
find:
Loy

2. the equation of the tangent to x> + xy + y?> = 3 at the point (1,1);
3. the points on the curve where the tangent line is horizontal.

Solution. 1. Differentiate both sides of x? + xy + y? = 3 with respect to x. Regarding y
as a function of x and applying the chain rule to the y? term and the product rule to
the xy term, we get

2 +y+xy' +2yy' =0.

We now solve for y’ to obtain

X+2y

2.Whenx =y =1,y’ =-1. A glance at Figure 3.7.2 confirms that this is a reasonable
value for the slope at (1,1), so an equation of the tangent to the curve at (1,1) is

y-1=-(x-1) or x+y=2
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(1,2)

=y

(1,-2)

Figure 3.7.2: Graphsof y =2,y =-2,y +x =2 and x?> + xy + y? = 3.

3. The tangent line is horizontal if y’ = 0. Using the expression for y’ from part 1,
we see thaty’ = 0 when 2x +y = 0. However, (x,y) must also satisfy the equation of the
curve, so substituting y = —2x in this equation, we get

X222 +4x? =3,
which simplifies to x = +1. When x =1, y = -2x = -2, so one point with horizontal tan-

gentis (1,-2). When x = -1, y = —=2x = 2, so the only other point is (-1,2). Therefore, the
tangent is horizontal at the points (1,-2) and (-1,2), as can be observed in Figure 3.7.2.

Example 3.7.4. Find % when the function y = y(x) is implicitly defined by the equa-
tion

Solution. Differentiate both sides with respect to x to get

dy 1 dy

1-2 4 Zcosy- P -0,
dx+2cosy dx
dy 2
dx 2-cosy’

Differentiate again with respect to x, using the chain rule twice and the power rule as
follows:

@_i( 2 ) 42 )&
dx®  dx\2-cosy/ dy\2-cosy/dx
= Zdiy((z - cosy)’l)g—)): =-202- cosy)’z(siny)%

-2siny 2 4siny

T (2-cosy? 2—cosy  (2-cosy)
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Logarithmic differentiation

In some equations involving exponents and/or products/quotients, it is advantageous
to take logarithms of both sides of an equation before differentiating (often using im-
plicit differentiation).

Example 3.7.5. The function y = y(x) is defined implicitly by x = y* for x > 0 and
y > 0. Find Z—)y(.

Solution. Take the natural logarithm of both sides to get
ylnx=xlIny.
Using implicit differentiation and the product rule, we obtain
y'Inx + y =lny+ )—(y’,
X y

_Iny-%

T Ilnx-%°
y

!

Example 3.7.6. Suppose y = (()’(‘:;;&‘j)) for x € (~co,1) U (2,3) U (4,00). Find y'.

Solution. Take the natural logarithm of both sides to obtain

Iny=In wzllnw
x-3)x—-4) 2 1(x-3)x-4)
= (=14 Infx -2/ - Inje - 3|~ In e 41)

Differentiate implicitly to obtain

1, 1[ 1 1 1 1 ]
_y = — + — — S
y 2lx-1 x-2 x-3 x-4
SO
1 (X—l)(X—z)[ 1 111 ]
2\(x-3)x-4)Lx-1 x-2 x-3 x-4

3.8 Functions defined by parametric and polar equations

3.8.1 Functions defined by parametric equations

In physics, you probably have already encountered projectile motion. A ball in space
is given an initial speed of um/sec, at angle aradians to the horizontal. The subse-
quent motion of the ball follows a free fall motion if the air resistance is negligible.
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The motion can be resolved in two directions. Horizontally, it moves with a constant
speed, and its horizontal distance is a function of time. Vertically, it is a motion under
gravity, so we have

x=ucosa-t
y=usina-t- 3gt’.

At any time ¢, the ordered pair of numbers (x,y) gives the coordinates of the ball at
that instant. This is an example of a function defined by parametric equations.

In mathematics, the parameterization of a curve is a representation of this curve
through equations expressing the coordinates of the points of the curve as functions
of a variable called a parameter. For example:

x=t x=Rcosf
(1) , @ ,

y=t5 y =Rsin6;

X =2sin2t x=7cosu+3sin(8u-1)
3 4) .

y =3c0s2t; y =7sinu - 3cos(8u -1).

If x and y are defined by parametric equations

x=¢(t)
where t € [a, B],
{y =96 g

then this may or may not define y as a function of x. However, if ¢ and i are differ-
entiable at a particular t and ¢'(t) # 0, then the parametric equations may define a
function y of x in a neighborhood of that point. We consider the question of how to
find % in this case.

Suppose that ¢(t) and y(t) are differentiable and ¢’ (t) # O at a particular ¢. In
some neighborhood of this ¢, if there exists an inverse function t = h(x) of x = ¢(t),

Figure 3.8.1: Graph of a curve defined by parametric equations.
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then apply the chain rule to the composite function y = (h(x)) to get

@ _ayat
dx  dt dx’

Recall from Theorem 3.4.2 that the derivative of the inverse function satisfies

dat 1
dx (%)

Thus % is given by the following expression:

d_G oy YO_vo

a0 T g G2
The second derivative of y(x) with respect to x is
Py _dy') _dy)de ()
d® dx  dt dx (%
®y G yox -y ex" o) 63
R d ' (1))3 '
_P"0e' 0 -9 (0g" (1)
(@' (1) '

NOTE. In equation (3.3), all the primes (derivatives) are with respect to t.

Example 3.8.1. If y = y(x) is defined by the parametric equations

x=t
y=1+¢t,

then find %, % l;=>, and the line tangent to the graph of y at the point (2,5).

Solution. We have

dy G ey 2
dx fi_’; (Y 1 '

When ¢ =2, 2|, =2t|,_, = 4.
The point (2,5) corresponds to the value of parameter t = 2, so

| _dy

= = 2t| =2 = 4.
dx (2,5) dx t=2 £
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Therefore, the point-slope form of the tangent line at (2,5) is
y-5=4(x-2).

We could check this by eliminating the parameter ¢ to get an equation connecting
x and y. We have

y=1+x?
and
Qsz and Q = ﬂ =2x2=4.
dx dx iy dxl,_,

Note: x=2 when ¢=2.
This agrees with the previous calculation.

Example 3.8.2. Find % and Z—Zy when the function y = y(x) is defined by the paramet-

XZ
ric equations

{x =In(1+¢8?)

y =t —arctant.

1

T2+ Hence, we have

Solution. Recall from Example 3.4.2 that %(arctan t)=

dy 1
dy_a _l-me _t
dx 2t

T (&)

For the second derivative %, one needs to be aware that we are going to differentiate

¥ with respect to x, not t. We have

dx
d_zy_i(ﬂ)_i(g
dx®  dx\dx/ dx\2/

We cannot say the derivative %(%) is %, since the derivative is with respect to x,

not t! We have to use the chain rule and we obtain

HORORSF

11 1 1

=S&% T 5
2% 2 1e

1482

T4t

We could also have used equation (3.3) to find

2t

2 and
+

x'(t)=(In(1+£2))" = :
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1 t2
'(t) = (t -arctant)’ =1~ =—
v (O)=(t-arctant) 1+62 1+¢2
and
w26\ @) A+t -2x(1+t2)
X “)_<1+R> B (1+62)2
20+ -4 2-28
A+ a+e)?
w2 () A+) -2 x 1+t
y (t)_<1+t2> - 1+ t2)?
21+ ) -2 2t
o a+e? 1+
Therefore,

Py y"Ox'(©) -y Ox" ()

ac ! (6)?
2 2 2 2-282

)12 1+ (1422
- 2t \3
(1+t2)

1+
4t

3.8.2 Polar curves
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The position of point P in a plane can also be given in terms of its directed distance
r from a fixed point O, called the pole, and the counterclockwise angle 6 which OP
makes with a fixed half line, called the initial line (the positive x-axis). The angle 6
is normally measured in radians and its principal value is taken to be in the range
[-m, m]. A negative value of this angle means that the angle is measured in a clockwise
direction from the x-axis. In Figure 3.8.2, the Cartesian coordinates of the point P are

(x,y) and its polar coordinates are (7, 9).

(0)
(x.»)

Yo

o

Figure 3.8.2: Polar coordinates.
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Example 3.8.3. Plot the point P with polar coordinates (2, g) and the point Q with
polar coordinates (3,-7).

Solution. Draw the line OP that makes an angle of g radians with the x-axis and make
the length OP =2 units. Then P is the point identified. For Q, the negative value of the
angle means that % is measured in a clockwise direction from the x-axis, so we draw
the line OQ at angle —% radians with the x-axis and make OQ = 3 units. Then Q is the
point identified.

NOTE. The point P also has polar coordinates (-2, %”), 2, —5?”), and (-2, —ZT”).

We see from Figure 3.8.1, for the point P with coordinates (x,y) and (r, 6),

x=rcosf, y=rsin@ and r’=x>+y? tan@ =Y
X

These are conversion formulas. We could use them to convert the equation of a curve
from its Cartesian form to its polar form, or vice versa.

Example 3.8.4. Use the conversion formulas to find the Cartesian equation of each
of the curves

) r=2 @) r=-2 (3)r=2sin6; and (4) e:g.

Solution. (1) Since r? = 4, its Cartesian equation is x? + y? = 22. This curve is a circle
centered at the origin with radius 2.

(2) This is the same as (1).

(3) Since r? = 2rsin 6, its Cartesian equation is x? + y? = 2y or x> + (y — 1)? = 1. This
is a circle centered at (0,1) with radius 1.

(4) x =rcos 5 = 0, but note 6 = 5 is not the entire y-axis. Since 6 is measured in
counterclockwise direction, it is the positive y-axis only.

NOTE. In general, if 0 = a and a > 0, then the graph is a half line which makes an
angle a measured in counterclockwise direction with the positive x-axis. If a < 0, then
the graph is a half line which makes an angle —a measured in clockwise direction with
the positive x-axis.

Example 3.8.5. Use the conversion formulas to find the polar equation of each of the
following curves:
D xX*+y2=9; 2 xy=25 3) X*+y*=4x; (&) +y?)?=x*-y> .
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Solution. We have

(1) r*=9,sor=3orr=-3;

(2) x=rcosB,y=rsiné, sorcosf-rsinf=25,s0r = msgﬁ, or r? = 50/ sin 26;
(3) r2=4rcos6,orr=4cos0;

%) (r)%=r*cos?8—1r?sin? 0, so r? = cos? O — sin? B, that is, r? = cos 26.

Example 3.8.6. Suppose a function y = y(x) is described by the equation r =1+ cos 6
in polar coordinates. Find the equation of the tangent line to the function at 6 = %

Solution. Recall the relationship between the polar coordinates r, 8 and the rectan-
gular coordinates x, y is x = rcos 8, y = rsin 8 (with the same origin and x-axis corre-
sponding to 6 = 0). Hence,

x =1(0)cos = (1+ cosB) cos = cos? 6 + cos 6,

y=r(0)sinf = (1+cosB)sinf =sinf + cosOsinb.

These are now in the form of parametric equations, so differentiating (using the prod-
uct rule and the chain rule) we obtain

_ cosf-sin?6 +cos? O
6=1 —sin@ -2sinfcos O 0=1

dy

dy _ a6
T odx
dxle-z %

When 6 = 7, r=1+cos 5 =1, in which case the point (x,y) in rectangular coordinates
is

(x,y) = (rcos@, rsinf) = (0,1),
so the equation of the desired tangent line is
y-1=x-0, or y=x+1

Graphs are shown in Figure 3.8.3.

yn/

Figure 3.8.3: Graphs of r=1+cos@andy =x + 1.
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3.9 Related rates of change

A radar on a post is detecting a speeding car as shown in Figure 3.9.1. If the car is
moving at a rate of change of 100 km/h, then the rate of change of the car detected by
the radar is not 100 km/h, but we can find the equation connecting the two rates of
change. They are called related rates of change.

Figure 3.9.1: Radar detects speeding cars.

The equation connecting the variables is
x*+h*=s%, G4)

where x and s are both functions of the time ¢. The rate of change of the speeding car
is %. % is the rate of change of s with respect to the time ¢, the radar detects exactly
this rate of change.

Now we differentiate each term of the equation with respect to ¢t to find

d d d

a(xz) + a(hz) = E(SZ)-
Using the chain rule, we find
ZXZ—); +0= 25%,
o)
ds _xax
dt sdt’

This shows that % is not equal to %. For instance, when x =50m, s = V502 + 10?2 =

t
50.99 m, and at this instant

ds 50

— = x 100 = 98.06 km/h.
dt  50.99
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In general, we may need to calculate the rate at which one quantity is changing
when we know the rate at which a related quantity is changing. To solve the “related
rates” problem, we need to:

1. find an equation linking the variables and then use the chain rule to differentiate
both sides with respect to time;
2. solve for the unknown rate of change using the known rates of change.

Example 3.9.1. Air is being pumped into a spherical balloon so that its volume in-
creases at a constant rate of 100 mm?3/sec. How fast is the radius of the balloon in-
creasing when the radius is exactly 10 mm?

Solution. There are two variables involved: the volume V and the radius r of the bal-
loon. An equation connecting them is

V=2,
3
Both V and r are functions of time t and fi—‘t/ =100 mm?/sec is known.
Now, differentiating each term of the equation with respect to t and using the

chain rule, we obtain

av _ d(4 r3>_4_71£ ) dr

_ = — 7T .,
dt — dt\3 3 drt Cdt
4t dr
= x3rx =,
3 % dt
o)
a_ 1 dv
dt ~ 4mr? dt
= X 100
47172
2
o
When r =10 mm,
dr 25 1 =~ 0.007 96 mm/sec.

dt ~ n(10)?  4m
This means that, at the instant when r = 10 mm, the radius r of the balloon is changing
at an approximate rate of 0.007 96 mm/sec.

3.10 The tangent line approximation and the differential

3.10.1 Linearization

Sometimes we need to estimate the change in one variable by a small change in an-
other variable. For example, if a circular lamina with radius r = 10 cm is heated and
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the radius expands by 0.02 cm, what is the change in its area? This is an easy question
since we have

A(r)=nr?, so
AA = A(r + Ar) — A(r) = n(r + Ar)? — mir?
= 21r Ar + AY?
=271 x 10 x 0.02 + 7 x 0.02?
~1.258 cm?.

We are lucky here since we can find a nice connection between the change in r and
the change in area: we write the change in area as a function of the change in radius.
Both A(r + Ar) and A(r) are easily evaluated. However, it may be easy to calculate one
particular value f(a) of a function, but difficult or even impossible to compute nearby
values of f. For example with f(x) = X, it is easy to evaluate f(1) = V1 =1, but it is
hard to find f(1.02) = v1.02 without a calculator.

Let us go back to the graph of a function to see if it helps us in our dilemma. If you
observe the line tangent to a curve at a point as seen in Figure 3.10.1, you will see that
the curve is very close to its tangent line near the point of contact. The nearer we are
to the point of contact, the closer the tangent line is to the curve. This provides us a
method of finding approximate values of functions.

y=f (%)

y=L(x)

(a.f(a))

"y

A

Figure 3.10.1: Graphs of a function and its tangent at x = a.

That is, we use the tangent line at the point (a,f(a)) as an approximation to the curve
y =f(x) when x is near a. An equation of this tangent line at the point (a, f(a)) is
y=f(a) +f'(@)(x-a)

and the approximation of the curve values f(x) is

fo) =f(a)+f'(a)(x - a). (3.5)
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This is called the linear approximation or tangent line approximation of f at a. The
linear tangent line function L(x) = f(a) + f'(a)(x — a) is called the linearization of f
at a.

Example 3.10.1. Estimate v1.02 and e®%? by using linearizations of suitable func-
tions at x =1 and O, respectively.

Solution. Let f(x) = vx. Then f'(x) = ﬁ; and the linear approximation of f at x = 11is
given by

fOO=fQ)+f' D)x-1),

1
Vi = Vi+ 2_\/1()(—1)’

V1.02=1+ %(1.02 -1)=1.01
Let g(x) = €*. Then g’ (x) = €*. The linear approximation of g at x = 0 is given by

g(x) ~g(0)+g'(0)(x - 0),
e ~1+e%x=~1+x,

50 %92 =~ 1+0.02 =1.02. A calculator gives V1.02 = 1.009 9505 and e%9? = 1.020 201 34,
so the tangent line approximation gives a good estimate with an error less than 0.02%.

Example 3.10.2. Find the linearization of the function f(x) = Vx + 8 at x = -4 and use
it to approximate the numbers v3.98 and v4.05. Are these approximations overesti-
mates or underestimates?

Solution. The derivative of f(x) = Vx + 8 is

1
2Vx+ 8’

so we have f(-4) =2 and f' (-4) = % Putting these values into the equation of its tan-
gent line at x = —4, we see that the linearization is

F100 = S0c+ 8 =

LOO =f(-8)+f' (-4)(x + 4)

:2+1(x+4):3+£.
4 4
That is, the linear approximation of f(x) is
\/x+8:3+§ when x is near —4.
In particular, we have

V3.98=vV-4.02+8=3 - % =1.995
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and

V4.05=v-395+8=3 - % =2.0125.

The linear approximation is illustrated in Figure 3.10.2. We see that the tangent
line approximation is a good approximation to the given function when x is near —4.

We also see that our approximations are overestimates because the tangent line lies
above the curve.

Figure 3.10.2: Graphsof y = vx + 8 and y =3 + x/4.

NOTE. Of course, a calculator could give approximations for v3.98 and v4.05, but
the linear approximation gives an approximation over an interval of x-values.

3.10.2 Differentials

The differential dy and the differential dx
Linear approximations can be formulated using the idea and notation of differentials.
The Leibniz notation of the derivative % looks like a quotient of two variables dy
and dx (it is indeed a limit of a quotient in which both the numerator and the de-
nominator tend to zero). This makes it tricky to define dy and dx as separate entities
so that % behaves like a quotient whether it was one or not, as we have seen in the
chain rule.

If y = f(x), where f is a differentiable function, then the differential dx is an inde-
pendent variable that can be given the value of any real number. The differential dy is
then defined in terms of the differential dx by

dy =f'(x)dx, (3.6)

so dy is a dependent variable; it is determined by the values of x and dx. If dx # 0, we
divide both sides of dy = f' (x) dx by dx to obtain

d)’_ !
a—f ().
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We have seen similar equations before, but now the left side can genuinely be inter-
preted as the ratio of two differentials.

Example 3.10.3. Ify = xe™, then find the differential dy in terms of the differential dx.

Solution. Since

! —X

vy =(xe™) =) e +x(e™) =e* —xe™*,

dy = (e™* —xe™)dx.
Example 3.10.4. Find a function y such that dy = x dx.

Solution. Lety =x3/3. Then

3 34!

dy:d(x—> = <X—> dx = x*dx.
3 3

NOTE. In fact, this is not the only choice for the function y. We could also use y =

x3/3+50ry=x3/3-7.Infact, y = x>/3 + C will work for any constant C.

Theorem 3.10.1. For any differentiable function u(x) and v(x) and any constant k and I,
we have:
(1) d(C)=0;s (2) d(ku(x) + lv(x)) = kd(u(x)) + 1d(v(x));

) d(uv) =udv +vdu; (4) d(3) = @, v+0.

Proof. The proofs are not hard and we only give the proof of (2). Since % =u Z—Z + v%,
by the product rule of derivatives, multiplying the differential dx on both sides gives
d(uv) = udv + vdu. O

Example 3.10.5. Ify = e** sin3x, then find dy.

Solution. We have

dy = d(e* sin3x) = e dsin(3x) + sin(3x) de*

= e* -3 cos3x dx + sin 3x - 2e* dx = (3e* cos 3x + 2¢* sin 3x) dx.

Example 3.10.6. Ify is implicitly defined by y + xe¥ =1, find dy.

Solution. We have
dly+xe’)=dl = dy+d(xe’)=0.
Since d(xe¥) = xde¥ + &’ dx and de” = e dy, we have

—eY
1+ xe¥Y

dy+xe¥dy+edx=0 = dy=
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Linearization and differentiability

Usually, if the function y = f(x) is not linear, the change in y arising from a small
change in x will be nonlinear. As seen previously, if a circular disk is heated, the
radius of the disk has a change Ar. The area A of the disk therefore has a change
AA = 11(r + Ar)? — r? = 2nrAr + (Ar)?. Notice that AA is equal to a linear part in Ar
plus a negligible term m(Ar)? = o(Ar) as Ar — O.

Definition 3.10.1. Let y = f(x). The change in y can be linearized at x = a if there is a
number A depending on a such that

Ay = AAX + o(Ax),
where o(Ax) is negligible with respect to Ax as Ax — 0.

If y = f(x) can be linearized at x = a, then there is a number A such that Ay =
AAx + o(Ax). This implies

Ay A4 o(Ax)
Ax Ax

Taking the limits as Ax — 0 on both sides gives A = % = f'(a). Therefore, f(x) has
a derivative at x = a. From the arguments, we also know that, if the linearization of
y =f(x) at x = a exists, the choice of A can only be f' (a).

On the other hand, if the function f(x) has a derivative at x = a, i.e., lim,,_, % =
f'(a) exists, then this means that there is a function a(x) (by Corollary 2.5.2 from Chap-
ter 2) such that

% =f"(a) + a(x), where a(x) —» 0as Ax — 0.
X
Therefore, Ay = f'(a)Ax + aAx. Notice that aAx = 0(Ax) as Ax — 0, SO
Ay =f'(a)Ax + o(Ax). 3.7)

This implies that Ay can be linearized at x = a. Therefore, we have the following theo-
rem.

Theorem 3.10.2. A functiony = f(x) can be linearized at x = a if and only if f (x) has a
derivative at x = a.

NOTE. Nowadays, there are some books that define the term “differentiable” (at x = a)
to mean that Ay can be linearized at x = a and define dy = AAx, that is, dy = f' (a)Ax.
This is the same as the previous definition of dy when dx = Ax.
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Figure 3.10.3: Geometric interpretation of dy.

In fact, when dx = Ax, then there is a nice geometric meaning of the differential dy, as
shown in Figure 3.10.3.

That is, dx and dy are the changes in x and y along the tangent line. The slope of

the tangent line at P is the derivative f' (x). Thus, f'(x) = f)—}; = %.

NOTE. The tangent line approximation is also called the differential approximation,
since Ay =~ dy when Ax is small.

Example 3.10.7. Find an approximation of the value sin(0.05) using the differential
approximation.

Solution. Let f(x) = sinx, with f’ (x) = cos x. Use the differential approximations
Ay =dy = f' (x)Ax = cosxAx
and
sin0.05 - sin 0 = cos 0 x (0.05 - 0).
Then

sin0.05 =~ sin 0 + cos 0 x (0.05 - 0)
~ 0+1(0.05)
~ 0.05.

Note that we have chosen a = 0, because 0 is close to 0.05 and both f(0) and f'(0)
are easily evaluated.

Example 3.10.8. A ball of radius r = 3 cm is heated such that the radius increases by
0.03 cm. Estimate the change in its volume by using a differential approximation.
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Solution. Since V = , we have
AV =dV = V' (r)Ar = 4nr®Ar.

Now that Ar = 0.03cm and r = 3cm, AV = 473%(0.03) = 3.3929 cm?.

Some useful differential approximations

Some useful differential approximations computed at x = 0 are listed below (assuming
|x| is small). Check these for yourself by using the approximation formula f (x) = f (a) +
f'(a)(x - a) with a = 0:

L VT+x=1+3x;

sinx = x;

tanx = x;

e =1+x;

In(1 + x) = x.

IEVIEN

In fact, these are pairs of asymptotic functions when x — 0.

3.11 Derivative rules — summary

In this chapter, we have proved the following rules of differentiation (provided all the
derivatives involved exist):

M G =0 @) G =mh 3 TG = cosx;
@) 40 — _siny; (5) 4O = g*Ing; (6) Gl =5
(7) @m0 _gec2y;  (8) —‘“ffxt” =-cscx; (9) G =secxtans
(10) % =-cscxcotx; (11) W = #;
d(arccotx) _ 1. darcsing _ _1_,
12) A 13) =5 = 7=
14) arfi():(osx :_;;
& T Ve

(15) £ £8()) = %f(x) + £8(x);
(16) %(cg(x)) c( ;X g(x)), where c is a constant;

£00 ) _ GBI 500)
) &&= 00

(18) dx(f(X)g(X)) FOOLe(x) +g(x) LF(0);
(19) £F(€00)=f"(g(x)g' (x)or g = 3% (the chain rule);

(20) % = d’;(y” & (implicit differentiation);

@) %= % (parametric differentiation).
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1. The graph of a function over a closed interval I is given below. Determine the do-

main points at which the graph appears to be (a) differentiable; (b) continuous
but not differentiable; (c) neither continuous nor differentiable.

s

4 4F

3 3k

(3.2) (0.2)

2 2

1

L . N M P S S T T T T S |
2 3 5 x -1 1 2.3 74 5 6 7 8 9

A1k G-l

| 1

X (0.-1)
|

Question 1 Question 3

Values of a function y = f(x) at selected values of x are given in the following table.

X 0o 01 02 03 04 05 06 0.7 08 09
y 05 07 13 15 19 23 15 17 22 25

Estimate y’(0.15) using a symmetric difference quotient.

(Particle motion) A particle P moves on the number line. The graph above shows

the position of the particle as a function of time t.

(a) During what time periods is P moving to the left? Moving to the right? And
standing still?

(b) Graph the particle’s velocity and speed (where defined).

Use the definition of the derivative f' (a) = lim,,_, f(‘”Aj‘+ﬂ“) to find the derivative

of each of the following functions at the given point a and then find the tangent

line and the normal line to the graph of the functions at x = a:

@ f=1,a=2 ) f)=x>+4 a=1.

Use the limit definition lim,_,, ’W to evaluate the derivative of each of the

following functions at the given point x = a:

(@) f0)=Vx+1, a=3 (b) f(x)= {O ¥ 4o,

Assume f' (x,) exists. Evaluate each o% the follov;ring limits:

. —AX)— . 2h)—,
() limyy,_o L0 (b) fim,, o [0t 00,

i ot ; h)-f (xo+bh
(©) hmHOM; (d) lim,_,, (%™ )hf(x0+ )

Let f(x) = {7’(’ iig Find f!(0) and f’(0). Does f'(0) exist?

X2,

If f(x) = 2lx — 1| + (x = 1)?, find f' ().
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10.

11.

12.
13.

14.

15.

16.

17.

18.
19.
20.

21.

ax +b, x>1

Find the constants a and b such that f(x) = { is differentiable every-

ax® +x+2b, x<1
where.

Find the constants a and b such that f(x) = {’:x;b ng is differentiable every-
x+b, x

where.
IFf(x) = {5””‘ *<0 then find f'(x).

Iff(0)=0and f’ (0) =2, then find lim,_, /619,

Assume u and v are two differentiable functions of x, u(2) =1, u’(2) = -3, v(2) = -
and v/ (2) = 4. Find the values of:

@ £y B) EE+2-V)p (© (2 +7u-2v)|,,.

Show that:

@) (cosx)=-sinx; (b) &(cotx)=—csc?x;

(c) %(secx) =secxtanx; (d) %(cscx) = —CSCXCOtX.

Find the derivative of each of the following functions:

(@ y=Inx+cosx-2sinx; (b) f(x)=e*+xInx; (c) s= eT[ - 2sect + %

@ V=5 () y=222 (f) y =52
8) ¥ = (h) y =" (i) g(u)=ue"

(Wltch of Maria Agnesi) The witch of Maria Agnesi has the Cartesian equation
y= 2 4 >. Find the line tangent to the curve at (2,1) for a = 1. Also find the normal
line at the same point. http://en.wikipedia.org/wiki/Witch_of_Agnesi

(Newton’s serpentine) This curve, named and studied by Newton in 1701, is de-

finedbyy = ‘ff’;z Find the tangents to the curve at the origin and the point (1, 2) for
the case a = 1and b = 4. http://mathworld.wolfram.com/SerpentineCurve.html
Assume y = arctan x. Show that Z)y‘ = l+lx2

Assume f(1) =2, f(2) =3, f'(1) =3, and f'(2) = -1. If g(x) = f1(x), then find g’ (2).
Find the derivative of each of the following functions:
(@ p=+V3r-r% (b) s:sin(3 )+cos(3”t)
() r=(csch+coth) (d) h=6%sec @,
. 1 1,-
() y=x?sin’x+xcos2x; (f) y—7(3x—2)7+(1—5) 1,

(g) h=6%secy; () f = (Fame)s

(i) y=ttan® V2t +6; () 6=tant®+tan’t;
(k) r=cos(tan0); (1) y=sin(cosx);
(m) y = (sin V2 +1)7; (n) y=vx+Vx

(0) y=ean'2 (p) y =In(sin 2x);

(q) y =sin(cos(2x)).

Given that f is differentiable, find % for each of the following functions:
@ y=f(¥x); ®) y=+f0;  (© y=f(5)

(d) y =sin(f(sinx)); (e) y=Ff(f(e®)).
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23.
24,

25.

26.

27.

28.

29.

30.

31

32.

33.
34.

35.

36.
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Determine each of the following higher order derivatives:

(@) y” fory=x3-2%-1; (b) % fory = e

(c) fory X lnx; (d) dx5 Y fory =

Show that 4~ = " (X" lex) = x"+1 "ex.

Find zX{ for each of the following functions:

(@ y=¢e4 (b) y=cosx; (c) y=sin’x; (d) y=x"Inx;
(e) y=x?cosx; (f) y=e*

Ify =f(x) and Z” v, show that:

(@) $x=-2 (b) 23 =200

Use implicit differentiation to find g—)’: for:

(@ xX2-xy+y’=6; (b) y> +3x%y* - 2" =2

(©) Vx+¥y+xy=4; (d) eXV=x+y

Given y + x = cos(xy), ﬁnd » and the tangent line at (0, 1).

Find Zﬁ for each of the followmg functions using logarithmic differentiation:
(@) y=x5 (b) y = apass

(© y=(cosx)¥; (d) y=(x-a)(x-b)’(x-c).

If the function y is implicitly defined by y> + (%)3 =x*+ 6 and y(1) = -1, find
d
o la-

—la?2-y2
Let (xg,Y,) be a point on the curve defined by x = \/a? - y? +aln ? ; Y ,0<y<a.
Show that the distance between the point (x,,y,) and the point where the tangent

line to the curve at (x,,y,) meets the x-axis is constant.

Write the following Cartesian equations in polar form:

@ x*+y*=2; (b) (C+y*Y=2y; (0) y=2x

(d) x=2 (e) y=-3.

(Lissajous curve) The parametric equations x = Asin(at + 6) and y = Bsin(bt)
describe complex harmonic motion. This family of curves was investigated by
Nathaniel Bowditch in 1815 and later in more detail by Jules Antoine Lissajous
in 1857 Graph the curve when A=B=1,a=2, § =0, and b = 3. Then find the
horizontal tangent lines for 0 <t <

If x=t-sintand y =1-cost, forO <t<2m, find & dxl

Show that the length of the portion of any tangent line to the astroid x = acos’ t,
y = asin’ t cut off by the coordinate axes is constant.

Show that the distance from the origin to any normal line to the curve x = a(cos t +
tsint), y = a(sint — t cost) is constant.

Sketch the following curves, given in polar form:

(@) r=2cosf; (b) r=2(1+cosh); (c) r=a+asinb;

(d) r=asin26; (e) r*>=4cos26.
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37.

38.

39.

40.

41.

42,
43.

44,

45.

46.

47.

48.

49.

50.

(Cardioid) Find the points on the polar curve r = 2(1 + cos ) where the tangent

line is horizontal.

Use a local linearization to estimate the following numbers:

(@ v899; (b) e*° (c) sin(0.03); (d) In(1.02); (e) cos0.03.

Find the differential dy for each of the following functions:

(@) y=sin2x; (b) y=e™cosx; (c) y=1; (d) y=tan"'(e™).

(Sensitivity to change) The equation dy = f' (x) dx tells us how sensitive the out-

put of f is to a change in input at various values of x. The larger the value of f’

at x, the greater the effect of a given change dx. Now consider the following two

problems.

(@) Suppose we can determine the radius of a sphere within 1% of its true value.
What effect would the tolerance of 1% have on our estimate of the surface area
of the sphere (S = 47R?)?

(b) How accurately should we measure the radius R of a sphere approximately so
that, when we calculate the surface area, the error is within 0.5% of its true
value?

x¥sinl, x#0 . .
0 * o I f'(x) continuous?
s x=0,

If f(xy) =f(x) + f(y) for all x,y > 0 and f' (1) = 2, show that f'(x) = %
Show that, if f(0) = 0, f'(0) exists if and only if there is a function g(x) which is
continuous at x = 0 and f(x) = xg(x).

Let f be the function defined by f(x) = {i () cos 5, 13 f g If g(x) is differentiable and
g'(0) =g(0) =0, then find f'(0).

Assume f(x) = |x — a|g(x) and g(x) is differentiable everywhere. Prove:

(a) ifg(a) #+ 0, then f'(a) does not exist;

(b) if g(a) =0, then f'(a) exists.

For what value of k does the equation e** = k+/x have exactly one solution?

(*Group activity) Given f(x) = {

Assume f(x) = a; sinx + a, sin2x + a3 sin3x + --- + a, sinnx, where a;, a,, ... ,a, are
real numbers and n is a positive integer. If |f (x)| < | sinx| for all x, show that |a; +
2a, + -+ +na,| < 1.

(Hyperbolic function) The hyperbolic functions sinh x, cosh x, tanh x, and coth x
are defined in Chapter 1. Show that:

(a) (sinhx)’ =coshx; (b) (coshx)' =sinhx;

(¢) (tanhx)' = ﬁ; (d) (cothx)' = ﬁ
(Related rates of change) James is flying a kite at a height of 60 feet above his
head. If the kite moves horizontally at a constant speed of 4 ft/sec, at what rate is
the string being let out when the Kkite is 80 feet away from him?

(Pendulum) When a pendulum with length [ performs a simple harmonic mo-
tion, the period of the motion is given by T = 2 \E . In winter, if the length of the
pendulum is shortened by 0.01 cm, what effect will this have on the period?



51.

52.

53.

54.
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(Debye’s law) In physical chemistry, Debye’s law about the orientation polariza-
tion P of a gas satisfies
2
P= ﬂr[N( }'l_ >,
3 3kT

where N, y, and k are constants and T is the temperature of the gas.

Find the rate of change of P with respect to the temperature T.

(Marginal cost) Assume the cost (in dollars) of producing g units of a certain com-

modity is C(q) = 2000 + 2q + 3¢>. Find:

(a) the average rate of change of the cost when the production level is changed
from g =100 to g = 140;

(b) the marginal cost (the instantaneous rate of change of C) with respect to g
when g =50.

(Wage pay plan) A company is willing to pay a graduate in computer science a

starting salary of $56 000 and the employee will get a raise of $2500 each year.

(a) Atwhat percentage rate will the employee’s salary be increasing after 1 year?

(b) What will happen to the percentage rate of change of this employee’s salary
in the long run?

(Elasticity) In economics, elasticity is the measurement of how responsive an eco-

nomic variable is to a change in another. The price elasticity of demand is given

by

Ep) -2 x %,
q dp

where g = D(p) is the amount of a commodity that is demanded by the market at

a unit price p.

Interpret E(p) in terms of the percentage rate of change in demand g and the per-

centage rate of change in price p.






4 Applications of the derivative

In this chapter, you will learn about:

— Fermat’s theorem and the closed interval test;

— the mean value theorem and the first derivative test;

— the extended mean value theorem and L’Hopital’s rule;

— concavity and the second derivative test;

—  Taylor’s theorem and Taylor’s polynomial approximation;
—  how to sketch curves using derivatives;

— numerical solutions to equations;

— curvatures.

Derivatives have many applications in solving a large variety of problems arising from
mathematical or nonmathematical areas of study. In this chapter, we will use deriva-
tives to determine the extreme values for a function, analyze monotonic functions,
find intervals of increase or decrease, prove inequalities, and find limits of some in-
determinate forms using L’Hopital’s rule. We will also show that derivatives can make
significant contributions to incredibly diverse parts of mathematics, including curve
sketching, approximating functions by polynomials, numerical approximation of so-
lutions of equations, and curvature of plane curves.

4.1 Extreme values and the candidate theorem

In Chapter 2, we introduced the absolute/global maximum and absolute/global min-
imum of a function defined on an interval I. We know that a continuous function de-
fined on a closed interval must obtain its global extreme values somewhere within the
closed interval. In addition to the global extrema, there are some other extreme val-
ues that may be of interest. For example, you might be the tallest one in your class,
even though you are not the tallest in your school. Your height is still an extreme value
when we consider a small group around you. Returning to mathematics, we have the
following definition for relative/local extrema.

Definition 4.1.1. If f is defined on D, then:

1. fhasalocal minimum (also called relative minimum) at x = c € D, if there is a neigh-
borhood U of c, such that f(x) > f(c) foreach x e U c D.

2. fhasalocal maximum (also called relative maximum) at x = ¢ € D, if there is neigh-
borhood U of c, such that f(x) < f(c) foreach x e U c D.

NOTE. If there is a local maximum of f at x = ¢, then the definition states that there is
an interval [a, b] in D with a < ¢ < b such that f(x) < f(c) for all x € (a,b). Similarly, if

https://doi.org/10.1515/9783110527780-004
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f has a local minimum at x = ¢, then there is an interval (a, b) containing c such that
f(x) = f(c) for all x € (a,b). Hence, a local maximum or minimum cannot occur at a
boundary point of the domain of f (there are some books which recognize that f(x)
can have its local extrema at boundary points of its domain, but we will not in this
text).

Figure 4.1.1 shows a graph of a function f with several extrema.

¥ absolute max.
local max.
local min.
local max.
local min.

absolute

min,
o a b c d e m X

Figure 4.1.1: Local and global extrema.

Notice in Figure 4.1.1 the situations where f could have a local extremum. You should
see that, at any local extremum, the tangent line is either horizontal or does not ex-
ist. For example, at points where x = b, c, and e, the tangent line is horizontal, and
the derivative at these points is zero. However, at the point where x = d, there is no
tangent line, and the derivative does not exist. This gives some clues for finding lo-
cal extrema. Now we confirm this analytically. The following theorem is credited to a
French mathematician, Pierre de Fermat.

Pierre de Fermat (1601 or 1607-1665) was a French lawyer at the Parliament of Toulouse, France, and
a mathematician who is given credit for early developments that led to infinitesimal calculus. In par-
ticular, he is recognized for his discovery of an original method to find the greatest and the smallest
ordinates of curved lines, which is analogous to that of the differential calculus, then unknown, and
his research into number theory. He made notable contributions to analytic geometry, probability, and
optics. He is best known for his last theorem, which he described in a note at the margin of a copy of
Diophantus’ Arithmetica. http://en.wikipedia.org/wiki/Fermat

Theorem 4.1.1 (Fermat’s theorem). Suppose f(x) is defined on some open interval 1
containing the point x = ¢ and f' (¢) exists. If f has a local maximum or a local minimum
atx =c, thenf'(c) =0.
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Proof. We only prove the result when f(c) is a local minimum, since the proof for the
local maximum is analogous. For all sufficiently small positive or negative increments
Ax=x-cof x, wehave x=c+ Ax €I and

fx)-f(c)=0.

Hence, if x — c is positive, then we have £ XX ’; 9 <0 and if x - ¢ is negative, we have
f(x fc) > 0. Thus,

fl(c) = lim f(X) _f(C)

x—ct

£(¢) = lim ¥ =1© (X f ©

X—Cc™

>0 and

by the definition of one-sided derivatives and the properties of limits.

Since f'(c) exists, the two one-sided derivatives f/(c) and f'(c) must exist and
fl(c) =f'(c). However, we have shown that f/(c) < 0 and f’(c) > 0. This only happens
when

fl©)=f(c)=
sof'(c)=0. O
We give a name of those points at which the derivative of a function f is 0.
Definition 4.1.2. If f'(c) = 0, then x = c is called a stationary point of the function f.
Example 4.1.1. Find all the stationary points of y = 2x> - 3x% + 1.

Solution. Compute

dy 2
— =6Xx° - 6X.
I X X

Then solving 3—){ =0 gives
6x2-6x=0, so 6x(x-1)=0.

Therefore, there are two stationary points: x =1 and x = 0, as shown in Figure 4.1.2.

Fermat’s theorem says that, if f(x) is differentiable, then its local extrema must
occur at a stationary point. If f(x) is not differentiable at a point, then f(x) may or may
not also have a local extreme value at that point, as shown in Figure 4.1.1 (When x = d
and x = m). The next example shows that a function f can have a local minimum (or
maximum) at a point where the derivative f' (x) does not exist.
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x //\1 T x

Figure 4.1.2: Graph of y = 2x> - 3x + 1.

Example 4.1.2. The function f(x) = |x| has no derivative at x = 0, as we saw in Chap-
ter 3. However, it has a local minimum value at x = 0, because f(x) = |x| = 0 for all x
and f(0) = 0.

We give a special name for those points where the derivative of f is O or the deriva-
tive of f does not exist, since they are candidates for extreme values.

Definition 4.1.3. A critical number/point of a function f is an interior point ¢ in the
domain of f such that either f’(c) = 0 or f’(c) does not exist.

Theorem 4.1.2 (Candidate theorem). A local maximum or local minimum of a function
f can only occur at the critical points of f.

Theorem 4.1.2 shows that a local maximum or minimum of a function f on an
open interval I must occur at a critical point of f. However, these points are only candi-
dates for the extreme values and they may actually not be an extremum. For example,
when f(x) = x>, with domain R (all real numbers), the derivative always exists. Hence,
the only candidates for local extrema are stationary points. Since f’(x) = 3x2, solving
f'(x) = 0 gives only one stationary point, x = 0. However, f(x) has neither a local max-
imum nor a local minimum at the point x = 0, as seen in Figure 4.1.3 (it has a point of
inflection at x = 0, as we will see in Section 4.6).

LS}
T

Figure 4.1.3: Graph of y = x3.
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Nevertheless, the candidate theorem gives a list of candidates for the local extrema
of a function. It does not give any idea whether a candidate is a local minimum or
maximum. Luckily, this is enough for us to determine the global extreme values of a
continuous function over a closed interval.

As we know from the extreme value theorem, if a continuous function f is defined
on a closed interval, then it must take its global maximum and global minimum values
somewhere in that interval. If f(x) takes its global extrema at an interior point in [a, b],
then the global extremum is also a local extremum. However, the function may take
its global extreme values at one or both of the endpoints of that interval. A graphical
illustration is shown in Figure 4.1.1. Another easy example is f(x) = x, for 0 <x < 2,
which takes its global maximum at x = 2 and its global minimum at x = 0. Both of the
two global extrema are at the endpoints of the interval as shown in Figure 4.1.4.

Figure 4.1.4: A function may take its global extrema at endpoints.

In light of the above discussion, we have the following test for global extrema of a
continuous function defined on a closed interval.

Closed interval test for global extrema of a continuous function
If a continuous function f is defined on a closed interval [a, b], then it takes its global
extreme values either at its critical points or at the endpoints of the interval. To identify
its global extreme values on [a, b], we take the following steps.

Step 1 Find the derivative of f and all its critical points.

Step 2 Evaluate f at these critical points and at the endpoints.

Step 3 Compare all function values found in Step 2. The largest function value is
the global maximum value of f on [a, b] and the smallest value is the global minimum
value of f on [a, b].

Example 4.1.3. Find the global extreme values for the function

fx)=x>-3x>-9x-2 when-2<x<6.
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Solution. First we find the derivative as follows:

fl) =32 -6x-9=3(x*-2x-13)
=3x-3)(x+1).

Therefore, the critical points are x = 3 and x = —1. Now we evaluate f at these two points
and at the two endpoints as follows:

fB3)=-29, f(-1)=3, f(-2)=-4, f(6)=52

We conclude f attains its global maximum value 52 at x = 6 and its global minimum
value -29 at x = 3. The graph is shown in Figure 4.1.5.

30k

Figure 4.1.5: Graph of f(x) =x> —3x> - 9x — 2 for -2 <x < 6.

Example 4.1.4. Find the global extreme values of f(x) = x§ (x-1)when -1<x<1.

Solution. The product rule gives the derivative

2 _ 3x+2(x-1
f’(x)=x2/3+(x—1)§x 1/3=%
_5x-2

- 313

Therefore, f’ (x) = 0 only when x = %, while f! (x) does not exist when x = 0. Thus, the
critical numbers of f are % and 0. The candidates for global extreme values of f are

x=-1,x=0,x= %, and x = 1. Evaluating f at these points gives

2
f(-1)=-2, f(0)=0, f<§> ~-0326, f(1)=0.
Therefore, over the interval [-1,1], the function f reaches its global maximum value
0 at x = 0 and x = 1. The function f attains its global minimum value -2 at x = -1, as

shown in Figure 4.1.6.

NOTE. A function f(x) may obtain its global extrema at many points in its domain.
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Figure 4.1.6: Graph of f(x) =x3 x-1)for-1<x<1.

Example 4.1.5. The function f(x) = sinx takes on its local and absolute maximum
value of 1 infinitely many times, since sin(2n + 1/2)m = 1 for any integer n. Likewise, it
takes the local and absolute minimum value of -1 infinitely many times, since sin(2n -
1/2)m = -1 for any integer n.

Example 4.1.6. Find the global extrema for
f(x):lni2 when1<x<2.
1+x

Solution. The derivative of f(x) is

_1+X2( X )’_(1+x2)(x’(1+x2)—x(1+x2)’)
Tox \1+x2/  «x 1+ x2)?
1+x%) (A+x3)-xx2x
= X

X 1+ x2)?
o 1-x
T x(1+x?)

f1(x)

We see that, at x =1, x = -1, or x = 0, f'(x) = 0 or f' (x) does not exist, but -1 and

0 are not in the interval of interest [1,2], so the only candidates for extrema are x = 1
1

(which is both a critical point and an endpoint) and x = 2. Since f(1) =In LE=" In2=
-0.693and f(2) =1n 137 ~ —0.916, the global maximum value of f(x) is —0.693 and the

global minimum value is —0.916. The graph of f(x) is shown in Figure 4.1.7.

We have seen how to find candidates for local extreme values and how to find the
global extreme values for functions defined over a closed interval. What happens if
f(x)is defined on an open interval or half open interval? How do we determine whether
or not a local extremum candidate is indeed a local maximum or local minimum? We
can sketch some graphs in order to develop our intuitive ideas. For example, if f keeps
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Figure 4.1.7: Graph of f(x) = In =%, for1<x<2.

1+x2

-
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Figure 4.1.8: Cases that functions are not continuous or not defined on a closed interval.

increasing towards the right endpoint, then f may or may not have a global extreme
value; if f is continuous and changes from increasing to decreasing at x = a, then f
takes a local maximum value at x = a. Several cases are shown in Figure 4.1.8.

To further study extreme values, we need to investigate the monotonic behavior
of f over some interval. We thus need the mean value theorem, which plays a central
role in differential calculus and has many applications as well, including determining
the monotonicity of functions, proving inequalities, and developing theories.

4.2 The mean value theorem

We start the mean value theorem by considering a mechanics problem. Assume a car
moves along the x-axis back and forth, starting at a point A. It will initially move to-
ward the right but after a while it reverses direction and moves back to the starting
point. Then there should be a time such that the velocity at that instant is zero. In par-
ticular, the velocity at the instant when it makes the turn (reverses direction) must be
zero. You also can see that this is true when a ball is thrown vertically upwards and
eventually falls to the ground. There must be an instant in time when the ball’s velocity
is zero. If a function f(x) is continuous and differentiable on some interval [a, b] and
f(a) = f(b) (the car returns to its starting point), then there must be a point c in (a, b)
such that f'(c) = 0, as seen in Figure 4.2.1 (note again, the velocity is the derivative of
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(a.fla))

; w,f(b))

(af(a)) (b.1(b))

g

(®)

Figure 4.2.1: On a smooth curve, there is a horizontal tangent if f(a) = f(b).

the displacement function). This can be confirmed algebraically by Rolle’s theorem,
which is proved using Fermat’s theorem.

NOTE. The first known formal proof was offered by Michel Rolle in 1691 and used
the methods of differential calculus. The name “Rolle’s theorem” was first used by
Moritz Wilhelm Drobisch (Germany) in 1834 and by Giusto Bellavitis (Italy) in 1846.
http://en.wikipedia.org/wiki/Rolle%27s_theorem

Theorem 4.2.1 (Rolle). Letf be a function that satisfies the following three conditions:
1. fis continuous on the closed interval [a, b];
2. fis differentiable on the open interval (a, b);

3. fla)=f(b).
Then there is a number c € (a, b) such that f'(c) = 0.

Proof. We consider three separate cases:

1. CaseI: f(x) is constant for all x € [a, b]. Then f’ (x) = O for every x € (a,b), so the
number ¢ can be taken to be any number in (a, b).

2. Casell: f(x) > f(a) for some x in (a, b). By the extreme value theorem, f attains a
maximum value for some x € [a, b]. However, the maximum cannotbeatx=aorx=»b
because, by assumption, there is some f (x) > f(a) = f(b), so f must attain its maximum
value at a number c in the open interval (a, b). Then f also has a local maximum at ¢
and f is differentiable at c, so f'(c) = 0 by Fermat’s theorem.

3. Case III: f(x) < f(a) for some x in (a, b). By the extreme value theorem, f has
an absolute minimum value for some x € [a, b]. However, the minimum cannot be at
X = aorx = b, because, by assumption, there is some f(x) < f(a) = f(b), so f must attain
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its minimum value at a number c in the open interval (a, b). Then f also has a local
minimum at ¢ and f is differentiable at c, so f'(c) = 0 by Fermat’s theorem.

If any of these three hypotheses fails, then there may not be a number ¢ such that
f'(c) = 0. This is illustrated in Figure 4.2.2.

a b a b a b
(a) (b) ©
continuous continuous f(a)=f(b)
differentiable f(@)=f(b) differentiable
f(ay~ f(b) not differentiable not continuous

Figure 4.2.2: Cases that fail to satisfy conditions in Rolle’s theorem.

However, if f fails to satisfy any one of the three hypotheses, its derivative may still be
zero somewhere in the interval as seen in Figure 4.1.8 (c). There may also be more than
one point where the derivative is 0, as seen in Figure 4.1.8 (c). O

Example 4.2.1. Check that the function f(x) = x? — 3x — 4 for -1 < x < 4 satisfies all the
hypotheses required by Rolle’s theorem. Find a number ¢ such that f’(c) = 0.

Solution. Since f(x) is a polynomial, it is continuous on [-1,4] and differentiable at
every point in (-1,4). Then

f(-1)=(-12-3(-1)-4=0 and f(4)=4*-3(4)-4=0.
Therefore, f satisfies all the hypotheses required by Rolle’s theorem. Since

ffx)=2x-3,

X= % is a point in (-1,4) such thatf’(%) =0, as shown in Figure 4.2.3.
Example 4.2.2. Use Rolle’s theorem to show that, for any real number k, the equation
x° — 6x + k = 0 has at most one root in the interval [-1,1].

Solution. Let f(x) = x> — 6x + k. Suppose, on the contrary, that there are two roots,
say, a and b, in [-1,1]. Then we must have f(a) = f(b) = 0. By Rolle’s theorem, there is a
number ¢ between a and b (so ¢ € [-1,1]) such that f' (c) = 0. Thatis, f' (c) =5¢* -6 = 0.
Solving for ¢, we obtain ¢ = (/g > 1, which is a contradiction to ¢ € [-1,1]. Thus f(x) has
at most one root in the interval [-1,1].
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N

Figure 4.2.3: Graph of f(x) =x? —3x — 4 for -1<x < 4.

Rolle’s theorem requires that f(a) = f(b). What conclusions can we draw about the
function if the third hypothesis (f(a) = f (b)) is not met? Consider the moving car with
displacement function s(t) and velocity v(t). The average velocity during the time in-
terval [t;,t,] is given by

s(ty) —s(ty)
-t
Intuitively speaking, since the car moves continuously, there should be a time such
that its velocity at that instant is the same as the average velocity of the car during the
time interval (because the average velocity is between the minimum velocity and the
maximum velocity). That is, there is an instant t = t, such that

s(ty) —s(ty)
V(ty) = =2—12,
L-t
Does this idea that there is a moment when the average rate of change is equal to the
instantaneous rate of change hold for all differentiable functions f? That is, is there

always a number c € (a, b) such that

fb) -f(a) (b) f @,

f'(o)= (4.1)

Before proving the statement, we can see that it is reasonable by interpreting it ge-
ometrically. The two graphs in Figure 4.2.4 show the points A(a,f(a)) and B(b,f (b)) on
the graphs of two differentiable functions. In both graphs, the average rate of change
over [a, b] is equal to the instantaneous rate of change at one or more points in the
interval. The slope of the secant line AB is

k= 0 -f@
b-a
and this is the same expression as on the right side of equation (4.1). Since f'(c) is the
slope of the tangent line at the point (c,f(c)), equation (4.1) says that there is at least
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B (b, f(b))
P(c,flc)) b
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Afa, f(b))
B (b, f(b))
0 a c b 'r a ci c: b X
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Figure 4.2.4: Illustrations for the mean value theorem.

one point P(c,f(c)) on the graph where the slope of the tangent line is the same as
the slope of the secant line AB. Thus, the tangent line to the graph of f(x) at x = c is
parallel to the secant line through A and B.

We now establish the mean value theorem, due to the French mathematician
Joseph-Louis Lagrange.

Joseph-Louis Lagrange

(1736-1813 in Paris) was an Italian mathematician and astronomer.
He made significant contributions to the fields of analysis, num-
ber theory, and both classical and celestial mechanics. http://en.
wikipedia.org/wiki/Joseph-Louis_Lagrange

Theorem 4.2.2 (Mean value theorem). Let f be a function that satisfies the following
hypotheses:

1. f is continuous on the closed interval [a, b];

2. fisdifferentiable on the open interval (a, b).

Then there is a number c € (a, b) such that

f1e) O @
b-a

fb) -f@=f"(c)b-a.

, orequivalently
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Proof. The equation of the secant line AB can be written as

vt )_f(b) f(a)

(x—a) or

b a
y=ﬂm+ﬂ%—ﬂlu—m.
-a
We apply Rolle’s theorem to a new function h, defined as the difference between f and
the function giving the secant line AB. Let

h(o = F00 - f(a) - LB 1@ (b’ f @ x - a).
Then
W =00 - L@,
b-a

It is easy to check that h(x) is continuous on [a, b] and differentiable on (a, b). Further-
more, h(a) = h(b) = 0. Therefore, by Rolle’s theorem, there is a number c in (a, b) such
that h’(c) = 0. That is,
h,(C) =f’(C) _f(b) _f(a)
b-a
fb)-f(a) (a)
" b-a

=0, so

f'@c) =
Example 4.2.3. Illustrate the mean value theorem with the function f(x) = x* - x,
a=0,b=3.

Solution. Since f is a polynomial, it is continuous and differentiable for all values
of x. By the mean value theorem, there is a c € (0, 3) such that

fB@-f(0)

30 ) ©-

The derivative f'(x) =2x-1,so0 f'(c) =2c - 1and

fB3) -f(0) _3*-3

= =2
3-0 3-0

so 2¢ — 1= 2, which gives c = % We show this graphically in Figure 4.2.5.

Using the mean value theorem, we can also prove many inequalities, such as those
in the next two examples.

Example 4.2.4. Use the mean value theorem to show that

[sinx| < |x]|.



194 — 4 Applications of the derivative

y /

Figure 4.2.5: Atx = %, the tangent is parallel to the secant.

Solution. Let y =sint. Then y is continuous and differentiable on [0, x] if x > 0 and
on [x,0] if x < 0. Since (sint)’ = cost, by the mean value theorem, we get

sinx —sin0

o =cosc, Wwhere cissome point in (x,0) or (0, x).
X -

Taking the absolute value on both sides, we obtain
|sinx| = |cos c||x| < |x].
Example 4.2.5. Use the mean value theorem to show that

X <In(1+x)<x forallx>0.
1+x

Solution. Letf(t) = In(1+t). Then the function f(t) satisfies all the conditions required
by the mean value theorem on the interval [0,x] and f’ (t) = ﬁ Applying the theorem

to the function f(t) on [0, x], we must have some c satisfying 0 < ¢ < x and

Inl+x)-In(1+0) = ﬁ(x -0),

In(1+x) = L.
1+c¢

Since
1 1
— < —<1,
1+x 1+c
we have
X X
— < —— <X

1+x 1+c
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Then

X <In(1+x)<x.
1+x

This completes the proof. O

The mean value theorem can be used to establish many of the basic results of
differential calculus, such as the following theorem.

Theorem 4.2.3. Iff' (x) = O for all x in an interval (a, b), then f is constant on (a, b).

Proof. Let x; and x, be any two numbers in (a, b) with x; < x,. Since f is differentiable
on (a, b), it must be differentiable on (x;,x,) and be continuous on [x;,x,]. Applying
the mean value theorem to f on the interval [x;,x;], there is a number ¢ such that
X; < €< Xy and

fOQ) —f(x) =f"(c) 6 - xyp).
Since f'(x) = 0 for all x, we have f'(c) = 0, so the above equation becomes
f(Xz) —f(X1) =0 or f(Xz) :f(x1)-

Therefore, f has the same value at any two numbers x; and x, in (a,b), so f is
constant on (a, b). O

Theorem 4.2.3 can be used to prove some identities as well.
Example 4.2.6. Prove the identity arctan x + arccotx = /2.

Solution. Although calculus is not needed to prove this identity, the proof using cal-
culus is quite simple. Let

f(x) =arctanx + arccot x.

Then

11
1+x2 1+x2

fl(x)=

for all values of x. Therefore, f(x) = C, a constant. To determine the value of C, we
substitute x = 1 (because we can evaluate f(1) exactly) and we have

C=f(1)=arctan1+ arccot1 = %

Thus arctan x + arccotx = 71/2.
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Definition 4.2.1. If F'(x) = f(x) for all x in an interval (a, b), then F(x) is called an
antiderivative of f(x) on (a, b).

For example, sinx is an antiderivative of cosx, since (sinx)’ = cosx; sinx + 1 is
also an antiderivative of cos x since (sinx +1)' = cosx.

How many antiderivatives can a function have? What is the relationship between
them? The following theorem gives the answer.

Theorem 4.2.4. If F(x) is an antiderivative of f(x), so that F' (x) = f(x), then all an-
tiderivatives of f (x) have the form F(x) + C, where C is an arbitrary constant.

Proof. Clearly, for any constant C, the derivative of F(x) + C is f(x), so F(x) + C is an
antiderivative of f(x). If G(x) is any other antiderivative of f(x), then G’ (x) = f(x). This
means that

F'(x)=G'(x),
S0
[G) - F(x)]' =0.
Then, by Theorem 4.2.3, we have
G(x)-F(x)=C, forsome constantC.
Therefore,
G(x)=F(x)+C. O

Example 4.2.7. Find all antiderivatives for each of the following functions:

@f) =cosx; Bf)=e*; O©FX)=2+3x (d)fx)=15.

Solution. Since (sinx)’ = cosx, (%ezx)’ =e¥, (In|x| + %xz)’ = }( +3x, and (arctanx)’ =
1

—L_ the antiderivatives of cos x, €%, 1, and —L, are sinx + C, 1 + C, In|x| + 2x2 + C,
1+x b'e 1+x 2 2
and arctanx + C, respectively, where C is an arbitrary constant.

4.3 Monotonic functions and the first derivative test

4.3.1 Monotonic functions

A function f is increasing if the points (x,y) on the graph of y = f(x) rise as x increases.
It is decreasing if the points (x,y) fall as x increases. A formal definition was given in
Section 1.2.2 and is repeated here for convenience.
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Definition 4.3.1. A function f, defined on a set which includes an interval I, is:
1. increasing on1if, for any x;, x, €I, f(x;) < f(x,) whenever x; < x,;

strictly increasing on Lif f(x;) < f(x,) whenever x; < x,;

decreasing on 1 if, for any x;,x, €I, f(x;) = f(x,) whenever x; < x,;

strictly decreasing on L'if f(x;) > f(x,) whenever x; < x,;

monotonic (or monotone) on I if it is either increasing or decreasing on I.

vs W

You probably have already noticed that, if the graph rises, its slope is positive and
if it falls, its slope is negative, as seen in Figure 4.3.1. Our first goal in this section is
to determine intervals on which a function is either increasing or decreasing by using
derivatives. The next theorem shows that the sign of the derivative can indeed be used
to determine intervals where the function is increasing or decreasing. The proof of this
theorem is based on the mean value theorem.

P ~
/

Figure 4.3.1: Positive slope implies increasing and negative slope implies decreasing.
Theorem 4.3.1 (Increasing/decreasing test). Suppose that f is a function defined on
an interval (a,b) and f' is defined on (a, b). Then:

iff'(x) > 0 forall x € (a,b), thenf is strictly increasing on (a, b);
iff'(x) < 0 forall x € (a,b), then f is strictly decreasing on (a, b).

Proof. Suppose f'(x) > 0forall x € (a, b) and let x;, X, € (a,b) with x; < x,. By the mean
value theorem, we have

fx) = faq) =f" (€)%, - xy),
where x; < ¢ < x,. Of course, c € (a,b), so f'(c) > 0 and it follows that
fO) = fxq) =f'(€)x; = x1) > 0.
Hence, for any two numbers x; < x, in (a, b),
f(xy) >f(x;) orequivalently f(x;) <f(xy).

This shows that f(x) is strictly increasing on (a, b).
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A similar argument shows that, if f' (x) < O for x € (a, b), f(x) is strictly decreasing
on (a,b). O

NOTE. It is also easy to see that, if f’(x) > 0 for all x € (a,b), f is increasing on (a, b)
and if f'(x) < 0 for all x € I, then f is decreasing on (a,b). If f' (x) = O for all x € (a,b)
and f'(x) = 0 at only a few points in the interval, then f(x) is also strictly increasing.
For example, if f(x) = X, then f' (x) = 0 and f' (x) = 0 only at the point x = 0. This cubic
function is strictly increasing, as seen in Figure 4.3.2.

3 -1 ' i P

-1}F

=2 F

Figure 4.3.2: Graph of y = x.

Example 4.3.1. Use the increasing/decreasing test to determine the intervals on
which f is increasing or decreasing, given

FO) =4x3 —18x2 +15x +10, —00 <X < ©0.
Solution. The derivative of f is
10 =12x2 - 36x + 15 = 3(2x - 1)(2x - 5).

From this factorization, we see that f’ has two zeros, x = % and x = % These zeros
determine the three intervals, (—co, %), (%, g), (g, c0), on each of which f' (x) must have
a constant sign.

A “sign table” is used to determine the sign of f' on each interval.

X (_00)%) (%)00)

1 5

2 2
(2x-1) - 0 0 +
(2x - 5) - 0o - 0 +
ffx)=3(2x-1)(2x-5) + 0 0
behavior of f(x) /increasing 77 —%

+

decreasing Zincreasing
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Figure 4.3.3: Rough graph for f(x) in Example 4.3.1.

Thus, for any x € (—co, %) u (5,00), f'(x) > 0 and f(x) is strictly increasing, while
f(x) is strictly decreasing on the interval (%, %), since f'(x) < 0 on the interval (%, %).

We can sketch a rough graph of f(x) as shown in Figure 4.3.3.

NOTE. The derivative f'(x) must be always positive or always negative for all x-values
in any interval between critical points. The reason for this is that, if x; and x, are both
in one such interval and f'(x;) and f'(x,) have opposite signs, there must be a c be-
tween x; and x, such that f'(c) = 0 (by the intermediate value theorem applied to the
derivative). This would contradict the definition of the intervals in that the critical
points of f' are the endpoints of the intervals. Hence, we can determine the sign of f’
on one of the intervals simply by testing a single x-value in that interval.

4.3.2 The first derivative test

As we saw from the previous example, once we know the intervals on which the func-
tion is decreasing or increasing, we can sketch a rough graph of the function. From the
graph, we easily see that, if f(x) changes from increasing to decreasing at a point, f(x)
must have a local maximum at this point; if f (x) changes from decreasing to increasing
at a point, then f(x) must have a local minimum at that point. If the function is differ-
entiable, in terms of the sign of the derivative, we could say that, if f’ (x) changes from
positive to negative at x = a, f(x) reaches a local maximum at x = a; if f’(x) changes
from negative to positive at x = a, then f(x) has a local minimum at x = a. In fact, we
have deduced the first derivative test.

Theorem 4.3.2 (First derivative test). Iff(x) is continuous at x = a and is differentiable

on some interval (b, d) containing x = a (perhaps not at x = a), while x = a is a critical

point (that is, f' (a) = 0 or f'(a) does not exist), then:

(@) iff'(x) changes from positive to negative at x = a, then f (x) has a local maximum at
xX=a;
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(b) if f'(x) changes from negative to positive at x = a, then f(x) has a local minimum at
X=a.

Proof. By the mean value theorem, we have
f(x)=f(a)+f'(c)(x—a) for some point ¢ between x and a.

(@) When b <x <aand f'(x) > 0, then f'(c)(x — a) < 0, so f(x) > f(a) for x € (b,a).
When a < x <d and f’ (x) <0, then f'(c)(x - a) < 0, so f(x) > f(a) for x € (a,c). There-
fore, if f'(x) changes from positive to negative at x = a, then f(x) takes a local maxi-
mum at x =a.

A similar argument applies to (b). O

Example 4.3.2. If

8 2
X3 —=X3, —00<X<+00,

flo =

oo W
N W

find the intervals of increase and intervals of decrease for f(x). Determine all local
extrema of f.

Solution. First, using the power rule, we find the derivative of f(x) as follows:

, 3 8 84 3 22,4
f(x)=§><§><)c3 —§><§x3
LS S T |
_x3—x3_x3—3—\/)_(
xgi/?—l
:3—\/)_(
x> -1
B

There are three critical numbers, x =1, x = 0, and x = —1. Since f'(-2) < 0, f'(-0.5) > O,
f'(0.5) < 0, and f'(2) > 0, we know that f’(x) < 0 for x € (~00,1) U (0,1) and f'(x) > 0
for x € (-1,0) U (1, +00). We construct a sign and behavior diagram in Figure 4.3.4.

We see that the intervals of decrease are (—0o,-1) U (0,1) and the intervals of in-
crease are (—1,0) U (1, +00). By the first derivative test, the function has local minima

sign of /'(x) - + - +

behavior of f(x)

Figure 4.3.4: Signs of f' (x) and behaviors of f(x).
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atx =1and x = -1 and a local maximum at x = 0. The local maximum value is f(0) = 0.
The local minimum values are the same. We have

Example 4.3.3. Show that ¢* > 1+ x whenever x # 0.
Proof. Letf(t)=e' —t—1. Then f'(t) = e! — 1, which means that

£ <0, whent<O
>0, whent>0.

Case 1: When ¢ < 0, f(t) is strictly decreasing on the interval [x, 0]. Hence, f(x) >
f(0) and this implies * > 1 + x.

Case 2: When t > 0, f(t) is strictly increasing on the interval [0, x]. This means that
f(0)<f(x),soe* >1+x.

Hence, whenever x # 0, we have ¥ > 1+ x. O

4.4 Extended mean value theorem and the L’Hopital rules

4.4.1 Extended mean value theorem

There is an extension of the mean value theorem, which is sometimes called Cauchy’s
extended mean value theorem. This theorem deals with two differentiable functions
f(x) and g(x). If we set g(x) = x, then Cauchy’s theorem reduces to the mean value
theorem.

Theorem 4.4.1 (Cauchy). Iff and g are continuous on [a, b] and differentiable on (a, b)
and g' (x) # 0, when x € (a, b), then there is at least one number c € (a, b) for which

fb)~f@ _f'©)
gb)-g@ g’

where c € (a, b).

Proof. Let

h(x) = (f(b) - f(a))g(x) - (g(b) — g(a))f (X).

Then

h(a) = (f(b) - f(a))g(a) - (g(b) - g(a))f (a)
=f(b)g(a) - f(a)g(b),

h(b) = (f(b) - f(a))g(b) - (g(b) - g(a))f (b)
=—f(a)g(b) + g(a)f (b),
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so h(a) = h(b). Since h(x) is also continuous on [a, b] and differentiable on (a, b), by
Rolle’s theorem, there is at least one point ¢ € (a, b) such that h’(c) = 0. This means

h (Oly—c = (f(b) - f(a))g' (0) - (g(b) - g(@)f' %), _.
= (f(b) - f(@)g' (c) - (g(b) —g(@))f'(c) = 0.

Therefore,

(f(b) - f(a))g' (c) = (g(b) - g(@)f'(c),
SO

fb)-f(@) _f'(c)

eb)—g@ g rerece@b). -

Example 4.4.1. Let b > a > 0. The function f(x) is continuous on [a, b] and differen-
tiable on (a, b). Prove that there exists a number c € (a, b) such that 2c(f(b) — f(a)) =
(b* - a>f'(c).

Proof. The desired result is equivalent to

fb)-f(a) _f'(C).

b? - a? 2c

This gives hints to use the extended mean value theorem on [a, b] by introducing an-
other function g(x) = x2. By this theorem, there is a number c such that

fb)-f@ _f'(©)
gb)-gla) g'(c)

Notice that g(b) = b?, g(a) = a?, and g’ (c) = 2c. This completes the proof. O

Example 4.4.2. Assume a function f(x) is twice differentiable on an interval I con-
taining a. Let

R(x)=f(x) - f(a) - f'(a)(x — @)
for all x € I. Show that there is a number &, between a and x, such that

n
R(x) = ]ﬁ(x —a)’.
2
Proof. Letg(t) = (t—a)?. We first notice that R(a) = 0, g(a) = 0. We now apply Cauchy’s
theorem with two functions R(t) and g(t) on the interval [a, x] (assume x > a without
loss of generality). Then there is a number (this time we denote this number by &

instead of c) such that

R(X) _R(X)-R@) _R'()
gx) g-gl@ g'¢&)
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Since R’ (a) = 0 and g'(a) = 0, we apply Cauchy’s theorem again, this time with func-
tions R’ (t) and g’ (t), on the interval [a, £;]. We will have a number ¢ between ¢, and a
(of course, this number ¢ is also between x and a) such that

R'(G) _RG)-R@ _R"®)
g g'E&)-g'@ g"Eé)’

Therefore, the above equations imply

R0) _R"(@)
gx) g"(©&)

Notice that g” (x) =2 and R" (x) = f" (x). Then we obtain

RO _f"(§)

for some ¢ between a and x.

for some ¢ between a and x.

g 2
Because g(x) = (x — a)?, we have R(x) = @(x — a)’ for some number ¢ between a
and x. This completes the proof. O

NOTE. This example gives the error when using linear approximation.

We will use Cauchy’s theorem to prove the famous L’Hopital rule for finding limits
of indeterminate forms. We first introduce the indeterminate forms.

4.4.2 The indeterminate forms %, 00 — 00, ;—'g, and 0 x co

4.4.2.1 The % indeterminate form
The function

e* —cosx

fx)=

is undefined at x = 0, but we would still like to know how f behaves near 0 and, in
particular, the value of the limit

. e*—cosx
lim ———.
x—0 X

In computing this limit, we cannot apply the law that “the limit of a quotient is the
quotient of the limits”, because the limit of the denominator is 0. In fact, the limit
exists but its value is not obvious because both the numerator and the denominator
approach 0 and % is not defined. This is an example of a (9) indeterminate form. In
Chapter 2 we used a geometric argument to show thatlim,_, s"% =1, but the methods
used in that proof cannot be adapted to a limit of this kind.
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Definition 4.4.1. If f(x) —» 0 and g(x) —» 0 as x — a, then f (X) isa g 9 indeterminate
formasx — a.

In general, if g(x) isa g indeterminate form as x — a, then lim,_,, % may or
may not exist. In the theorem below, we introduce a systematic method, known as

L’Hopital’s rule, that in some cases enables us to find the value of a limit of this kind.

Theorem 4.4.2 (UHo6pital’s rule 0) Suppose that f and g are differentiable on some

interval containing a except possibly at x = a, g' (x) # O on that interval, and fe9 200 Lisa 9

indeterminate form as x — a. If the limit of the ratio of the derivatives satisfies

!
im f0 =L, whereLis finite or + co,
x—a g'(x)
then
i £ _ i 100

x—a g(x) x—»a g (x)

Proof. Since neither the value of f(x) nor the value of g(x) at the point x = a affects

the value of lim,_,, g&; , we can define f(a) = g(a) = 0, without changing the value of

limx_m g(x) By Cauchy’s theorem,

llmf() lim f0)-f(a) —lim f'(c)
x—a g(x) Hag(X) gla) x—ag'(c)

where c is a point, dependent on x, somewhere between a and x. As x — a, ¢ must
approach a, so we have

nf® o fO-f@ . O O 00

O
ng(X) Hzg(X) gla) x—ag'(c) coag'(c) x—ag'(x)

NOTE. The rule is named after the seventeenth-century French mathematician Guil-
laume de I’'Hopital (also written ’'Hospital), who published the rule in his 1696 book
Analyse des Infiniment Petits pour Intelligence des Lignes Courbes (Analysis of the In-
finitely Small for the Understanding of Curved Lines), the first textbook on differential
calculus. However, it is believed that the rule was discovered by the Swiss mathemati-
cian Johann Bernoulli. http://en.wikipedia.org/wiki/L%27H0pital%27s_rule

NOTES. 1. This theorem could also be extended to the case where a = +co.

1 2gip L
2. Iflim g,g‘(; does not exist, the rule will fail. A counterexample is lim,_,, %.

Example 4.4.3. Find lim,_,, =% ln(l“‘)
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Solution. Since lim, ,;In(1+x)=In1=0 and lim,_,; x = 0, we can apply L'Hopital’s
rule to obtain

!
lim In(1+ x) lim (In(1+x)) lim 1/(1+x) lim 1 1
x—0 X x—0 x)! x—0 1 x—-01+x
Example 4.4.4. Use L'Hopital’s rule to show that lim,_, % =1.

Solution. Since sinx/xisa g indeterminate form as x — 0, we apply L'Hopital’s rule
to obtain

. N
. sinx . (sinx . COSX ..
lim = lim ( ) =lim —— =limcosx=1.
x—0 X x—0 (X)’ x—0 1 x—0
Example 4.4.5. Prove
. Xxsinx
lim > =1
x=01-—e™X*

Solution. The function i‘S‘% isa % indeterminate form as x — 0, so we may apply

L’Hopital’s rule to evaluate this limit as follows:

. xsinx . (xsinx)! ,. sinx+xcosx
lim s =lim ———— =lim ——————~
x=20]1-eX x-0(1-eX) x20  2xeX

However,

sinx +xcosx
e

is still a g indeterminate form as x — 0, so we must apply L’Ho6pital’s rule again to
obtain
xsinx . (sinx +xcosx)’ _ ki 2cosx —xsinx 2

lim > = lim , = 5 > =-=1
x=0]—eX x=0  (xe ™) x=02e™X" —4x2e X" 2

The co — oo indeterminate form

If f(x) — oo and g(x) — oo as x — a, then lim_,,(f(x) — g(x)) has an co — co indeter-
minate form, since co — co is undefined. In the next example we show that this limit
can sometimes be evaluated using I’Hopital’s rule.

Example 4.4.6. Use L’Hopital’s rule to show that

. 1 1
lim (— - —) = +00.
x—0+\x2  sinx
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Solution. The function i - ﬁ 1s an oo — oo indeterminate form as x — 0*. It can
be written as a fraction Wthh isag 9 indeterminate form as x — 0* by finding a com-

mon denominator as follows:

1 1 sinx-x
x2 sinx  x?sinx
Applying U’Hopital’s rule, we obtain

. sinx-x? CosX —2x
= lim >=— >

im —M—
x—0" X2Sinx  x—0* 2XSiNX + X2COSX

lim <— -— ,
x=0"\x2  sinx

because, as x — 0%, the numerator approaches 1 and the denominator is positive and
approaches 0.

The 0 x co indeterminate form

If f(x) — oo and g(x) — 0 as x — a, then f(x)g(x) = f(x) x g(x) as x — oo is also an
indeterminate form, since 0 x co is undefined. In the next example, we show that this
limit can sometimes be evaluated using L’Hopital’s rule.

Example 4.4.7. Evaluate the limit

. 1
lim x arctan( - )
X

X—00

Solution. This function has an oo x 0 indeterminate form as x — co. We can convert
it to a form suitable for LHopital’s rule by rewriting the limit as

1 1

arctan - . arctant 12

im —X =lim =lim &

X—00 L t—0 t t—>0 1
X

=1

The 22 indeterminate form

Iff (x) — oo and g(x) — oo as x — a, then L E") is of an 2 2 indeterminate form as x — a,
since 2 is also undefined. The next theorem says that this limit can sometimes be
evaluated using the same process as L'HoOpital’s rule. The proof of the theorem is not

given here.

Theorem 4.4.3. Assume that f and g are differentiable on some interval containing a
(except possibly at a), g' (x) + 0 on that interval, and % is an % indeterminate form
as x — a. If the limit of the ratio of the derivatives satisfies
!
m
x—a g’ (x

=L, where Lis finite or + oo,

then

lmjﬂzlimf’(x) =
x—ag(x) x—ag'(x)
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NOTE. This theorem could also be extended to the case where a = +oo.

Example 4.4.8. Use L'Hopital’s rule to evaluate the limit

lim ln_x

X—00 X

Solution. We have

[=1=

lim ln_x = lim £ =0.

xX—o00 X x—oo 1

Example 4.4.9. Evaluate lim,_ . xInx.

Solution. The function x1n x is an oo - 0 indeterminate form as x — 0%, but if we write

itasxlnx = me’ itis now an % indeterminate form as x — 0*. Hence,
X

lim xIlnx = lim lnTx = lim L/x = lim (-x) =0.
x—0* x—0* H x—0* —1/)(2 x—0*

The 0°, c0?, and 1 indeterminate forms
If f(x) > 0, g(x) > 0, h(x) — oo, and k(x) — 1as x — a, then f(x)5% is a 0° indetermi-
nate form as x — a, h(x)8" is an co® indeterminate form as x — a, and k(x)"® is a 1°
indeterminate form as x — a, since 0%, c°, and 1% are all undefined.

The limits of the functions defining these three indeterminate forms may or may
not exist as x — a, but can sometimes be evaluated using L’'Hopital’s rule. Expressions
like f(x)$" where f(x) > O can be written as

F(x)8) = @80Inf(0),
If we can show, perhaps with the use of I’Hopital’s rule, that
)1(13(11 g)Inf(x) =L, where L is finite,
then
lim f(x)8® = lim esWnf(0) = oL

X—a X—a

The last equality holds because the exponential function is continuous.
Example 4.4.10. Show that lim, . x* =1.

Solution. The function x* is a 0° indeterminate form as x — 0*. Using the result of
Example 4.4.9, we have

x—0* x—0*

Another strategy is to set y = f(x)¥* and take logarithms of both sides, Iny =
g(x)Inf(x), as in the next example.
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Example 4.4.11. Show that, for any real number c,

X
lim <1+ E) =e-.

X—00 X

Solution. The function (1 + 5)" is a 1% indeterminate form as x — co. Setting y =
1+ %)X and taking the natural logarithm of both sides gives

1ny=xln<1+ E).
bs

As x — 00, the expression on the right is an co - 0 indeterminate form, that we convert
toa g indeterminate form as follows:

lim Iny = lim xln<1+ E)

X—00 X—00
. In(1+3)
= lim I —
X—00 =
X
1 c 1
—(-5 c
(1+5)( XZ) . 1+%)
= : = lim —~— =c.
X—00 - X—00 1
X

Hence,

Cc X
hm <1+—) = hm y= hm elny:ec.

X—00 X X—00 X—00

Example 4.4.12. Show that, for any real number c,

X
lim (1 + 9) -1
x—0 X

Solution. The function (1 + %)X is an co? indeterminate form as x — 0. Following the
method of the previous example, sety = (1+ g)" and take the natural logarithm of both
sides to obtain

1ny=x1n<1+ E).
X

The expression on the right is a 0 - co indeterminate form as x — 0, so, using the
method of Example 4.4.9, we find

. ) c\ ... In+9)
limlny = 11mxln(1+ —) = lim ——*
x—0 x—0 X x—0 X

1 [o
w5

x—0 _1

x2

Hence,

. c\* .. .
hm(l + —) =limy=lime™ =e® =1.
x—0 X x—0 x—0
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4.5 Taylor’s theorem

4.5.1 The error analysis for the linear approximation

In the previous chapter, we saw that the tangent line approximation, or the lineariza-
tion for a differentiable function f(x) at x = a, is

fo) =f(a)+f'(a)(x - a). (4.2)

If we denote the difference between the function and its linearization at x = a by R(x),
we have

fo)=f@+f"(a)(x-a)+R(x), or
R(x) =f() - f(a) - f'(a)(x - a).

Because

tim RX _ i fOO-f(@ - f(@)(x - a)
X—max—a x—a X—-a

fX) f(a) fla)] =

X—»a

R(x) is negligible with respect to x — a when x — a. Using the small o notation, we have
R(x) = o(x — a). Therefore,

foo) =f(a)+f"(a@)(x - a)+o(x - a). (4.3)

This gives some basic information — even though we do not know the exact error,
we know that the error would be much smaller than Ax = x — a. This agrees with our
intuition that, as x approaches a, the error in a linear approximation approaches zero.

The exact error was given by Example 4.4.2, where we found

f”({)

R(x)=22(x-a)?* forsome & between a and x.

This means that, for some ¢ between a and x,

f”(€)

f)=f(a)+f (@K -a) + —>>(x - a)’. (4.4)

Observe that

Let 6 = f:_;g and & = a + 6(x — a). Then the exact error when we use the tangent line
approximation can also be written

f"(a+6(x-a))

R(x) = >

(x—a)?> for some 6 between 0 and 1.
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Therefore, for some 6 between 0 and 1,

f"(a+6(x-a))

5 (x-a)* (4.5)

f)=f(a)+f (@) (x-a)+
Example 4.5.1. Estimate the error if we use the linearization at x = O to approximate
the number sin(0.02).

Solution. The derivative of sinx at x = 0 is 1 and the tangent line to sinx at x =0 is
f(x) =x. The error is given by

—sin(0 + 6x)

> (X—0)2|, 0<6<1.

[sinx — x| = |
The tangent line estimate of sin 0.02 is 0.02, so the error bound is

(0.02-0)2

s 02
|sin(0.02) - 0.02] = ’w

1
< 3% 0.022 = 0.0002.

NOTE. Using a calculator, to nine decimal places, the value of sin 0.02is 0.019 998 667.
The error is therefore

[0.019998 667 — 0.02| = 0.000 0001333 < 0.0002.

4.5.2 The quadratic approximation

Now, let us look at Figure 4.5.1, showing a linear and a “curved” approximation to e*
at x = 0. Which one is a better approximation? The “curved” approximation is clearly
better. But why is it better? And how do we find such a “curved” approximation?

Figure 4.5.1: Linear and quadratic approximation to y = e* at x = 0.
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If we think about two runners running along a straight line, they may start from the
same position with the same initial velocity, but will they always have the same po-
sition? They will initially, but perhaps not for very long because their accelerations
may be different! The second derivative makes an important difference in their posi-
tions. Now think about a quadratic curve P(x) = ¢y + ¢;(x — a) + ¢, (x — a)? which meets
a twice differentiable function f(x) at the point x = a. Assume that, at this point, the
two curves have the same slope (first derivative) and the same second derivative. We
summarize this information as follows:

f(x) meets P(x)atx=a, f(a)=P(a)

they have the same slope atx=a, f'(a) =P’ (a),

they have the same second derivative at x =a, f"(a)=P" (a).
On the other hand, if P(x) = ¢, + ¢,(x — @) + ¢,(x — a)?, then
P(@)=c,, P'(a)=c¢;, and P"(a)=2c,.
Therefore, the coefficients of P(x) are

“f@ o=@ and ¢=""2

Thus, the quadratic curve which approximates f(x) must be

f" (a)

(x-a)?

PX)=f(a)+f"(@)(x-a) + ——
and

f”( )(X a)?. (4.6)

f)=f(a)+f (@)(x-a)+

Example 4.5.2. Find the quadratic approximation for f(x) =lnx ata=1.

Solution. First compute the coefficients of the quadratic polynomial as follows:

f)=In1=0, f’(1)=)l( “1, frM)=-—] =-1

x=1 X" Ix=1
The quadratic approximation is given by
P(x)=0+1(x-1) - %(x— 1)?
and then
1 2
fO)=0+1(x-1)- E(X—l) .

Figure 4.5.2 shows the linear and quadratic approximation for f(x) =Inx at x = 1.



212 —— 4 Applications of the derivative

In(x)

quadratic

Figure 4.5.2: Linear and quadratic approximation to y = Inx at x=1.

Error analysis with a quadratic approximation
As for the error analysis with a quadratic approximation, we assume that f(x) is twice
differentiable on an interval I containing a and that f (x) is continuous at x = a. Again
we let R(x) = f(x) — P(x), that is, f(x) = P(x) + R(x). Then

f "( )

foO=f@+f"(@x-a) + ——(x-a)?’+RX).

Now we evaluate the following limit by using L'Hopital’s rule. We have

i RO 00— f@ - f @0 -a) - @) (x _ g)?
im ——— =1lim
X—a (X a) X—a (X a)2
i [ O =@ - " (@ -a)
x—a 2(x-a)
L0 - f”(a) o,

The last equality holds because f” (x) is continuous at x = a. The fact that the limit is 0
means R(x) is negligible with respect to (x — a)?. Thus, R(x) = o((x — a)?). Therefore,
_ ) f ”( ) 2 2
foO=f@@+f"(@x-a)+—(x-a)’ +o(x -a)’). (4.7)
This agrees with our intuition that, near x = a, a quadratic approximation is better
than a linear approximation.

To find the exact error, we assume f can be differentiated at least three times on 1.
We use a similar argument as used for linear approximation, but this time we apply
the extended value theorem three time with functions R(x) and g(x) = (x — a)*, R’ (x)
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and g’ (x), and R" (x) and g"’ (x), respectively, to obtain

R -Ra) _R'(&)
gx)-gla g'()
R'(§)-R'(@) _ R"(&)
g'G)-g'"(@ g"(&)
RII(£2) —R”(a) B RIII({)
gn({z) _gn(a) - gul({)

for some &; between a and x,

for some &, between a and ¢,

for some & between a and ¢&,.
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Now evaluating R(a), g(a), R (a), g'(a), R" (a), and g" (a) (all of them are zeros and

g" (x) =3!), the above equations give
B fIII (é’) 3
R(x) = T(X —a)® forsome & between a and x.

Thus, for some & between a and x, we have

// n
F00 =f(@) +f' (@)(x - a)+f Jix—ap+L (*(’(x @,

As shown in the previous section, we have

f"(a+0(x-a))

3 (x—a)® for some O between 0 and 1.

R(x) =

Then we have

1@ g L0 Bx- )

3 (x-a).

f@+f@x-a)+—
Example 4.5.3. Estimate the error in approximating e%°? when:
1. using a linear approximation at x = 0;
2. using a quadratic approximation at x = 0.

(4.8)

(4.9)

Solution. Let f(x) = e*. Then f(0) =1, f'(0) =1, and f" (0) = 1, so the tangent line to

e* at x =0 is P;(x) = 1+ x. The quadratic approximation is

1
P(x)=1+x+ Exz.

The error for the linear approximation is given by

0+6x
0<0<1,

|e"—(1+x)|=R(x)=|e -0,

SO

0+6x0.02

1€992 _ (1 +0.02)| = R(0.02) = ’e
27

(0.02 - 0)2‘

< (0 02)? < =22 % (0.02)% = 0.000 544.
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When using a quadratic approximation, the error is given by

0+6x

|e"—(1+x+x?2)|:R(x)=|e (x—0)3|, 0<6<1,

SO

6x0.02

0.022 e

|e°~02 _ (1 1 0.02+ )| = R(0.02) = |

272
< —

(0.02— 0)3|
% (0.02)% < 0.0000036267.

This confirms algebraically that the quadratic approximation is better than the linear
one in this situation when x = a.

4.5.3 Taylor’s theorem

The ideas discussed above could easily be extended in order to approximate a function
with a polynomial of degree n, for some positive integer n, assuming that the function
has an nth derivative. That is, we try an nth degree polynomial approximation to f(x)
at x = a of the form

Px)=cy+ci(x—a) +c2(x—a)2 ot —a)™.

We attempt to make sure that the approximation to f(x) is accurate by choosing the
coefficients c; so that the derivatives of f(x) and P(x) are the same at x = a. That is, we
require

P(a)=f(a), P'(a)=f"(a), P"(a)=f"(a), ..., P™(a)=f"(a).

That means P®(a) = f®(a) for k = 0,1,2,...,n. Under these assumptions, by substi-
tuting x = a in the approximation and then differentiating P(x) repeatedly and substi-

tuting a for x each time, it is easy to show that the coefficients are ¢, = f(a), ¢; = £ 1(,“),

Cy= L 2, ), ...,and in general Cp = i (“) ,fork=0,1,2,...,n. Hence, the required approx-

imating polynomial is

f(a

P,(x)=f(a) + ——(x - x-aP+-+——(x-a)"

" (n)

) f1@ ARG
2! n!

and this polynomial is called the nth degree Taylor polynomial of f centered at a.
Similar to the linear and quadratic approximation, we have the following useful

theorem.

Theorem 4.5.1 (Taylor’s theorem). Iff(x) has (n+1)th order derivatives in some inter-
val I containing a, then, for any x in this interval,

f(0) =P,(x) + R, (x),
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Brook Taylor FRS (1685-1731) was an English mathematician who is best known for Taylor’s theorem
and the Taylor series. The concept of a Taylor series was discovered by the Scottish mathematician
James Gregory and formally introduced by the English mathematician Brook Taylor in 1715. http://en.
wikipedia.org/wiki/Brook_Taylor

where the Taylor polynomial of degree n, P,(x), is

(n)
P =f@)+ Doy Dy ST @ a0)
and the remainder term R, (x) is given by
f(n+l)(c) el
R,(X)=———(x-a) for some c between a and x, (4.11)
(n+1)!
R,(x) = o((x — a)"), (4.12)
or
(n+1) _
R,(x) = fa+ 60— a) (x—a)™! for some 8 between 0 and 1 (4.13)

(n+1)!

(the value of 0 depends on the values of x, a, and n).

Proof. This theorem can easily be proved by replicating the proofs that we have given
forn=1and n=2. O

The remainder R, (x) of the form R, (x) = o((x — a)") is called the Peano remainder,
while R, (x) = [ @ +1), 9 (x — q)"*! is called the Lagrange remainder. It gives the difference
between the function f(x) and its Taylor polynomial of degree n centered at a. If we

get an upper bound M for f*(c), then an error bound is given by

(n+1)
f © -yt « — M _ g, (4.14)

IR0 = +1)! (n+1)!

Example 4.5.4. Find the Taylor polynomial of degree 4 centered at x = 1 for f(x) = vx
and use it to estimate V1.5.

Solution. We first compute the coefficients for this Taylor polynomial. We have

1 3

5, fII(X):_%X—E) fIII(X

N\u‘!

fo=vx, f'0)=

NIH
oolw

and f (x) = —I—SX‘E Therefore,

_ ! _1 " __1 " =§ (4) Z_E
f=1, f(l)—z» 1= " " e and f*™(1) %
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The Taylor polynomial of degree 4 centered at x =1 of f(x) = €* is then given by
1 -1 3 _5
1 2y Ay 124 By 13 . 16 1\4
P,x)=1+ 1(x 1)+ 2 (x-1) +3!(x 1° + 2 x-1
x-1) B 1

1 5
S(x=12+ —(x-13 - = (x- 14
I AR TR T

=1+
Hence,

f(1.5) = P,(1.5)
2 3 4
_y, 5D (5-17 (15-1° 5(15-1)

2 8 16 128
=1.2241.

To estimate the error, we differentiate f*)(x) again to obtain

[NTI)

105
G (x) = 92 ,-3
2 (x) 32

Then
105 -2
Z21+0(x-1))"2
R (x :| 32 Y — 1)+
|R, ()] G x-1
= %(1+9(X—1))_%(X—1)5|, 0<6<1,
X D!
. T
32 x5!
o)
|R,(15)| = 10—5|1.5 -1 <8.545x107%.
32 x5!

Figure 4.5.3 shows the graphs of +/x and its Taylor polynomial of degree 4 centered at
x = 1. The value of V1.5 given by a TI-89 graphing calculator is 1.224 744 87139 and

1122411224744 87139 = 6.449 x 10™* < 8.545 x 1074,

=Y

[\S]
w

Figure 4.5.3: Graphs of y = v/x and its Taylor polynomial of degree 4 at x = 1.
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To compare with the linear and quadratic approximations, we compute

P,(1.05) = (15 1) =125
2 s
and
P105)=1+ 227D L5 gl _ygs.
2 8 x=15

Obviously, the corresponding errors are larger.

NOTES. 1. Taylor’s theorem is sometimes called Taylor’s formula or Taylor’s expan-
sion.

2. It can be shown that the remainder R, (x) — 0 as n — oo for most infinitely differ-
entiable functions. This implies that we can make the approximation as good as
we want by using a Taylor polynomial for f of sufficiently large degree.

Maclaurin’s formula
When a = 0, Taylor’s theorem becomes simply

(n
fx)= f(0)+f (O) @x2+ i o x +R,(x), (4.15)
(n+1)
R,(x) = %x”*l, where 0<6<1, (4.16)

where 0 is a number depending on the values of x and n. This is given a special name:
the Maclaurin formula or Maclaurin expansion.
Using the small o notation, we write the remainder of the Maclaurin formula as

_ f(n+1)(9X) n+l _ n
Rn = WX = O(X ) (4.17)

Example 4.5.5. Find the Maclaurin formula for the function f(x) = ¢ and compute
the error in using the 11 terms of the polynomial (n = 10) to approximate e.

Solution. Since f(x)=f'(x) = --- = f™(x) = e, we have

f0)=f"(0)=f"(0) = - =f™(0) =1,
so the Maclaurin expansion for f is

2 3 n Ox

X~ x X e
e"-1+x+—+—+~--+—+—x"+1, where 0 <6< 1.

21 3! n  (n+1)!

The nth degree polynomial approximation for e* is
2,3

R TS T S
20 3! n!
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and the error (remainder) for this approximation satisfies

e*
(n+1)!

n+1

IR, ()] = x|

| eex
X
(n+1)!

When x =1 and n = 10, we obtain the following approximation for the transcendental

number e:
1 1 1 1 1 1 1

+—+
20 31 4 51 6 7! 8 9! 10!
=~ 2.7182818.

The error |R, | satisfies
e
IR,| < —1"1 <1077,
11!

Figure 4.5.4 shows the graphs of y = e¥ and some of its Taylor polynomials.

Figure 4.5.4: Graphs of y = €* and its Taylor polynomial of degree 1, 2, 3 and 5.

In a similar manner, we can find more Maclaurin expansions, such as

30,5 7 2n-1
sinx=x-—+X X Lyt +Ry,,
3t 5 7! @n-1n! "
2 4 6 2n
cosx:l——+x——x—+--~+(—1)"x +Rynit>
20 4 6 (2n)! m
2 .3
1
In1+x)=x->+% .4 ()" Zx"+R,, and
2 3 n "
-1
(1+x)“:1+ax+mx2+--~
1) (a- 1
+a(a ) (a n+)x"+R

n! "

This of course leads to some useful approximations, such as

2

3+o(x*) and cosx:l—%+o(x3).

. 1
sinx=x- —x
3!
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n=s\ T n=10

~ - ~ ~~ ~

s s ~,‘ Nz
Adnl 2n b 47 sinx

Figure 4.5.5: Graphs of y = sinx and its Taylor polynomial of degree 5 and 10.

Figure 4.5.5 shows graphs of y = sinx and its Taylor polynomial of degree 5 and 10.
These approximations can also be useful when evaluating limits.

sinx—x cosx
sin® x

Example 4.5.6. Find lim,_,,

Solution. Since
3 3
) be x
smx:x—§+o(x4), xcosx:x—5+o(x4),

3

and sin®x ~ x3 as x — 0, we have

. X 4 x? 3
. sinx-xcosx .. X-3F+ox')-x[1-3 +o0(x’)]
lim —3 = lim ! : !
x—0 sSin” x x—0 X
. P+ 1
=lim 22— ==,
x—0 x3 3

4.6 Concave functions and the second derivative test

4.6.1 Concave functions

The sign of the first derivative gives information as regards monotonicity. Fig-
ure 4.6.1(a) and Figure 4.6.1 (b) show the graphs of two increasing functions on (a, b)
and both graphs join point A to point B. They look different because the first bends
upward on [a, b] and the second bends downward on [a, b]. Both functions have posi-

y [ y B
B
A A
a b X a b X
(a) Concave up (b) Concave down

Figure 4.6.1: Concave up and concave down functions.
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tive first derivatives on the interval (a, b). The graph of the function f in Figure 4.6.1 (a)
is said to be concave up on (a, b) and the graph of the function g in Figure 4.6.1(b) is
said to be concave down on (a, b).

As seen in Figure 4.6.2 (), if the graph is concave up on [a, b], then, for any two
points x; and x, in [a, b], the chord connecting them must lie above the curve. If the
graph is concave down, then the chord connecting any two points must lie below the
curve. The formal definition of concavity is given below.

y=1(x) Y
/l/
£ /0 1) e
x i x xi - x:
2 2
(a) Concave up (b) Concave down

Figure 4.6.2: Concave up/down graphs and their chords.

Definition 4.6.1. Suppose f(x) is continuous on I and, for any two values a # b € I,
we have

f<a;b)<f(a)zf(b)_

Then f(x) is concave up on 1. Similarly, if, for any two valuesa # b € I,

f<a;b)>f(a);f(b),

then f(x) is concave down on 1.

In Figure 4.6.3 (a), the graph is concave up. Observe that the tangent lines lie below
the curve f and their slopes increase as x increases. That means the derivative f'(x) is
increasing and therefore the derivative of f' (x) must be positive, i.e., f" (x) > 0.

y [ y

1 7

(a) Concave up (b) Concave down

a b X

Figure 4.6.3: Concave up/down graphs and their tangents.
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In Figure 4.6.3 (b), observe that the tangent lines lie above the curve f and their
slopes decrease as x increases. That means the derivative f' (x) is decreasing and there-
fore the derivative of ' (x) must be negative, i.e., f" (x) < 0. The following theorem tells
us that, if a function is twice differentiable on an interval, then, indeed, we can use its
second derivative to determine its concavity.

Theorem 4.6.1. Suppose f(x) is a twice differentiable function defined on an interval 1.
Then:

1. iff"(x) >0, then f(x) is concave up onI;

2. iff"(x) <0, then f(x) is concave down on 1.

Proof. Suppose that a, b are any two points in I and a < b. Apply Taylor’s theorem to
f(x) at the point x = %b to obtain

oo =150 )er (452)e 250 ) 5 (- 5P

where ¢ depends on x.
Now evaluating f at x = a and x = b, respectively, we have

(5255 530)- 2]
<a+b>+f <a+b)< . >+f"2(!§1)<a;b)2,
) (25 252) G
" 2
~f a§b>+f(a§b)( )50
Notice that (%32) + (%5%) = 0, s0 if we add f () and f (b) we obtain
flssin-a(*52) S5 ()
Iff" (x) > 0 for every value of x in I, then f"' (&) and f" (£,) are both greater than 0,
S0
f(a)+f(b)>2f<a+b)
This means
f(azb><f(a);f(b).

Then, by the definition of concave up, we conclude that f(x) is concave up on I.
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If f" (x) < 0, similar arguments lead to

f<a42rb> S f(a);f(b)

for every point a and b in 1, so f(x) is concave down on I. This completes the proof. [

NOTE. If the function f(x) is twice differentiable on I and concave up, then it can be
shown that the graph of the function lies above the tangent line at each point x = a
in I, as shown in Figure 4.6.3 (a). In fact, by Taylor’s theorem, we have

F0) =f(@ +f (@ -a) +’¥(x-a)2.

If f" (x) > 0 for every value of x in I, then f"' (£) > 0, so f(x) > f(a) + f' (a)(x — a), which
means the graph of f(x) is above the line y = f(a) + f' (a)(x — a), which is exactly the
line tangent to the graph of f(x) at x = a. Similarly, if f"(x) < 0 for all x in I, then
fx) < f'(a)+f'(a)(x-a). Therefore, the tangent line at x = a is below the graph of f (x).

NOTE. A more general definition of concavity is as follows. Given any points x; <

X, < --- < X, in I'and any positive numbers 0 < A; <A, < --- <A, <1with Y A =1,

if FOLAx) < XL Af(x), then f(x) is said to be concave up on L If f(31L, A;x;) >
1 Af (x;), then f(x) is said to be concave down on L.

Now, what happens if f” (x) is 0 or f” (x) does not exist at a point? The answer is
that the function may change its concavity there. We give the following definition.

Definition 4.6.2. A point (c,f(c)) on the graph of f is an inflection point (or point of
inflection) of f if f changes its concavity there.

If (c,f(c)) is an inflection point, then there is an interval a < ¢ < b such that either
f(x)is concave up on (a, c) and concave down on (c, b), or f(x) is concave down on (a, c)
and concave up on (c, b). If the function is twice differentiable, then there is also an
interval a < ¢ < b such that f" (x) exists and has a constant sign on (g, ¢) (either positive
or negative) and f" (x) exists and has the opposite constant sign on the interval (c, b).
This implies that either f” (¢) = 0 and that f is concave up on one of the intervals, (a, ¢)
or (¢, b), and concave down on the other interval. The second derivative does not have
to exist at ¢ in order for it to be an inflection point.

Example 4.6.1. Determine the intervals on which f(x) = x> is concave up or concave
down and locate any inflection points.

Solution. In order to use the concavity test, we calculate

flx)=3x* and f"(x)=6x.
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We see that, on the interval (0,+00), f”(x) > 0, so f is concave up. On the interval
(-00,0), f""(x) < 0, so f is concave down. It follows that, at the junction of these two
intervals, x = 0, the point (0,f(0)) = (0,0) on the graph is an inflection point (note also
that f" (0) = 0 at this point). A sign and behavior diagram is shown in Figure 4.6.4.

sign of f"(x) - +

behavior of f(x)

inflection point

Figure 4.6.4: Sign of f” (x) and behavior of f(x).

Example 4.6.2. Determine the intervals on which
fx)=3x* -4 +1
is concave up and concave down and locate all of its inflection points.

Solution. We calculate f’(x) = 12x> — 12x? and " (x) = 36x? — 24x = 36x(x — %). Hence,
" (x) >0 when x < 0 and when x > % On these two intervals, f(x) is concave up. Sim-
ilarly, f" (x) < 0 when 0 < x < % and on this interval f(x) is concave down. Since f(x)
changes its concavity at the point x = 0 (Wherey =1)and at x = % (wherey = %), thein-
flection points are (0,1) and (%, ;—;). For reference, we show the graph of y = 3x* —4x3 +1
in Figure 4.6.5.

Figure 4.6.5: Graph of f(x) = 3x* — 4x> + 1.

NOTE. If f(x) is twice differentiable and (c,f(c)) is an inflection point, then " (c) = 0.
However, the converse may not be true, as the next example shows.

Example 4.6.3. Find all inflection points on the graph of y = x*.
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yA

" ]

Figure 4.6.6: Graph of y = x*.

Solution. y' = 4x3 and y" = 12x?, so y" = 0 when x = 0. However, we see that y is
defined for all values of x and it does not change sign at x = 0 or any other value of x.
The function f(x) = x* does not have any points of inflection, even though f” (0) = 0.
In fact, the curve is concave up for all values of x, as shown in Figure 4.6.6.

NOTE. For some functions f(x), an inflection point (c,f(c)) occurs at x = ¢ where f" (¢)
does not exist, as in the next example.

Example 4.6.4. Locate any inflection points on the graph of the function
y =3
Solution. The function is continuous on (-oo, +00). When x # 0, we have

y' = ! and y'=- 25.
3x 9x3

win

Observe that y'’ (0) does not exist, but y” changes from being positive when x < 0 to
being negative when x > 0. Hence the graph changes from concave up to concave down
atx =0, so (0,0) is a point of inflection. The graph of y = /x is shown in Figure 4.6.7.

Figure 4.6.7: Graph of y = /x.
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4.6.2 The second derivative test

Now we show another way to determine the nature of a critical point. For a twice dif-
ferentiable function f(x), if f'(a) = 0, we want to determine the nature of the point
(a,f(a)). If, in addition, we have ' (a) > 0, then we can imagine that there is a neigh-
borhood of x = a such that, on this interval, f(x) is concave up, but x = a is the turning
point on that interval, so it would be a local minimum. If, on the other hand, f" (a) < 0,
then f(x) is concave down on a small interval containing a and we would believe that
f(x) reaches a local maximum at x = a.
In fact, we have the following theorem.

Theorem 4.6.2 (Second derivative test). Iff(x) has a continuous second derivative and
f'(a) =0, then:

1. iff"(a) > 0, then f(x) has a local minimum at x = a;

2. iff"(a) <0, then f(x) has a local maximum at x = a.

Proof. First, we notice that, if f (x) is continuous and " (a) > 0, there is a small in-
terval I containing a, where f" (x) > 0 for each x € I. On the other hand, the Taylor
expansion at x = a for f(x) is for some ¢ depending on x and a. We have

f”(cf)

(x-a)? forxel.

foO=f@+f"(@x-a)+—>

Since f’ (a) = 0, this becomes

f”(é’)

fOo=f(a)+ (x-a)’.

By assumption, f" (x) > 0 for each x €I, so f"' (£) > 0. Therefore,
f(x)>f(a) foreachxeR,

so f(a) is a local minimum.

A similar argument leads to the conclusion that, if f” (a) < 0, f(x) has a local max-
imum at x = a. O

NOTE. In fact, f" (x) does not need to be continuous. The second derivative test holds
aslongas f" (a) exists. One can deduce this by investigating the change of sign of f' (x)
in the limit lim_,, ’w =f"(a).

Example 4.6.5. Locate and classify all local extrema of the function

1, 5, 1
X)==-X"—X"+—.
fx) 3 3
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Solution. The function is continuous and differentiable on (-c0, 00). Hence, we iden-
tify the local extrema using the first or second derivative tests as follows:

flo0)=x*-2x=x(x-2).
The critical points are x = 0 and x = 2. Then
fro0=2x-2,
o)
f"(0)=-2<0, f"2)=2>0.

Therefore, it follows from the second derivative test that f has a local maximum at
x =0 and a local minimum at x = 2, as seen in Figure 4.6.8.

Figure 4.6.8: Graph of y = 2x* - x? + .

Example 4.6.6. Find all local extreme values of the function
f(x)=x-+/x, forx>0.

Solution. The function is continuous and differentiable for x > 0, so we have

fl=1-

1
2

Solving f'(x) = 0 gives x = % This is the only candidate to be a local extremum of f.
We now find the second derivative of f, which is

1y 1/ 1 1
f”(x)z(l— 1) :O——<——)x‘%‘1:—x‘ ,
2x2 2 2 4

3
1 1/1\2
"=)==(=) " >o,
f ( 4 ) 4 ( 4 )
so we conclude that f has only one local minimum, which occurs at x = % This local

minimum value is f (%) = % % = —%. The graph of f is shown in Figure 4.6.9. Observe
that f has no local maximum.

NI
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YA
0.5t
”
05 1 T5 x
0.5}

Figure 4.6.9: Graph of f(x) =x — v/x.

Unfortunately, the second derivative test does not tells us whether f(a) is a local ex-
tremum or not when f”' (a) = 0. Actually, if f"' (a) = 0, f(a) could be a local maximum,
a local minimum or neither. We take, for example, f(x) = x3, f(x) = x*, and f(x) = —-x*.
For all three of these, the second derivative at x = 0 is 0, but f(x) = x> has no extremum
atx = 0, f(x) = x* has a local minimum at x = 0, and f(x) = —x* has a local maximum
at x = 0. A further result for determining the nature of a stationary point using higher
order derivatives is given by the following theorem.

Theorem 4.6.3. Iff'(a)=0, f"(a)=0,...,f™"V(a) =0, and f™(a) + 0, then:

1. ifnisodd, f(a) is not a local extreme value;

2. ifniseven and f™(a) > 0, then f(x) has a local minimum at x = a; if f™(a) < 0,
then f (x) has a local maximum at x = a.

Example 4.6.7. Determine the nature of the stationary point of f (x) = x> and g(x) = x*.
Solution. Since
floo=3x* and g'(x)=4x3,
both f and g have only one stationary point, x = 0. Because
f"(x)=6x, f"(0)=0 (inconclusive by the second derivative theorem).

We differentiate f” again to get the third derivative, f"" (x) = 6 > 0. Since 3 is odd, we
conclude by Theorem 4.6.3 that f(x) has no local extreme value at x = 0. Similarly,
since g” (0) = g""(0) = 0 and g (0) = 24 > 0, we conclude that g(x) has a local mini-
mum at x =0.

4.7 Extreme values of functions revisited

From Section 4.1 of this chapter, we know how to find the candidates for extreme val-
ues of a function and we also know how to find global extreme values for a continuous
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function defined on a closed interval. From Section 4.3, we know how to investigate
whether or not a candidate is a local extreme value. If a function is not continuous or
not defined on a closed interval, then it may or may not have local or global extreme
values. This will depend on individual cases.

Example 4.7.1. Iff(x) = x?, then f(x) = f(0) because x? > 0 for all x. Therefore, f(0) = 0
is the absolute (and local) minimum value of f. This corresponds to the fact that the
origin is the lowest point on the parabola y = x2. However, there is no highest point on
the parabola, so this function has no maximum value.

Example 4.7.2. For the following equation, find all candidates for extrema of f and
determine the global extrema:

fxX)=3x*-16x> +18x?, -1<x<2.
Solution. Differentiating f, we obtain
1) =123 - 48x% +36x = 12x(x = 1)(x - 3).
Hence, f'(x) = 0 when x = 0, x = 1, and x = 3. The candidates for extrema in this inter-

val [-1,2) are therefore x = -1,x =0,and x =1.0n [-1,0) U (1,2), f'(x) < Oand f'(x) > 0
on (0,1), so we construct a rough diagram in Figure 4.7.1.

I I
-1 0

R

Figure 4.7.1: Rough graph for f(x) = 3x* — 16x> + 18x% for —-1<x < 2.

The function f starts at the point (-1,f(-1)) and then decreases until x = 0. Then it
starts to rise until x = 1 and it decreases again, so f has a local minimum at x = 0 and
a local maximum at x = 1. Observe that

f(-1)=37, f(0)=0, and f(1)=5.
On the interval [1, 2), the value of f(2) is not defined, but we find

limf(x) = lim(3x* — 16x> + 18x?)
X—2 X—2
=3(2%) - 16(2%) + 18(2%)
=-8.
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This means that, after passing through the point (1,5), the graph of f(x) falls and gets
closer and closer to —8 as x — 2, but it never reaches -8 for x in [1,2). Therefore, f(x)
has no global minimum, but it has a global maximum at x = -1, a local minimum at
x =0, and a local maximum at x = 1. The graph of f(x) is shown in Figure 4.7.2.

40

T | i T
(Not drawn to scale)

Figure 4.7.2: Graph of f(x) = 3x* — 16x> + 18x? for -1< x < 2.

Example 4.7.3. Find the extreme values of

g2
f(X)={3 2x°, x<1

X+1, x>1.
Solution. The function is not continuous at x =1, since
lim f(x) = lim (3-2x?) =1 but
x—1" x—1"
lim f(x) = lim (x +1) =2.
x—1* x—=1"

However, it is continuous and differentiable anywhere else. The derivative of f is given
by

F100 = {—4)(, x<1

1, x> 1

We find that f' (x) = 0 when x = 0 and f’ (1) does not exist, so the two critical numbers
are x = 0 and x = 1. The domain is unbounded above and unbounded below, so we
have to investigate the behavior of f when x — +co. We have

lim f(x) = lim (x + 1) = oo,

X—00 X—00

lim f(x)= lim (3-2x?)=-co0.
X——00 X—=-00

Therefore, f(x) is unbounded above and unbounded below, so it has neither a global
maximum nor a global minimum. However, at x = 0, f"(0) = -4 < 0, so f (x) has alocal
maximum at x = 0.
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We see that f’ (x) changes from negative to positive at x =1, but f(x) > lasx — 1~
and f(x) — 2 as x — 1%, so f has a jump discontinuity at x = 1 (it jumps from f(1) = 1
to 2at x =1), so f(x) has a local minimum value at x = 1. The local maximum value is
£(0) =3 -2(0?) = 3. The local minimum value is f(1) = 1. The graph of f(x) is shown in
Figure 4.7.3.

yA /

5+
4t

Figure 4.7.3: Graph of f(x) in Example 4.7.3.

Example 4.7.4. The graph of the derivative of a function f defined on a closed inter-
val [-2,5] is shown in Figure 4.7.4. It consists of a semi-circle and two line segments.
Identify any extreme values of f.

Solution. The derivative f' (x) is positive for -2 < x < 2and 2 < x < 4 and is negative for
4 < x < 5. There are two stationary points x = 2 and x = 4, since f'(2) = f' (4) = 0, so f(x)
increases on the interval (-2,2), then arrives at a stationary point (2,f(2)), and then
increases again on the interval (2, 3). Therefore, f does not have a local extreme value

AY

\ Lk

-2

-3

-4

Figure 4.7.4: Graph of ' (x) in Example 4.7.4.
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at x = 2. However, f increases on the interval (2,4) and decreases on (4, 5). Therefore,
f does have a local extreme value at x = 4. Furthermore, this local maximum is also
the global maximum of f, since f rises to (4,f(4)), then falls, and does not rise again.
We cannot make any conclusion at this moment about the global minimum of f. In
Chapter 5, we shall be able to determine that f takes its global minimum at one of the
endpoints x = -2 and x =5.

4.8 Curve sketching

The graph of a function y = f(x) can usually be sketched showing all of its most im-
portant features by using the following algorithm.

1.

DomainItis often useful to start by determining the domain D of f (the set of values
of x for which f(x) is defined). Note that, at single points where f is undefined,
concavity may change and the function may change from increasing to decreasing
or vice versa.

Intercepts The y-intercept is the point (0,f(0)) and this tells us where the curve
intersects the y-axis. The x-intercepts are the points, (c,0), where the graph of f
intersects the x-axis. A function may not have any x-intercepts, or it may be im-
possible to find the x-intercepts if the equation is difficult to solve.

Symmetry Determine whether the function is even (f(-x) = f(x) for all x), odd
(f(=x) = =f (x) for all x), periodic (f(x + p) = f(x) for all x and a fixed p), or none
of these. If it is an even function, then we need only to determine the graph for
x = 0. We can create the graph for x < 0 by reflecting this across the y-axis. If it is
an odd function, then we need only determine the graph for x > 0 and then reflect
through the point (0, 0), the origin. Finding the reflection of a graph in the origin
is equivalent to finding its reflection in the y-axis and then finding the reflection
of this in the x-axis. If the function is periodic with period p, then we need only to
find the graph for 0 < x < p or some other interval of length p and we can create
the rest of the graph of f by copying this part for other x-values to the left and
right.

Asymptotes Find all horizontal, vertical, and slant asymptotes in order to deter-
mine the behavior of the graph for large x- and y-values (see Section 2.2.5).
Intervals of increase or decrease Use the increasing/decreasing test. That is, com-
pute f' (x) and find the intervals on which f' (x) is positive (f is increasing) and the
intervals on which f' (x) is negative (f is decreasing).

Local maximum and minimum values Find the critical points of f (f'(x) = 0 or is
undefined) and then use the first derivative test. That is, if f'(x) changes from
positive to negative at a critical number c, then f(c) is a local maximum and if it
changes from negative to positive, then f(c) is a local minimum. We can also use
the second derivative test to identify the local maxima and minima.
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7. Concavity and points of inflection Compute " and use the concavity test. That is,
the curve is concave up where f” (x) > 0 and concave down where f" (x) < 0. In-
flection points occur where the concavity changes from up to down or from down
to up.

8. Sketch the curve Use the information obtained to draw the graph. Sketch the
asymptotes as dashed lines. Plot the intercepts, maximum and minimum points,
and inflection points. Then make the curve pass through these points, rising and
falling on the intervals found in Step 5, with concavity found in Step 7, and ap-
proaching the asymptotes for large y- and x-values. In order to position the graph
reasonably and accurately you may need to compute some points on the graph
for a few additional well-chosen values of x.

The same methods can, to some extent, be used to sketch the graph of an implicitly
defined function F(x,y) = 0. However, except for symmetry, it is generally much harder
to determine the same information, such as domain, intercepts, asymptotes, intervals
of increase/decrease, maxima and minima, and concavity.

Example 4.8.1. Sketch the graph of the function f(x) = x* — 2x3.

Solution. The domain of the function is (—co, +00). The y-intercept is (0,0). This is
also an x-intercept; the other x-intercept is (2,0). There is no symmetry and there are
no asymptotes.

The derivative is f’ (x) = 4x> — 6x*> = 2x*(2x — 3). Solving f' (x) = 0, we obtain the
critical points x =0 and x = %

The second derivative is f" (x) = 12x? — 12x = 12x(x — 1). Solving " (x) = 0 for x, we
obtain x = 0 and x = 1. These points divide the domain into four intervals. We compute
the sign table below.

x (-00,0) 0 (0, 1 1 2 (G,+0)
f'x) - 0 - -2 - 0 +

froo 0o - 0 Wl

fx) N\ decreasing 0 ~decreasing -1 \ decreasing —% A2increasing
Concave Up Down Up Up

This shows a local (and absolute) minimum at x = %, y= —% and the points of
inflection (1,-1) and (0, 0). The graph is shown in Figure 4.8.1. Observe that we have
calculated the point (-1, 3) for additional accuracy.

Example 4.8.2. Find the asymptotes of the graph of the function

_ (x=3y

feo= 4(x-1)
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Figure 4.8.1: Graph of f(x) =x* — 2x3.

Solution. Since lim,_,;- f(x) = —oo and lim,_,;+ f(X) = co, we know that x = 1is a ver-
tical asymptote (approached on the left through negative y-values and on the right
through positive y-values). We have

2
lim o _ lim =37 1
x—*00 X x—xo0 4(x —1)x 4
a2
o] - [0 2]

X—*00

4(x-1) 4

>

Z .
This gives the slant asymptote y = %x - % as x — oo and as x — —oo. There are no hor-
izontal asymptotes. The graph is shown later as part of Example 4.8.3 in Figure 4.8.2.

Example 4.8.3. Sketch the graph of f(x) = 2’;;22) .

Solution. The domain is (-0c0,1) U (1, 00) and the intercepts are the points (3,0) and
(o, —%). There is no symmetry and, as previously discussed in Example 4.8.2, the ver-
tical asymptote is x = 1, the slant asymptote is y = %x - %, and there is no horizontal
asymptote. We compute the derivatives

x-3)(x+1)

ae-pz 4 ST0=

fl(x)=

(x-173

s

C— e

Figure 4.8.2: Graph of f(x) = 2’2;22) and its asymptotes.
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Then f' (x) = 0 when x = -1 and when x = 3, but f'(x) and f" (x) are undefined at x =1
(where there is a change of concavity). We set up the sign table.

X (—00,-1) -1 (-1,1) 1 (1,3) 3 (3,+00)
f’(X) + 0o - dne - 0 +

() - - - dne + + o+

fx) Zincreasing -2 N decreasing dne ~.decreasing 0 increasing
Concave Down Down Up Up

This shows a local minimum at (3,0), a local maximum at (-1,-2), and a change
of concavity at x = 1 (however, it is not a point of inflection because f(1) is not defined).
The graph is shown in Figure 4.8.2.

4.9 Solving equations numerically

Any equation of the single variable x can be rearranged so that it takes the form
f(x) =0. It is often important to find specific values of x such that f(x) = 0. We give a
specific name to these values.

Definition 4.9.1. A value of x for which f(x) evaluates to 0 is called a root of the equa-
tion f(x) = 0 (or a zero of the function f). The solution of the equation f(x) = 0 is the
set of all of its roots.

For any particular function f, a root x = ¢ satisfying f(c) = O may exist, but we
may be unable to find its exact value. In this case we often try to find another specific
x-value, x = d, that approximates the root: f(d) = 0, while d = c. In this section we give
a brief introduction to methods for finding such approximate roots.

The sign-change rule: recall the intermediate value theorem from Section 2.6.3 in
Chapter 2: if a function f is continuous on an interval a < x < b of its domain and
f(a) x f(b) < 0, then f(x) = 0 has at least one root between a and b.

4.9.1 Decimal search

By this method, we find an interval containing one root of f(x) = 0, perhaps using
graphical means, and then subdivide the interval into two parts, locating the root in
one of these subintervals using the sign change rule described above. This method is
instructive but very inefficient, so we only show it in the form of an example.

Example 4.9.1. Show that the equation xe* = 1 has one root and find an approxima-
tion to this root correct to two decimal places (that is, if we round the approximate
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root to two decimal places, then it will be the same as the actual root rounded to two
decimal places).

Solution. We first investigate the equation graphically, rewriting the equation as e* =
)1( and plotting on the same graph bothy =e* and y = )1(, as shown in Figure 4.9.1.

1
X

Figure 4.9.1: Graphsof y=e* and y =

The roots of xe* = 1 are exactly the x-values of the points of intersection of the two
curves y = % and y = €*. The graph in Figure 4.9.1 indicates that there is only one root
of the equation e* = )1(, which lies between 0 and 1. Note that there cannot be another
root to the left of the part of the graph shown, because, as x — —co, )1( is negative
and e is positive (y = 0 is a horizontal asymptote for both). Similarly, there is no root
to the right of the part shown; as x — oo, )1( is decreasing and e* is increasing. Let
fx)=¢€e*- %, so that we need to find an approximation to the root of f(x) = 0 within
two decimal places of the actual root.

1. We arbitrarily choose x = 0.3 inside the original interval (0,1). Since f(0.3) =
-1.9835 and f(1) ~ 1.718 3 > 0, by the sign-change rule, the root lies in the interval
(0.3,1). Notice that there is no sign change for the other subinterval (0, 0.3) since
f(0) = -1 and f(0.3) = —1.983. This will always be the case — there can only be a
sign change for one of the two subintervals.

2.  We arbitrarily choose x = 0.6 inside the previous interval (0.3,1). Since f(0.3) =
-1.9835 < 0 and f(0.6) ~ 0.155 45 > 0, by the sign-change rule, the root lies in the
interval (0.3,0.6).

3. We arbitrarily choose x = 0.5 inside the previous interval (0.3,0.6). Since f(0.5) =
—0.3513 < 0 and f(0.6) = 0.155 45 > 0, by the sign-change rule, the root lies in the
interval (0.5,0.6).

4. Wearbitrarily choose x = 0.55 inside the previous interval (0.5, 0.6). Since f(0.55) =~
—0.0849 < 0 and f(0.6) = 0.15545 > 0, by the sign-change rule, the root lies in the
interval (0.55,0.6).
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5. We arbitrarily choose x = 0.57 inside the previous interval (0.55,0.6). Since
f(0.55) = —0.0849 < 0 and f(0.57) = 0.014 > 0, by the sign-change rule, the root
lies in the interval (0.55,0.57).

6. We arbitrarily choose x = 0.56 inside the previous interval (0.55,0.57). Since
f(0.56) ~ —0.035 < 0 and f(0.57) =~ 0.014 > 0, by the sign-change rule, the root
lies in the interval (0.56,0.57).

7. We arbitrarily choose x = 0.565 inside the previous interval (0.56,0.57). Since
f(0.565) =~ —0.01 < 0 and f(0.57) =~ 0.014 > 0, by the sign-change rule, the root lies
in the interval (0.565,0.57).

8. Both endpoints of the previous interval, rounded to two decimal places, have the
same value, 0.57. Hence, the actual root is x = 0.57, rounded to two decimal places.

4.9.2 Newton’s method

Newton’s method is a procedure or algorithm, superior to the decimal search method,
for approximating the roots of an equation f(x) = O (or equivalently, the zeros of the
function f). As with the decimal search method, we start with an approximate value
x = a for the root, perhaps found by graphical methods. Then we find a better approx-
imation by drawing the tangent to y = f(x) at x = a and taking the next approximation
as the point where this tangent crosses the x-axis. The equation of this tangent line is

y—-f(a)=f"(a)(x-a)

and this line meets the x-axis at point x = a* satisfying

0-f(@) = f'(@(a" ~a),
. fl@
T @

If the first approximation x = a is reasonably good, then the value of a* will be much
closer to the root than a. We keep applying this formula, each time replacing a by
a*, until an a* is found that is sufficiently close to the required zero of f. Figure 4.9.2
illustrates this idea. We write this algorithm more precisely in the following way.

y
JS(x)

a, a ao X

Figure 4.9.2: Illustration for Newton’s method.
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Newton’s algorithm for finding approximate roots
Step 1. Determine an approximate value a, of a zero of f. Let n=0.
Step 2. Calculate

f(ay)

n+1=an_f,(an)'

Step 3. If f(a,) is sufficiently close to O (use the sign-change rule to check the
accuracy), then stop - the required approximation is a,; otherwise, increase n by 1
and repeat Step 2.

a (4.18)

Example 4.9.2. Determine an approximate value for v2, accurate to 107'°, by apply-
ing Newton’s Method.

Solution. The required value V2 is the positive zero of the function f(x) = x? — 2. Take
a, = 1.5 as the first guess, basing this on the numerical evidence that a =1 is too small
(12 < 2) and a = 2 is too large (2% > 2). Since f' (x) = 2x, the iterative formula is

_ flay) e _afl—z

py1 =y f’(an)_ n 2a, >
2
a, +2
apq = 2—.
n+1 2an
Hence,
2
2
ay= 2012 141666666667

We test whether or not a, is within 1071° of the actual root, using the sign-change rule.

f(1.416 666 666 67 +1079) = 6.9444x 10> >0 and

f(1.416 666 666 67 - 1071°) =~ 6.9444 x 1073 > 0.
There is no sign change so the root is not within 1071° of a,. We repeat the process and
obtain

_a%+2

a = ~ 1414215686 28.

a
Now the test gives
(141421568628 + 1079) = 6.0076 x10° >0 and
(141421568628 - 1071°) = 6.007 x 107° > 0.
There is still no sign change so the root is not within 1071° of a,. We repeat the process
and obtain

2
as + 2
as = 2

3 = 1.41421356237.

a,
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Now the test gives

(141421356237 +1071°) ~ 27409 x107° >0 and
f(1.41421356237 - 1071°) = ~2.9160 x 1071° < 0.

There is now a sign change so the actual root is between 1.41421356237 — 1071° and
141421356237 + 10710, so the result is within 1071° of the last approximation a; =
1.414 21356237, as required.

NOTES. 1. The number of correct digits in this calculation approximately doubles
with each iteration. This is typical of Newton’s method. An accurate approxima-
tion of V2 to 15 places V2 = 1.414 213562373 10 and this coincides exactly with our
approximation in the first 11 decimal places. Hence, our approximation is actually
more accurate than 1071 and the process only required three iterations!

2. There are some cases where Newton’s method fails, because either the iterative
sequence does not converge or it converges to another root which we do not want.
Some examples are shown in Figure 4.9.3 and Figure 4.9.4.

Figure 4.9.3: Newton’s method fails: parallel tangents.

Looking for this root

Bad guess

Figure 4.9.4: Newton’s method fails: find a wrong root.

4.10 Curvatures and the differential of the arc length

Intuitively, curvature is the amount by which a geometric object deviates from being
flat, or straight in the case of a line. It is the measure of how sharply the curve bends.
For example, a small circle bends more sharply than a bigger circle. All the points on
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the same circle should have the same curvature. The curvature at every point on a line
is zero. We denote the curvature by the letter K. Before we can define curvature, we
must introduce the concept of arc length.

Definition 4.10.1. The arc length function s = s(x) associated with the graph of a con-
tinuous function f(x) on [a, b] is defined as an increasing, nonnegative function that
is the length of the segment from initial point (a, f(a)) to the terminal point (x, f (x)) for
any x in [a, b]. The length s(a) is defined to be zero.

Aat, AS \ \ As,
AN

As N
Ao
/ (a) (b)

Figure 4.10.1: Curvature and arc length.

As seen in Figure 4.10.1 (a) and Figure 4.10.1 (b), for the same change in arc length As,
the more sharply the curve bends, the bigger the change in the angle a, which is the
angle between the tangent and the positive x-axis measured in counterclockwise di-
rection. Or, if As is constant, the more sharply the curve bends, the larger the change
in the angle Aa. On the other hand, if Aa is fixed, the smaller As is, the more sharply
the curve bends, so, as the definition of the average rate of change, the “average cur-
vature” over an interval could be defined as %. The curvature at a specific point can
be defined as

lim % ‘,

As—0 | As
provided that the limit exists. The curvature K at a point is the absolute value of the
derivative of a with respect to s, which isfi—‘s".

To find %, we consider two points, P and Q, on a curve C. Let P have coordinates
(x,y) and let Q be another point nearby with coordinates (x + Ax,y + Ay). Let s be the
arc length function for this curve, so that As is the length of the arc PQ. Because As is
very small, it is reasonable to approximate the arc by the hypotenuse of the right angle
PQM, as shown in Figure 4.10.2 (it is indeed true that lim,,_, % =1). Hence, using
the Pythagorean theorem, we have

(As)® = |PQ* = (Ax)* + (Ay)®.
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Figure 4.10.2: Arc length element.

Dividing each term by (Ax)?, we obtain

(o)

When we take the limit as Ax — 0, we have

(&) (&)

Therefore,
ds dy \?
s _ s (_> 4.19
dx dx (4.19)
or
ds=\1+y"?dx. (4.20)
On the other hand, % = tan a. Using implicit differentiation, we have sec? a% =y",s0
Z—i =y cos? a. Notice that tana =y’, so
1
cosa=+ =
1+ (@
Therefore,
@ B i:f: ~ y" cos a B y" < +1 )2 B y"
Tds T - - N
s & \/1+y’2 \/1+y’2 \/1+y’2 1+y")>
Hence, the curvature K is
n
K= @| N (4.21)
sl (1+y):

We now check whether or not this definition of curvature agrees with our initial
thoughts of curvature in a few examples.
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Example 4.10.1. Find the curvature for each point on the straight line y = mx + b,
where m, b are constants.
Solution. We find the first and second derivatives first:
y'=m and y"=0.

Since y” = 0 at each point on the line, by the above definition, we conclude that the
curvature K at each point (x,y) on the line y = mx + b is O.

If the curve is given by parametric equations

x=(t)
y=9(0),

then
dy _dyjdt 'O g dy 090 -9 09" (0)
dx  dxjdt  ¢'(t) dx? (@' (1)) ’
SO
n | Y (6P’ ()-Y' (t)P" (t) [ Y (' (-’ ()" (t) |
K - | y | _ CHGI _ [¢OP
! 3 ! 2 1] 2. 3
(1+y'2)3/2 a+ (%)2)5 (12 (?(},It[ffz“” )
P’ () -y’ ()" (t)
= s 4.22
(1 (OF + [/ (O (.22
or simply

yHXI —y'x"

K= W ’ where the prime is with respect to the parameter ¢.
+

Example 4.10.2. Find the curvature for each point on the circle x? + y? = R?, where R
is constant.

Solution. The parametric equations for this circle are
x=Rcost
y = Rsint,

o)

x' =-Rsint, x" =-Rcost, y'=Rcost, and y" =-Rsint.
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The curvature K at each point is given by

yIx! —y'x" |(=Rsint)(-Rsint) — (Rcost)(-R cos t)|
((x")2 + (y")2)312 - ((=Rsint)? + (R cost)?)3/2
R%sin’t + R? cos’ t
" (R2sin’t + R? cos? t)3/2
R? 1

(R2)32 " R’

K=

Again, this agrees with our observation that the smaller the radius R of a circle,
the more sharply the curve bends, so the larger the curvature. In addition, it is clear
that every point on a circle has the same curvature.

Osculating circle and radius of curvature
Among all circles that are tangent to a given curve at a specific point, the osculating
circle is the tangent circle that most closely fits the curve, as shown in Figure 4.10.3.
This means the osculating circle and the curve meet at the point, have the same first
and second derivatives at the point, and, of course, have the same curvature there.
The center and radius of the osculating circle at a given point are called the center of
curvature and the radius of curvature of the curve at that point. The coordinates of the
center (£,1n) are given by
! 12
5 —x-Y (;J;y )
12
n=y+ -

and the radius of the curvature is given by R = %

osculating ~center of
circle curvature

)

7

Figure 4.10.3: Osculating circles.

Example 4.10.3. Find the curvature, center of curvature, and radius of curvature at
the point (-1,-2) on the parabola y = x> + 2x — 1.

Solution. We find the first and second derivatives for the function first:

y'=2x+2 and y" =2
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soy’(-1) = 0 and y" (-1) = 2. Therefore, the curvature of the curve at (-1-2) is

2

K= v o =2

and the radius of curvature R at this point is R = 11( = %
The coordinates of the center (¢, 1) are given by
! 1 12 1 2
fzx—y(;”y):—l—OX 0

y
and

1 12 1 2

=y+ +,),/ =-2+ 0 :—§.
y 2 2

Thus, the center of curvature is (-1, —%). Figure 4.10.4 shows the graph.

aF

Figure 4.10.4: Graph of y = x? + 2x — 1 and its osculating circle at x = 1.

4,11 Exercises

1.

Find the critical points for the following functions and find the absolute (global)
extreme values on the given intervals:
(@) f(x)=3x*-8x>-18x?>+1,[-2,5]; (b) y=5x""—x*/3,[-4.2];

© y= { ~1<x<0 (@) s(t) = | - 9t [~4, 4];

2-x%, 0<x<}
(e) r=6*v3-0,[-1,3].
(Optimization) A rectangle is inscribed between the parabolas y = 4x? and y =
30 — x? (two of its four vertices are on one parabola, the other two vertices are on
the other parabola). What is the maximum area of such a rectangle?
(Optimization) A rectangle is inscribed under the arch of the curve y = 4cos’§‘
from x = - to x = ;1. Find the length and width of the rectangle with the largest
area.

4. Show that the equation x° + x — 1= 0 has exactly one root.
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10.

11.

12.

13.

14.

15.

16.

Ifay+3+-

in (0,1).

If f (x) is continuous on [0, a] and differentiable on (0, a), while f(a) = 0, then show

that there is a number ¢ € (0,a) such that f(&) + &' (&) =

If f(x) is continuous on [0, 1] and differentiable on (0,1), while f(0) = f(1) = 0 and

f(3) =1, show that:

(a) thereisanumberc e (%, 1) such that f(c) =

(b) for any real number A, there is a number d € (0,c) such that f'(d) - A(f(d) -
d)y=1.

Use the mean value theorem to prove the following inequalities:

(a) bb%“<ln§<bT”a (b>a>0);

() ny™ lx-y)<x"—y"<nx"'(x-y) (n>1and x >y > 0).

Prove the following identities:

(a) 3arccosx —arccos(3x —4x°) =m, x € [-1,3];

(b) 2arctanx + arcsin % =, for x € [1,00);

(c) arctan = 1“‘ = 37” +arctanx, for x > 1.

n+1 =0, show that f(x) = ay + a;x + --- + a,x" has at least one root

Graph the functlon f(x) =sinxsin(x + 2) — sin?(x + 1). What do you find? Explain

why.

Find all the antiderivatives for each of the following functions:
(@) y=x% (b) y=vx; © s= 7=

(d) p=sin2t; (e) k=e>39, (f) g=secytany;

(g) Em)=mc% (h) KEv)=3v%; () V=2-3%

(j) y =sinx —3cosx + cot2xcsc2x + ﬁ +2.

Assume f is an odd function and is differentiable everywhere. Show that, for any
number b > 0, there is a number ¢ € (-b, b) such that f'(£) = (T'

Suppose g(x) is twice differentiable everywhere and g(0) = 0, g(1) = 1,and g(2) = 2.
Show that there is a number ¢ € (0,2) such that g" (¢) =0

(Darboux’s theorem: intermediate value theorem for derivatives) If a and b
are any two points in an interval I on which a function f(x) is differentiable, then
f'(x) takes on every value between f' (a) and f' (b).

Use this theorem or any other method to show that, if a function f(x) is continuous
on [0, 3] and differentiable on (0, 3), while f(0) + f(1) +f(2) =3 and f(3) =1, there is
anumber 1 € (0,3) such that f' (1)) = 0. *Group activity: prove Darboux’s theorem.
Find critical points for each of the following functions, determine the intervals of
increase and of decrease for each function, and find any local extreme values:
(@ y=2x>-6x>-18x+7; (b) y= s

(c)y—lnx (d) s=cos*t+sin“t, 0<t< 3.

Find the x-values where a continuous function f(x) takes on local extreme values
if:



17.

18.

19.

20.

21.

22.
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@) f'x) =x*(x - 1)(x+2)%
_ (=D(x+1)?

(©) f(x) = G0’

The graph of the derivative of a function f is shown below. Find the x-value(s)

where f takes a local maximum value and, also, find the x-value(s) where f takes

a local minimum value.

(b) f'(0) = x(x + 1’ (x + 2)%

Graph of f"(x)

°

=y

Question 17

Prove the following inequalities:

@) 27" <sinx < x for x € (0, 5);

(b) tanx > x + %x3 for x € (0,%);

() 1+xIn(x+ V1i+x2) > V1+x2 (x> 0);

(d) sinx>x- X; for x > 0;

(€) (32X)3> cosx for 0 < x| < Z;

) 1-a- %)”e" < X;Z for x < n, where n is a positive integer.

Let b > a > 0. Assume the function f(x) is continuous on [a, b] and differentiable
on (a,b). Prove that there exists a number ¢ € (a,b) such that 2¢(f(b) - f(a)) =
(B2 - ).

If b > a > 0 and the function f (x) is continuous on [a, b] and differentiable on (a, b),
then show that there is a number c € (a, b) such that f(b) — f(a) = c¢f'(c)In g.

Let f(x) be continuous on [a, b] and differentiable on (a, b) (ab > 0). Show that
there is a number n such that

a b
f(a) f(b)

_b
b-a

=nf'(n) - f).

NOTE: The 2 x 2 determinant |} } | = xw — yz.

Use L’Hopital’s rule to find each of the following limits:

X' -1,

@ limxﬂ1 et (b)
(d) lim,_, , )ﬁfiz; (e)
(@) lim, &= (h)

(n)
(o)
®

(m) lim,_,,+ sinxlnx;
(p) lim,_ - Vxlnx;
(s) lim,_q. tV5

(v) lim,_q(cos3x)*%;

M1,
2t 2
. sinx—tanx ,
lim, o — 3

lim,_,,

: 1-cosx?
th—’O Bsinx ’

: 1 1
th—>1(lnx ~ )

. X
lim,_, (7 - x) tan 5;

: 247 .
lim, ., 355,55

: 3 5\x,
lim, . (1+ 5+ 2)5

(W) lim, o0 (555)%

Xx+tanx |
x—0 “sinx
: 5030
() limg_o 2525

(c) lim

(i lim,_y(cscx - cotx);
O Timy_o(5 — 57

(0) lim,_,_, x%€%;

(r) lim,_, :T"x a>o;
(u) lim,_,,. (tan2x)*;
(e +x)x,

(x) lim,_,
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23.
24.

25.

26.

27.

28.

29.

30.

3L

32.

33.

Find lim, _, )’:ﬁgg’; Does I’Hopital’s rule apply to this limit? Explain.
For any value of x > 0, by the mean value theorem, there is a number ¢ € (0,x)
(depending on x) such that e — e° = €% (x - 0). Let 8 = % Then 6 is a function of x
and 0 < 6 < 1. Find lim,_,, 6.

Find the Taylor polynomial of degree 3 and the corresponding Lagrange remain-
der for each of the following functions at the given point:

(@) fx)=sinx, a=7; (b) f(x)=xe*, a=0; (c) f(x)=cosx, x=11.

Use the Taylor polynomial of degree 2 for the function +/x at x = 4 to estimate the
number V4 .3. Also find an error bound for this approximation using the Lagrange
remainder.

Use suitable Taylor/MacLaurin expansions to evaluate each of the following lim-
its:

2

. —e 2 . 4
(@) lim,_,, %; (b) lim,_,, (353 +3x% - Vx4 = 203).

(*Group activity) If f(x) is twice differentiable on [a, b] and f’ (a) = f' (b) = 0, then:
(a) write out the Taylor expansion for f(x) at x = a;

(b) write out the Taylor expansion for f(x) at x = b;
(c) by considering the value of f at == ‘”b or by any other method, show that there
is a number c € (a, b) such that

(o)) > ﬁlﬂb) f@)

If f (x) is twice differentiable at x = 0 and 11mX_>0(5m2x f )

) = 0, then, by consid-
ering the MacLaurin expansion for sin x at O:

(@) show that xf(x) = -2x + (2;‘—,)3 +o(x3);

(b) find lim, o [0%2.

(*Group activity) Assume that the function f(x) has a continuous second deriva-

tive for all x € R. If, for any values of h and x, there is a number 6 between 0 and 1
such that f(x + h) = f(x) + hf' (x + 6h), while f" (x) # 0, prove that lim;_,, 6 = %
Determine the interval(s) where each of the following functions is concave up and
concave down and find any inflection points:

@) fo0) =4x3 +21x2 +36x;  (b) s(t) =3 (t - 4);

© rx) =35 (d) k(6) = e¥ctan®,

Use the second derivative test to determine the nature of the stationary points for
each of the following functions:

(@) fOx)=4x3 +21x*> +36x-20; (b) r'(t) = (t - 1)(t +2).

The graph of the derivative of a function f is shown below. Find the value(s) of x
at which f has an inflection point.



34.

35.

36.

37.

38.

39.
40.

4.11 Exercises = 247

Graph of f'(x)

(G,-1)

Question 33

By considering the concavity of a suitable function on a closed interval, prove
each of the following inequalities:

@ 3> (P, x>0,y>0,x#yandn>1;

b) ———+ <YK, X, <
(b) it SV s

XX

4T % where all x; > 0.

(Airplane landing path) Suppose an airplane is flying at altitude H meters when
it begins its descent to an airport runway. The horizontal ground distance between
the runway and the airplane is h meters. Assume the landing path of the airplane
is a cubic function, y = ax® + bx? + cx + d. By setting up a coordinate system and
considering the values of % at the point where the airplane starts to descend and
the point where it lands on the runway, find (a) the constants a, b, ¢, and d and
(b) any inflection point.

Find all local extreme values for each of the following functions and discuss the
global extreme values:

(@) f(x) =xe™; (b) r(t) ="

(c) y=arctanx - % In(x*+1); (d) s(0) =40—-tanb, 0<O<m;

(e) y=+v1-cosx; ) f00=.

(An example of the Banach contraction mapping principle) Assume f'(x) =
52+ Then:

(a) show that, for any numbers a and b, 2|f(a) - f(b)| < |a - b|;

(b) prove that the iterative sequence x,,,; = f(x,) converges to a fixed point x* of f,
no matter what the initial value x, is.

Use calculus to prove that the minimum value of the function f(x) = x + )1(, x=1,

is 2 and then show that

2 2 2 2
(a®+ 1)+ (cc+1)(d +1) 16
abcd

for any positive integers a, b, ¢, and d.
Find the highest and lowest points on the curve defined by x? + xy +y? = 12.
Find the largest term in the sequence {3/n}|;.
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41.

42,

43.

44,

45,

46.

47.

48.

49.

50.

Assume f(x) is twice differentiable on [0, co) and f(0) = lim,_, f(x) = 0. If, for all
x>0, f"(x)+e'® =ef® show that f(x) =
Sketch a possible graph of a function with the properties given in the table.

X (-00,1) 1 1,3) 3 (3,00
fx) lim,_,;- f(x) =oo and lim,_: f(x) = —c0 1

fleo + + 0 +
frx  + - +

Sketch a possible graph of a function with the following properties:

(@ f(0)=0,f"(0)=f"(2)=f"(4)=

(b) f'(xX)>0forx<Oand2<x<4,f'(x)<0for0<x<2andx>4;

(c) f"(x)>0for1<x<3andf"(x)<0forx<1landx>3.

Sketch the graph of each of the following functions:

@) y=e ™V (b) s(t)=L(t* — 662 + 8t +7)

(© reo = (d) k@) = £,

(Optimization) Assume the revenue function R(x) = 6x and the cost function
C(x) = x> — 6x? + 15. Determine the value x that maximizes the profit.

Show that the equation x> — 3x? + 5x — 1 = 0 has a unique solution in the inter-
val (0,1). Use the decimal search method to find this root correct to two decimal
places.

Use Newton’s method to estimate the real root of the equation x> +3x +1 = 0. Round
your answer to three decimal places.

Find the curvature of the curve y = In sec x at each point x in its domain. Then find
the radius of curvature and an equation of the osculating circle at the point (O O)
(Witch of Agnesi) Find an equation for the osculating circle of the curve y =
a > 0, at the point (0, a).

x2+1’

x2+a2 ’

Find the curvature of the cycloid {x =alt=sint)  \here a > 0, at the point ¢ = 7.

y=a(l-cost),



5 The definite integral

In this chapter, you will learn about:

— definite integrals;

— the fundamental theorem of calculus;
— numerical integration.

Integral calculus has a longer history than differential calculus, which allowed us to
find properties of a function at a particular point or instant in time, such as the slope
of the tangent, the concavity, or the velocity of a moving object (derivative of its posi-
tion or distance) and its acceleration (derivative of its velocity). Quite often we want
to reverse this process. For example, it is relatively easy to measure the acceleration
of a moving object as a function of time, or we may know the acceleration (such as the
acceleration of gravity at the surface of the earth), but it is often difficult to directly
measure the velocity or position of that object. Consequently, if we know the accel-
eration as a function of time, then we need a process of reversing differentiation to
find its velocity and position as a function of time. Integral calculus provides the tools
for this. Another example of this is a biologist who knows the rate at which an insect
population is increasing, who might wish to know what size the population will be at
some future time. In each case, the problem is to find, from a given function f, another
function F such that F’ = f. For obvious reasons, F is called an antiderivative of f.

Integral calculus allows one to go further than just reversing differentiation in that
it can be used to find overall properties of functions, such as the area bounded by a
curve, the volume bounded by a surface, and the length of a curve. It provides a basis
for solving problems in many nonmathematical areas, such as computing the mass,
moment of inertia, or center of gravity of an object even if it has a variable density. It
is used in the computation of the orbits and paths of celestial bodies and space ships.
An engineer who measures the variable rate at which water is flowing in a river may
use integral calculus to compute the total amount of water that has flowed during a
certain time period. The applications of integral calculus are endless, and only a few
are discussed in this chapter.

5.1 Definite integrals and properties

5.1.1 Introduction

We often would like to know the answer to problems that concern a whole function,
problems that concern the total change over time resulting from some constantly
changing process, or many other similar problems. We start this section with two
specific problems of this type: computing the area bounded by the graph of a func-

https://doi.org/10.1515/9783110527780-005
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tion y = f(x) and computing the distance traveled over a period of time by a moving
object that has a variable velocity. The two problems are quite different but we will
see that both can be solved using the same process, called integration. This process
will use the idea of a definite integral of a function. The definition of a definite integral
does not involve calculus, but we will show, in the fundamental theorem of calculus
(FTC), that the definite integral of a function can be computed using antiderivatives
as discussed in the previous chapter. We start with the distance and area problems
that we introduced in Chapter 1.

The distance problem

We model the movement of a particle over time ¢, moving along the x-axis, with vari-
able velocity v(t) = 0. We want to know the distance traveled by the particle during
time interval [a, b], that is, from ¢t = a to t = b. We create a partition P of [a, b] into n
subintervals as follows:

P:a=ty<ti<ty<---<t,;<t,=b, with
Ati:t'_tl'—l and ti* € [ti—l’ti] fori:1,2,...,n.

1

If the ith subinterval, [¢;_;,;], is small, then the speed of the object will not change very
much during this time subinterval, so it is approximately v(¢;") throughout the subin-
terval (note that ¢ is an arbitrary time in the given subinterval). Hence, the change in
position from t = ¢t;_; to t = ¢; is approximately v(¢;)(t; — t;_;) (velocity x time), as seen
in Figure 5.1.1. Therefore, the total change in a position from t = a to t = b is approxi-
mately

distance traveled fromt=atot=»>b
n

~ V(ti*)(ti - ti71) = Zv(ti* )Ati‘
i

i=1

v(t) A

—

o| a=t, t, t, ——t ,t;] t, ——————1t  t, time(s)

i i n-1

Figure 5.1.1: Changes in position are approximated by small rectangles.
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Now we let n — oo and ||P|| = max; |At;| — O. If the limit

n
lim » v(t)At;
||P||ao; (t7)t

exists for any possible partition of [a, b] and any sample point ;" in each subinterval
[ti_1»t;], then it is reasonable to define this limit to be the total distance traveled by the
particle during the time interval [a, b]. Of course, if this limit exists, it must be unique.

The area problem

We now try to find the area of the region under the graph of a nonnegative function
f(x) defined on [a, b], above the x-axis and between the vertical lines x = a and x = b.
Let

P:a=xy<x;<---<x,=b

be a partition of [a, b] into n subintervals and fori=1,2,...,n and denote the width of
the subinterval [x;_,x;] by Ax; = x; — x;_;. Let x;* € [x;_;,X;] be any point in the subin-
terval, as shown in Figure 5.1.2. A product like

FOE) G —x20) =f(x5)Ax;

isthe area of arectangle with base [x;_;, x;] (the ith subinterval) of width Ax; and height
f(x{"), which is the height of the curve y = f(x) at x = x;*, as shown in Figure 5.1.2. Intu-
itively, the following sum of the areas of all such rectangles formed by the partition is
the following approximation to the total area A underneath this curve:

T y=1x)

—

>
>
X

ofa=x, Xx, X,

Figure 5.1.2: Area of rectangles approximate the area below the curve.
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It is reasonable to suppose that the approximation to the area A will become bet-
ter and better as the number of rectangles increases and the widths of the rectangles
decrease (|P|| = max; |Ax;| — 0), because the narrower the rectangle, the more closely
the rectangle approximates the region under the curve above that subinterval. Conse-
quently, we define the area A under y = f(x) between x = a and x = b and above the
x-axis as the limit

IIPIIHO Zf

provided that the limit exists for any possible partition of [a, b] and any choice of sam-
ple point x{" in each subinterval.

For a continuous nonnegative function f on [a, b], there is an even stronger argu-
ment for defining limp; o Y1, f(X{')Ax; to be the area A. In Section 2.6.3, the extreme
value theorem showed that a continuous function on a closed interval must attain its
maximum value and its minimum value at some x-value(s) in that interval. Hence, if
we choose the sample points x;* of the partition such that f(x;") is the minimum value
of the function on [x;_;,x;] for each i, then all of the rectangles combined will be com-
pletely contained in the region below or on the curve. Hence, with these x;*, as we take
the limit of the sum, we have

n
lim x)Ax; < A.
Jim, > )

On the other hand, if we instead choose the sample points x;* of the partition such
that f(x;") is the maximum value of the function on [x;_;,x;] for each i, then all of the
rectangles combined completely contain the region below the curve. Hence, for these
x;{", as we take the limit of the sum, we find

n
lim XF)Ax; = A.
Jim, S0

By the squeeze theorem, it follows that limp_,o Y, f(X{)Ax; = A.
These two problems, and many others, look different at first sight, but mathemat-
ically speaking, both require evaluating a limit of this type:

IIPIIHO Zf

Definition 5.1.1 (Definite integral of a function f from a to b). Given any partition of
[a,b], let |P|| = max{Ax,...,Ax,} be the maximum length of the subintervals of the
partition. The definite integral of a function f from a to b is written as fab f(x)dx and is
defined as

[[P|—0 4

J f()dx= lim Zf(x, )AXx,
=}
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provided the limit exists and has the same value for all possible partitions and all
possible choices of the sample points x;. When the limit exists, we say that f(x) is
integrable on [a, b]. The sum tzlf’zl f(x)Ax; is called a Riemann sum and sometimes
denoted by R,,.

Using -6 language, the precise meaning of the limit that defines a definite integral
is the following: for any number & > 0, there is a number § > 0 (depending on €) such
that

<&

b n
j fodx =Y f(xi)Ax;
a i=1

for any partition with ||P|| < § and for every possible choice of x;* € [x;_;,x;] in that
partition.

upper limit/uyer boundary Integrand

integration sign b
— x)dx

/ integration variable

lower limit / lower boundary

The symbol j is called an integral sign. It was chosen as an elongated S because
an integral is the limit of a sum. The function f(x) is called the integrand. The num-
bers a and b are called the limits of integration; b is the upper limit and a is the lower
limit. The process of calculating the value of an integral is called integration. The def-
inite integral j: f(x)dx is a number and it does not depend on x, so x is a “dummy”
variable. In fact, we could use any variable in place of x without changing the value
of the integral, so that

Lb FO0) dx = Lb F(t)dt = Lb Fw) du.

5.1.1.1 Are all functions integrable?

At first sight, it seems that a definite integral for any particular function might never
exist, or at least might be impossible to compute because there are so many variables
involved (choices of the partition, choices of the sample points, etc.). It is true that not
all functions are integrable. In particular, if f fails to be continuous at too many points
in [a, b], then the integral limit may fail to exist. For example, the Dirichlet function is
not integrable.
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Bernhard Riemann

(1826-1866) was an influential German mathematician who made lasting
contributions to analysis, number theory, and differential geometry, some
of them enabling the later development of general relativity. http://en.
wikipedia.org/wiki/Bernhard_Riemann

Peter G. L. Dirichlet (1805-1859) was a German mathematician who made deep contributions to num-
ber theory (including creating the field of analytic number theory) and to the theory of Fourier series
and other topics in mathematical analysis; he is credited with being one of the first mathematicians to
give the modern formal definition of a function. http://en.wikipedia.org/wiki/Peter_Gustav_Lejeune_
Dirichlet

Example 5.1.1. Show that the Dirichlet function

1, when 0 < x <1and x is rational
fx)=

0, when 0 <x <1and x is irrational
is not integrable.

Proof. For any partition of [0,1], say, 0 = x, < X; <X, < --- < X, = 1, if we choose a ra-
tional point x;" in each subinterval [x;_;,x;], then f(x;') is always 1, fori=1,2,...,n, so
the Riemann sum gives

n

n
Zf(xi* )G = Xi_1) = z 1-(x—xq) =1
i=1 i=1
Of course the limit as n approaches infinity of this Riemann sum is 1.

However, if instead we choose an irrational point x;* in each subinterval [x;_;, x;],
then f(x;") is always O fori=1,2,...,n, so the Riemann sum becomes

n n

Y ) —x1) =Y 0 (x;—X;) =0.

i=1 i=1

Of course, the limit as n approaches infinity of this Riemann sum is zero.

Now we have two different choices of the sample points in each subinterval re-
sulting in different limits of the corresponding Riemann sum. By the definition of the
definite integral, the definite integral of this function on [0,1] does not exist. There-
fore, this function is not integrable. O

However, it can be proved that the definite integral always exists for several types
of functions, as stated without proof in the following theorems.
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Theorem 5.1.1. A function f defined and continuous on an interval [a, b] is integrable
on [a,b].

Theorem 5.1.2. A function f is integrable on [a, b] if f is bounded and has a finite num-
ber of removable or jump discontinuities on [a, b].

NOTE. Under the definition of integrable functions, we can also deduce that an in-
tegrable function on [a,b] must be bounded. If a function f is unbounded on [a, b],
then, for any partition a = xy < x; < --- <x, = b, there are some subintervals on which
f is unbounded (say, unbounded above). Given any positive number M, we can then
choose sample points x;* such that ) f(x;")Ax; is larger than M. Therefore, the corre-
sponding limit of the Riemann sum will not exist, so an unbounded function is not
integrable.

If a function is integrable, then the limit of the Riemann sum exists for all possi-
ble partitions and for all possible choices of the sample points x;* in each subinterval
[x;_1,x;]. Therefore, in order to evaluate a definite integral, we can choose a convenient
partition, say, the one in which each subinterval has equal width and the sample point
in each subinterval is the left endpoint, right endpoint or the midpoint of that subin-
terval. The corresponding Riemann sums are called the left Riemann sum (LRS), the
right Riemann sum (RRS), and the midpoint Riemann sum (MRS), respectively.

Example 5.1.2. Calculate the Riemann sums, LRS, RRM, and MRS, for the function
f(x) =x? on [0,1] using five subintervals with equal widths.

Solution. The interval [0,1] must be divided into five subintervals with equal width,
so the subintervals are

o3} (22 32 (4] (2]
5 55 55 55 5

Clearly, Ax; = % for each subinterval, so:
1. ifeach sample point x;" is chosen to be the left endpoint of each subinterval, then

1 x*—g x*—§ and x*—ﬂ
55 25 T >75

and the corresponding LRS, as seen in Figure 5.1.3, is

1l
o
N
Uil -
—
U=
~—
N
| =
+
—
VI N
N—
AN
~—
U] =
+
—
vilw
——
Uil -
+
—
—
Ul =

vl
N—
U] =



256 —— 5 The definite integral

— .

0.2 02 04 0.6 08 1 1.2

Figure 5.1.3: LRS for y = x? over [0,1] with 5 subintervals.

= i =0.24
25
2. if each sample point x;" is chosen to be the right endpoint of each subinterval,

then

*®

s_2 .3 . 4 .
X =, X2=§, x3=§, x4=§, and x5 =1

1
5
and the corresponding RRS, as seen in Figure 5.1.4, is

5

2 flx

i=1

) )
2 2
OO ERH RN
; 0.44;

FE—
0.2 02 04 06 0.8 1 1.2

Figure 5.1.4: RRS for y = x? over [0,1] with 5 subintervals.
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3. if each sample point x; is chosen to be the midpoint of each subinterval, then

1 3 « 5 . 7 « 9
=—, X3=—, X,=—, and x5=_—
10 10 10

and the corresponding MRS, as seen in Figure 5.1.5, is

Y F(x)Ax
i=1
1 1 3 1 5 1 7 1 9 1
~(10)5/(56) 5 +1() 5+ (6) 5 +/(56) 5
(%) 3+(3) 1+(3) 1+ (%) 1+ (3) 3
= — =4 = -4 = T (N —+| = —
10 5 10 5 10 5 10 5 10 5
_ B o33,
100
A
1
[ —
0.2 02 04 06 08 1 1.2

Figure 5.1.5: MRS for y = x? over [0,1] with 5 subintervals.

If we wish to use these Riemann sums to approximate the area under the curve
f(x) = x? on [0,1], which of these three sums will provide the best approximation?
From Figure 5.1.5, it appears that the midpoint sum is the best in this case. However, if
we increase the number of subintervals, we know that the limit of all three Riemann
sums must be the same. Table 5.1.1 shows some numerical values of these Riemann
sums for several different numbers of subintervals.

Table 5.1.1: Selected values for LRS, MRS, and RRS.

n LRS MRS RRS

5 0.24 0.33 0.44
10 0.285 0.3325 0.385
50 0.3234 0.3333 0.3434

100 0.32835 0.33333 0.33835
200 0.33084 0.33333 0.33584
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From the table, it seems that all three Riemann sums approach 0.3 as n (the num-
ber of subintervals) gets large. In fact, this is true, as shown in the following example.

Example 5.1.3. Calculate the Riemann sum R, for the integral jol x2 dx, in which all
subintervals have the same length and the smallest value of x in each subinterval is
chosen as the sample point. Compute lim R, to find the value of this definite in-
tegral.

n—oo

Solution. The function f(x) = x? is continuous on [0, 1], so the definite integral exists
by Theorem 5.1.1. Hence, the value of the integral must be equal to the limit of the
particular Riemann sum, R,,. The partition of [0, 1] into n subintervals by 0 = XO <X <

-+ < X, = 1 has the common length of the subintervals Ax = @ = % = -, so that
Xo=0,x= %, X, = %, and in general x; = % In the subinterval [x;_;,X;] = [ = n] the
sample point x;" will be x;_; = i’Tl, as this is the smallest number in the subinterval.
The Riemann sum R, is therefore

Il
M 5

I
—_

R

n

f@mm=2ﬂ&ﬂM=Zﬁﬂx
i i=1

(5 =350

I
M:

1

Hence,
1
anF(Oz+12+22+~~-+(n—1)2)
_i(n—l)-n-(z(n—l)+1)
3 6
_(n-1@2n-1)
B 6n? ’
Thus,
1
J x*dx = lim R,
0 n—oo
lim n-1)2n-1)
n—co 6n2
. 2m*-3n+1 1
= lim ———— ==,
n—oo 6n2 3

As seen above, the definite integral can be found by evaluating the limit of a Rie-
mann sum. However, we were fortunate because this limit was easy to determine by
using the following convenient identity:

nn+1)2n+1)
— e

We would not be so lucky with other functions, such as sin x or In x. There will not be
any identities to help us find the limit in these cases.

P+22+..4n =
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5.1.2 Properties of the definite integral

When we defined the definite integral f: f(x) dx, we assumed that a < b. However, the
definition as a limit of Riemann sums is still valid even if a > b. If we interchange a
and b, then Ax changes from x; — x;_; to x;_; — x;. Therefore, we define

be(x) dx =- Jaf(x) dx.

a b
In the case where a = b, we have Ax = 0, so we also define

a
J f(x)dx=0.
a
We now list some basic properties of definite integrals. We assume that both f and g

are integrable functions.

Properties of the definite integral
Property 1. When c is any constant, fab cdx = c(b - a). In particular,

b b
Jldx:b—a and dex:O.

a a

Figure 5.1.6 illustrates this property.

‘ ' b
Figure 5.1.6: The definite integral of a constant function is the area of the rectangle.

Property 2. The linearity property tells us

b b b
J [kf(x)ihg(x)]dx:kj f(x)dxthj g(x)dx,

a a a

where k, h are constants. In particular,
b b
J kf(x)dx = kj f(x)dx, for any constant k.
a a

Property 3. The additive property tells us jf fx)dx = jac FOO)dx + jcb f(x)dx.
Figure 5.1.7 illustrates the additive property.
Property 4. 1ff(x) >0 for a<x <b, then [’ f(x)dx>0.

Property 5. If f(x) > g(x) for a < x < b, then jab fo)dx = jab g(x)dx.
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Figure 5.1.7: Additivity properpty of definite integrals.

Property 6. If m<f(x) <M for a<x<b, then
b
mb-a) < J Fo)dx <M(b- a).
a
Figure 5.1.8 illustrates this property.

Property 7 (Mean value theorem). If f(x) is continuous on [a, b], then there must be
anumber c € [a, b] such that

b
j f)dx=£(c)(b - a).

Figure 5.1.9 illustrates this property.

A

M

Figure 5.1.8: Estimate a definite integral.

[

m=flc)

o —_-_——_————

Figure 5.1.9: Mean value theorem for a definite integral.
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NOTE. If f(x) > O, the geometric interpretation of this theorem is that there is a num-
ber c in [a, b] such that the area of the region between the x-axis, the curve, and the
vertical lines x = a and x = b is equal to area of the rectangle with base length (b — a)
and height f(c). The value of f(c) is defined as the mean/average value of f(x) over the
interval [a, b], so

I: fx)dx

the average value of f(x) on [a,b] is f e = -

Before proving these properties, we give two examples to illustrate some of these
properties.

Example 5.1.4. Find IOB [x] dx.

Solution. The greatest integer function [x] is not continuous on [0,3], but it is
bounded and has only three discontinuities. By Theorem 5.1.2, it is therefore inte-
grable. Because we know that a definite integral is actually the area under a curve, we
can use geometry to find the value of this definite integral. We have

r[x] dx = Jl[x] dx + r[x] dx + r[x] dx

0 0 1 2
1 2 3
=J de+J 1dx+J 2dx
0 1 2
=0+12-1)+23-2)
=0+1+2=3,

which is the area of the shaded region, as shown in Figure 5.1.10.

Example 5.1.5. Show that

2
< J e <24
0

Q
N

\

SR L U—

Figure 5.1.10: Area of the region below [x] and above the x-axis for 0 <x < 3.
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Proof. Since f(x) = &~* is continuous on [0,2], it has extreme values on [0, 2] and is
also integrable on [0, 2]. To find its extrema, we take the derivative

F100 =% (x = x2)" =% (1- ).
The only stationary point is x = % and the endpoints are x = 0 and x = 2. We compare
the values of the function at these three points:

f(0)=e"0=1, f(%):e%'(%)@e%:%,

and
fQ =2 =e2

We conclude that the minimum value of f(x) is e~2 and the maximum value of f(x) is
{/e. Therefore,

2
(2-0)e?< J e dx < Ye(2-0).
0

This completes the proof. Figure 5.1.11 illustrates this estimation. O

0.5

-0.5 0.5 1 1.5 2

Figure 5.1.11: Estimate the integral IOZ & dx.

Proofs of the properties
Proof of Property 1. Since f(x) = c, for any partition P of [a, b] and any sample point
x; in each subinterval [x;_;,x;], we have f(x{") = c and

b n n
|| roodx= Bim, 30 ) = fim, ¥ i

n

=c lim ) Ax;=c(b-a). O
||Pn—>o; Xi=cb-a

Proof of Property 2. For any partition P, a =x, <x; < --- <X, = b, of [a, b] and any sam-
ple point x;" in each subinterval [x;_;, x;], we have

b
J [KF () + hg ()] dx
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n

=, zl XA

Zkf )Ax; + lim Zhg(xi* )Ax;
||P|| —0¢ IPI—0 =

= ”P” m z f(x)Ax; +h \|11>}|m0 z g(xf)Ax
= kJ foO)dx + hJ g(x)dx.

The above limits exist because both f(x) and g(x) are integrable. O

Proof of Property 3. Since f(x) is integrable on [a, b], the definite integral f: fx)dx
exists and does not depend on the partition of [a, b]. If a < ¢ < b, we fix the point ¢ and
subdivide [a, c] and [c, b] in any way. Then

A=Xy <Xy <+ <Xy =C<Xppyy < <Xp=b

n

and the Riemann sum

DI =Y FO)AG + Y f(x)Ax
i=1 i=1 i=m+1

is one of infinitely many ways of subdividing the interval [a, b]. The limit of this Rie-
mann sum, of course, exists as ||P| — 0. This gives

be(X) dx = ch(x) dx + be(x) dx.

If cis not in (a, b), the additive property still holds. For example, if a < b < ¢, then

LC fx)dx = Lb foodx+ LC fx)dx
- Lb FO) dx — f FO0)dx,
s0 we still have
Lb FOO) dx = LC FO)dx + Lb Fx)dx. =

Proof of Property 4. For each point x;" in each subinterval of any partition P, we have
f(xf)>0and ), f(x{)Ax; >0, so

Jb x)dx- hm Zf x;)Ax; = 0. a

a
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Proof of Property 5. This follows from Property 4, since f(x) — g(x) > O means that

b
0< J fx)—gx)dx.

By the linearity property,

b b b
Osj f(x)—g(x)dx:J f(x)dx—J g(x)dx.

a a

This implies

Lb fx)dx = Lb g(x)dx. O

Proof of Property 6. Since m < f(x) < M, by Property 5, we have

medxs be(x)dx$ Jbde.

a a a

By Property 1, we have j: madx =m(b — a) and j: Mdx =M -a), so

b
m(b—a)<J fx)dx<M(b-a). O

NOTE. This property says that, even when we do not know the exact value of the
definite integral of f (x) on [a, b], we could estimate the value by bounding the function
as we did in Example 5.1.5.

Proof of Property 7. Since f(x) is continuous on [a, b], it obtains its maximum value M
and minimum value m on [a, b]. By Property 3, we have

m(b - a) < Jb Fx)dx < M(b - a).

Dividing this inequality by (b — a), we obtain

jbf(x)dx
ms a7 ¢

b-a
Proodx . .
Hence, the number My is between the maximum value and the minimum
value of f(x) on [a, b]. Then, by the intermediate value theorem, we know there must
be a number c € [a, b] such that
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5.1.3 Interpreting jab f(x)dx in terms of area

As discussed previously, we know that, if f(x) > 0, the definite integral J: f)dx, if
it exists, is the area under the curve f(x) above the x-axis and between the two lines
x =a and x = b. But what happens if f (x) is negative on [a, b]? By the definition of the
definite integral, it is not hard to see that f (x;) < 0 and in the Riemann sum, f(x;")Ax; is
equal to the length of the base times the negative height of the rectangle, so the value
of the definite integral is the negative value of the area of the region that is below the
x-axis, above the graph of f(x), and between the lines x = a and x = b.

A, Area above the x-axis

TN

a c d b x
B

\ A, Area below the x-axis

Figure 5.1.12: Geometric interpretation of the definite integral.

When f takes negative and positive values as in Figure 5.1.12, there is a more compli-
cated interpretation of the definite integral in terms of areas. By the additive property
of the definite integral,

b c d b
J f(x)dx:j f(x)dx+j f(x)dx+J fo)dx
a a c d
= Area A - Area B+ Area C

= (area above the x-axis) — (area below the x-axis)

In another words, the integral fab f(x) dx is the sum of the areas that lie above the x-axis
and under the graph of f(x) minus the sum of those areas that lie below the x-axis and
the above the graph of f(x). A definite integral can thus be interpreted as a net area,
that is, a difference of areas. We have

b
J f(x)dx = A, — A, = (area above x-axis) — (area below the x-axis),
a
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where 4, is the sum of the area of the regions above the x-axis and below the graph of
f and A, is the sum of the area of the regions below the x-axis, above the graph of f,
between the two lines x = a and x = b.

Example 5.1.6. Evaluate the following definite integrals by interpreting each in terms
of areas:

(a)r(x+1)dx, (b)JZ(ZX—l)dx, (C)JHCOSXdX, (d)Jl W,
0 o o .

-1
Solution. (a) Since f(x) = x + 1 > 0, we can interpret this integral as the area under

the curve y = x + 1 from O to 2, as shown in Figure 5.1.13 (a). The graph of f for 0 < x <2
is a trapezoid. Hence, the area is

2
J (x+1)dx:ﬂ-2:4.
o 2

(b) The graph of y = 2x — 1 is the straight line shown in Figure 5.1.13 (b). We com-
pute the definite integral as the difference between the areas of two triangles, namely
Area C - Area B in Figure 5.1.13 (b). We have

2
j (2x—1)dx=AreaC—AreaB=1(§x3)—1<1x1):2.
o 2\2 2\2

(c) The graph of cosx for 0 < x < 7 is shown in Figure 5.1.13 (c). By symmetry,
j(;r cosxdx = 0.

A
3 y=2x-1
2 -
1 Area C
i T 3 4
1+ Area B
) 4
(a) (b)
A
, i
| | y=cos(x) y==
0.5
). L | 1 1 1 >
w2 w2 T 3m/2 2 l ! 2
-0.5
1F

(c) (d)

Figure 5.1.13: Graphs for Example 5.1.6.
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(d) The function ";—' has a jump discontinuity at x = 0, but the graph determines
two rectangles, one below the x-axis and one above. Using the idea of net area, we
have

1
J mdx=1—1=0.
1 X

In fact, for any integrable odd function f(x), the definite integral Laa f(x)dx=0.

5.1.4 Interpreting Lb v(t) dt as a distance or displacement

In a similar way, if f(t) = v(t) > O is the velocity of a particle moving along a straight
line, then j: v(t) dt is the distance traveled by the particle during time interval [a, b].

If v(t) < 0, the particle is moving in a negative direction and jab v(t) dt is the negative of
the distance traveled by the particle during this time interval. If v(t) has both positive
and negative values on [a, b], this means that the particle moves sometimes to the
right (positive direction) and sometimes to the left (negative direction). The definite
integral j: v(t) dt is the distance traveled by the particle in the positive direction minus
the distance traveled in the negative direction. The total distance traveled is given by

b
j Iv(e)| dt.

Suppose a particle is moving along the x-axis and we let x(t) represent its position
attime t. Since x’ (t) = v(t), that s, the derivative of the position/displacement function
is the velocity. During the time interval [a, b], the particle moves along the x-axis from
an initial position x(a) to an ending position of x(b). The change in a position of the
particle, x(b) —x(a), is exactly equal to the distance that the particle moves in a positive
direction minus the distance that the particle moves in a negative direction. That is,

b b
J V(e dt = J d’;(tt) dt = x(b) - x(a).

In this context, we interpret the definite integral fab v(t) dt as x(b) —x(a), the net change
in a position, where x is an antiderivative of v. This result anticipates the FTC, given
in the next section.

5.2 The fundamental theorem of calculus

As seen in the previous section, the FTC does confirm us that there exists a nice con-
nection between definite integrals and antiderivatives. The first part of the FTC deals
with a function F(x) for x € [a, b] defined by an equation of the form

F(x) = jxfa) dt,
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where f is a continuous function on [a, b]. Observe that F(x) depends only on x, the
upper limit on the integral sign, and has no connection with the variable ¢ since that is
not present in the value of f: f(t)dt. If x is a fixed number, then the integral f; f(t)dt
is a definite number. If we let x vary, then the value of the integral j: f(t)dt also varies
and defines a function of x denoted by F(x). If f(¢) happens to be a positive function,
then F(x) can be interpreted as the area under the graph of f from a to x, where x
can vary from a to b, as in Figure 5.2.1 (a), so it is sometimes called the area function.
If f(x) # 0 for all x € [a,b], then F(x) requires a more complicated interpretation in
terms of areas, as illustrated in Figure 5.2.1 (b).

v A
=) y A
F(x)= la finydt
y=f)
Area A Area B
F(x)= [; fit)dt X >
ol Area C b t
o a x b 't
F(x)=Area A F(x)=Area B-Area C

(a) (b)

Figure 5.2.1: The area function.

Theorem 5.2.1 (Fundamental theorem of calculus, Part I). Suppose that f is continu-
ous on [a,b]. Define F : [a,b] — R by

Fuyirfmda a<x<b.

Then F is continuous, differentiable on (a,b) and F' (x) = f(x) for x € (a,b). That is, F is
an antiderivative of f.

Proof. By definition, the derivative of F at x is

. F(x+h)-F(x)
! —

F'(x)= }lllng) —
Notice that

X+h X
Fu+m-ﬂm:j ﬂnm—jﬂom

a a

=Eﬂom+rmﬂnm—rﬂom

X a
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x+h
- J £(0)dt.
X

Since f is continuous on [x, x + h], or on [x + h, x] if h < 0, the extreme value theorem
tells us that there are numbers ¢ and d between x and x + h such that f(c) = m and
f(d) = M, where m and M are the absolute minimum and maximum values of f on
the closed interval between x and x + h. Assuming that h > O (a similar proof can be
given for the theorem when h < 0), the properties of definite integrals from Section 5.1.2
establish that

X

m(x+h—x)sj +hf(t)dt<M(x+h—x).

X
Simplifying these inequalities gives
x+h

m-hsj FO)dt <M-h,

X

m< % LM F(6)dt <M,
£(©) < 2 [Foe+ by - Foo) < (@)

Then

. . Fx+h)-F®Xx)
pmfe < fim —————

< %‘i%f (d)
and

lim f(c) <SF'(x) < lim f(d).

Since f is continuous and c, d € [x,x + h], it follows that, when h — 0, both ¢,d — x
and both f(c),f(d) — f(x). Hence, by the squeeze theorem, we have

fX) <F'(0) <f(x).
Thus F' (x) = f(x), or
d X
— j F(t)dt = f(x). 0
X Ja
NOTES. 1. The theorem tells us that, for any continuous function f on [a, b], we can

define a function F that is an antiderivative of f on (a, b). In particular, it says that
every continuous function has an antiderivative defined by the equation

Flx) = j fydt, a<x<b.
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2. In the formula f: f(t)dt, there are two variables, namely x and ¢. The variable
t is the dummy variable of integration and this means we can replace it by any
other letter we like, without changing the meaning or value of the integral. Well,
almost any other variable. There is one variable that is not allowed, namely x. The
reason is simply that x has been already used as the independent variable for the
function F, so we cannot use it to replace t¢.

3. The theorem can also be written as

d X
= j fe)dt =f(x).

4, Functions defined by definite integrals often appear strange at first sight. How-
ever, there are many examples in mathematics and physics of functions defined
by integrals. For example, in the theory of optics we find the Fresnel function

S = jx sin( "th) dt.

0

The graph of S(x) is shown in Figure 5.2.2.

Figure 5.2.2: Graph of the Fresnel function.
In mathematics we have the gamma function

o0
I(x) = J t*letdt, x>0.
0

Both are defined by integrals. Figure 5.2.3 shows the graph of I'(x).

A

Figure 5.2.3: Graph of the Gamma function.
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Example 5.2.1. Find the derivative of the function

F(x) = LX sin(¢3 + 1) dt.

Solution. Since the integrand function
f(t) =sin(£> +1)

is continuous everywhere, it follows from the FTC that the function F(x) is differen-
tiable everywhere and

F'(x) =f(x) =sin(x> +1).
Example 5.2.2. Find the derivative of the function
Glx) = E Ve + 2+ 1dt.
Solution. Since the integrand function
gt)=Vt*+2 +1

is continuous everywhere, it follows from the FTC that the function G(x) is differen-
tiable everywhere and

G'X)=g(x)= Vx* +x2 +1.
Example 5.2.3. Find & j:z sint? dt.

Solution. The function sin¢? is continuous everywhere, so we apply the FTC. How-
ever, we have to be careful to use the chain rule in conjunction with the FTC. Let u = x.
Then

x? u
c;ix L sint? dt = d% L sint? dt
u
= %(L sin t? dt)—
du
= i 2 . —
= sin(u?) ™
=sin(x*) - 2x.

Example 5.2.4. Find & I_Z; et dt.

Solution. In addition to the chain rule, we need the additive property of the definite
integral, because the lower limit of integration is not a constant in this case. Let u = —x?
and v =2x. Then
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I a (v
Ix L et dt+ I L et dt
d (4 2 du d JV e dv
- el dt- =~
du Jo dx " dv Jo dx
__ —u2d_u e—vzﬂ
dx dx

NOTE. In general, if f is integrable and ¢ and i are differentiable, then

d (Yv»
< j F(&)dt = FROONY' () - F(d(0))P' ().
dx Jpw

The second part of the FTC shows that, if we know an antiderivative F of a func-
tion f, the value of a definite integral of f on an interval can be computed simply by
evaluating the antiderivative F at the two endpoints of the interval. This is also called
the Newton—Leibnitz theorem.

Theorem 5.2.2 (Fundamental theorem of calculus, Part II). Suppose that f(x) is con-
tinuous on [a, b] and F(x) is any antiderivative of f (x) on [a, b]. Then

b
J f(x)dx =F(b) - F(a).

Proof. Since j: f(t)dt is an antiderivative of f(x) by the FTC, Part I and since F(x) is
also an antiderivative of f(x), there must be a constant C such that F(x) = j; fydt+C
(see Theorem 4.2.4, Chapter 4). Therefore,

F(a) = Jaf(t)dt+C=C and

ab b
F(b) = j Fltydt +C = j FO0) dx + F(a).

Then

b
j () dx = F(b) - F(a). (5.1)
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NOTES. 1. Sometimes we write F(b) — F(a) as F (x)Ijiz for the sake of convenience.
2. We know that F’ (x) represents the rate of change of y = F(x) with respect to x and
F(b)-F(a) is the net change in y when x changes from a to b. Although y could, for
instance, increase, decrease, and then increase again, F(b) — F(a) represents the
net change in y over [a, b], so we reformulate the above theorem as follows. The
definite integral of the rate of change of a function F(x) is equal to its net change

over the interval [a, b], or, in symbols,
b
J F'(x)dx =F(b) - F(a) =F(X)|Z.
a

As seen in Theorem 4.2.4, to find an antiderivative of a basic function f(x), we
could use the basic derivative formulas. For example, since

~ b . Xn+1 I_ "
(-cosx)' =sinx, (&) =¢*, <n+1> =x",

Xn+1

—cosx, e*, and o

are an antiderivative of sin x, e*, and x", respectively.

Example 5.2.5. Find the area of the region bounded by y =x%,y =0, x =0, and x = 2.

3

Solution. The area of the region is the definite integral f ; x?dx. Since 1x3 is an an-

3
tiderivative of x?, the FTC, Part II gives

b 1 x=2
J xX2dx = =x°
a 3 x=0
1 8
=-(22-0%)==-.
3( ) 3

Figure 5.2.4 shows the region.

Example 5.2.6. Evaluate the integral jf e* dx.

4

Figure 5.2.4: Region bounded by y =x2,y =0,x=0, and x = 2.



274 =—— 5 The definite integral

20F

15F

Figure 5.2.5: Region bounded by y =¢€*,y=0,x=1,and x = 3.

Solution. The function f(x) = €* is continuous everywhere and we know that an an-
tiderivative of f is F(x) = €*. Hence, the FTC, Part II gives

3
j e dx=F(3)-F(1)=¢€>-e.
1
Figure 5.2.5 shows the region.

NOTE. The FTC, Part II says we can use any antiderivative F of f, so we may as well
use the simplest one, namely F(x) = * (if we use one with a nonzero constant C, e* +C,
the constant C would cancel out in the calculation of F(3) — F(1)).

Example 5.2.7. Find the area of the region bounded by y = sinx, y = 0, x = 0, and
X =T.

Solution. An antiderivative of y = sinx is — cosx, since (- cosx)’ = sinx and sinx = 0
on [0,7]. The area is given by the definite integral

n
J sinxdx = —cosx|j
0

= —(cosm - cos0)
=—(-1-1)
=2

Figure 5.2.6 shows this region.

A

y=sin(x)
] -

/2 Tr

1k

Figure 5.2.6: Region bounded by y = sinx, y =0,x=0, and x =m.
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Example 5.2.8. Find the area between the two curves y = vx and y = x°.

Solution. The intersections of the two curves are (0,0) and (1,1), as seen in Fig-
ure 5.2.7. The curve y = v/x is above the curve y = x?, between x = 0 and x = 1. The area
A between the curves is given by

y=x

Figure 5.2.7: Region bounded by y =x? and y = vXx.

5.3 Numerical integration

The integrals used to calculate the length of the orbit of Mars or the angular position of
a simple pendulum are among the many integrals that cannot be evaluated by substi-
tution, integration by parts, or indeed any known integration technique. Some other
examples of integrals that cannot be evaluated exactly include

b, b 5 X
J e dx, J sinx?dx, and J —dx.
a a 1 X

In each of these cases, the integrands are continuous functions over the stated inter-
vals, so we know the definite integrals must exist and have some finite value. However,
there is no closed-form antiderivative for any of these functions, so we cannot compute
the definite integrals exactly. We therefore use numerical methods to approximate the
values of such definite integrals. Two such numerical methods are the trapezoidal rule
and Simpson’s rule.
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5.3.1 Trapezoidal rule

The trapezoidal rule approximates the definite integral jf f(x) dx by partitioning [a, b]
into n equal subintervals of length h = @ by the points a = x, <x; < --- <X, =b (so
X; =Xo + h, X, = X + h, and in general x; = x + kh).

The approximation given by this rule is the definite integral of a new function that
is a straight line between any two consecutive points of the partition, (x;_;, f(x;_;)) and
(x;, f(x;)), as seen in Figure 5.3.1. The value of this approximation is given in the next
theorem.

yA

~ y=fx)

a=x, X, X,

Figure 5.3.1: Trapezoidal approximation.

Theorem 5.3.1 (The trapezoidal rule is also called the trapezium rule). Let a = x, <

X; < --- < X, = b be a partition of [a, b] into n equal subintervals of length h = (bf") and

let
yOZf(XO)’ YI:f(X1)> REE) yn:f(xn)'

If f is continuous on [a, b], then an approximate value of the integral j: f(x) is given by

b
J fO=T,= %h(y0 +2(1 + Y3+ o+ Yiy) + Vn)- (5.2)

The errorlj:f(x)— T,| — 0 asn— co.

Example 5.3.1. Compute the trapezoidal rule approximation, Ty, with n = 6 subdivi-
sions for

f Vx dx.
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Use the known exact value of this integral, Jf Vxdx = %x% Ijﬁj‘ = %, to calculate an

upper bound on the error [14/3 — Tg|.

Solution. For n=6, we have h= @ = % The subdivision of [1,4] is

3 5 7
Xg =1, x1=§, X, =2, x3=§, X, =3, x5=§, X¢=4, so
3 5 7
Yo=1, Y1:\/j) YZ:\/Z )’3:\/2 Y4:\/§: Y5:\/j’ Yo =2.
2 2 2
By the trapezoidal rule,

4 1
L Vxdx = Rg = Eh()/o +2(y1 +Y2 +Y3+Y4 +Ys) + V)
=1-1(1+2<\/§+ V2+ \/§+ V3+ \/7>+2)
2 2 2 2 2
~ 4.661488.

The difference between the exact value and the approximation Ry is |% -4.61488| <
0.0052.

5.3.2 Simpson’s rule

If [a, b] is partitioned into an even number of n equal subintervals of length h = % by
the points a = xy < x; < -+ <x, = b, then Simpson’s rule for approximating fab fo)dx
is based on approximating f on two consecutive intervals [x;_;,x;] and [x;,x;,1] by a
quadratic function of the form y = Ax? + Bx + C, whose graph is a parabola. The values
of A, B, and C are determined by requiring the quadratic to go through the correspond-
ing three points of the graph, (x;_;,f(x;_1)), (x;,f(x;)), and (x;,1,f (x;;1)). Most functions
can be more closely fit by parabolas than straight lines, so we expect Simpson’s rule
to be more accurate than the trapezoidal rule. The details of this approximation are
given in Theorem 5.3.2.

Theorem 5.3.2 (Simpson’s rule). For an even numbern,leta =xy < x; < -+- <x, =b be
a subdivision of [a, b] into equal subintervals with width h = b%“ and let

Yo =f(x0)y1 =f(X1), ..., ¥V =F(Xy).

Iff is continuous on [a, b], then an approximate value of the integral j: f(x) is given by
b
j fx)dx =S,
a
1
= 3h0o + 400 +Y3+ - 4 Yna) #2050 4 Y4+ 0+ Yn2) + V).

The difference | fabf(x) -S,l = 0asn— oco.
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Example 5.3.2. Use Simpson’s rule with n = 6 to approximate the integral
V2
J sinx? dx.
0

Solution. Note that n = 6 is even, as required, and h = (v2m - 0)/6. The subdivision
of [0, V271] is

Van 2V2n _3Van

Xo =0, Xl:T’ Xy = 6’ X3 = 6
421 5vV2n 6V2n
X, = c X5 = ¢ xszT.

Thus,

1
S = §h[yo T4 +Y3+Ys) + 202 +Ya) + Vel
P 2
3 s (o) o2 22

| ) )]

= 0.4046.

O\S’o\

NOTE. A more exact approximation to the integral is j sinx? dx = 0.430 41, so this
particular Simpson’s rule approximation is not very accurate. The reason for this in-
accuracy is that the curve makes a tight turn between x = 1.65 and x = 2.5 that is not
approximated well by parabolas, as seen in Figure 5.3.2 (the curve y = sin(x?) is the
dashed line and the approximating curves are solid lines). The remedy for this is to
significantly increase n, the number of subdivisions of [0, V2m].

VA

=Y

ak y=sin(x’) Simpson's rule

Figure 5.3.2: Simpson’s rule to approximate jom sinx? dx.
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-1

Figure 5.3.3: Trapezoidal approximation to A

=Y

1 2
y=sin(x’) trapezium
Approximation

[ sin(x?) dx.

NOTE. The trapezoidal rule gives a much worse approximation of 0.50916. Fig-
ure 5.3.3 shows why this happens. The straight line approximations of the trapezoidal
rule are very poor approximations to the curve for x > 1.

5.4 Exercises

1.

Express each of the following limits of a Riemann sum as a definite integral, as-
suming each c; is chosen from the kth subinterval of a regular partition of the
indicated interval into n subintervals of equal length Ax
(@) limy, o Y7 (coscp)Ax, [0,3];  (b) limy, oY, & cZ X Ax, [1,4];

2
(©) limy,_o Y7, 41“%%’“, 2,6]; (d) lim,_o, Y7 (sin? ¢, —2c) 24, [a,b);
(e) limy, o X5, Xg—L‘Ax, [1,3].
Let P be a partition of [2,7]. Express limp_, Z{‘ZI(S(X;‘P - 4x{ )Ax; as a definite
integral.
Express the following limits as definite integrals:

(a) limnﬂoo(n\gz + n‘gz +- ns/z) (b) hmnﬁoo z & o
(0) lim,_,, W (p>0).

(*Group activity) Give an argument based on Riemann sums to explain why the
following functions are or are not integrable on [-1,1]:

@ fo0={r X400 foo= {3 10

0; x=0;

(© gix) = ﬁz =0

x<0.
Calculate the LRS, RRS, and MRS for the following functions using four subinter-

vals of equal width:
(@) f(x)=cosx, [0,]; (b) f(x)=1%, [1,9]; () f(x)=2x—x% [-1,3].
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10.

11.
12.

13.

14.

Assume J: f(x)dx =4 and J: g(x)dx = -2. Find:
(@) Jab 5f(x) dx; (b) [ 4f (u) - 78%(w) du;

© [ff-Lat (@) [73f(s)- £ as.

Use the properties of definite integrals to verify the following inequalities without
evaluating the integrals:

(@) f;(x2—4x+4)dx>0; (b) jé \/1+x2dx<f; VI + xdx;

(c) 2< Lll V1+x2dx <2v2.

If f (x) is differentiable everywhere, f(3) = 3, and j; f(x)dx =3, show that there is
a number ¢ € (0,3) such that f' (&) = 0.

(a) Assume f(x) is continuous and differentiable on [a, b] and lea j: f(x)dx =f(b).
Prove that there is at least one point € € (a, b) such that f’(g) = 0.

(b) Give a counterexample for a function f(x) that is not differentiable.

Evaluate each of the following limits:

(@) lim,_q, ["7 S dx, p> 0;

x+h
. (Hydt
(b) limy_o 2

, Where f is continuous;
n
(©) lim,_, [/* sin"xdx;

(d) lim,_,, JX tsin % f(t)dt, where f(x) is differentiable everywhere and
lim, ., f(x)=1.

If f (x) is integrable on [a, b], prove that | j: f)dx| < j: If ()| dx.

(Extended mean value theorem of integrals) If both f(x) and g(x) are continu-

ous on [a, b] and g(x) does not change sign over [a, b], show that there is number

¢ € [a, b] such that

X+2

b b
j FOOg00) dx = (&) j 200 dx.

The mean value of n numbers f(x;),f(x,), ..., f(x,) is defined by

£00) +£06) + - +£ (%)

n

If f(x) is continuous on [a, b] and Xy, X,, ..., X, are n distinct numbers chosen from
each subinterval of a partition of [a, b] with n subintervals of equal width, show
that
b
fO0) +£06) + -+ +£0g) _ J F00dx

lim =

n—0co n b-a
Evaluate the following definite integrals by interpreting them as areas:
(@) Lll(z— Ix|)dx;  (b) _[24(% +3); (c) Ifl[u] du;
d) | (cos20)dt; (&) [,'3dx; ® [2 12x-3|dx;

() J_ll Vi-x*dx; (h) j_ss(x—\/ZS—xz)dx.



15.

16.

17.

18.

19.

20.
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The graph of f(t) consisting of line segments and a half circle is given below.

A
3-
22) (3,
oL (22) (3,2)
@2
1
5.
543 2 - 1 2 3 4 5 x
eyl cnn) I
2k
Question 15

Assume H(x) = jlx f(t)dt. Then:

(a) ﬁnd H(—Z), H(O)’ H(l)’ H(3)’ and H’ (_3);

(b) find the extreme values of H(x) on [-5,3];

(c) find any inflection points of H(x).

Find the derivative of each of the following functions:

(@) fo0 = [ Vi+2dt; (b) g(t) = [, (sinu?)du;
3 cosu __gf2

(©) gly) = jw(s2 +1ns)ds; (d) k(u) = [~ e™ dt;

(&) fx)= jg(x— DV1+t4dt.

Find each of the following limits:
. cost?dt . > . 3
(@) lim,_,, b — (b) lim,_,, m; (©) lim,_, o, X1 s

cosx

(d) lim,,_q, £ X1 cos(l); (&) lim,_q, [ &% dx.

If f(x) is continuous on [0,1], 0 < f'(x) < 1for all x € (0,1), and f(0) = 0, then show
that ([ f(x)dx)? > [ f>(x) dx. [Hint: consider F(t) = (J, f(x)dx)? - [} f>(x) dx.]

If f(x) is continuous on [0,1] and a = jol f(x)dx, then, by considering _[(: fx) -
a)? dx or by any other method, show that j; FPx) dx = (j; f(x) dx)?. More generally,
show that

(Lbf(X)g(x) dx)2 < bez(x) dx Jbgz(x) dx

a a

for any integrable functions f(x) and g(x) on [a, b].

Use the FTC, Part II to evaluate each of the following definite integrals:
(@ _[(;T sinx dx; (b) .[_11 # dx; © Jle )1( dx;

(d) le(X3 —VxX)dx; (e) j(;T sec?xdx; (f) j; 8.dx;

(g) I(:/ 2 \/11_7 dx; (h) jol eXdx; 0] j(’;(e" +2cosx)dx;

G e @ [‘-1ds Q) [‘(cosf-2sin6)df.
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21. Find a function f and a positive number a such that 6 + j: fg—zt) dt =2+/x.
22. Assume the function f is differentiable on [0,1] and f(0) = 0.

(a) Show that 8 Io% f(X) dx < maXgeyegs I (X1

(b) Iff(1)=£(0) =0, prove that | |, f(x)dx| < } maxoe.q If' (V)!.

23. The Gauss error function is a special nonelementary function that occurs in
probability and statistics. It is defined as erf(x) = % fg e’ dt. The error function
also occurs in the solutions of the heat equation when boundary conditions are
given by the Heaviside step function.

(a) Show that Iab et dt = */TE(erf(b) - erf(a)).
(b) Show that the function y = " erf(x) satisfies the equation y’' —2xy = \iﬁ

24. 1 P f(x) dx +x? =f(x), find [ f(x) dx.

25. Find the average value of the following functions on the indicated interval:
(@) y=cosx, [0,7]; (b) y=3x*+2€, [0,3];

(c) y=secxtanx, [0,5]; (d) y=1, [e,€?].
26. Are the following statements true or false? Explain.

31 -1 1 4
(@ [ gdx=%5P=-5-1=-3;

(b) [rsecOtan6dd =sech|t = —— - —r =-3.

cosm  cos %

27. Find the area of the shaded regions.

y=(x-1)-1

1k 1=

y=1+cos(x)
-1 1 2 3 1
f2 T
Sk
(a) (b)
| 2
3k y=sec’'(x)
I y=x-x"-2x
2=
J. 1
-1 1 2
1
-1
———L
2 -1 ) 1 2
y=l-x

28. A parabola y = ax? + bx + c passes through the three points (x;,;), (x,¥,), and
(X3,Y3)-
(a) Find, in terms of x;, y;, i =1,2,3, the coefficients a, b, and c.

(b) Show that “7’(3 + 1’7"2 + cx is an antiderivative of y.



29.

30.

31

32.

33.

34.
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(c) Find, in terms of x;, y;, i = 1,2,3, the area of the region bounded by the
parabola, the x-axis, and the two lines x = x; and x = x;.

Use the trapezoidal rule to find an estimate of the following integrals with n subin-

tervals of equal length:

(a) ngzcosxdx, n=5 (b) jo3 Vx +1dx, n=10;

(©) jol(cosxz)dx, n=4.
Use Simpson’s rule to find an approximation of the following integrals with n
subintervals of equal length:

@) _[_11 e—x2 dx, n=10; (b) J—zl xV2+ 3 dx, n=10;

(©) jol(cosxz) dx, n=4.
Approximate the following integrals by using a Taylor polynomial of degree 3 for
a suitable function:

1 2 5 1 6 )
@) f,e™ dx; ®) [, 7= dx;

(©) jol % dx, n=10; (d) f; (cos x?) dx.

(Acceleration and velocity) The graph of the acceleration a(t) of a car measured
in ft/sec? is shown below. Use (a) the trapezoidal rule and (b) Simpson’s rule with

n = 6 to estimate the increase in the velocity of the car during a six-second time
interval.

0 2 4 6 t(seconds)
Question 32
Time 0 5 10 15 20 25 30

Velocity v(t) ft/s 0 48 85 108 125 138 141

(Particle motion) The table above shows selected values of the velocity of a par-

ticle moving along a straight line.

(a) Setup an integral that represents the distance traveled by the particle during
the first 30 seconds.

(b) Use the trapezoidal rule with six subintervals of equal length to estimate how
far the particle moved during the first 30 seconds.

(Optimization) A certain type of machine depreciates at a continuous rate r = r(t),

where t is the time measured in months since the last overhaul. A fixed cost M is
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incurred for each overhaul. The owner wants to determine the optimal time T (in

months) between overhauls.

(a) Setup an integral expression that represents the loss in value of the machine
over the period of time ¢ since the last overhaul.

(b) Let C be given by C(t) = %[M + fé r(s) ds]. What does C represent in this situa-
tion? Why would the owner want to minimize C?

(c¢) Show that C has a minimum value at the times t = T where C(T) = r(T).



6 Techniques for integration and improper integrals

In this chapter, you will learn about:

— indefinite integrals;

—  integration by substitution;

— integration by parts;

— partial fractions;

—  substitution in definite integrals;

— integrations by parts in definite integrals;
— improper integrals.

Any function can be differentiated, using the rules of differentiation, provided it has
an equation created from the basic mathematical functions. However, there is no set of
rules for finding antiderivatives of a function and it can be proved that some very sim-
ple functions do not have an antiderivative function given by a formula using only ba-
sic functions. Consequently, we now present several methods that help us to find an-
tiderivative functions, such as integration by substitution, integration by parts, and the
partial fractions method. Finally, in the last section, we will discuss improper integrals.

6.1 Indefinite integrals

6.1.1 Definition of indefinite integrals and basic antiderivatives

The fundamental theorem of calculus (FTC) reveals the connection between the def-
inite integral of a function on an interval and the antiderivatives of the function on
that interval. To evaluate a definite integral of a function on an interval, the only
thing we need to do is to find an antiderivative of the function. We now focus on some
techniques to find antiderivatives of functions. First, we recall the definition of an
antiderivative.

Definition 6.1.1. A function F is an antiderivative of f if F’ (x) = f (x) for all points x in
the domain of f.

Finding an antiderivative of a function on an interval may be very difficult. How-
ever, we know from the FTC, Part I that a continuous function must have antideriva-
tives, since j: f(t)dt is an antiderivative of f. Therefore, we have the following theo-
rem.

Theorem 6.1.1. A continuous function f, defined on an interval 1, has antiderivatives.
All of its antiderivatives are given by F(x) + C, where C is an arbitrary constant and F(x)
is an antiderivative of f.

https://doi.org/10.1515/9783110527780-006
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Definition 6.1.2. The collection of all the antiderivatives of a function f, if they ex-
ist, is called the indefinite integral of f and is denoted by f f(x) dx, where j f)dx =
F(x) + C and F(x) is an antiderivative of f.

The indefinite integral of a function f is a family of curves, called integral curves.
The difference between any two integral curves is a constant, so these integral curves
are “parallel” to each other.

Example 6.1.1. For the function f(x) = x?, we know that the indefinite integral of f (x)
3
is fxz dx = "? + C. By assigning specific values to the constant C, we obtain a family

of functions whose graphs are vertical translations of one another, some of which, for
C=-2,-1,0,1,2,5, are shown in Figure 6.1.1.

/;;gi

_z
W

Figure 6.1.1: Some integral curves of y’ = x2.

o'

From the definition of the antiderivative and the indefinite integral, it is easy to
see the following theorem holds.

Theorem 6.1.2. If f(x) has an antiderivative for x € I, then, for x € I :
(@ L[[feodx]=fx);  (b) dlff(x)dx]=f(x)dx;
(c) [F'x)dx=F(x)+C; (d) [dF(x)=F(x)+C.

By the definition, we know an indefinite integral is the reverse process of differ-
entiation, so from the differentiation rules for basic functions, we have the following
indefinite integral rules for basic functions.

Basic antiderivatives
1. When kis a constant, | kdx =kx + C;

2. j}(dx:lnlxl+C;
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n _ 1 . n+l 1.
[xtdx = x4 Cong -1
[ cosxdx =sinx + C;

[ sinxdx =-cosx +C;

3

4

5

6. [sec’xdx=tanx+C;
7. [esc?xdx =-cotx+C;

8. [tanxsecxdx=secx +C;
9. [cotxescxdx=-cscx+C;

10. [-% =arctanx + C;

e
1 o .
11. fmdx—arcsmx+C,
12. [a‘dx= % + C (provided a > 0, a  1);

13. Ie" dx =e* + C, when a is a constant.

Check for yourself that each of the indefinite integrals above is correct by differenti-

ating the right-hand side. For example, to show that f % = arctanx + C, we use the

1

d
known result that z(arctanx) = .

NOTE. The notation [ -2~ means the same as [ -5 dx.

Example 6.1.2. Find | %/% dx.

Solution. We have

oo
)T

NOTE. The indefinite integral function %x§ is defined for all x, but the integrand 3%&

is not defined at x = 0. Nevertheless, we generally state that %x§ + C is the indefinite
integral of %i& for all x, since the value, or nonexistence of a value, of the integrand
at a single x-value (or even a finite number of x-values) has no effect on the indefinite
integral function and its properties.

Theorem 6.1.3 (Linearity property of indefinite integral). The integral

J(kf(x) + hg(0) dx = k J foodx +h Jg(x) dx,

where k and h are any constants.
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Proof. By the linearity property of differentiation, we have

(%(kjf(x)dxthjg(x)dx)

_ %(kjf(x) dx) N d%(h Jg(x) dx)

= k%(Jf(x) dx) + h%(]g(x) dx)
= kf (x) + hg(x),

so [kf(x) +hg(x)dx =k [ f(x)dx £ h [ g(x)dx + C.

However, this constant C could be merged with any of the indefinite integrals in
the theorem, since the sum or difference of two arbitrary constants is another arbitrary
constant, so we have

k[ foodxeh[godrsc=k [ fodxsh [ goa 0
Example 6.1.3. Find [(cosx +2sinx)dx.
Solution. Since j cosxdx =sinx + C; and f sinx dx = —cosx + C,, we have
J cosx +2sinxdx = J cosxdx +2 J sinx dx

=sinx + C; +2(-cosx) + C,

=sinx-2cosx +C.

NOTE. Each of the indefinite integrals | cosx dx and 2 [ sinx dx produces its own ar-
bitrary constant. However, we can simply combine these two constants into a single
arbitrary constant C.

Example 6.1.4. Find [(2 - sec?x)dx.
Solution. We have

1(2—sec2x)dx = szx— Jseczxdx
=2 —-tanx +C.

Example 6.1.5. Find | @ dx.

Solution. We have

J(X+1)2 dX:J<x2+)2(x+1)dX

X
= J<x+2+ 1)dx
X
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=dex+J2dx+J‘%dx
X

+2x +1n|x| + C.

2

)

Example 6.1.6. Find all functions g such that
go=€e+23 - Vx+2.

Solution. The indefinite integral produces the general antiderivative of g, so it must
give the most general form for g. Hence,

500 = [( +20 - VR +2)dx.
Using the formulas in the list of basic antiderivatives, we obtain
14 2 3p
gx)=€e+=x"-=x1+2x+C.
2 3
Example 6.1.7. Suppose
sinx, whenx>0
foo=1,
x, whenx<O.
Find [ f(x)dx.

Solution. We integrate f(x) separately on the intervals (—co, 0) and (0, co), obtaining

—-cosx +C;, whenx>0
[reoax=1%
X3+ Gy, when x < 0.

Since j f(x)dx must be continuous at x = 0, we have
-cos0+(C;=C, = G(,=C-1

Thus,

4
3x5+C,-1, whenx<0.

J'f(x) dx = {—cosx +C;, whenx>0
4

6.1.2 Differential equations

In applications of calculus, it is very common to have a situation as in the following
example, where it is required to find a function, based on the knowledge about its
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derivatives. An equation that involves the derivatives of a known function is called a
differential equation. The general solution of a differential equation always involves an
arbitrary constant (or constants). However, there may be some extra conditions given
that will determine the constants and therefore uniquely specify the solution, as in
the next example.

Example 6.1.8. A particle starts from the origin and moves along the x-axis with ve-
locity v(t) = 2t + sin t. Find the position of the particle after 2 seconds.

Solution. If the position function is x(t), then
x(t) = Jv(t) dt = J(Zt +sint)dt =t?>—cost + C.
When t = 0, x = 0, which implies 0 = 0% - cos0 + C, so C = 1. Therefore,
x(t)=t>—cost +1.

When t =2,

x(2) =2% - cos2 + 1= 5.416.
Thus, after 2 seconds, the particle is approximately at the point x = 5.416.
Example 6.1.9. Find fif f'(x)= 2 + 2 -3x+1and f(1) = 2.
Solution. The general antiderivative of f' is f given by

f(x):J<)%+)%—3x+1)dx

2

=—E+21n|x|—§x +x+C.
X 2

To determine C, we use the fact that f(1) = 2. We have

f(1)=—5+0—g+1+C=2

c=2=.
2

Therefore, the particular solution we want is

fx) -2 +2In|x| - 32ix+ 2,
X 2 2

Example 6.1.10. Find f if f" (x) =12x? - 6x + 2, f(0) =2, and f(1) = 6.
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Solution. The general antiderivative of f” (x) = 12x* — 6x + 2 is computed with arbitrary
constant A as follows:

flx) = J(le2 —6x +2)dx

3 2
£ :12%—6% 2+ A

=43 - 3> + 2 + A.

Using the rules of antiderivatives once more, we find (with a second arbitrary con-
stant B)

4 3 2
f(x):4xz—3%+2% +Ax+B

4 3

=x*-x>+x2+Ax+B.

To determine A and B, we use the given conditions that f(0) = 2 and f(1) = 6. Since
f(0) =0+ B =2, we have B = 2. Since

f)=1-1+1+A+2=6,
we have A = 3. Therefore, the required function is
f)=x" x> +x*+3x+2.

Example 6.1.11. Solve the differential equation y’ = §

. _ dy
Solution. Note thaty’ = 2= and

&y _x
dx y’

If we put all the terms involving x together and all the terms involving y together, then
we have

ydy =xdx.

We then integrate with respect to y and with respect to x, respectively, to obtain

Jydy: dex.
This gives
2 .2
Y _ X .c
2 2

This is the general solution to the differential equation, even though it is given in an
implicit form.
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The technique for solving the differential equation shown above is called sepa-
ration of variables. The type of differential equation is called a separable differential
equation.

Example 6.1.12. The radioactive decay of Sm-151 can be modeled by the differential

equation % = -0.0077y, where t is measured in years. This means a substance con-
sisting of Sm-151 loses 0.77% of its mass each year. Find the half-life of Sm-151.

Solution. Since

dy
2 _0.0077y,
dt 4

Lay = 000774,
y

J )1/ dy = J ~0.0077dt,

Iny = -0.0077t + C;,

y = eC1g00077t

Ce—0.0077t

Suppose t =0, y =y,. This means
Yo=Ce® = C=y,,

SO

y = yoe 0007t

When y = 2, we have

Yo -0.0077t
5 Yo€ >

ln% =-0.0077t,
Ini

t= 2 _ 90.02years,
-0.0077

so after approximately 90 years, the substance will have lost half of its mass.

NOTE. If a substance’s decay is modeled by % = —ky, then its half-life is given by

In2
half-life = ——.
alf-life .
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6.1.3 Substitution in indefinite integrals

Often we will not know how to compute an indefinite integral because it is not in the
list of basic antiderivatives from Section 6.1.1 and we do not recognize it as being the
derivative of another function. Integration by substitution is a method for changing
such an integral into another form that we may know how to compute. It is based on
the observation that, if we know an antiderivative formula

Jf(x)dx =F(x)+C,
we also know the more general formula

jf(g(x))g' () dx = F(g()) + C, 61)

where g is any differentiable function.
This follows from the chain rule

& F(g0) = F'(00)g' 00 = (g00)g’ (0.

That is, the composite function F(g(x)) is an antiderivative of the function f (g(x))g’ (x).
If we substitute u = g(x) in equation (6.1), then we can write the equation as
jf(u)@ dx=Fu)+C.
dx
However, F is an antiderivative of f, so we know

Jf(u)duzF(u) +C.

Hence, it follows that the substitution method is equivalent to the following equation:

du
jf (u)a dx = jf (u) du. (6.2)

In other words, we can use differential methods in an integral, allowing us to replace
% dx by du.

In order to use this method, called integration by substitution, to compute an in-
tegral fh(x) dx, we first identify in h(x) a possible substitution function u = g(x) and
we differentiate this to give the differential form du = g’ (x) dx. If we have chosen g(x)
well, we will be able to use the substitutions, u = g(x) and du = g’ (x) dx, to rewrite the
integral totally in terms of the new variable u. That is, for some new function f we will
have transformed the integral

J h(x)dx = jf(u) du.
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If our choice of g was a good one, we may be able to find an antiderivative F of f and
write

j h(x)dx = If(u) du =F()ly—g() + C=F(g(x)) +C.
Example 6.1.13. Find [ 2cos2xdx.
Solution. Since we know how to integrate cosx, set u = 2x, du = 2dx, so that
=2x

j2c052xdx = Jcost-(Zx)’dxu: Jcosu Z—;dx

= Jcosudu:sinu+C

=sin2x + C.

NOTE. You might be able to see this result immediately, without the substitution, if
you notice that (sin2x)’ = 2cos 2x.

Example 6.1.14. Find [ e** dx.

Solution.

Example 6.1.15. Find j2xe"2 dx.
Solution. The substitution u = x? is suggested since u’ = 2x. We have
—y2
JerXz dx = J e’ (x2) dx ‘= j LIPS
dx
= Jeudu:eu+C=exz+C.
Example 6.1.16. Evaluate the integral

J (Inx)’ dx.

X

Solution. Since

J(lnx)zl dx = J(lnx)z(lnx)’dx,
x
the substitution u = In x is suggested. Calculating du = (Inx)’ dx and substituting gives

J(lnx)z)l( dx = Juz du= 1u3

+C= %(lnx)3 +C.

u=Inx



6.1 Indefinite integrals =—— 295

NOTE. Verify for yourself that %(ln x)? is an antiderivative of (Inx)%(1/x).
Example 6.1.17. Find [(2x + 1)(x? + x +5)" dx.

Solution. Let u=x?+x +5. Then % =2x + 1, which gives du = (2x + 1) dx. Hence, the
integral can be written as

j(x2 +x+5)7(2x+1)dx = J u’ du
_Llusic
18
= i(x2 +x+5)%8 4 C.
18
Example 6.1.18. Find [ xsin(x? + 1) dx.
Solution. Let u =x? + 1. Then we have du = (x*> + 1)’ dx, so

stin(x2 +1)dx = 1 J sin(x? +1)(x* +1)' dx

- N

= —.[sinudu

N

1
=—=cosu+C
2
1
= —Ecos(x2 +1)+C.

NOTE. If you are familiar with this technique, then the u-substitution does not need
to be specified.

Example 6.1.19. Find [ sin®x cosx dx.
Solution. We have

J sin? x cosx dx = J sin? x d(sinx) = % sin® x + C.
Example 6.1.20. Find | te” dt.

Solution. We have
Jtet2 dr=1 jetz a(t?) = Lt i
2 2
Example 6.1.21. Find [ tanxdx.

Solution. We have

s !
Jtanxdx = j smx dx = —J (cosx) dx = —In|cosx| + C.
cosx cosx
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Example 6.1.22. Find [ cscxdx.

Solution. This problem is considerably more difficult and we use trigonometric for-
mulas to transform it until we find a form suitable for substitution. We have

dx dx
cscxdx = — = — <
sinx 2sin 5C0S 5

B J’ dx
2tan 5 cos? 3
2

_Jsec 3 iy :jsec ,% 4~
2tan— tan 3 2
_J'd(tani)
) tani

= ln‘tan )—(‘ +C.
2
NOTE. This integral is most often written in the form
J cscxdx =1n|cscx - cotx| + C,

but this is the same result since
1 cosx 1-cosx
sinx sinx sinx
1-(1-2sin’*3
2sin 3 cos 5

CSCX —cotx =

2

0 X
_Slni_t X
< =tanz.

cos 5 2

Example 6.1.23. Find [ secxdx.

Solution. We have

Jsecxdx J
:j a(x+7)
s1n(x+ 2) 2
Jcsc (x+721>
= 1n‘csc<x+ g) —cot<x+ g)| +C

=In|secx + tanx| + C.

Example 6.1.24. Find f —dx,a>0.
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Solution. We have

1 1 1
a4 =—j—d
Ja2(1+(§)2) el E™
1 1 X
)
a.[1+(§)2 a
= larctan)—( +C.
a a

Example 6.1.25. Find | ﬁ dx, a> 0.

Solution. We have

j 1 dx = L J ! dx
2 g T oxo
as-x at \1-(3)?
= J 1 d(f)
X
y1-(3)? 4
= arcsin X +C.
a
Example 6.1.26. Find | ﬁ dx.

Solution. We have

6.1.4 Further results using integration by substitution

Integration by substitution may be used to solve other types of problems than those
shown thus far. If the substitution u = g(x) is instead written in the reverse form x =
h(u), for some function h, then dx = h' (1) du and this can be used to transform an
integral in the following way:

jf(x) dx = j F(h)H () du.

This does not directly help us to compute the integral because the right-hand side
only has an immediate solution, F(h(u)) + C, if we know F (an antiderivative of f), but
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if we knew this F, then we would not need to make the substitution. However, the new
integral f f(h(w)h' (u) du might be in a form that we know how to compute by some
other method, as we see in the following examples.

Example 6.1.27. Find | %.

Solution. Let v/x =t. Then x = t? and dx = d(t?) = 2t dt, so
dx 2t dt t
e
Jl+\/)—( Jl+t Jl+t

=2J(1—L)dt:zjldt—szdt
1+t 1+t

=2t-2In|1+¢t|+C
=2+/x-2In(1+ vx) + C.

Example 6.1.28. Find [ V1-x?dx.

Solution. Since V1 - sin®x = Vcos? x = |cos x|, we may be able to simplify this integral
by using the substitution x = sint, with -3 <t < 7, to ensure cost > 0. Then dx =
costdt, so

J V1-x2dx = Jcostcostdt: Jcosztdt
1
=5 (1+ cos2t)dt
= lt+lsin2t+C.
2 %
Since x = sint, with -5 <t < 5, we have t = arcsinx and sin2t = 2sintcost =

2sintV1-—sin?t =2xV1-x2.

Substituting these results in the equation above we obtain
1 1
J V1-x2dx = 3 arcsinx + Ex\/l -x2+C.
. 1
Example 6.1.29. Find [ — dx.

Solution. Lett= )1( Then x = %, giving dx = —tlz dt, so

1 ~ % dt dt
J—dezjl /[1 :_J\/ 2
xvVxs -1 Va1 1-t
= —arcsint+C

1
= —arcsin - + C.
X
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NOTE. In this example, we can also use the substitution x = sect for —% <t< %, o)
that Vx2 - 1= Vsec2t —1=tant and dx = (secttant)dt. Thus,

1 1
J—dx=J’— x sect x tantdt
xVx? -1 sect x tant

:Jldt:t+C:arccosl+C.
X

VAt gy,

X2

Example 6.1.30. Evaluate |

Solution. Let x =2sin 0, where —-1/2< 6 < /2. Then dx = 2cos0df and

Vi —x2 = V4 — 45in2 6 = 2|cos 0] = 2 cos 6.

Since cos 6 > 0 when -71/2 < 0 < /2, we have

2cos0do

V4 — x? 2cos0
J 5 dx—J —

X 4sin” 0

~ J cos’0

) sin?6

0 = JcotZGdG

= J(cscze—l) dao
=-cotf-0+C.

We must now return to the original variable x. This can be done by using trigonometric
identities to express cot 6 in terms of sin 6 = x/2. Alternatively, we can draw a diagram,
as in Figure 6.1.2, so we simply read the value of cot 6 to obtain

)
cotf = 4 X.

4 - x2

Figure 6.1.2: Trigonometric function in a right triangle.
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Since sinf = x/2, we have 6 = arcsin(’i‘), SO

X

2
X
5 dx =
X

- arcsin(f) +C.
2

NOTE. Although 8 > 0 in Figure 6.1.2, check for yourself that the expression for cot8
is still valid when 6 < 0.

6.1.5 Integration by parts

Let u(x) and v(x) be functions of x. Recall the formula for the derivative of the product
of two functions u(x)v(x), which is

wv) =w' +u'v, or
dwv) _ u@ + v@
dx  dx dx’

Integrating both sides gives

J dw) dx = Juﬂ dx + J @vdx,
X

dx d dx
dv du
uy = Juadx+ J avdx.

Thus we have obtained a very useful formula, called integration by parts. There
are several forms of this formula.

Integration by parts formula
Integration by parts makes use of the following integration by parts formula:

J’Z—Zvdx=uv— Ju% dx or (6.3)
ju’vdx =uv - Juv’ dx or (6.4)
Judv=uv— Jvdu. (6.5)

Like the substitution method, the integration by parts formula allows us to change
an integral that we cannot compute into an expression involving a new integral that
we may know how to compute.

Example 6.1.31. Find [ Inxdx.

Solution. Since

Jlnxdx = J(x)’ Inxdx,
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let u = x, v =Inx, so that the integration by parts formula
Iu’vdx= uv — Juv’dx
gives
Jlnxdx = J(x)’ Inxdx
=xInx - Jx -(Inx)'du
1
:xlnx—Jx~ —dx
X

:xlnx—Jldx

=xIlnx-x+C.

Example 6.1.32. Find [ x?Inxdx.

Solution. Choose u= "—3, v=1Inx, so that u’ = x?. Then we use integration by parts to
3
obtain

X3 !
Ilenxdx = J(?> Inx dx

3 3

=X nx- j X—(lnx)’ dx
3 3
3 3

= X—lnx—JX—xldx
3 3 x
3 3

X mx-L ¢
3 9

Example 6.1.33. Find [ x%e* dx.
Solution. Choose u = e*, v =x?, so that u’ = e*. Integrating by parts gives
sze" dx = J’(e’()'x2 dx = x*e* - J e*(x?)" dx
=x%eX -2 Jxe" dx.
Now we use integration by parts again to obtain
szex dx = x?e* - ij(ex)' dx

=x%e* — 2<xe" - J(x)’ex dx)

=xzex—2xex+zje"dx

= x%e* - 2xe* +2¢* + C.
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Example 6.1.34. Find [ x cosxdx.
Solution. Choose u=x, v =sinx, so that [ xcosxdx = [ xd(sinx). Then

chosxdx = de(sinx) =xsinx — j sinxdx = xsinx + cosx + C.

In this example, we might have tried writing [ xcosxdx = [ cosx d(";), so that
U=COSX,V= "72 This time, integrating by parts gives

2

2 2
chosxdx = Jcosxd(%) = X? COoSX — J X? d(cosx)

x? x?
= —cosx + | —sinxdx.
2 2

However, the integral on the right-hand side is even more difficult than the original
integral, so this was a bad choice for u(x) and v(x).

In general, when applying integration by parts to an integral, j f(x)dx, we try to
write f(x) as a product, f(x) = g(x)h(x), such that u = g(x) has a simple derivative and
dv = h(x) dx has a simple antiderivative.

Example 6.1.35. Find [ arctan(vX)dx.

Solution. Letu= arctan( v/x) and dv dx. Then v = x and, by the chain rule of differ-

entiation, du = 1X (\/_ Integratlon by parts gives

(1+x

J arctan(~+/x) dx = x arctan(vx) — J m dx
) 1 &
= xarctan vx — 3 J Tox dx.

Now use the substitution vx = t, so that x = t? and dx = 2t dt, giving
J-izz-dx J 2t dt
1+x 1+¢2

2+1-1
=Zj+—dt
1+¢t2

IZJ@_1:B>W

= 2(t —arctant) + C
=2(+/x - arctan(+vx)) + C

Hence, the complete integral is

J arctan(v/x) dx = xarctan(v/x) — Vx + arctan(+v/x) + C
= (x +1)arctan vx — vx + C.
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In the next example, we see that integration by parts must sometimes be applied
repeatedly and may eventually produce the original integral on the right-hand side,
but in such a way that we can find its value.

Example 6.1.36. Evaluate I = [ e* cosx dx.
Solution. Choose u = cosx, dv = e* dx, so that
v=e€", du=-sinxdx.
Then
j e*cosxdx = j(e")' cosxdx =e*cosx — j e*(cosx)'dx
=e*cosx + Je" sinx dx.

We apply integration by parts a second time to obtain

Je"cosxdx =e¥cosx + Jexsinxdx =e*cosx + J(e")’ sinx dx
=e*cosx +eXsinx — J e (sinx)’ dx

=e* cosx+e"sinx—Je"cosxdx.

Observe that the original integral appears on the right-hand side. Hence, combining
the two values of I on the left-hand side gives the required solution for the integral I
as follows:

1 .
1= J e cosxdx = Ee"(smx +cosx) +C.
Using integration by parts, we can obtain many useful reduction formulas.

Example 6.1.37. IfI, = j sin” x dx, then prove the reduction formula

n-1 sin™ ! x cosx .
I, = I, - for all integers n > 2.

Proof. We have

I, = Jsin"xdx = Jsin"‘lx -sinx dx

J sin™!x- (- cosx)'dx
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= —sin"!xcosx - J(sin”‘1 x)' (- cosx) dx
=—sin™!xcosx + J(n —1)sin™?%x cos? x dx
=-sin"xcosx +(n-1) J sin"2 x(1 - sin® x) dx
=-sin"xcosx +(n-1) J(sin"’2 x —sin" x) dx
=—sin"!xcosx +(n-1)(I,_, - I,).

Solving for I, we have

. n-1
n-1 sin™™* x cos x
. O
n n

Example 6.1.38 (Tabular method). Find [x?e* dx.

Solution. Asinexample 6.1.33, we would expect that we will need integration by parts
three times. However, we can use a shortcut by the tabular method shown below.

3

=

—
\

uoneIuAINJIJ
N W

TR QR

uorjergojuy

S O N

The indefinite integral is therefore given by
jx3ex dx = x>e* - 3x’e* + 6xe* — 6e* + C.

(*Group activity) Why does the tabular method work? When does it not work?

6.1.6 Partial fractions in integration

Unlike either integration by substitution or integration by parts, which offer hope but
not certainty of success, using partial fractions always enables us to compute integrals

of the form

p)
J q(x) .

where p and g are polynomials, provided g(x) can be factored into polynomial factors
of degree 1 or degree 2.
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Ratios of the form R(x) = p(x)/q(x) where p and q are polynomial functions are
called rational functions. The technique of integrating a rational function R is to de-
compose R using partial fractions into a sum of simpler fractions, each of which has a
known antiderivative. The partial fractions decomposition procedure, applied to %,
has the following three main steps, which are all algebraic.

1. If the degree of p(x) is greater than or equal to the degree of g(x), then divide the
polynomial p(x) by g(x) (using polynomial long division) to obtain a quotient (a
polynomial) and a remainder term that is another rational function, %, with de-
nominator g(x) but where the degree of g(x) is now greater than the degree of its
numerator r(x).

2. Factor q(x) into linear factors, irreducible quadratic factors (irreducible means
that it cannot be factored into real linear factors), or a combination of both.

3. Decompose the remainder term into a sum of fractions, each with one of the fac-
tors of g(x) as denominator. The numerator of each fraction will be a constant if
the denominator is linear and, if the denominator is quadratic, it will be a lin-
ear polynomial of the form Ax + B. The use of partial fractions when a factor of
q(x) is repeated (appears more than once) is more complicated and is described
in the more formal description of the partial fractions procedure following the
first example. The values of the constants A, B, C,... must be determined using
techniques shown in the examples below.

Example 6.1.39. Compute

J X+2
———dx.
23 -x2+2x -1

Solution. Because the degree of the numerator of the rational function is less than
the degree of the denominator, we skip the division step. The denominator polynomial
factors as

23 X2+ 2x—1=(2x-1)(x* +1).

The factor (2x — 1) corresponds to the real zero 1/2 and the factor x> + 1 corresponds
to the complex zeros i and —i. Thus, the standard partial fraction decomposition has
three constants A, B, C and it reads

X+2 _Ax+B+ C
x-D(x*+1) x2+1 -1

The values of A, B, and C must be determined. Clearing fractions by multiplying both
sides by (x? + 1)(2x — 1) gives the identity

X +2=(Ax +B)2x - 1) + C(x* +1).

We generate three equations in the unknowns A, B, and C, by replacing x by three
different numbers. We use the real zero x = 1/2 for one value and x = 0 and x =1 for
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the others (the complex zeros i and —i can also be used). Substituting these values, we
obtain

x=1g‘ives§=CE = (=2
2 2 4

x=0gives2=B(-1)+C(1)=-B+2 — B=0.
x=1gives3=(A+B)(1)+C2)=A+4 — A=-1
Hence, the partial fractions expansion is

X+2 X + 2
xX-D02+1)  x2+1 -1

Therefore,

Jde=j X dx+j 2 dx
x-D(x%+1) X2 +1 2x -1
=—lln(x2+l)+1n|x—1|+C.
2 2

NOTES. 1. Check for yourself that the partial fractions expansion is correct by com-
bining the partial fractions back into a single fraction.

2. All polynomials with real coefficients can, in theory, be factored, as in this exam-
ple, into a product of real linear or quadratic factors. However, if the degree of the
polynomial is greater than 4, then it is often not easy to find these factors.

3. Complex number zeros of a real polynomial always occur as complex conjugate
pairs. The product of the linear factors corresponding to a complex conjugate pair
is always a real quadratic factor, like x? + 1 above, and it is called an irreducible
factor. Irreducible quadratics are not factored into linear (complex) factors in the
standard partial fractions decomposition, but it is possible to work with partial
fractions using complex number factors.

4. The method used previously to determine the coefficients when performing the
partial fraction expansion of a rational function is called the Heaviside cover-up
method, named after Oliver Heaviside.

Oliver Heaviside (1850-1925) was a self-taught English electrical engineer, mathematician, and physi-
cist who adapted complex numbers to the study of electrical circuits, invented mathematical tech-
niques for the solution of differential equations (later found to be equivalent to Laplace transforms),
reformulated Maxwell’s field equations in terms of electric and magnetic forces and energy flux, and
independently co-formulated vector analysis. Although at odds with the scientific establishment for
most of his life, Heaviside changed the face of telecommunications, mathematics, and science for
years to come. http://en.wikipedia.org/wiki/Oliver_Heaviside

General description of partial fractions
A rational function R(x) = p(x)/q(x) where the polynomial p(x) has a degree greater
than or equal to the degree of the polynomial g(x) can be rewritten by using the poly-
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nomial form of long division as

Roo = PY _ g+ 1O,

q(x) q(x)
where Q(x) and r(x) are polynomials and the degree of r(x) is less than the degree of
q(x). If the degree of p(x) is less than the degree of g(x), then Q(x) is identical to O in
this formula and r(x) = p(x). Integration gives

JR(X) dx = J Q(x) dx + J M dx,
q(x)

where the integral j Q(x) dx is easy to compute. Hence, we focus on the second inte-
gral.

From advanced algebra it is known that the polynomial g(x) with real coefficients
can, in theory, be factored as the product of a constant ¢ (the coefficient of the high-
est power of x in g(x)), real linear factors of the form (x — r)™, and irreducible real
quadratic factors of the form (x2 + Ux + V)" (m >1 and n > 1 are integers). If these
factors of g(x) are found, then % can be decomposed into a sum of terms of the fol-
lowing types. Each linear factor (x - r)™ contributes a group of m terms with constants
A A,, ... Ay, giving

Ay + A ot Ap
x-n' (x-r)? (x—-rm

(6.6)

Each irreducible quadratic factor (x*> + Ux + V)" contributes a group of n terms with
constants By, B,, ..., By, C,C,, ..., Cy, giving

Bix+(C Byx+C, Bx+C,

oy onX T 6.7
2+ Ux+ V) ()(2+U)(+V)2Jr 2+ Ux+V)n 67

The sum of all such groups of terms from all factors of g(x), multiplied by %, is called
the standard decomposition of r(x)/q(x). The individual terms in such sums are called
partial fractions. The values of the real constants A;,B;,C;, ... can be determined by
methods given in the examples.

NOTE. In practice, the constant c is usually incorporated, by multiplication, into one
or more of the factors of q(x).

Any individual fraction in the standard decomposition can be integrated, us-
ing one of the six integrals for partial fractions given below. It is assumed that the
quadratic x> + Ux + V can be written as (x — a)? + b?, after completing the square (it
could not be (x — a)? — b? since that can be factored). A numerator, Ax + B, of one of
these terms is rewritten as Ax + B=A(x — a) + (B+ Aa) in order to apply these formulas.
We have

J‘ﬂzlnlx—rHC, (6.8)
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dX _ (X _ r)—k+1
j(x—r)" T 6 6.9)
J % dx = % In((x - a)* + b*) + C, (6.10)
J’(X_jﬁZ%arctanX;a.kc, (6.11)
For k > 1, we have
xX—a 4
j ((x - a)z T bz)k dx = 2k —1)((x - a)2 " b2)k—1 +C (6.12)
and
J dx ~ Y—-a
((X - a)2 + b2)k - 2b2(k _ 1)(()( _ a)2 N b2)k71
2k -3 dx
’ 2b%(k - 1) J (x - a)? + b2)k-1" (6.13)

NOTE. The last of the integrals above is in an iterative format because it gives a for-
mula for the integral that involves the same integral but with one less power in the
denominator. Consequently, it would have to be applied repeatedly until the integral
on the right is reduced to the form of equation (6.11) (that is, when the power in the
denominator is one).

Example 6.1.40. Evaluate [ ’% dx.

X

Solution. Since both polynomials have degree two, we first perform the long division,
obtaining

x2 -1 x2-1

Integrating and applying partial fractions to the remainder fraction, we obtain

2
JX +1dx=J‘1+;dx=Jl+L—de
x? -1 x-Dx+1) x-1 x+1

=x+In|x-1-Inlx+1|+C.

Example 6.1.41. Write out the form of the partial fraction decomposition of the func-
tion f(x), without evaluating the constants, to obtain

X +x3+1
x(x =12 +3x+3)(x2 +1)3°

fx)=

Solution. We must use 10 constants, A,B,C,D,E,F,G,H,I,], and the required partial
fraction expansion is

f(x)—é+ B . Cx+D +EX+F+ Gx+H+ Ix+]
Tx x-1 (+3x+3) x2+1 (2+12 2+1)3
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Example 6.1.42. Find [ 22 dx.

6x2+x—2
Solution. The standard partial fraction decomposition of the integrand takes the form

x+3 x+3 xX+3
6x2+x-2 602 + L x——) 6(x+§)(x—%)

_I(A . B)
= o=t —71)
6X+§ X_i

Generally, however, the multiplying constant would be combined with the linear fac-
tors, giving the decomposition as

xX+3 _ C N D
Gx+2)2x-1) 3x+2 -1

To determine the values of C and D, we multiply both sides of this equation by the
product of the denominators (3x + 2)(2x — 1), obtaining

x+3=C(2x-1)+D3Bx +2).

Using x = —% (so that 3x + 2 = 0) gives

Z:c-<—z> — C=-1
3 3

and using x = 1 5 (so that 2x -1=0) glves =D- => D=1,s0

J X+3 dx—J -1 N 1 dx
6x2+x-2  J3x+2 -1

=—%ln|3x+2l+%ln|2x—1|+C.

Example 6.1.43. Find | X(X e X

Solution. The partial fraction decomposition has the form

1 A B C

- =Ty
x(x-12 x x-1 (x-1)7?

To determine the values of A, B, and C, we multiply both sides of this equation by a
multiple of the denominators x(1 - x)?, obtaining the identity

1=A(x-1)%+B(x-1x+Cx.
Now combining like terms, we have

1=(A+B)x*+ (-2A-B+ C)x + A.
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Both sides must be exactly the same function, so this time, instead of substituting
values for x, we just equate coefficients of like powers of x on both sides:

A+B=0,
-2A-B+(C=0,
A=1.

Solving the system of three linear equations, we obtain A =1, B=-1,and C =1, so

J;dx_Jl_L LIy
x(1-x)? x x-1 (x-1)7?

=1n|x|—1n|x—1|—L+C.
x-1

Example 6.1.44. Find | gt dx-

Solution. The form of the partial fraction decomposition is

1 A +BX+C
1+x)1+x2) 1+x 1+x2°

Multiplying by (1 +x)(1 + x?), we have
1=A(1+x?)+ (Bx + C)(1+x).
Combining like terms, we obtain
1=(A+Bx*+(B+C)x+A+C.
If we equate the coefficients, we obtain the system of equations
A+B=0, B+C=0, A+C=1,

which has the solution

Thus,

J @ +x)(1 +x2)

J 1 x-1
X
2x+1) 2x2+1

1 1 1
1n|x+1|——J 2 dx+—J
2 4 ) x2+1 2

1+ x2

1 1 1
= -In|x+1|- —In(x* +1) + - arctanx + C.
2 4 2
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Example 6.1.45. Find | # dx,a> 0.

Solution. Start by writing in partial fractions as follows:

1 A B
—— = + .
as-x- a+x a-x

Solving for A and B, we have A=B = ﬁ and

1 1 1 1
J—dx=—l—+—dx
a’-x2 2a ) a+x a-x

= 2i(1n|a+x|—ln|a—x|)+C

= l a+x +C.
2a a-x

Example 6.1.46. Find [ "2 dx.

x2+2x+3

— 311

Solution. The denominator does not factor into real linear factors, so partial fractions
cannot be used. However, the integral is easily converted into a standard integral given

in equation (6.10). Using this integral, we obtain

Jx—zdx
X2 +2x+3
_J x+1-3
T x+1)2+2

xX+1 1
_J(x+1)2+2 X_BJ(X+1)2+2dX

= éln((x +1)2+2) - 3 arctan X 4

V2 V2

Alternatively, we could solve the integral directly using the substitution t = x + 1,

dt = dx. This gives

J’ X-2
X2 +2x+3
:J' l’—3dt
t?2+2
t 1
- dt - 3[
Jt2+2 t2+2
1 3 t
= ZIn(t? +2) - = arctan — + C
5 (t*+2) 5 75

;ln(x +2x+3)—iarctanL1+C

V2 V2

Example 6.1.47. Find | (ln" dx.

1-x)?2
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1

x and

Solution. Choose u=1nx, dv= (1 o7 > dx, so that we can take v = J e > dx =
du= )1( dx. Then

,[(11 X)zdx judv uv - Jvdu

-X x(1-x)
_Inx _J(l—x)+x
T 1-x x(1-x)
:m_X_J(LL)dX
1-x x 1-x
X +Inf-xi+C
1-x
_lnx +1n i X|+C.
1-x x|

6.1.7 Rationalizing substitutions

Some nonrational functions can be changed into rational functions by means of ap-
propriate substitutions. In that case, we say that the function has been rationalized
and we can then apply the partial fractions method to compute the integral.

Example 6.1.48. Evaluate dx.

J i

Solution. Substitute u = Vx + 2. Then x = u? - 2, giving dx = 2u du. Thus

[ a2
x—Vx+2 W -2)-u

The integrand is now a rational function and we integrate using partial fractions as

follows:
J 2u 2u
w?-2)-u

w2y
4 2
+
3u-2) 3(u+l)

QU
<
Il

In|u- 2|+—1n|u+1|+C

In|Vx+2 2|+—1n|Vx+ +1/+C.

I
wu-\wu_\ —_—

Example 6.1.49. Find [ 5 dx.
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Solution. Since

2
1+u?

we substitute u = tan %, so that x = 2arctanu and dx = du. This gives

1 1 2
[ a2
2+sinx 24+ -2 1+u?
1+u

1
:J—du
w+u+1

The denominator does not factor into real factors, so we cannot use partial fractions.
However, by completing the square we can turn this into an integral from the standard
set (see equation (6.11)). We have

[l ad|— 1 a
2+sinx (u+%)2+(73)2

= ia1‘ctan<i(u+ 1)) +C

V3 V3 2
2 2 X 1

= —arctan(—tan— + —) +C.
V3 Vi 2 43

6.2 Substitution in definite integrals

To evaluate a definite integral, we can use the same substitutions method that we saw
in Section 6.1.2. However, now we must either convert to the original variable in order
to evaluate at the limits, or, if we wish, we can transform the limits using the same
substitution.

Example 6.2.1. Evaluate f; ﬁ; dx.

Solution. Let t = v/, so x = t> and dx = 2t dt. Transforming the limits of integration,
we find that, when x = 0, t = 0 and, when x = 4, t = 2. Hence, substituting gives

4 d 2 2t 2t 2t+1-1
J X :J —dt:ZJ —dt:ZJ Tt
o 1++x o 1+t o 1+t o 1+t

2 1
(-
0 1+t
=2(t-Inf1+¢)]?

=2{(2-1n3)- (0 -In1)}
=2(2-1n3).
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Example 6.2.2. Evaluate Jo dx.

m

Solution. Let x = sint (restrict ¢ to [0, %] so that sint is an increasing function and
sint >0 and cost > O) Then dx = d(sint) = costdt. When x =0, sint =0 =t = 0.
When x = 5, sint = :> t=7. By substitution we obtain

1 n . n
Ji x2 dx J'E (sin’t) cos t dt _ Js sin?tdt
0 0

0 V1-x2 1-sin?t

Jﬁ —1 cos 2 dt = (E - 1sin2t>|6
4 0

2
<£_l i E>_<9_151n0)
2 4 2 4

_m V3

12 8

Example 6.2.3. Show that the area of the circle with radius r is r?.

Proof. Since x* + y?> = r? is a circle centered at the origin with radius r, y = Vr2 - x2,
—r < x <r is the upper half of the circle. The area of the circle is four times the area of
the quarter circle in the first quadrant, as seen in Figure 6.2.1. That is,

r
area =4 x J Vr2 — x2dx.
0

Let x =rsint, 0<t < 5.Thendx =rcostdt. Whenx =0, t=0and whenx=r,t=7,
)

r
J Vr2 —x2dx = J Vr2 = r2sin? t(r cos t) dt
0 0

ﬂ

= [*(rcost)(rcost)dt =r Jz cos? tdt
0

N O

- J (1+cos2t)dt
0

Figure 6.2.1: The area of a circle with radius r is r?.
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Therefore, the area of the circle with radius r is 4 x ”Trz =r. O

Example 6.2.4. Find the area of the ellipse defined parametrically by

X =acost
where 0 <t < 271.
y =bsint,

Solution. The area of the ellipse, 4, is four times the area 4;, which is below the curve
and above the x-axis in the first quadrant, as shown in Figure 6.2.2. Observe that, if
x=acost,dx=-asintdt. Whenx=0, t= ’% and when x = a, t = 0. Thus,

a 0
A =44, =4J ydx=4j bsint(-asint)dt
0 3

n
2

= 4ab F sin?tdt = 2abJ (1-cos2t)dt
0 )

_ Zab(t— sm2t> =2ab<z _sinnm —O)
2 2 2

= ntab.

n
2

0

Figure 6.2.2: Area of the ellipse 2% + },;é =1is mab.

Example 6.2.5. If f is continuous, find % Ig fx—t)dt.

Solution. Letx-t=uand t=x-u, so %:—l.Whent:O,u:xandwhent:x,

u=0.Then

fo (x-t)dt = Lof ()(~dw) = - LO fwydu = L Fw) du,
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SO

4 | roc-tyae= 4 || roodu=feo.

dx Jo dx Jo

Example 6.2.6. Prove that, for any constant a,

Ja f(x)dx = 2f, f(dx, iff(x)is an even function
- 0, if f(x) is an odd function.

Proof. We know that Ifa f(x)dx = Loa fx)dx + j(;z f(x) dx. For the integral Loa f(x)dx,
we substitute t = —x so that dx = —dt and we obtain

J_Oaf (x)dx =- LO f(-tydt = J:f (-tydt = J: F(=x)dx.

Hence,

r fO)dx = J_Oaf(x) dx + Jaf(x) dx

-a 0

_ j: [F(=x) + f(0)] dx.

Figure 6.2.3 illustrates the definite integral of an even/odd function.

Y
YA

N2

(a) (b)

Figure 6.2.3: Integral of odd/even function over [-a, a].

If f(x) is an odd function, then f(-x) = —f(x) and the integrand is f(-x) + f(x) = 0, so

j_aaf(x) dx = 0.
If f(x) is an even function, then f(—x) = f(x) and the integrand is f(-x) + f(x) =

2f(x), so f_aaf(x) dx =2 jgf(x) dx.

Example 6.2.7. Evaluate fjl(m + cosx) dx.
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Solution. Since is odd and cosx is even,

I S
1+x%+C0S X

1
J <2—+cosx)dx
~1\1+Xx° +cosx

1 % 1
=j 2—dx+J cosxdx
11+ x°+cosx -1

1
= 0+2J cosx dx
0

=2sinx|} = 2sin1.

6.3 Integration by parts in definite integrals

The integration by parts formula used for indefinite integration, introduced in Sec-
tion 6.1.5, can be used for definite integrals with minor changes (putting in the limits
of integration). If u = u(x) and v = v(x) are differentiable on [a, b], then the modified
formula is

b b
J udv=uv|§§Z—J vdu.
a

a

Example 6.3.1. Evaluate Io% X cos x dx.

Solution. Use integration by parts with u = x, dv = cosx dx so that du = dx and let
v =sinx. Then

/2 /2
J xcosxdx = J x(sinx)' dx
0 0

m
2 .

= xsinx|y_g /2 j (x)" sinx dx
)

n

== (- cosx)I”/2
2

=T
2

1
Example 6.3.2. Find fof arcsinx dx.

Solution. Use integration by parts with u = arcsin x, dv = dx so that du = ﬁ dx and
let v=x. Then
1 . 1

2 . . H 2 X
J arcsinx dx = [xarcsinx]§ — J dx
0

:——+[V1 x?]
n . 3

=41
2 2

1
2
O



318 —— 6 Techniques for integration and improper integrals

Example 6.3.3. GivenI, = f(:' /2 sipn x dx, prove the reduction formula
n-1 .
I, = — T for all integers n > 3.
Then evaluate I; = [ 12 sin’ x dx.
Solution. Similar to Example 6.1.37, we have
/2 /2
I, = J sin" xdx = J sin™ ! x - (sinx) dx
0 0
/2
= J sin™ ! x - (- cosx)'dx
0
2 /2 )
= —cosxsin™ 1 x[§/* + J (sin™1x)' cosx dx
0
/2
=(n-1) J (sin"2x - cosx - cos x) dx
o

/2
=(n-1) j sin" 2 x - (1-sin®x) dx
0

/2
—(n-1) j (sin™2x — sin"x) dx = (- (I, - I,),

0
)
n-1
In:Tn—Z
Since
/2 1
Ilzj sinxdx =-cosx|y =-(0-1)=1,
0
we find
P PO
3 3 3
o571 428
5 5 3 15
17:—7_115:§X§=E.
7 7 15 35

6.4 Improper integrals

6.4.1 Improper integrals of the first kind

An integral jab f(x)dx is a proper integral if f is continuous or piecewise continuous
and the range of integration [a, b] is finite. These are integrals we have been studying.
If the interval of integration is unbounded, the integral is an improper integral of the
first kind.
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Definition 6.4.1. If f is continuous on the infinite interval [a, c0), the improper inte-
gral of the first kind J:oo f(x) dx is defined to be

Juroof(x) dx = blir}lm be(x) dx.

a a

When this limit L = lim,_,, j: f(x)dx exists, we write j;oo f(x)dx = L and say that
the improper integral is convergent (or we say it converges to L). Otherwise we say that
the improper integral is divergent (or it diverges). Similarly, we define the improper
integral Jlboo f(x)dx as

J_boo fx)dx = agglm Jb fx)dx.

a

The improper integral f_‘fo f(x)dx is defined, for any c, to be

f:of(X) dx = J:Of(x) dx + J:Of(x) dx.

We say that I:?o f(x) dx is convergent if and only if both JCOO f(x)dx and jfoo f(x)dx are
convergent.

Example 6.4.1. Determine whether the integral floo % dx is convergent or divergent.

Solution. According to the definition, we have

© 1 . (P1 . b
J —dx = hmJ —dx = lim In|x|{
1 X b—oo )1 X b—0o0
= lim (Inb-1In1) = co.
b—oo

The limit does not exist as a finite number, so the improper integral is divergent (di-
verges to infinity). Figure 6.4.1 shows the region below y = )1( and to the right of x = 1.

YA
4F

=Y

Figure 6.4.1: The area of the shaded region is undefined (diverges to infinity).
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Example 6.4.2. Does the improper integral

©0 1
J dx
o 14 X2

converge or diverge? If it converges, calculate its value.

Solution. We have

& 1 0 1 1
j dx:J dx+J dx
oo 1+ X2 oo 1+ X2 o 1+x2

0 b
= lim J 2dx+limJ 5 dx
a—-c0 J; 1+x b—oo Jg 1+x
= lim arctanx|? + lim arctanx|§
a——o0o b—oo
= lim (—arctana) + lim (arctan b)
a——oo b—o0
(-3)+3
= —| —— + — = 7'[’
2 2

so the integral converges and its value is 7. Figure 6.4.2 illustrates this improper inte-
gral.

Figure 6.4.2: The area of the shaded region is m.

Example 6.4.3. Show that the improper integral L;OO %(a > 0) converges forallp > 1
and diverges when p < 1.

Solution. Case 1: when p =1, we have

+00
J dx _ (Inb -1Ina) = +co.

b
— = lim J @: lim lnx|2:
a

lim
a X b—+0c0 X b—+0c0 b—+0co

Case 2: when p # 1, we have

+00 b
J @:nmjd—x:ﬁm—
o XP botoo (—p + 1)xP!

b

a

= lim ( 1 - 1 )
 botoo\ (-p+ 1P (—p +1)aP!

+00, whenp <1

W, whenp > 1.
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Therefore, we conclude that, when p <1, the improper integral J:oo Xip dx (a > 0) di-
verges and, when p > 1, it converges.

Theorem 6.4.1 (Comparison theorem). Assume that f and g are continuous on [a, +00)
and, for all sufficiently large x, 0 < f(x) < g(x). For improper integrals L:OO f(x)dx and
L:oo g(x) dx of the first kind, we have:

1. if j;oo g(x) dx converges, then so does j;oo fx)dx;

2. if j;oo f(x) dx diverges, then so does j;oo g(x)dx.

Proof. Part1:lett € (a,+00). Because f(x) = 0, F(t) = jat f(x)dt is increasing on (a, +00)
and we have

0< Ltf(x) dt < Lt g(x)dx < L+00g(x) dx.

However, if L:oo g(x) dx converges, say, f;oo g(x)dx = L, then F(t) is increasing and
bounded above on (a, +00), so the limit lim;_,_ . F(t) must exist. That is,

t
lim F(t)= lim j Fo)dx  exists,
t—+o00 t—+00 ),

+00
S0 fa f(x) dx converges.
Part 2 of the theorem is the converse negative proposition of Part 1, soitis true. [

Example 6.4.4. Use the comparison test to determine whether the following integrals
converge or diverge:

+00 1 p b +00  y3/2 d
(a)L B3 o ()L 1+2 %

Solution. (a) Whenx >1, x> +2x+3> x>, so

+00 1 +00 1
J —dx<J —dx.
1 XC+2x+3 1 X

By Example 6.4.3, we know that f:oo % dx converges, so

J'+OO 1

—dx
1 X3+2x+3
also converges.

(b) When x > 1,

;(3/2_1_1>1_1>0
1+x2 x312 4 x1/2 3%@+\/} VX+ VX 2x

32 X
[ £ dx also diverges.

Since I;oo il dx diverges, by the comparison test, | i

X2



322 — 6 Techniques for integration and improper integrals

6.4.2 Improper integrals of the second kind

An integral is an improper integral of the second kind if the interval of integration is
bounded but the integrand is not bounded on this interval.

Definition 6.4.2. If f is continuous on the interval (a, b] and lim,_, .+ f(x) = +co or

the limit does not exist, then j: f(x)dx is an improper integral of the second kind. 1t is
defined to be

jb fox) dx = lim Jb £00) dx.

a &

When the limit lim,_, - Lb f(x)dx = L exists, we write j: f(x)dx = L and say that the
improper integral is convergent (or we say it converges to L). Otherwise we say that the
improper integral is divergent (or we say it diverges).

Similarly, we define the divergence and convergence of the improper integral
[ : F(x) dx for which lim,_,- f(x) = £co as

Lbf(x) dx = Slirlg[ rf(x) dx.

The improper integral J: f(x)dx (for which lim,_, . f(x) = +oo for some c € (a, b))
is defined to be the sum of two improper integrals of the second kind. We write

Lbf(x) dx = ch(x) dx + be(x) dx.

c
The improper integral fab f(x)dx is convergent exactly when both j: f(x)dx and
Jcb f(x) dx are convergent.

Example 6.4.5. Find f;’ \/)%2 dx.

Solution. We note first that the given integral is improper because lim, _,,- = +00.

The definition gives

1
Vx-2

r dx —limJS dx
b Vx=2 =2 ) Vx-2

= tliIg[Z\/x—Z]f
= tlngz(ﬁ— Vt-2)
=2V3.

Thus the given improper integral is convergent and has the value 2+/3. Figure 6.4.3
shows the region below the curve y = vx — 2 and above the x-axis, and between x = 2
and x =5.
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VA

Figure 6.4.3: The area of the shaded region is 2v3.

Example 6.4.6. Investigate the convergence of the improper integral f_l . % dx.

Solution. The integrand % has a discontinuity at x = 0 and lim, _,, % = +00. Thus,

11 01 11
J —de=J —zdx+J —de
1 X 1X 0X

g 1 . 1 1
= lim J —2dx+ lim J —dx
X 0" Jg,

&y Xz
. 1 & . 1 1
= lim ——| + lim ——
§-0" Xl &0 X

&

= lim (_—1 —1) + lim (—1+ l)
£—0" £ £,—0* &

Since

lim <_—1—1):+oo and lim (—1+i)=+oo,
&

£§—-0"\ g £,—0"

we conclude that j_ol % dx and jol < dx both diverge to co. Therefore, j_ll % dx also di-
verges to co. The improper integral is illustrated in Figure 6.4.4.

e —— "// \\—_

-3 -2 -1 2 3

A

Figure 6.4.4: Graph of y = 1/x2. The area of the shaded region is undefined (diverges to +co).
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Example 6.4.7. Show that, for b > a, Jb diverges when p > 1 and converges

whenp < 1.

x—ay a)”

Solution. If p > 0, then the function has a discontinuity at a = 0 and

(x— a)”
oat ﬁ = 00, but if p £ 0, the integrand has no discontinuities on [a, b].
Case 1: when p = 1, we have

lim

b b q
J dx = lim J ——dx= hm In|x - als
(X a)P e—at Jo X—a £

= lim (In|b - al| -Inle - al) = +oo.
E—a

Case 2: when p # 1, we have

b b 1 b
J dx = lim J dx = lim —(x a)l?
a« x—a)P e—at ), (x —a)? e—at 1 — e

- lim((b-@'? - (e-@)'?)

—p e—at
~ g(b—a)l‘p, whenp <1
+00, whenp > 1.

Thus, j dx diverges to +oco when p > 1 and converges when p < 1.

(x—ap a)l’

NOTE. Similarly, it can be proved that j
p>1.

= X)p dx converges for p < 1 and diverges for

We now prove the following theorem, which offers a way to determine whether or
not some improper integrals converge.

Theorem 6.4.2 (Comparison theorem). Suppose that f and g are continuous on (a, b)
with f(x) = g(x) = 0 for all x near a. For improper integrals

b b
J f(x)dx and J g(x) dx of the second kind, we have:
a

a

1. if jab f(x) dx converges, then so does J: g(x) dx;
2. if J: g(x) dx diverges, then so does f: f(x)dx.

Proof. Similar to Theorem 6.4.1. O

Example 6.4.8. Determine the convergence of the improper integral

3
J de.
1 Inx
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Solution. SinceIn(1+x) <x forx >0,

Inx=In(1+x-1)<x-1 forx>1

Then
1 > L forx>1.
Inx -1
We know X (X 5 dx diverges from Example 6.4.7. Therefore, j iy dx also dlverges

Figure 6.4.5 shows the region between x = 1 and x = 3, below the curve y = and

above the x-axis.

lnx’

YA

=Y

Figure 6.4.5: The area of the region is undefined (diverges to infinity).

Example 6.4.9. Determine the convergence of the improper integral

1
J ! dx, where O <k <1isa constant.
0 \(1-x3)(1-Kk2x?)

Solution. ForO<x<landO<k«<1,

1 1
VA-x)A-kx)  L+01-x)(1 - kx2)
1
S —
V(1 -1 - k%x?)
«—1 _1
S VIR AVIX
but
L | .
L i dx = blﬁ L \/T dx = bhm( -2V1-x)|5=2,
SO f; dx converges. Therefore, j ——— dx converges.

\(1- xz)(l k2x2)
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6.5 Exercises

1. Evaluate each of the following integrals:

@ [froods () L([fOrd; (© [dFe) () [f6)de.

2. Find each of the following indefinite integrals:

(@) [4x?dx; (b) [xvxdx;

(© [ Vxd (@) E2E gy,

@ | (sz;;l)z dx; (f) [@-sec’x)dx;

(@) [(cost+2sint)dt; (h) [ =5 sinx colzx 1+X2 dx;

() [+ 2")dx; G) |2 T dx

&) | — COSZ A dx; () [secx(secx - tanx)dx.
3. Find [f(x)dxiff(x) = {S“’” iig.

Find f(x) if f' (x) = e* +2(1 +x*) ! and f(0) = -

5. Solve the following differential equations:

@ Z=2¢-1 (b) r"-6t=0,7(0)=0, andr'(0)=1;
(© y"x) =1 (d) xdx-ydy=0;
€y +xy=0; (f) 9 =-kt, P(0)=1000.

6. The radioactive decay rate of the isotope C-14 in a certain substance is modeled by
‘;f —-0.0001216C, where t is measured in years and C in grams. If the substance
initially contains 20 g of C-14, then find (a) how much is left after 10 000 years and
(b) the time point when 10 g of the C-14 remains.

7. Use asuitable substitution to find the general antiderivative of each of the follow-
ing functions:

@ [x+1)?dx (b) (2)%)5; © [x¥(V1+x)dx;
@ | ﬁ dx; (@) [cosx+e™dx; (f) [Vi+2xdx
[(-cos2x)sin2xdx; (h) [tanisec?idt; (i) jxe”‘2 dx;
)] j % dx; (k) exf%; 0] j sin® x cos x dx;
inx rctanx X3
(m) | S;OW dx; (n) [ =X dx ©) [i=dx
d 3
(p) J = COZSX, @ | —(arcsinx’; — (@ [ ;/1 —xdx;
() | ug‘(w dx; (t) [cos’xVsinxdx; (u) [ o= dx;
dx Inx coes 3}
(V) -[ \/T7; (W) I XxV1+lnx dX; (X) J d
v | )%; 2 | @ dx; (aa) | \/tan sec?udu;
(bb) [ tan(4t+2)dt; (cc) f 'y gy, (dd) f = 3X dx;
6
(ee) | 1+§?§§)2 dz; (f) | x2X+1 dx; (€2 | grmomme 46

(hh) [ tan2xdx; (ii) I S — 3cot3x + x(cos x?)(sinx?)? dx.
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11.

12.

13.

14.
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_ COS X _ sinx . . .
Assume I, = I cosxrsnx dx and I, = f cosxrsimx dx. By considering the integrals

L +Land I, - I, find I, and I,. Similarly, find [ "> dx where a, b are two

acosx+bsinx
nonzero constants and f % dx

Use a suitable substitution to find each of the following integrals:

(@) j#dt- (b) [VI-X2dx; (o) [ Va?-x2dx;

@ | \/7 d; (o) [Va2+x2dx; (f) [VE2-a?at;
@ [+ Gz ds () | ﬁ dx 0 | m dx. [Hint: lett = 1]

Use integration by parts to find each of the following integrals:
(@) [xIn(1-x)dx; (b) [arcsinxdx;

(©) [ gy, (d) [x2e™dx;

(@ [(xsin’x)dx; () [sin(Inx)dx;

(g) [arctanxdx;  (h) [(Inx)?dx;

@M J eVX dx; (i) [(e™ cosbx)adx.

Use integration by parts to establish the reduction formula for:
(@) [x"sinxdx=-x"cosx+nx""sinx -n(n-1) [ x"?sinxdx;
(b) [(nx)"dx=x(nx)" -n [(nx)"" dx;

(© [x"e™dx= ’% -2 [x"le™dx, a+0;

@) Isec"xdx = % + ;‘—j j sec" 2 xdx, forn>2;

(€) If Ly, = | gy dX, prove that (n— DIy, , = (lnx)” D (Mt Dl
Show that, for k > 1,

J dx _ xX—-a
((x—a)? + b2k 2b2(k - 1)((x — a)? + b2)k-1
N 2k -3 j dx
W(k-1) ) (x-ap+b)F T

Evaluate each of the following indefinite integrals:

1
@ | xx+3 dx; () J (x+)1();2x 4%
O [F5 @ [

(e) .[ = Zl);zr)?-*—S dX, (f) .[ x4—= ldX;

O ey Ol

; 1
(l) I (1+3%)Vx dx; (]) J 3+cosx
(Logistic modeling of population growth) In 1838, Pierre Verhulst derived a dif-
ferential equation to describe the self-limiting growth of a biological population
as follows:

dp
— =kP(M - P).
T ( )
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15.

16.

17.

18.

19.

20.
21.
22.

23.
24,

25.

Notice that the rate of reproduction is proportional to both the existing population

P and the amount of available resources M. Alfred ]. Lotka derived this type of

equation again in 1925, calling it the law of population growth.

(a) Find the exact solution of the logistic equation if P(0) = P,,.

(b) When does the population grow the fastest? Is this critical time an inflection
point of P(t)?

(c) What happens to P when t — co?

(d) Sketch the graph of P(t), given that P(0) = 10, k = 0.02, and M = 100.

Find each of the following definite integrals:

(@) J(;T sin 2x dx; (b) J‘z(X—l)20 de, (o) J” ’;ixz +cos? x dx;
@ [}, o dz © | 1{( dx; ® [ r\/—dn

@ [° 4 tanysec’ydy; () [’ 3% d @) J A

§) J_n,, e dx; (k) f; 3Vx4 9dx; (1) Jo VX2 + a2 dx;

(m) j(fydx, ify =3sint and x = 2cos t;
(n) j_"ﬂ(cos nx cos mx) dx, n,m € Z;
(0) f_"n(cos nxsinmx) dx, n,m € Z;
(p) L"ﬂ(sin nxsinmx)dx, n,m e Z.

Given that a < b are two constants, show that jb dx = r1. [Hint: use the

1
a +(x-a)(b—x)
substitution x = acos? t + bsin? ¢t.]

Assume f(x) is continuous everywhere. Fmd 1f y= j f (x*—t)dt.

Assume f(x) = {’i iig Find Jo fx-1)dx.

Assume f(x) is differentiable and f(0) = 0. If g(x) = Iol f(xt)dt, show that g’ (0) =
f'() 0)

Iff(x) f cos((x — t)) dt, find f' (x).

Using substitution, show that j oadt= L oo dt.

Show that Io X1 -x)"dx = Jo x"(1 - x)™dx, where m and n are positive integers.

Assume f(x) is continuous on [a, b]. Show that jab f)dx = J: f(a+b-x)dx.
Use the substitution u = 77 — x to show that

1+x

J xf(sinx)dx = — J f(sinx)dx.
0

By the same or another method, evaluate the integral

J" xsinx
o 1+cos2x

The sine integral function Si(x) = jx sint gt is used in optics.
(a) Find the value of Si(0).
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27.

28.

29.

30.

31

32.
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(b) Find the value(s) of x such that Si(x) has a local extreme value on [-27, 277].
(c) Show that Si(x) is an odd function.

”(j"l for1<x<2.

Find the average value of the function f(x) =
Evaluate each of the following definite integrals:

(@) Il xe*Xdx; (b) f(:[ 2 xsin2xdx; () jg 242 cos 2u dus

(d) j Z—d: (o) | le In2 x dx; () j” e sin 3x dx;

@ | 09 ey (h) [Msinvkds () [ dx.

Use the trapezoidal rule with intervals of unit length to approximate the integral

L" Inx dx, where n is a positive integer that is greater than 2. Then deduce that
=~ e\/ﬁ(g)” (note: the famous Stirling approximation to n! is n! = 27m(§)”).

(Reduction formulas)

(a) Given thatI, = fol x"e ™ dx, show that I, =nl,_; — e forn>1.

(b) IfI, = jn/a cos" x dx, show that nl,, = 2—@ +(n-1I,_, forn>2and find 5.

(c) IfI, = jg/ tan" x dx, prove that I, = -1; —I,_, forn>2and find I,

d) IfI,= jl x'(1- x)l dx, show that 2n + 3)I, =2nl,_; forn>1and find I.

(e) IfL,,, = j x™(Inx)" dx, prove that (m + 1)I,,,, = €™ —nl,, ,_; and find I .
IfI, = Jo sin™ x dx, use the reduction formula denved in Example 6.3.3 to show:
1,305 2n-1
(@) IZH:%xixeax---x(;n);
2046 2
(B) Ly =1X 35X 3 X3 XX 500

Determine whether each of the following improper integrals converges and, if pos-
sible, determine the value to which it converges:

@) _[+OO L (b) L+OO \/L} dx
+00 e +00 d.

(©) j A dx, a>0; (d) jol m;

(e) .[ 0 x2+2x+2’ (f) .[o ﬁdx

(g) Io m dx; (h) j(:oo(e‘pt sinat)dt, a>0and p > 0;

. e 1
® Jy zomcoe 4
Are the following arguments true or false?

@) Since%is an odd function, f x2+1 dx =0.
(b) LOO o dx= hma_)ooj - dx =0, since % is an odd function.

(0

0 x . a x . 0 x
J dx = 11mj dx+ lim J dx
o X2 +1 a>o0 )y x2+1 a>-c0 )y x2+1

a 0

+ lim %ln(l +x?)

= lim 11n(1+x2)
2 g a—-oo

a—oo

a

e tine-o
2 2
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33.

34.

35.
36.

37.

38.

39.

Suppose that fzo f(x) dx is convergent. If a and b are two real numbers, show that

r FOodx + ro £ dx = me FO0) dx + ro 00 dx.

—00 a — b
Determine the convergence of each of the following improper integrals:
@ [ agds 0 [[C mm=ds © [ smetmme &

Vt2x+7 oo 2sin(x?)+3+x2 "
Express the limit lim,,_, ‘/Tm as an improper integral and then evaluate the limit.

The gamma function I'(x) is defined by the integral

+00
I(x) = J e ttldt, x>0
0
(the notion T is due to Legendre). When x > 0, it is also called an Euler integral of
the second kind. The gamma function has applications in quantum physics, astro-
physics, and fluid dynamics, as well as in statistics.
(a) Use integration by parts or any other method to show that I'(x + 1) = xT'(x).
(b) Deduce that I'(n) = (n — 1)!, where n is a nonnegative integer.
(c) Show thatlim,_,4- I'(x) = co.
(Limit comparison test) Let f(x) be a nonnegative continuous function on [a, co0),
a>o0.
(a) Assume g(x) is another nonnegative continuous function defined on [a, +c0)
with lim, _,, o, £25 = L.
(i) 1f0 <L < co, show that [ g(x)dxand [ f(x)dx both diverge or both
converge.
(ii) IfL =0, show that, if j;oo g(x) dx converges, so does j;oo f(x)dx.
(iii) If L = +co, show that, if f;oo g(x) dx diverges, so does f;oo f(x)dx.
(b) If there is a number p > 1 such that the lim XPf(x) exists, show that the
improper integral j;oo f(x) dx converges.

X—+00

(c) Iflim,_,,  xf(x) exists (oris +00), show that the improper integral jawo f(x)dx
diverges.

(Absolute convergence) If the improper integral j;oo |f (x)| dx converges, we say

that the improper integral L:OO f(x) dx converges absolutely. By considering the

nonnegative function ¢(x) = f(x) + |f (x)| or by any other method:

(@) show that, if jawo f(x)dx converges absolutely, the improper integral
L;OO f(x) dx itself also converges;

(b) determine whether or not Io+ e~ cos bx dx converges absolutely, where a
and b are two positive constants.

(Normal probability density function) If a random variable X satisfies a normal

distribution with mean u and standard deviation o, then its probability density

function is

1 1,x-uy\2
X) = e‘i(T) .
4 ovV2r
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When u = 0 and o =1, it is known as the standard normal distribution. Use a

graphing utility to:

(@) sketch the graph of the probability density function for a standard normal
distribution;

(b) evaluate j_"n f(x)dx forn=1,3,10,100 when u =0 and 0 = 1;

(c) give an argument why the improper integral j_ozo f(x)dx converges to 1. [Hint:
consider e < e~ and J;o e ¥ dx — 0 when b — 00.]






7 Applications of the definite integral

In this chapter, you will learn about:

— finding areas between curves;

—  finding the volume of a solid;

—  finding the length of curves;

— applying integrals to other subject areas.

In this chapter, we show how the definite integral can be used to compute the area be-
tween two curves, the volume of a solid of revolution, the length of a curve, a distance
traveled, the center of mass, fluid pressure, and probabilities. These are just a few of
the applications of the definite integral.

7.1 Areas, volumes, and arc lengths

7.1.1 The area of the region between two curves

We wish to find the area A of a region R between the graphs of the functions f and g
and the two lines x = a and x = b. We already computed the area between two curves in
Example 5.2.8 in Chapter 5. Using that approach and assuming f(x) > g(x) fora<x < b,
we calculate A by calculating the area Af under y = f(x) (above the x-axis) and sub-
tracting from this the area Aq under y = g(x) (above the x-axis), as seen in Figure 7.1.1,

giving the result
b b
A=Ar-A, = j fx)dx - J g(x)dx. (7.1)

a a

We now want to derive the integral formula for the area below the curve y = f(x),
above the curve y = g(x), and between x = @ and x = b by using the definition of a def-
inite integral. This approach enables us to apply the results much more flexibly and
generally. We use the idea of an element of area to calculate the area A of R. This ap-
proach is similar to the use of rectangles to approximate the area under a curve when

/——»" Ax)

1\ )

Figure 7.1.1: Area between two curves.

https://doi.org/10.1515/9783110527780-007
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we interpreted the definite integral as an area. In fact, we are about to give an abbrevi-
ated version of the process used to define the definite integral given in Chapter 5. This
abbreviated form could, if needed, be developed into a full derivation of the definite
integral using limits of Riemann sums. Furthermore, the same approach will be used
in many different applications to find a solution involving a definite integral.

= y=[f(x)

h(x)= f(x)-g(x) * ,

L y=g(x)

Figure 7.1.2: Vertical area element.

Assuming f(x) = g(x) for a < x < b, atypical element of area is a thin rectangle of height
h(x) = f(x) — g(x) and width Ax, as shown in Figure 7.1.2. The coordinate variable x
locates this rectangle. The height h(x) of the rectangle varies with x. The area of this
element is

AA = h(x)Ax = (f(x) - g(x))Ax.

Summing the areas for all elements that fill the space from x = a to x = b gives the
following approximate area A of the region R between y = f(x) and y = g(x):

A= ZAA = Z(f(x) - g(x))Ax.

The limit as Ax — 0 (as the width of the element goes to zero) is defined to be the actual
area and this s, in fact, the limit of a Riemann sum, so it becomes the following definite
integral:

b
A= lim Y (F00) - g(x0))Ax = L (f(x) - gx)) dx. (72)

Similarly, if the region is bounded by two curves x = ¢(y) and x = (y) and the two
lines y = ¢ and y = d, as shown in Figure 7.1.3, then we could choose horizontal area
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x=y(y x=¢)
=, . /

|
|| \
\_ ) \ Ay=4() -V ()

\\//yj‘

Figure 7.1.3: Horizontal area element.

y
3
2
1
1 /\1 2
-1

Figure 7.1.4: Vertical area element for the shaded region bounded by curves in Example 7.1.1.

3 4

elements. The area of the region is then given by

d
A= Jim 3(60) - pm)ay = [ (60 -y dy. 23

Example 7.1.1. Find the area of the region between the two parabolas x> = 2y and
y? = 2x, illustrated in Figure 7.1.4.

Solution. Ify? = 2x, then y = +v2x and the part of this curve above the x-axis is given
2
by y = V2x. Hence the required area is below y = V2x and above y = %, between x = 0
and x = 2. We compute the area using equation (7.2) as follows:
2 2 $2
A:J dA:J (v2e-%)ax
0 0 2
3
x2 1 xX3\? 4
:(ﬁ.T__. )| -3
0
Example 7.1.2. Calculate the area of the region between the graphs of the functions
f and g for 0 < x <30, when

6 1 1 3p U uz a3
X)=—-x""-—=x and X)=—x*> x>,
fx) : % gl) 30
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VA

NS

-20 -10 \ 10 30 X

Figure 7.1.5: Vertical area element for the shaded region bounded by curves in Example 7.1.2.

Solution. As can be seen in Figure 7.1.5, the curve at the top, y = gxl/ 2- 1P, is
always above the curve at the bottom, y = =x*> — x!/3. Hence the area between the
curves is

A Jb j<f<x> g(x)) dx

J 6 oL 3/2) <ix4/3—x1/3>dx
30

(6 2502 _ i.%XS/z_i.§X7/3+§X4/3>|30
55 30 7 5l

82.544.

Example 7.1.3. Find the area between the curves x = y? and x = y + 2, using horizontal
area elements.

Solution. The curves intersect at the points (1,-1) and (4,2). Figure 7.1.6 shows the
curves and one horizontal element. Summing the areas of the horizontal elements of
width (y + 2) - y? and thickness dy gives the area

J (y+2-y)dy= ( “y2+2y- 3)/ )‘:%.

Figure 7.1.6: Horizontal area element for the shaded region bounded by curves in Example 7.1.3.
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7.1.2 Volumes of solids

Volumes of revolutions

A solid of revolution is generated by revolving a two-dimensional region R about an
axis, such as the y- or x-axis. Suppose a body of revolution is generated by revolving
the region R about the x-axis. The area element of R is a rectangle located by the co-
ordinate x with height y = f(x) and thickness Ax. When the area element is rotated
about the x-axis, it creates a cylindrical element of radius f(x), thickness Ax, and vol-
ume AV = nif2(x)Ax = my’Ax, as in Figure 71.7 (a). As x varies from a to b, the area
elements sweep out the region R and the corresponding cylindrical elements fill the
solid of revolution. The approximate volume V of the body of revolution is the sum of
the volumes of the cylindrical elements

V=) AV =) my’Ax.
Taking the limit as Ax — 0, the actual volume of the body of revolution is
b b b
V= J dV:J nfz(x)dX=J my? dx.
a a a

Similarly, revolving the region bounded by x = g(y) between y = ¢ and y = d about the
y-axis (see Figure 7.1.7 (b)) gives the following volume of the revolution:

d d d
V:J dV:J ﬂgz(y)dyzj 2 dy.

Cc

Cc Cc

(a)

Figure 7.1.7: Revolutions about x/y-axis.

Example 7.1.4. Calculate the volume of a right circular cone of height h and base ra-
diusr.

Solution. The coneis generated by revolving the region below the line segment y = %x
(0 < x < h) and above the x-axis about the x-axis. The above formula gives the follow-
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Figure 7.1.8: A circular cone is obtained by rotating a triangular region about the x-axis.

ing volume:

h 7.[2 1 h
J xzdx=—r2><—x3
0 e 3 g

h Zd )’2
V: = —_—
J;W X=Ma
_m
 3h2

Figure 7.1.8 shows a cone.

(WP -0)= %nrzh unit>.

Volume of a solid with known areas of cross sections
Suppose we want to find the volume of a solid that is not a volume of revolution like
the ones shown in Figure 7.1.9.

YA YA
Ax

(a) (b)

Figure 7.1.9: Cross-sections of solids.

Suppose that the cross section of the solid at each point x in the interval is a region
R(x) of known area A(x). We partition the interval [a, b] into subintervals of length Ax
and create a slice of the solid between x = a and x = b. When Ax is small, the volume
element of this slice is therefore AV =~ A(x)Ax. The Riemann sum for all slices between
x=aandx=bis

YAV =) A)Ax
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and this approximates the volume of the solid. The exact volume of the solid is de-
fined as the limit as || Ax|]| — 0. That is, the volume of a solid of known integrable cross
section area A(x) from x = a to x = b is the integral of A from a to b.

b

V= J A(x)dx.
a

Example 7.1.5. A solid has its base R in the xy-plane. The region R is bounded by the

x-axis, the y-axis, and the lines y = x and x = 2. Each cross section perpendicular to

the x-axis is a half circle, as seen in Figure 7.1.10. Find the volume of the solid.

Figure 7.1.10: A solid with base R and cross sections are half circles.

Solution. The area of a half circle is 7r?/2. At each x in (0,2), the diameter r of the
half circle would be y. The area of the cross section perpendicular to the x-axis is

%)’ m? mx

Ax) = =—=—\
0 2 8 8
Therefore, the volume of the solid is
2 02 3 x=2
sz =" = L2 -2 =" unit.
o 8 24 1,9 24 3

7.1.3 Arclength

Curves in Cartesian form
If the first derivative of a function f(x) is continuous, then the function f(x) is called
smooth and its graph is a smooth curve.

For a smooth curve in the plane from x = a to x = b and any partition of the interval,
we approximate the length element of the curve by the hypotenuse of the right triangle
as in Figure 7.1.11. The length element As is therefore

AS = \[(AX)2 + (Ay)?2 =1 + (%)ZAX. (74)
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by
(Ax)+(Ly)!
Ay,

Ax,

Figure 7.1.11: Arc length element.

We add all the length elements to make the following Riemann sum:

S=ZAS:Z 1+(%)2Ax.

Taking the limit as the norms of the subdivisions go to zero gives the length of the
curve as a definite integral. We have

S:Lb \/1+(f’(x))2dx:Lb\l+(%>2dx. (7.5)

In equation (74), we could also have written the expression for As as

As = \/(AX)? + (Ay)2 =q[1 + (i—i)sz.

This would have lead to the following formula for the length of the curve x = g(y) be-
tweeny=candy=d:

S= Ld 1+ (Z—;)z dy. (7.6)

Example 7.1.6. Calculate the length of the arcy = %(e" +e ) for0O<x<a.
Solution. We have
y'(x) = %(e" -e™).

Hence,

s= r \jl+ <%(e" —e"‘))zdx: Ja \/1+ %(ez" -2+eX)dx

0
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YA
) ete”

IS}
=

Figure 7.1.12: Graph of y = g.

a a
:J \/lez"+1+le‘2"dx:J 1(e"+e"‘)2dx
o V4 2 4 o V4

1 Ja(eX +eX)dx= l(e" -e™) ’ = l(e" -e™)
2 0 2 0 2 ’

Figure 7.1.12 shows the arc.

Curves in parametric form
If the arc is described parametrically by

x=f(t)
thst<y,
{y:gm, e

then we derive a formula for the arc length using differentials instead of Ax; and Ay;.
The differential of the arc length is

ds = \Jdx? + dy? = (%>2+<%>zdt: (F'(0) + (g () dt
SO

&
s= L VI () + (g (1)) dt.

Example 7.1.7. Find the arc length of the graph described by

forO<t<2m, a>0.

x=a(t—sint)
y=a(l-cost)
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Solution. We have

2 2
ds = (%) +(%) dt:\/az(l—cost)2+azsin2tdt

=a+2(1-cost)dt = 2asin§dt foro<t<2m.

Hence,

2 ot t t=2m
s:J 2asm—dt:—4acos—|
o 2 t=0

2
= —4a<cos 7” - Cos g) =-4a(-1-1)=8a.

The graph is shown in Figure 7.1.13.

y

Figure 7.1.13: Graph of a cycloid.

Curves in polar form
Suppose the curve is described by r = r(0) in polar coordinates. Then x = r cos 8 and
y =rsin 6. Therefore, the parametric equations for the curve are

x=r(0)cosb
y=r(8)sinf

and

ds = \[x'(0)]” + [y' ()]’ do

= \/[r’ cos@ —rsinf]’ + [r' sinf + rcos0]* do

do.

~ r'2cos? 6 +r’sin? 6 — 2rr' cosOsin 6
+7'"?sin? 0 + r? cos? 0 + 2rr’ cosOsin

This simplifies to

ds=\r?+(r")*de.

Example 7.1.8. Find the circumference of the circle centered at (0, 0) with radius R,
given by the polar equation r = R.
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Solution. The circumference c is given by

2m 2
c=j \lr2+(r’)2d0=J VR? + 0%d6
0

0

2
=j Ra0=RO|" " =R@r-0)
0

= 2nR.

‘ 0=2n
6=0

Figure 7.1.14 shows the graph of a circle with radius R.

Figure 7.1.14: A circle x2 + y2 = R%.

Example 7.1.9. Find the length of the arc described by r = a(1 + cos 8) for a > 0.

Solution. By symmetry, the desired arc length is two times the portion in the first and
second quadrants, so

n n
s =ZJ \/r2+(r’)2d9=2J \/a2(1+c039)2+(—asin9)2d6
0 0

n 6 n 6
:ZJ 2a|cos—‘d9:4aj cos — df
0 2 0 2

s

= Sa(sin T_ sin 0) =8a.
0 2

= 8asin Q
2
Figure 7.1.15 shows the graph of r =1+ cos 6.

NOTE. In general, it is very difficult to evaluate exactly the integral giving the length
of a curve. In most cases, the integrals have to be approximated by using rules such
as the trapezoidal rule or Simpson’s rule. The examples given above were carefully
chosen exceptions.
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by

2a

=y

Figure 7.1.15: Graph of the cardioid r = a(1 + cos 9).

7.2 Applications in other disciplines

7.2.1 Displacement and distance

Consider a particle moving along a straight line (say, on the x-axis), with velocity func-
tion v(t), with known position at time ¢,. Let s(¢) be the position of the object at time ¢
(the position is its distance from a reference point, such as the origin on the x-axis).
Then the net position change during time interval [¢,, t] is given by s(t) — s(¢,). How-

ever, we know that % =v(t), so

t
s(t) =s(ty) + J v(u) du
tO
gives the position of the particle at any time ¢.
Similarly, since the velocity is an antiderivative of the acceleration function a(t),

that is, % =a(t), we write

t
v(t) =v(ty) + J a(u) du.

to

Example 7.2.1. Suppose an object is moving along the x-axis with velocity v(t) = t* -
2t — 3 for t = 0. When ¢ = 0, its position is x = 3. Let x(t) be the position function and
a(t) be the acceleration function. Find:

1. x(5) and a(5);

2. when the object reverses its direction;

3. the distance traveled by the object from t =1to t =5.

Solution. Since x(0) = 3, we know

X(5) = x(0) + J:(tz _2t-3)dt
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t3 x=5
:3+(——t2—3t>
3

x=0

L2, 0
3425 —3(5)—<?—o —3(0))

14 .
= — units.
3
As regards the acceleration of the object at t =5, we know

dv 5 '
a(5) = o T (t*-2t-3) |t=5
= (2t = 2)|;=5 = 2(5) — 2 = 8 units.

Since v(t) = (t — 3)(t + 1), when t = 3, v(3) = 0. The velocity v(t) changes from neg-
ative to positive at ¢t = 3, which means the particle changes from moving towards the
left to moving towards the right, so at t = 3, the object reverses its direction.

One needs to be careful when evaluating distance traveled. The integral jls v(t)dt
gives the net change in the position of the particle instead of the distance traveled by
the particle. To find the distance traveled, we use

distance traveled fromt=1tot =5

5 3 5
:J |v(t)|dt:J |v<t>|dt+j ()| dt
1 1 3
3 5
:—j (t2—2t—3)dt+j (2 -2t -3)dt
1 3
B t3 ) t=3 t3 ) t=5
(5 - —3t)|t:1+<§—t —3t>’[:3

- _(f -3 —3(3)) + (g -1 —3<1>)

3
53 5 33
252 3 —(——32—33)
3 (5) 3 3)
= 16 units.

7.2.2 Work done by a force

The work done by a force is defined as force times displacement, assuming that the
force is constant. If the force is a function F(x) that varies with x, the position of the
object on which the force is acting varies. Then the work done in moving an object
from x = a to x = b along a straight line (the x-axis) is given by

W= Lb F(x)dx.

Example 7.2.2. Find the work done by the force F(x) = sin(2x) Newton along the
x-axis from x = 71 meters to x = %n meters.
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Solution.

3n 3n

7 . 1 =7
sz sm(2x)dx=—§c032x

n

= —1(cos<3—n X 2) - cosZn) = —1(—1 —1) =1]Joule.
2 2 2

X=1

7.2.3 Fluid pressure

Each dam is built thicker at the bottom than at the top because the pressure of the
water against it increases with depth. Physicists have found that, in any liquid, the
fluid pressure p depends on the depth h as follows:

Force

ressure=pxgxh= R
P px8g Area

where p is the density of liquid (mass per volume) and g ~ 9.8 is the gravitational ac-
celeration.

Example 7.2.3. Figure 7.2.1 shows a conical tank with height 5 meters and base radius
1 meter is filled with water (p = 1000 kg/ m’). Find the total force against the wall of the
tank exerted by the water.

Figure 7.2.1: A conic tank.

Solution. We partition the water into thin slabs by planes parallel to the base of tank.
The typical slab between y and y + Ay has an area of approximately

AA = 271X\ AX? + Ay?

2
= 271X 1+<§) Ay
\J Ay

112
=271x 1+<§> Ay
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= g - 2nxAy.

The force against the wall by this slab is
AF:pxgx(S—y)xAAz(g>pxgx(5—y)x2m(Ay,

so the total force is

5
Fzgjpxgx(S—y)Xchdy
0
V26 5
=—2ﬂpgj 5-y)x Ldy
5 0 5
5
5 5 o
_@Zﬂﬁ(?z_ﬁ)r
5 5 \2 3 /1,
_ﬁzﬂ(é.sz_i)
5 5 \2 3
~ 261512 units.

7.2.4 Center of mass

Suppose that a rod has three uniform components, a 5kg weight on the left, a 10 kg
weight in the middle, and a 2 kg weight on the right. Where should a fulcrum be placed
so that the rod balances? This requires finding the center of mass of the compounded
rod. We first assign a scale to the rod so that we can denote locations on the rod simply
as x-coordinates. As seen in Figure 7.2.2, the weights are at x =2, x =5, and x = 8.

Skg 10kg 2kg

0 2 4 6 8

Figure 7.2.2: Center of mass: compounded rod.

If we place the fulcrum at x = 4, then each weight applies a force to the rod that tends
torotate it around the fulcrum. This effect is measured by a quantity called the moment
(or torque), which is defined as the force times the distance. Obviously, the moments
are not balanced, since the clockwise moment is 5g x 2 = 10g, whereas the counter-
clockwise moment is 10g x 1 + 2g x 4 = 18g. To get the rod to balance, we need to move



348 —— 7 Applications of the definite integral

the fulcrum somewhere to the right. Let X be the position where the fulcrum should
be. Then, equating the clockwise and counterclockwise moments, we have

5g8(x —2) +10g(5 - x) = 2g(8 — X),
5% —10 + 50 — 10x = 16 — 2%,
34

x==,
3

This is the position of the center of mass of the rod.

If a plane lamina has a uniform density at each point in the lamina, then the center
of mass of the lamina is a purely geometric quantity. In such a case, the center of mass
is called the centroid.

Example 7.2.4. Find the centroid of a uniform lamina which has its shape formed by
y = x?, the x-axis, and the line x = 2.

Solution. This is a two-dimensional problem. We need to find the coordinates (x,y)
of the center of mass of the lamina. Luckily, we can find X and y independently.

Partition the lamina into small strips, as shown in Figure 7.2.3. For a typical strip,
its mass is approximated by

Am=§-y- Ax,

where § is the uniform density function. The total moments around the y-axis exerted
by these strips are given by

M,=>(Am-g-x)= Y (8-y-Ax-g-X).

Taking the limit as the norm of the partition tends to O gives the integral

2 2
M, = L bgxy dx = 6g L xy dx.

VA

Figure 7.2.3: Center of mass: a lamina.
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The total mass of the lamina is
2
m=§6 J ydx,
0
SO

2
6gj xy dx = mgx,
0

2 2
6gj xy dx = 5J y dx gx,
0 0

2 2
. Io xy dx _ jox-xzdx ) (7x)13 3
jozydx j(fxzdx GO 2

Similarly, we determine the y-coordinate of the lamina as follows:

1 jgyz dx 1 joz(xz)2 dx

y=35" = 2
2 2 2
o ydx jox dx
_1GOME 13, 6
2033 25 5

so the centroid is at the point (%, g).

7.2.5 Probability

— 349

In probability theory, the probability density function f(x) of a random variable X sat-

isfies:
1. f(x)=0;
2 f_o;f(x) dx =1;

3. Pla<X<b)=["f(x)dx.

Figure 7.2.4 shows the graph of a probability density function f(x).

Area=P(a<X< b):Ii f(x)dx

J(x)

>
X

a b

Figure 7.2.4: Area of the shaded region is P(a < X < b).
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Example 7.2.5. If the random variable X satisfies the negative exponential distribu-
tion with probability density function

-3t
f(t):{Be , t=20

0, otherwise,
find P(X > 5).

Solution. We have

o) b
P(X>5) = J 3e73 dt = lim J 3e3 dt
5 b—co J5

_ 1 _,-3t\b

= es

=— lim (e — ™)
b—oo

=—(0-e®)

15

~3.059 x 1077,

7.3 Exercises

1. Find the area of each of the shaded regions.

x=2(siny) fcos(y) A

o A
L — 6 TRt
ary 4F 7
=2y x=y’-4y
x=-3 ’r
X 1 Ui

(a) (b) (c) (d)

2. Sketch the following curves and then find the area of the enclosed regions:
(@) y=5x-x?andy=x;
(b) x=y?’-2,y=-1,y=1,andx=¢;
() y=12-x?andy=x>-6;
(d) x=acos’tandy=asin’t, 0 <t <2m;
() y=cosx,x=0,andy =sinx;
(f) y=cosmxandy=4x>-1;
(g) x=a(t-sint)andy=a(1-cost) for 0 <t <2m.
3. (Tschirnhaus’ cubic) In geometry, the curve defined by the polar equation r =
asec3(8/3) is known as Tschirnhaus’ cubic. It was studied by Von Tschirnhaus,
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L’Hopital, and Catalan. It is sometimes known as L’Ho6pital’s cubic or the trisectrix
of Catalan. Let t = tan 8/3. Then, by using the triple angle formula, one can obtain
its parametric form

x=a(1-3t?) and y=at(3-t%).

If you eliminate the parameter ¢, you find that the Cartesian equation of the curve
is

27ay? = (a—x)(8a + x).

Sketch the curve in the case where a = 1 and you will see that part of the curve
forms a loop. Find the area enclosed by the loop.

(Area of sectors) The area of a region bounded by the polar curve r = r(8) and two
half lines 6 = a and 6 = 8 can be shown to be % ff r*(0) df. Now:

(a) find the area of the circle r = R;

(b) find the area of the region enclosed by the cardioid r = a(1 + cos 0);

(c) find the area of the region inside the curves r =1+ sin@ and r = 3sin 6.

r=r(0) Y N Y

y_ y=fx) ds
A o y=/(x)
< F H\
I( a X Bl “x
Ol a
L3 x xtdx b X
B=0, 0-a | —
Question 4 Question 11 Question 12

Sketch the curve defined by the polar equation r = asin 26, for 0 < 6 < %, where a
is a positive constant. Then find the area of the loop.

Sketch the regions bounded by the following curves, sketch the solids obtained by
rotating the regions about the specific line, and sketch a typical disk or washer:
@ y=2- %x, y =0, x =1, x = 2; about the x-axis;

(b) y=arcsinx, x =1, y = 0; about the x-axis;

() y=1+secx,y=3;abouty=1;

(d) x=y% x=1-y?;about x=3;

() x=a(t-sint),y=a(l-cost),y =0, for 0<t<2m;abouty =2a.

The region bounded by y = %, the x-axis, and 0 < x <1 is rotated about
the x-axis. Find the volume of the resulting solid.

. _ x o .
The region bounded by y = Vi the x-axis, and 0 < x < 1 is rotated about the

x-axis. Find the volume of the resulting solid.
A solid has a base R bounded by y = V4 — x? and the x-axis. Find the volume of
the solid if each cross section perpendicular:
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10.

11.

12.

13.

14.

15.

16.

(@) to the y-axis is a square;

(b) to the x-axis is a semi-circle whose diameter lies in R.

The base of a solid is the region between the curve y = 2+/sinx and the interval
[0, 1] on the x-axis. The cross sections perpendicular to the x-axis are equilateral
triangles with bases running from the x-axis to the curve. Find the volume of the
solid.

(Shell method) In the disk method, we sum the volumes of infinitely many in-
finitesimal disks to find the total volume of a solid. The shell method considers
a representative “shell” with volume 27xy dx (about the y-axis) or 2rryx dy (about
the x-axis). The total volume is given by

V= Jb 2nxydx  (about the y-axis), or V= Id 2nyxdy (about the x-axis).
a Cc

(@) Find the volume of the solid obtained by rotating the region enclosed by y =
(x — 1)(x — 2)? and the x-axis about the y-axis.

(b) Find the volume of the solid obtained by rotating the region enclosed by y =
sin(x?) and the x-axis for 0 < x < v/ about the y-axis.

(Surface area) It can be shown that the surface area obtained by rotating the curve

y =f(x), for a < x < b, about the x-axis is

b b
j 2ﬂf(x)ds=J 271f (x) 1+[f’(x)]2dx.

Find the surface area of a sphere with radius R.

(Surface area) The curve C is defined by the parametric equations x = t> — 3t and
y = 3t% + 1. The arc of C, joining the point where ¢ = 0 to the point where ¢ = V3, is
rotated about the y-axis. Find the surface area of the resulting solid.

(Length of curves) Find the length of each of the following curves:

(@ y= %(x2 -12,1<x<3;

(b) y=Incosx, 0<x<m/3;

(©) x=t3,y=37t2,0<tsx/§;

(d) x=t-8Vt,y=2VE, 1<t <4

() x=8cost+8tsint,y=8sint-8tcost,0<t< %;

() r=eb,0<0<%;

(g) r=a(l+cosf),0<6<2m;

(h) f'(x) = Vx%e* —1, between x =0 and x = 3;

i y= %xg - %xg,lsxs&

(Average value) The two variables x and y are related by x* +y* =1for0 <x <1
and O <y < 1. (a) Find % and %. (b) Given that y(a;) = b; and y(a,) = b, where
0 <a <a, <1, find the mean value of % with respect to x over the interval [a;, a,].
(Volume of an infinite solid) The cross sections of a solid horn perpendicular to
the x-axis are circular disks with diameters reaching from the x-axis to the curve

y =1/x, for 1 < x < co. Find the volume of the horn.



17.

18.

19.

20.

21.

22.

23.

24.
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(Particle motion) A particle moves along the x-axis with velocity v(t) = 2t — sin 7t
for t > 0. The particle starts in the origin. Find the position of the particle when
t=4.

(Flying distance) A bird is flying at 10 m/sec at an altitude of 20 m. Sadly, the bird
is accidentally shot by a bullet and starts to drop to the ground. The parabolic
trajectory of the falling body is modeled by h(x) =20 - %Z, where h(x) is the height
of the falling body above the ground and x is the horizontal distance it travels.
Find the distance traveled by the falling body in the air.

(Centroid) Find the coordinates of the centroid of the region bounded by the
x-axis, the line x = 1, and the curve y = xe™.

(Water pressure) A dam has the shape of a trapezoid. The height is 20 m and the
width is 50 m at the top and 30 m at the bottom. Find the force exerted on the dam
due to the hydro pressure if the water level is 4 m from the top of the dam.
(Fundraising). Contributions in response to a fundraising campaign are coming
at the rate of 1500te~%%! dollars per week. How much money will be raised after
10 weeks?

(Future value) Money is transferred into an account at the rate of r(t) =
500t 1In V1 + ¢ dollars per year. If the account pays 5% interest compounded con-
tinuously, how much will accumulate in the account over a six-year period?
(Population growth) The rate of change of the population of a certain city is mod-
eled as r(t) = 10 000(t +1)e~%% thousand people per year. If the current population
is 1.5 million, what will the population be 10 years from now?

(Probability) If f(x) = {ksm for When0<x<10 3o the probability density function of

0, otherwise
a random variable X, then find:

(a) thevalueofk; (b) P(X <4); (c) themean ofX.






8 Infinite series, sequences, and approximations

In this chapter, you will learn about:
— infinite series;

— tests for convergence;

— alternating series;

— power series;

- Taylor series;

—  Fourier series.

An infinite sequence is a set of infinite numbers arranged in a particular order. A se-
ries (also called an infinite series) can be thought of as the sum of the numbers in a
sequence. Of course, it is not possible to actually add infinitely many numbers but,
nevertheless, it is possible to give a meaning to an infinite sum and, in some cases,
find a value for it.

Sequences and series are very important in calculus, in other areas of study, and in
their applications. For example, people have used a sequence of regular polygons with
five, six, seven, ... sides to approximate the circumference of a circle to any desired ac-
curacy. Many very important functions that arise in mathematical physics, chemistry,
and engineering, such as Bessel functions, are defined as infinite series. Physicists
also deal with series when studying fields as diverse as optics, special relativity, and
electromagnetism, where they often analyze phenomena by replacing a function with
the terms from a series representation of the function. Hence, it is important to be fa-
miliar with the basic concepts of sequences, series, and especially the meaning of a
convergent sequence and convergent series.

8.1 Infinite sequences

You have already encountered infinite sequences in Chapter 2. For reference, some
basic definitions are repeated here.

Definition 8.1.1. An infinite sequence, or simply a sequence, is a list of infinitely
many numbers a, in the particular order given by increasing values of the index
n=1,2,3,4,... of the following form:

{an} = {an}zil = al,az, a3, a4,a5, ces ,an, cee

NOTE. Any other letters can be used in place of “a” and “n” without changing this
definition.

A sequence {a,} has limit a (a number) if the numbers a,, are arbitrarily close to a
for all sufficiently large values of the index n.

https://doi.org/10.1515/9783110527780-008



356 —— 8 Infinite series, sequences, and approximations

This is similar to the limit of a function of the form lim,_, ., f(x) = a, except here
we replace the variable x by integer values of n. The formal definition is repeated here.

Definition 8.1.2. A sequence {a,} is convergent with limit a if, for any number € > 0
(no matter how small), there is an integer N (that depends on €) such that

la,—al<e foralln>N.

In this case, we write lim
gent.

a, = a. A sequence that is not convergent is called diver-

n—oo

A particular sequence is often specified by giving a formula for the nth term that
is true forn=1,2,3..., as in the next example.
Example 8.1.1. Show that the sequence

1 13715
i=fioA]13 7
Sn} { 2n 2 4 816

is convergent with limit s = 1.

Solution. Since

|sn_5|:‘<1—2ln)_l‘:<%)n

for any € > 0, we need to show that (1/2)" < ¢ for all sufficiently large n. This is probably
obvious to you, but we prove it formally as follows. We find this N by taking logarithms
of both sides, which preserves the inequality because the logarithmic function In(x)
is an increasing function for all x > 0. We have

n
1n<1> <lne & -nln2<lhe < n>—1—.

Hence, |s, — s| = (1/2)" < € for all n = N if N is chosen to be any integer larger than

—zlil—nzg ~-2.88541n¢ (note that Ine < 0 if £ < 1).

We repeat here the theorem on bounded, monotonic sequences {a,}, because it
will be used extensively in this chapter.

Theorem 8.1.1 (Bounded monotonic sequence theorem). If a sequence {a,} is bound-
ed and monotonic, then it must have a limit L. That is, lim,,_,, a,, = L.
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8.2 Infinite series

8.2.1 Definition of infinite series

Suppose a;,a,,as, ..., a,, ... is a sequence of numbers and we add the terms of the se-
quence, giving an expression of the following form:
()

Zak:a1+a2+a3+---+an+~--.
k=1

This infinite sum is called an infinite series (or just a series).

NOTE. A series can also be denoted by Y a, or Y2, a,. A seties can also start at
other values, such as k = 0 or k = 2, or even at negative values, such as ) ;°_, ay,;. The
subscript can be replaced by any other letter such as n or i without changing the series,
SO Yoy ks Doy Ay 210y A, and Z}fl a; all denote the same series. In this chapter, most
often we will use k or n as the index, i.e., }}°; @y and ) 72 a,.

It would be physically impossible to add infinitely many numbers, but we can
sometimes give a meaning to it, as follows. We construct the partial sum s, that is the
sum of the first n terms a;, so we have

51=a1> 52=a1+a2, S3=a1+a2+a3,

In general,

n
sn=a1+a2+---+an=2ak.
k=1

These partial sums form a new infinite sequence {s,}, which may or may not have a
limit.

Definition 8.2.1. Let )2, a; be an infinite series with partial sums s, = Y} _, a;. If
the sequence of partial sums {s,} is convergent, so that lim,_,, s, = s exists as a real
number, then we say that the series Y a; is convergent and has sum s and we write

[ee]
s:Zak:a1+a2+a3+---+an+~~
k=1

If ) a, is not convergent, then the series ) a, is called divergent.

Thus, when we write }}°, a; = s, we mean that, by adding sufficiently many terms
from the start of the series, we get as close as we like to the number s. In limit terms,
we write

lim (a; +a, +az +a, + - +a,) =s.
n—oo
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That is, if Z,;’; ay =s, then s, =~ s when n is large and the difference
r=S—S8,=0dpy1 tApip +Apy3+ -,
called the remainder, approaches zero as n — co.

Example 8.2.1. Show that the following two infinite series are divergent:
(@ Y k=14243+-+n+-
(B) TR (D =1-1+1-1+1-1+-+ (=) +

Solution. Series (a) has partial sums s, = n(n+1)/2andlim,_, s, = +00, soitdiverges
to +co. Series (b) has partial sums s,, = 1 if n is odd and s, = O if n is even. Hence,
lim s, does not exist, so the series diverges.

n—.oo

Example 8.2.2 (Telescoping series). Show that the sum of the infinite series
00 1 is1

2k ke 8 1

Solution. We use the definition of a convergent series and compute the partial sums.
We note that the method of partial fractions enables us to write

111
k(k+1) k k+1
)
° 1 1 1
Z +_+...+—
klk(k+1) 1x2  2x3 nx(n+1)
1 1 1 1 1
LNy T
2 3 3 4 n n+l
1
=1- 1 because all other terms cancel each other.
n+
Hence, lim, _, s, =lim,_,,(1- +1) =1-0 =1, so the given series is convergent and

[e%s) 1 _
Zkzl k(k+1) — L

Definition 8.2.2 (Geometric series). Let a # 0 and g be any fixed real numbers. The
infinite series

(o)

a+aq+aq’ +---+aq* +--- = Zaq"
k=0

is called a geometric series and the number g is called the common ratio of the series.

Example 8.2.3. Show that the geometric series

Y agt=a+aq+ag®+ -

k=0

S converges to 1%, when |g| <1
+aq" + - ] q
diverges, when |g| > 1.
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Solution. If g # 1, we write the nth partial sum s,, and then multiply both sides of this
by g, to obtain

— 2 n-1
S,=a+aq+aq”+---+aq -,

n-1 n

qs, =aq+aq*+---+aq" ' +aq".

Subtracting the second equation from the first, we obtain the following equation
fors,:

a(l-q")
S,—qsp,=a-aq" — sn:ﬁ.
If -1< g <1, we know that g" — 0 as n — oo, SO
al-q") _a

lim s, = lim .
n—oo n—-oo 1- q 1- q

Thus, when |gq| < 1, the geometric series is convergent and its sum is %1, SO

ﬁ] =a+aq+aq’+---+aq*+--- for|gl <1

If |g| > 1 (that is, g < -1 or g > 1), then g" — +00, so lim
the sequence {aq™} is divergent.

Ifg=-1,thenq"” =1ifnisevenand q" = -1if nis odd, so lim,_,, s,, does not exist
and the series diverges.

If g = 1, then the nth partial sumis s, =a+a+a+ - +a=na— oo (or —co).
Therefore, lim,,_,, s,, does not exist and the geometric series diverges.

Therefore, the geometric series ¥ ag converges when |g| < 1 and diverges when
lgl > 1.

s, does not exist and

n—oo

Example 8.2.4. Determine whether or not the series Z,‘j‘;l(%)k is convergent. If it con-
verges, find the sum of the series.

Solution. This is a geometric series with common ratio 3/ < 1 and first term 3/7.
Therefore, it converges to

N W

3 :i221.188.
1_5 m-3

8.2.2 Properties of convergent series

Since the convergence of series is defined by a limit, we expect that the properties of
convergent series are similar to those of limits.
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Theorem 8.2.1. If Y u, and Y v, are convergent series and c € R is any constant, then
> cuy, and Y (u, +v,) are also convergent series and

Zcun:CZun, Z(univn):ZuniZV,l.

Proof. These properties of convergent series follow from the corresponding limit
laws. O

Example 8.2.5. Find the sum of the series } °, (5~ n( e 3—1n).

Solution. The series Y 1/3" is a geometric series with a = % and g = %, SO
1
yi_5 .1
i L P
A previous example showed that
(o] 1 B
Znn+1) -

so, by Theorem 8.2.1, the given series is convergent and

—_— + —_— =
n;( 2n(n+1) 3" nzl
23,1
202

- 1
n(n+1) HZB_

3
2
3
2"
=2,

NOTE. Changing a finite number of terms of an infinite series does not affect the con-
vergence or divergence, but it does affect the sum.

This follows from the result that, for any integer N,

0 N-1 0
z a, = z a, + z a,
n=1 n=1 n=N

This shows that ), a,, converges if and only if }° a, converges, because conver-
gence only depends on the values a, as n — co. This means that we can add a finite
number of terms to a series or delete/change a finite number of terms without alternat-
ing the series’ convergence or divergence, although usually this will change the sum
of a convergent series.
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A test for divergence
Suppose that the infinite series ) 72, a; converges with sum s. Then we have

n
lim s, = lim Zak S.

n—oo n—>00

Also note that, forn > 2,

a, = z a — z ay =Sy,
k=1
Combining the above two equations, we have

hman—hm(s - Sy 1)—11msn—11msn1—s s=0.
n—oo —00 n—oo

This establishes the next theorem.

Theorem 8.2.2 (The nth term divergence test). If the infinite series ) °, a, converges,
then the sequence {a,} of terms of the series has limit 0. Equivalently, if lim,_, ., a, # 0,
then Y a,, is divergent.

Example 8.2.6. Show that the following series all diverge:
2
@ Y2 5 (b) T (-D™ (o) YR (&

Solution. These series all diverge by the nth term divergence test because:
. nz o _
(a) llmn_wo 3244 = hmn—>oo m 3 :/: 0;
(b) lim,,_,. (-1)™ does not exist;
. k Nk s 1 \k _ 1 11
(©) limy_q(g7)" = llmk_m(ﬁ) =limy mFe? 0.
The converse of the nth term divergence test is not necessarily true. That is, knowing
that the limit of the terms of a series is zero does not ensure that the series converges.
For instance, the harmonic series ) 1/n satisfies lim 1/n =0, yet Y 1/n diverges, as

shown in the next example.

n—oo

Example 8.2.7. Show that the harmonic series

1 1 1
1+-+—-—+--+—+.-- = —
2 3 n &k

is divergent.

Proof. We show that the partial sums s, become arbitrarily large and can therefore not
approach a limiting value.
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YA

— 1y
1 2 3 n n+1

Figure 8.2.1: Graph of y = 1 and rectangles with area 1,3, 3,..., 3.

’n

Asseenin Figure 8.2.1, the partial sum s,,, which is the sum of the areas of nrectangles,
all with base 1, is larger than the area below the curve y = 1/x, above the x-axis, and
between the two lines x =1 and x = n + 1. Therefore,

VvV

n+l q
s,,/J —dx=Inx|{ =lnn-Inl=Inn,
1 X

S0 s, — oo as n — co. Thus lim,,_,, s, does not exist and ) 1/n diverges. O

An alternative solution
If the harmonic series converges with sum s, then its partial sums s, and s,, both have
limits s. This means

S;n—5,—0 as n—0.

However,
6 s = 1 N 1 1
Mo T i1 n+2 2n
n times
1 1 1
—+ — +—==--»0

This is a contradiction to the assumption that s,, — s,, — 0. Therefore, the har-
monic series is divergent (proof by contradiction).

NOTE. The terms in the harmonic series correspond to the nodes on a vibrating string
that produce multiples of the fundamental frequency, the lowest note or pitch one
hears when a string is plucked. For example, 1/2 (one node divides the string into two
parts) produces the harmonic that is twice the fundamental frequency, 1/3 produces a
frequency that is three time the fundamental frequency, etc.
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In Chapter 2, we saw the sequence form of Cauchy’s theorem, which gives suffi-
cient and necessary conditions for a convergent sequence. Now we give the series form
in the following theorem.

Theorem 8.2.3. An infinite series ) u, converges if and only if, for any positive num-
ber ¢, there exists an integer N (depending on &) such that, whenever n > N, we have

Sn+p = Snl = Upyq + Upyy + - + Uy p| <€ for any positive integer p.

This theorem states that, if a series is convergent, the “tail” of a series, the terms
after uy, must be arbitrarily small, if N is large enough.

8.3 Tests for convergence

8.3.1 Series with nonnegative terms

A series }}°, @, with nonnegative terms satisfies a; > O for all k. For each positive
integer n, the partial sum s,,,; of a series ) a; with nonnegative terms satisfies

n+1 n n
Spi1 = Zak = (Zak> Ay 2 Zak =Sp>
k=1 k=1

k=1

SO

S1<52<"'<s SEEE

n

That is, the sequence {s,} of partial sums is an increasing sequence and is therefore a
monotonic sequence. By the bounded monotone sequence theorem, we know that an
increasing sequence {s,,} converges if and only if the sequence {s,,} is bounded above.
If the sequence {s,} is not bounded above, then lim,,_,, s, = +0c0, in which case the
sequence of partial sums {s,} and the series } a; both diverge to +co.

We have already seen that the partial sums of the harmonic series } >, 1/k are not
bounded above. Therefore, it diverges to +co.

We now give a number of tests that allow us to detect whether or not a series ) a,
with nonnegative terms is convergent. Each test is effective for a particular class of
infinite series. These tests do not help us to find the sum of a series.

The p-series and integral test
Definition 8.3.1. A p-series is a series of nonnegative terms of the following form:

(o)
1+i+i+...+i+...=zi’
» 3 npP o kP

where p is a nonzero constant.
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The harmonic series is a p-series with p = 1 and we already know that it diverges.
Now we investigate p-series, for p > 0, p # 1, so that nip > ﬁ for all n. We compare
the partial sums s, to some areas of the plane as follows. Construct the following rect-
angles in a Cartesian coordinate system in R?: rectangle 1 with base the interval [1,2]
on the x-axis and height 1, rectangle 2 with base the interval [2,3] on the x-axis and
height 211,, rectangle 3 with base the interval [3, 4] and height 311, , etc. Continue this pro-
cess until you have n rectangles, the last with base [n,n + 1] on the x-axis and height
nip. The total area enclosed by these rectangles is the same as the nth partial sum of

the following p-series:

(a) (b)

Figure 8.3.1: Graph of y = 5 and rectangles with area 1

XP

1 1
> 250 3P e

The graph of y = )%, for x > 1, is decreasing and does not go above the rectangles.
Hence,

n+l 1 1 n+l 1
Sp = J —dx = [—xl‘P] =——((n+1P-1).
1 X 1-p 1 1-p

Notice that, when O < p < 1, the integral ﬁ((n + 1P - 1) > co0 as n — 00, SO
s, — oo and the p-series diverges.

If we move all of the rectangles one unit to the left, then they are all below y = %
for x > 1, except for the first rectangle of area 1, as seen in Figure 8.3.1(b). Therefore,
whenp >1,
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1 1
<1+—(0—1)=l+—=—p .
1-p p-1 p-1
In this case, {s,,} is monotonic and bounded above, so a p-series converges when p > 1.
These results are summarized in the following theorem.

Theorem 8.3.1 (The p-series). Let p be a real number. The infinite series

(o]

1
z @ converges if p > 1 and diverges if p < 1.
k=1

The same geometric reasoning that we have used for p-series proves the following
generalization.

Theorem 8.3.2 (Integral test). Let f be a continuous, positive, decreasing function on

[1,00) and let a,, = f(n). Then the series Y2 a, is convergent if and only if the improper

. o0 .

integral L f(x)dx is convergent. In other words:

1. If jloo f(x) dx exists as a real number, then ) °, a, is convergent. In this case, if the
sums =Y, ay, then [~ f(x)dx<s<ay+ [ fx)dx.

2. If floo f(x) dx does not exist as a real number, then Y *° . a,, is divergent.

The comparison test

If two infinite series have similar terms, then knowing the behavior of one of the series
might be enough to determine the behavior of the other. The comparison test shows
one way that this can be done.

Theorem 8.3.3 (The comparison test). Let >, w, and Y2, v, be two series of non-
negative terms such that u, < v, for all k. Then:

1. if )32, vy converges, then ), w, converges;

2. if Y2, uy diverges, then Y32, v, diverges.

Proof. Ifs, ands, designate the nth partial sums of } u; and } v;, respectively, then
Sy, U tUp+ 0+ Uy S, =V +Vy+ e + V.

If Y v, converges, this means the partial sum of ) u; is bounded above, so
Y u; converges. If Y u; diverges, this means the partial sum of ) u; gets larger and
larger as k — oo, so the partial sum of ) v, is unbounded. Therefore, Y v, must be
divergent. O

NOTE. In using the comparison test, we must, of course, have a series Y ¢ that is
known to converge or diverge for the purpose of comparison. Often, we use either a
p-series (Y 1/kP) or a geometric series Y ag<".
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(*Group discussion) In Theorem 8.3.3, if we replace the condition “u; < v for all k” by
“ui < cvy for sufficiently large k (where c is a positive constant),” how will this affect
the results of the theorem?

Example 8.3.1. Determine whether the series ) converges or diverges.

(o) 3
n=1 2n?+7n+3
Solution. For large n the dominant term in the denominator is 2n?, so we compare
the given series with the series ) % Observe that the nth term is bounded above by

3 3 31

— - <=
2n2+7n+3 2n?2 2n?

We know that % Yool n? is convergent because it is a multiple of a p-series with p =
2> 1. Therefore, y 2, 3/ (2n® + 7n + 3) is convergent by the comparison test.

Example 8.3.2. Determine whether the infinite series Y2,
verges.

1 .
——— conver r di-
S converges o d

. . . 1 _ 1 . . .
Solution. The dominant part of the kth term is e = e which is a multiple of

the kth term of the divergent harmonic series, suggesting divergence. To confirm this,
compare it with the harmonic series as follows. For k > 2,

1 1 11
> =—-.
V22 +3 V2P + k2 Y3k
. 1 1 5. . . 1 . .
Since Yo i diverges, the given series ) 2, s also diverges by the comparison
test.

NOTE. In this example, the comparison test works even though the inequality holds
only for k > 2. This is because the behavior of the first few terms of a series does not
matter in the comparison test (or any other test for convergence). That is, as long as
the test applies to all terms after a certain point in the series, the conclusions of the
test will still be true.

Theorem 8.3.4 (Limit comparison test). Let )22, a; and Y22, by be two series of non-
negative terms. Suppose that

lim % =L, whereL+0andL #co. (8.1)

k—co by,

Then Y22, a, and Y2, by both converge or both diverge.

Proof. Let A and B be any positive numbers such that A < L < B. Because a,,/b,, is close
to L for large n, there is an integer N such that, for all n > N, we have

a
A< <B,
b,
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SO
Ab, <a, <Bb, foralln>N.

Hence, if ) a,, converges, so does ) Ab,,. By the comparison test, ) b, also converges.
If ) a, diverges, so does Y Bb,, thus ) b, diverges. O

(*Group discussion) In the limit comparison test theorem, if L = 0 and Y b, converges,
does the series Y a; have to converge? If L = +oo and ) b, diverges, does the series
Y a; have to diverge?

Example 8.3.3. Determine whether the series } >°, ﬁ converges or diverges.
Solution. The nth term is close to 3% for large n, so we apply the limit comparison test

with

1 1
a, = ﬁ and bn = 3—n
We obtain
n_ n
L=tim & gim YDy 3 g0
n—oo bn n—.oo 1/3" n—.oo 3" -

Since the limit L =1 and ) 1/3" is a convergent geometric series, it follows that )’ ﬁ
converges by the limit comparison test.

n’+3n

V8+n®

Example 8.3.4. Determine whether the series } 2, converges or diverges.

Solution. The dominant part of the numerator is n> and the dominant part of the
n’+3n 1

. . _.5/2 . _ . o _
denominator is Vn®> = n / . This suggests to compare a,, = N with bn = BR = qno

which is the nth term of the divergent p-series ) 1/n% . We have

2
..a . n“+3n
lim =2 = lim x nif2
n—oo n—oo /8 + n5

n
n°? + 3n3/2

= lim
n—oo /8 +n?
. 1+ %
= lim =1
n—oo (18 41

n

Since Y b, = ¥ 1/n"/? is divergent, the given series diverges by the limit comparison
test.

To effectively use the limit comparison test, we need to have a collection of series
whose behavior we already know. The p-series belongs to the most useful series for
this purpose.
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d’Alembert’s ratio test

Jean-Baptiste d’Alembert

(1717-1783) was a French mathematician, mechanician, physicist,
philosopher, and music theorist. The wave equation is sometimes re-
ferred to as d’Alembert’s equation. The ratio test was first published
by him and is sometimes known as the d’Alembert ratio test. http:
//en.wikipedia.org/wiki/Jean_le_Rond_d%27Alembert

Theorem 8.3.5 (The ratio test). Let }}°, a, be a series of nonnegative terms and sup-
pose

lim M:

k—o0 a P

where 0 < p < oo. Then:

(1) ifp<1,then } 2, a; converges;

(2) ifp>1,then Y32, a, diverges;

(3) if p =1, the ratio test gives no information about the convergence or divergence of
2 e

Proof. (1) If % — p <1, then we can choose a number r such that p <r < 1. Since

lim L —p <,
n—oco a,

there exists an integer N such that, for all n > N, we have ag—: <r.Thatis, foralln >N,
Ay <TQ,.
Hence, ay,; < ray, Ay, < Iy, <ay, dy,3 <Iay,, < ’ay, and, in general,
ay.,, <rvay.

However, the series Y2, ayr* (or equivalently Y5, ayr*™) is convergent since it is
a geometric series with 0 < r < 1. Since a; < ayr*™ for each k > N, by the comparison
test, ) 22y a4y is also convergent. Adding back the first N — 1 terms to the series Y 72\ aj
gives ) 12, ay, the original series, which must also be convergent.

() If lim,_,, a,,,/a, — p > 1, then the ratio a,,,/a, will be greater than 1 for
all sufficiently large n, say, n > M. This means that a,,,; > a, whenever n > M, so
lim,,_,, a, # 0. Therefore, ) a, diverges by the nth term divergence test.
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(3) Iflim,,_, o, ap.1/a, = 1, then we give two examples. The limit of the ratio is 1 for
the convergent series ) 1/ n?, because

1

. a . 1)?
lim =2 = lim gzl.
n—-oo Qq n—-oco =

n nZ

The limit of the ratio is 1 for the divergent series ) 1/n, because

1
. a -
lim 4041~ fim B
n—oo a, —00 =

n

Hence, the test fails to give any information about convergence when lim,_,, a,,;/
a,=1. O

Example 8.3.5. Show that the series
- 1 1 1
Z—: —_ g — e — e
k! 20 3! n!
converges.

Solution. We use the ratio test with a,, = % We have

a,, . 1
lim 201 = im @ i~ —0 <1,
n—oo a, n—oo o n—oon+1

Therefore, by the ratio test, the given series is convergent.
Example 8.3.6. Test the convergence of the series

-n 1 20 3 n!
Z—n:ﬁ+?+3_3+...+_n+....
n=1n n

Solution. The terms a, = % are positive and we have
1)!
any _ (?(1:1-;)’3” _ (n+1)! n" (n+n! n"

a, r':—,'l BT e TG T ]
() = ()
() ()
n+1 1+H
Because

Ay 1\
lim = hm(—l) =lim ———=-<
n—oo a, n—oo\ 1 + u n—oo (1 + E)" e

the given series is convergent by the ratio test.
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(*Group activity) Raabe’s test: assume lim,,_,, n(| a“"l | -1) = k. Then, ifk < 1, Y a,, di-
verges and, if k > 1, ) a,, converges. This is an extension of the ratio test and is due to
Joseph Ludwig Raabe (1801-1859, a Swiss mathematician). Why does it work? Use this

test to show that )’ ni,, converges when p > 1 and diverges when p < 1.

The root test (Cauchy’s radical test)
Theorem 8.3.6 (The root test). Let )2, a, be a series of nonnegative terms and sup-
pose

lim %{/a, =p,
n—-oo

where 0 < p < 0o. Then:

(1) ifp<1,then } 2, a; converges;

(2 ifp>1,then Y roq a4y diverges;

(3) ifp =1, the test fails to give any information and } }, @, may converge or diverge.

Although the precise proof is not given here, intuitively we have {/a,, =~ p when n
is large. Therefore, a,, =~ p™ for sufficiently large n. By the limit comparison test and the
theorem for geometric series, we have conclusions (1) and (2). For (3), we also have
two examples ¥ 1/nand ¥ 1/n?. Both lim,,_, ., /1/nand lim,,_, ., W are 1, but one of
them converges and the other diverges. Therefore, if p is 1, the root test is inconclusive.

oo 2+(-1)"

Example 8.3.7. Test the convergence of the series ' 2, ==;

Solution. We have

—1)" _1\n
an=—2+( D and i<—2+( ) Si.
3n 3" 3" 3"

1_r2+c)t 33
3n 3

so lim,_,., ¥/a, = % Thus, the given series converges by the root test.

Hence,

w

Example 8.3.8. Show that the following series is convergent:

1 1 1 1
+2_2+3_3+.”+ﬁ+.”.

Solution. We use the root test with a,, = %, since

n/l 1
ya, = F:H—>0<1 as n— oo.

Therefore, we conclude that the series ) n—l,, is convergent.



8.3 Tests for convergence =— 371

8.3.2 Series with negative and positive terms

Alternating series test
If the terms of a series alternate in sign and decrease to 0 in absolute value, we imme-
diately conclude that the series converges. The full result is the following.

Theorem 8.3.7 (Alternating series test). Let {u,}52; be a sequence of positive real num-
bers satisfying

UpSUp > Uy >

(a decreasing sequence) and lim,,_,, u, = 0. Then the alternating series
(0]
DDy =y —uy Uz — g+
k=1

formed from these numbers is convergent.

Proof. We first consider the even partial sums:

S;=U ~Upy 20,

Sy =8+ (U3 —uy) =s,.
In general, $,, =Sy, + (Upy_1 — Upp) = Syp_5 SINCE Uy, 1 = Uyy, SO
0<S, <8, < <Syp S oo
However, we can also write

S, =uUy — Uy, S, =u; — (U, —u3) —u, and in general

Son = Uy — (U —U3) = (Uy —Us) = -+ = (Upp_p — Upy1) — Upp-

Every term in the parentheses is positive, so s,, <u; for all n. Therefore, the sequence
{s,,} of even partial sums is increasing and bounded above. It is therefore convergent
by the bounded monotonic sequence theorem.

Letlim,_,, S,, =s. We compute the following limit of the odd partial sums:

lim Son+1 = lim (Son + Uona1)
n—-oo

n—-oo

= lim s,, + lim uy,,; =s+0=s.
n—oo

n—oo

Since both the even and the odd partial sums converge to s, the alternating series
Y22, (-)¥ 1y, is convergent with sum s. Figure 8.3.2 illustrates this idea. O
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Figure 8.3.2: Graph of the sequence {s, = ZZ:I(—I)’H%}.

Example 8.3.9. Show that the following alternating harmonic series converges:

1 1 1
1"1 ——+———+~~
Z( ) 3 4
Proof. If by, = %, for k = 1,2,3, ., then (i) {b;} is decreasing since by,; = 115 < by =
and (ii) lim;_, by =lim,_,, + % = 0. Hence, the conditions of the alternatmg serles test
are satisfied, so the series ) /2, (- k- 1bk Yo (= k- 1k is convergent. O

n=1 4n+1

Example 8.3.10. Decide whether or not the series Y °°

is convergent.

Solution. It is an alternating series but it does not satisfy the conditions of the alter-

nating series test because, with b, 4n+1 s

1 1
lim b, = lim L T T=-%0.
n—oo n—oo4n+1 n—-oo 4+ - 4

The nth term divergence test shows that this series diverges.

Example 8.3.11. Test the series Y ° (-1)""! na"; for convergence or divergence.

Solution. It is obvious that the series is alternating. If b, = n3+2, then
2
n
lim b, = lim ——=0
n—oo n—oo n> + 2

To venfy that {b,} = { +2} is decreasing, we compute the derivative of the function
fx)=5= and find

x(4-x3)

G 12 <0 forallx> V4.
+

fl(x)=
This means that f(x) is decreasing for x > 2, so, forall n > 2,

f(m>f(n+1) = b,=b

n+1-
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Then {n?—;} is decreasing for n > 2. Thus the given series is convergent by the alternat-

ing series test.

NOTE. Again, we only checked whether the conditions of the alternating series test
are satisfied for all n > 2, since the first few terms of any series do not affect its conver-
gence, as seen in Figure 8.3.3.

YA
0.4

0.2

o), —

=Y

Figure 8.3.3: Graph of the sequence {%}.

Absolute and conditional convergence

A series Y a,, is called absolutely convergent if the series of absolute values ) |a,| is
convergent. A series ) a, is called conditionally convergent if it is convergent but not
absolutely convergent.

Example 8.3.12. The series Zg‘;l(—l)”‘l % is absolutely convergent, because

(o) — [oe)
(—1)"1| 1 1 1
= —:1+—+—+...

is a convergent p-series with p = 2.

Example 8.3.13. The series Z(—l)"*% is conditionally convergent, since the alternat-
ing harmonic series 2321(—1)"_1% was shown to be convergent in a previous example,
but it is not absolutely convergent because the corresponding series of absolute values

is

o0 — o0

-t 1 1 1
D) R Y S
] n on 2 3

This is the harmonic series, a divergent p-series with p = 1.

Theorem 8.3.8 (The absolute convergence test). Let )22, a; be aninfinite series. If the
series )2, lay| converges, then the series } 2, a; also converges.
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Proof. Observe the inequality
0< (ak + |ak|) < 2|(1k|.

It is true because |a,| is either a; or —ay. If Y a; is absolutely convergent, then ) |a;|
is convergent, so Y 2|a;| is convergent. Therefore, by the comparison test, Y (a; + |a;|)
is convergent. Then

Zak = Z(ak + |ak|)_z|ak|

is the difference of two convergent series and it is therefore convergent. O

Example 8.3.14. Determine whether the following series is convergent or divergent:

Z sinnx _sinl N sin2 N
2 T 2 2
oon 1 2

Solution. This series has both positive and negative terms, but it is not alternating.
We apply the comparison test to the series of absolute values as follows:

o0 . (o) .
sinnx| < |sinnx|
D3] Rl B Wt
n=1 n=1
Since
|sinnx| 1
g_
n? n?

and Y 1/n? is convergent, we find that Y | sinnx|/n? is convergent by the comparison
test. Thus the given series Y (sinnx)/ n? is absolutely convergent and therefore conver-
gent by the absolute convergence test.

NOTE. If we take the absolute values of the terms of any series ) a,, then we create a
series Y |a,| with nonnegative terms. Then we can use any of the tests for convergence
of series with nonnegative terms in determining whether the series is absolutely con-
vergent: the ratio test, root test, comparison test, integral test, etc.

nZ
Example 8.3.15. Test the series ) > (-1)" Zn—, for absolute convergence.

Solution. We use the ratio test as follows:

(_1)n+12(n+1)2 )
a Y AN 2(n+1) -n 22n+1
S | ("H)!z ‘ = = >1, whenn>1.
a, (=2 (n+1) n+l1
!

n

Thuslim,,_,, |a,,,/a,| > 1and therefore ) 2, o /n! diverges, so the series ) >°, (—1)"2"2/
n! is not absolutely convergent. Since |a,,,,| > |a,/, it follows from the nth term diver-
gence test that the series Zﬁ‘;l(—l)"zn2 /n! diverges.

There are many interesting properties of series that converge absolutely. We now
state without proof the following theorem.
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Theorem 8.3.9. (1) If) a, is absolutely convergent, then any new series Y. b,, formed
by rearranging the order of the terms in ) a; is also absolutely convergent, with the
same sum.

() IfYa,=Aand} b, =B are both absolutely convergent, then the product ¥, a;by
(of all possible product pairs a; and b, from the two series) is also absolutely con-
vergent, with sum AB.

8.4 Power series and Taylor series

8.4.1 Power series

If uy (x), uy(x), ..., u, (x), ... are real-valued functions defined on an interval I, then we
can form the infinite series with these functions as

Zu,<(x)=u1(x)+u2(x)+-~-+uk(x)+---. (8.2)
k=1

Such a series may start at other k-values, such as k = 0. Since each function value is
a number, we can use all of the properties and convergence tests for infinite series of
numbers developed in the previous sections. In particular, for a specific number x;, €I,
the series (8.2) becomes an infinite series with constant values as

Zuk(xo):ul(x0)+u2(x0)+~~~+uk(x0)+---. (8.3)
k=1

For this particular value of x = x, this series may converge or diverge. If it converges,
then x, is called a convergent point; otherwise it is called a divergent point. The set of
all convergent points is called the convergent set of the series. For any point x in the
convergent set, the infinite series in equation (8.3) must have a sum, which we write
as s(x). That is, for each x in the convergent set,

(o)

s(x) = Z U (X) = uy () + Uy (X)) + -+ + U, () + .
k=1

In this case, s(x) is a function of x defined for all x in the convergent set and it is called
the sum function. We define the partial sum function s,,(x) forn=1,2,... by

Sp(x) = (uy (%) + Uy (X) + -+ + U, (x)) = Z U (x).
k=1

From the previous theories of infinite series, s(x) is the limiting value of the partial
sums, for each x in the convergent set, written

s(x) = nlim (uy (%) + Uy (X) + -+ + up(x)) = nlim S, (X).

The remainder for the partial sum s, (x) is r,,(x) = s(x) — 5, (x).
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NOTE. The Weierstrass function f(x) = }»° , a" cos(b"nx), where 0 < a < 1, bis an odd
integer, and ab > 1+ 37/2, is defined as a series of real-valued functions. This function
is a continuous function but nowhere differentiable. The graph of Weierstrass func-
tion is illustrated in Figure 8.4.1. It was presented and proved by Karl Weierstrass on
18 July 1872.

Figure 8.4.1: Illustration of a Weierstrass function.

We will restrict our attention for the next few sections to a special case where each
function term is a particular type of the polynomial u,(x) = ¢,(x — a)", for some con-
stants a and c,,. Such a series is called a power series. The formal definition is as fol-
lows.

Definition 8.4.1. Let a be areal number and let {c;};2, be a sequence of real numbers.
Then an infinite series of the form

o0
zck(x—a)k=c0+c1(x—a)+c2(x—a)2+--~ (8.4)
k=0
is called a power series about a. The numbers c,, ¢;, ... are the coefficients of the power
series.

Notice that, when x = a, all of the terms are O for n > 1, so the power series always
converges when x = a. If a = 0, then this power series is about the origin and it looks
like the following infinite polynomial:

(o]
Z=c0+c1x+c2x2+---. (8.5)
=0

Example 8.4.1. For what values of x does the series

3 4

X
_+...
4

OZO“(_Dk*lX_k X X_2 N
e’ kK 1 2 3

converge?
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Solution. Leta, = (-1)*! ’%1 and apply the ratio test as follows:

_\nX
lim an+1 — | ) n+l — n
n—col a, n—ool (— ) 1"_n n—>00 n+1 Xn
. n
= lim |—| = |x| lim — =|x|.
n—oo n—con+1

By the ratio test, the series converges absolutely if x| < 1 and diverges if |x| > 1.
The values x =1 and x = -1 are not covered by this, so we investigate these separately.
Whenx =1,

Z( 1)k 1X Z( l)k 1(1) Z( l)k 11

and this series converges by the alternating series test.
When x = -1,
o k (o] k o
-1 1
D Y -
] k k ok

k=1

and this series diverges since it is a multiple of the harmonic series.

Therefore, when x € (-1,1] the series converges and elsewhere when x < 1 or
k
1< x, the series diverges. Figure 8.4.2 shows the graph of f; (x) = 1)" "7 Hx
Yoo (-Dk 1 and fy(x) = TR0 -1k 1" ina[-22] x[-22] w1nd0w.
TACY: i L) 11 fi(x)
2 10 1 2 1 0 1 B 2 R 1 2
1 -1 1
2 -2 2

(a) (b) (c)

. . 00 1 xk
Figure 8.4.2: Graphs of partial sums (n=10,50,100) of Zk:1(—1)k “‘7.

In this example, the set of x for which the given series converges is an interval. This
is not a coincidence, since it is true for every power series, as shown in the following
theorems.

Theorem 8.4.1 (Abel). If the power series Y c,x" is convergent when x = x,, # 0, then
the power series Y c,x" is absolutely convergent at any x satisfying |x| < |x,|. Similarly,
if ¥ c,x™ is divergent when x = x,, then the power series Y c,x" is divergent at any x
satisfying |x| > |xg|.
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Niels Henrik Abel (1802-1829) was a Norwegian mathematician. His most famous single result is the
first complete proof demonstrating the impossibility of solving the general quintic equation in rad-
icals. He was also an innovator in the field of elliptic functions and discoverer of Abelian functions.
Despite his achievements, Abel was largely unrecognized during his lifetime; he made his discoveries
while living in poverty and died at the age of 26. http://en.wikipedia.org/wiki/Niels_Henrik_Abel

Proof. Suppose Y c,xg is convergent and |x| < |xy|. Then the nth term ¢,xj — Oasn —
co. This means there exists a bound M such that |c, x| <M foralln=0,1,2,.... Now,
for any x satisfying |x| < [x,|, we have, for all n,

X n

n
au|*
Xo

(8.6)

n
'l = e - T | =<lewst] |
Hence, if |x| < |x,l, then |x/x,| < 1 and the geometric series Y M|x/x,|" converges.
Equation (8.6) and the comparison test show that ) |c,x"| converges. Thus, Y ¢, x" is
also convergent.

For the second part of the theorem, suppose Y c,xg is divergent. If there is a value
of x; such that |x;| > |x,| and Y c,x] converges, then, by the first part of the theorem,
it would follow that Y c,xg is convergent, which is not true. Hence, we have a proof
by contradiction that ) c,x" is divergent for |x| > [x,|. This completes the proof of the
theorem. O

From this theorem, we deduce the following theorem.

Theorem 8.4.2. If the set of values of x for which the power series Y c,x" converges is
not {0} or (—oo, +00), then there must be a positive number R such that, when x € (-R, R),
the series Y c,x" converges and, when x < —R or x > R, the series Y c,x" diverges.

NOTE. When x =R or x = —R, the theorem gives no information and the series ) c,x"
may converge or diverge.

The number R is called the radius of convergence of the power series. By conven-
tion, the radius of convergence is R = 0 if ) ¢, x" is convergent only when x = 0 and
R=c0if ) c,x" converges for all real numbers x. The interval of convergence of a power
series is the interval that consists of all values of x for which the series converges,
which must be (-R,R), (-R,R], [-R,R), or [-R,R]. Similar results hold for the more
general form of a power series Y c,(x —a)".

Theorem 8.4.3. For a given power series Y, c,(x—a)", there are only three possibilities:

1. the series converges only when x = a;

2. the series converges for all x;

3. thereis a positive number R such that the series converges if |x — a| < R and diverges
ifIx—al >R.
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NOTE. For the more general series Y c,(c — a)", the number R from the theorem is
called the radius of convergence and the series converges for a — R < x < a + R. Hence,
the interval of convergenceis (a—R,a+R), [a—R,a+R), (a-R,a+R],or [a—R,a+R].

Example 8.4.2. For what values of x is the series convergent"

nOn‘

Solution. We use the ratio test. If a,, = ’fq—? denotes the nth term of the series, then, for

x # 0, we have
n+1 n!
 noool (n+1)! X"

|x|

an+1 —
n—ocon+1

an

lim =0<1.

n—oo

By the ratio test, the series converges absolutely for all values of x. Hence, the series
‘;"0 ’r‘l, converges for all x, the radius of converges is infinity, and the interval of con-

vergence is (—00, 00).

Example 8.4.3. Find the radius of convergence and the interval of convergence of the

series Yy, & nl) .

Solution. Leta, = @ Then

(X—l)"+1
n+1

x=D"
n

an+1
an

= lim
n—.oo

lim
n—.oo

im [ (- 1) = e - 1,
nﬂoo n+1

By the ratio test, the given series is absolutely convergent and therefore convergent
when |x — 1] < 1 and divergent when |x — 1| > 1. Now |x — 1| < 1 is equivalent to

-1<x-1<1 & O0O<x<2,

so the series converges when 0 < x < 2 and diverges when x < 0 or x > 2.

The ratio test gives no information when |x — 1| = 1, so we must consider x = 0 and
x = 2 separately. When x = 0, the series becomes Z(—l)”% and this is the convergent
alternating harmonic series. If x = 2, the series is Y 1/n, which is the divergent har-
monic series. Thus, the given power series converges for O < x < 2. Hence, the radius
of convergence is 1 and the interval of convergence is [0, 2).

When the German astronomer Friedrich Bessel (1784-1846) solved Kepler’s equa-
tion for describing planetary motion, he introduced Bessel functions, one of which is
described in the next example. A Bessel function is defined as a power series. As a
matter of fact, Bessel functions have been applied in many different physical situa-
tions, including the determination of the temperature distribution in a circular plate
and the shape of a vibrating drumhead.
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Friedrich Wilhelm Bessel

(1784-1846) was a German astronomer and mathematician. He was the first
astronomer who determined reliable values for the distance from the sun
to another star by the method of parallax. http://en.wikipedia.org/wiki/
Friedrich_Bessel

Example 8.4.4. Find the domain of the Bessel function of order O defined by

n,2n
]o(X) Z( D

22n(n|)2
Solution. Leta, = 2232 X" Then
a . -1 n+1,,2(n+1) 1" 2n
lim |21 | = lim 2(( 3) X 2><(2)X2
n—ool a, n—oo| 24 ((n + 1)) 24 (n!)

2

. X
lim ———
n—oco 4(n +1)2

=0 forallx.

Thus, by the ratio test, the given series converges for all values of x. In other words,
the domain of the Bessel function J, can be taken to be (—co, c0).

Example 8.4.5. Find the radius of convergence and the interval of convergence of the
series

i (_B)nxn
S Vn+1’
. _ (=3)™"
Solution. Let a, = === Then
a nlyml i n+
lim |21 | = (=3) = lim |-3x —‘
n—ool a, rHoo Vvn+2 (-3)x"| n-oo n+2

fim 3py| ot /M

n—0co 1+ (2/n) =3

By the ratio test, the given series converges if 3|x| < 1 and diverges if 3|x| > 1. Thus,
the series converges if |x| < 1/3 and diverges if |x| > 1/3. This means that the radius of
convergence is R=1/3.

We must now test the convergence at the endpoints of the interval of convergence.
If x = —-1/3, the series becomes

M8
T
w
@
=
T
— =
ol
=

1}
M8
p—

p—

=

I

o
=
+

=

i}

o
=
+



8.4 Power series and Taylor series = 381

.t 1,
Vi V2 V3
This is a p-series with p =1/2 < 1 and it diverges. If x = 1/3, the series is
[¢S) 1 [e)
Z § )" _ z (- )
= Vn+1 S Vn

This series converges by the alternating series test. Therefore, the given power series
converges when —1/3 < x < 1/3 and the interval of convergence is (-1/3,1/3].

Example 8.4.6. Find the radius of convergence of the series } >° %xzn

Solution. Leta, = (—) x?". Using the ratio test, we have

Q(n+1)! L 2(n+1)
lim |ansal _ i (2% m (2n+2)(2n+1)xz

n—oo |an| n—o0 %XZH ‘ T nSoo (n+ 1)2

=221

n—»oo| 1+ l)

The series is absolutely convergent, so it is convergent, when 4x? < 1 or x € (-1/2,1/2).
It is divergent when 4x? > 1. Therefore, the radius of convergence is 1/2.

8.4.2 Working with power series

The following properties are important properties of power series and are given with-
out proof.

Theorem 8.4.4. Suppose that )2, a;(x - o)k = s(x) forx € (c—R,c +R), where R is the
radius of convergence. Then s(x) is continuous for x € (c - R,c + R).

Theorem 8.4.5 (Term-by-term integration and differentiation of power series). Sup-
pose that Y2 akx" =5(x) for x € (-R,R), where R is the radius of convergence. Then the
series can be integrated or differentiated term by term for any x € (R, R) as follows:

k+1

X X o0 x ; _00 X
Ls(t)dt—J Zakt dt_Zj akt‘dt—Zakk o

k=0 k=0
dS(X) d < k <
ax :a(k_zoakx ):Zd— akX Zkakx
k

These two series have the same radius of convergence, R, as the original series Y 12 ) a; x".
The same applies to a series in the form Y2, a; (x — o)k, forx e (c—R, c+R), where
R is the radius of convergence.
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Example 8.4.7. Find the sum of the series ) >, nx™ and use that sum to find the sum

of the series Zn 1 2n

Solution. Since

| (n+ 1))("’rl

|—x\ - xl,
n—)OO n—?OO

when |x| < 1, this series converges. When x = 1 or x = -1, this series becomes ) n or
> n(-1)". Both of them diverge by the nth term divergence test. Therefore, the radius
of convergence of this series is 1 and the interval of convergence is (-1,1). Let

s(x) = Z nx"  forx e (-1,1).

Dividing both sides by x and then integrating term by term creates a geometric series
for which we compute the following sum:

s _ ¥
=) mx"l,
i)

1
S(X) +00 "~
J—dx:ZJ ™ dx = ZX +C=—+C.
X = 1-x

Differentiating this result (j % dx = ﬁ + C) creates a formula for s(x) as follows:

@:(L>':( 1

X 1-x 1-x)%
X
s(x) = —— forxe(-1,1).
W= (-1,1)
Usingx =5 m this equation gives ) 2n =2.

It is worth mentioning that term-by-term integration and term-by-term differen-
tiation work for power series because a power series is uniformly convergent on its
interval of convergence (—R, R). This is described, for the reader’s reference, in the fol-
lowing definitions and theorems, given without proof.

Definition 8.4.2. Suppose ), u;(x) is a series with function terms v (x), all defined
on some interval I'and convergent for x € I. Let s(x) = ) u; (x) be the sum function and
let s, (x) = uk(x) be the partial sum function for each n. Suppose further that, for
any positive number &, there exists a natural number N (which depends on & but not
on x) such that, for every x € I, whenever n > N, we have

|S00) = 5,00 = [t () + Uppyq (X) + Uy (X) + | < €.

Then we say that ) u; (x) converges uniformly to the function s(x) on the interval I.
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Theorem 8.4.6. Suppose that the series ) ;2 u;, (x), defined on 1, satisfies the following

two conditions:

(1) foreach k=1,2,3,..., there is a constant a; > O for which |u,(x)| < a; for all x € 1
(ay, is an upper bound for |u; (x)| on I);

(2) the series Y koo dx» With nonnegative terms, converges.

Then the series Y u (x) uniformly converges on the interval 1.

The next two theorems show the connection between power series and uniform
convergence.

Theorem 8.4.7. If all u;(x) are continuous on some interval L and ) ;2 u; (x) converges
uniformly to s(x) on 1, then s(x) is continuous on I and the series Y u,(x) can be inte-
grated term by term. If further all u; (x) are differentiable on I and the series of differen-
tiated functions Y uy (x) is also uniformly convergent, then Y u, (x) can be differentiated
term by term, so that s’ (x) = Y u; (x).

Theorem 8.4.8. The power series Y a,x" with radius of convergence R > 0 is uniformly
convergent on any closed interval [a, b] C (R, R) and can be differentiated or integrated
term by term.

Example 8.4.8. The series

sinx sin(2’x) sin(3%x) sin(n’x)
+ + + cee + —— + cee
12 22 32 n?

is uniformly convergent on any closed interval, since we have
| sin(n?x) | 1
n? S n?
and ) 1/ n? converges. However, if the series is differentiated term by term, the differ-
entiated series becomes
COSX + COS22X + «++ + COSM2X + ++-,

which does not converge, since the nth term does not tend to 0.

8.4.3 Taylor series

Recall the one-variable Taylor theorem.

Theorem 8.4.9. If f is differentiable up to order n + 1 in an open interval 1 contain-
ing a, then, for each x in 1, there exists a number c (which may depend on both x and a)
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between x and a such that
fx) =P,(x) + R, (x), 8.7)

where P, (x) is a polynomial approximation called the Taylor polynomial of degree n to
f(x) and

P,(x)=f(a) +f"(a)(x - a)+f" (x-a)?+ (x-a).

@
n!

The remainder R,, is given by

£ e)

Rn(3) = (n+1)!

(x—a)™! (called the Lagrange remainder).

This is a generalization of the mean value theorem. The higher order Taylor poly-
nomials usually provide increasingly better polynomial approximations to f(x) for
x-values in a neighborhood of a.

Based on this theorem, we define the Taylor series, which is a power series.

Definition 8.4.3. Suppose that f has derivatives of all orders on some open interval I
containing a. The Taylor series of f at the point a is the power series

O £(k) "
> L@ af = f@ @@+ D -
k=0 :

Y@

% x—a)k+---.

For the special case a = 0, the Taylor series becomes

0 £(n) ] n (n)
S IO piy SO SO VO

n! 1! 2! n! (8:8)

This case arises frequently enough that it is given a special name, the Maclaurin series

forf.

Given a Taylor series of a function f, we will usually be interested in answering two
questions: “For what values of x does the Taylor series converge?” and “If it converges,
does it converge to the function f(x) on the interval of convergence?” Let us first look
into an example.

Example 8.4.9. Find the Maclaurin series for sin x.

Solution. The function sinx has derivatives of all orders and for all x-values. The
derivatives are
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f(x)=sinx, f'(x)=cosx, f"(x)=-sinx,

f"((x)=-cosx, f®(x)=sinx,

The fourth derivative is sin x again, so by induction, we give the following formula for
the nth derivative:

™ (x) :sin(x+ %) forn=0,1,2,3,....

Therefore,

M0y = sinf "L =
F7 sm( 2> (-1, whenn=2k+1,

{O, when n = 2k
where f@9(0) = 0 and £+ (0) = (-1)k.

This means the Maclaurin series has only odd-powered terms, and, for all x, the
Maclaurin series of sinx is

3 5 2k+1
X_X_+X__...+(_1)k X
31 5! 2k +1)!

4+ e

Figure 8.4.3: Graphs of partial sums (n =5,10,50) of Y2, (-1) %

Now let us investigate the graphs of some Maclaurin polynomials of degree 5, 10, and
50 and the graph of sinx. It is easy to see that the larger degree of the polynomial,
the better approximation of the graph to sin x, as shown in Figure 8.4.3. We expect, as
n — oo, the MacLaurin series to tend to sin x. In fact, we have, by the Taylor theorem,

1 n+1
|R,(x)| = ‘sin(c+ (n+ )rr) X ’
2 (n+1)!
|X|n+1
<

S (n+1)!

—0 as n-— oo, foranyx.

Hence, for every value of x, we have

lim |sinx — P,(x)| = lim |R,(x)| =0,
n—oo n—oo
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SO

. X3 X5 X X2k+ X X2k+l
sinx=x-—+——--+(-1 = .
3 ts T gy Z( D )

This means that the Maclaurin series for sin x actually converges to sin x for all x!

In general, iflim,_,  R,,(x) = O for all x € I, then the Taylor series converges to f (x)
on I. This is summarized in the following theorem.

Theorem 8.4.10. Let a be a real number in the domain of a function f and suppose that
f has derivatives of all orders at a. The Taylor series )2, f(k;(#(x — a) of f converges
to f(x) in an interval 1 if and only if lim,_,, R,(x) = O for all x € I, where R,,(x) is the
Lagrange remainder

f(n+1)

) n+
(n+1)!(x_a)1

Ry(x) =

and c is between x and a.

If [f™*D(x)| is bounded by M for a set of x-values satisfying |x — a| < d, then the
remainder R, (x) of the Taylor series satisfies Taylor’s inequality and we have

(n+1) C M
[f © Ix—a™'s ——d™! for|x-al<d.

(n+1)! (n+1)!

This inequality is often used to estimate errors in approximations.

IR (0| = ==

Example 8.4.10. Find the Maclaurin series of the function f(x) = €*, find its radius of
convergence R, and show that it converges to e* for all x € (-R, R). Use this to find an
infinite series for the number e.

Solution. The function f(x) = e* has derivatives of all orders throughout the interval
(=00, +00) and the nth derivative is f™ (x) = e* forn=0,1,2, .... Hence, f™(0) =e® =1
for all n and, therefore, the Maclaurin series for f is

© £(n) '
D f—nfo)x” =f(0) + jL'O)X + 100 (!0))(2 +

- X" X2
z_: + o
o n 2!

You can check for yourself that the radius of convergence is R = co, using the ratio test,
but this will also follow from the following analysis. In order to show that e* = }° | %
for all x, we show that the Lagrange remainder R,,(x) — O, for all x,

X for some c between 0 and x.
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Since e* is an increasing function,

C n+1
IR,(x)| = |e_xn+1 < el ™
(n+1)! (n+1)!
However,
1
lim e ™" _ o ™ _
n-oco  (n+1)! n—oo (n+1)!

solim,_,, R,(x) = O for any value x € (—co, +c0). We conclude that the Maclaurin series
of " converges to e* on (—co, +co). That is,

o X" x X

e = z —=1+=+—=—+--- forall x € (—o0,+00).
! 1 2

It follows that the radius of convergence is R = +co. When x = 1, the Maclaurin series
becomes

Figure 8.4.4 shows the graphs of the second, third, and fourth partial sums (Taylor
polynomials) of the Maclaurin series of *. The highest degree Taylor polynomial gives
the best approximation.

v

-6

n=5 2T

Figure 8.4.4: Graphs of € and its Taylor polynomials with n=1,2,3,5.

Example 8.4.11. Find the Maclaurin series for (1 + x)™ where m is constant (this is
called binomial expansion/series).

Solution. Since

fO=1+x)" = f(0)=1,

floo=ml+x)™! = f'(0)=m,
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") =mm-)1+x)"? = f"0)=m(@m-1),

D) =mm-1)m-=2)---(m-n+1)1+x)™™",
™)y =mm-1)(m-2)---(m-n+1).

We obtain the Maclaurin series of (1 + x)™ as follows:

mm-1) , m(m-;)'(m—z)x3+...
. m(m—l)(m—r213~-'(m—n+1)xn+...'

1+mx+

(8.9)

If u,(x) = m(m"l)(m‘rﬁ)"'(m‘"”)x” for each n, then, applying the ratio test for absolute
convergence, we see

Uni1

u

m-n
=| x|—>|x| as n-— oo.

n n+1

Therefore, when |x| < 1, the series converges absolutely and the radius of convergence
is R = 1. However, this does not prove that the series converges to (1 + x)™. The series
does in fact converge to (1 + x)™, although the proof is not given here. Thus,

-1
(1+X)m=1+mx+%xz+“'
-1 —2)--- — 1
, mm=1)(m ? M=n+D) ny . forp <.
n!

Some special cases of the binomial expansion include:
m=-1:

3 4

1
— =1-x+xX2-xX3+x*—- forlx| <1

1+x

m=1/2:

1,1 1,1 1
1l-q d-pd-2
\/1+x=1+)§(+2(22' )x2+2(2 3)'(2 )+--- for |x| < 1.

Example 8.4.12. Use the fact that ﬁ =1+x+x%+--- +x" + ... with interval of con-
vergence (-1, 1) to show that

1n2:1_1+1_1+... and z:1_1+1_1+....
2 3 4 4 3 5 7

Proof. Integrating the series term by term, we have

2 X3 X4

—ln(l—x)=x+x—+—+—+---.
2 3 4
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This is equivalent to

The interval of convergence of the integrated series )’ "Wn is [-1,1), because when x = -1
the alternating series ) (-1)"/n converges, but when x = 1 the series ) 1/n diverges.
Thus we substitute x = -1 into the equation and obtain

1 1 1

In2=1--+=--—+
2 3 4

To obtain the second series, we replace x with —x? in the original series and we obtain

s=1-x?+x*-x0 4. for-1<x<1.
1+x
We integrate term by term to obtain
3 5 7
arctanx:x—x—+x——x—+~~~ for-1<x<1.
3 3 7

This is convergent when x = 1 by the alternating series test, so substituting x = 1 we
find

—=l-4= -+ O

NOTE. For Taylor series, much of our effort has gone into calculating the derivatives
f®(c) for k = 0,1,2, ... In fact, many power series/Taylor series can be found by mak-
ing a substitution in a known series, or term-by-term differentiation/integration of
a known series, as the previous examples illustrated. The radius of convergence of
a power series before and after term-by-term differentiation/integration remains the
same, but the interval of convergence may differ because convergence/divergence can
change at the endpoints of the interval. This is also shown in the previous examples.

Example 8.4.13. Find the Maclaurin series for cos x.

Solution. There is no need to compute cos™ x this time. From Example 8.4.9, we use
the term-by-term differentiation of the Maclaurin series of sin x and obtain

2 X4 2k

X X
cosx=1-=—+=——.+(-Dk=— +... forallx.
204! (2k)!
We now list some of the most useful Maclaurin series, which we have derived one
way or another:
Lo =lex+x2+x3 4= Y2 XK for-1<x<1;

2. o= lox A e (FD)H = Y00 (-1)RXK, for x| < 1
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3. sinx=x- ; +’;—T— 7, =Y (- 1)k(§‘;k++11)!,for —00 < X < 00;

4. cosx=1- f:: DI AN G l)k(zk),,for—oo<x<oo;

5. e":1+x+—+3—?+~--=zk0F,for—oo<x<oo;

6. Vitx=1+ x 22; =145+ YR, (- 1)k1%xk,for—l<x<1;
7. 1n(1+x):x—"72+§— -+ (=D 1" +oe= YR (DR 1 for 1<x<1;
8. arctanx=x—%3+";— (= 1)"21{+1 == 1)k2k+1,for x| < 1.

We now give two more examples of deriving series from a known series by substitution.
Example 8.4.14. Find the Taylor series about a = g for sinx.

Solution. We first try the Maclaurin series of sin x, replacing x with x — %, to obtain

S X X2k+1
sinx = 1 f R
kzo( ) kD) orx e ==
(x - )2k+1

Sin<x__) z( T (2k+1)' '

However, this is not the Taylor series of sin x about x = ” . The trigonometric identity
sinx = cos(x — —) suggests using the same method with the Maclaurin series for cos x.
Substituting x — 2 in place of x in this series leads to the following required Taylor

series for sin x about x = %:

2%
cosx—kzo( 1)"()2(’()' —0<X<00 —
(X 2k
sinx:cos(x——) Z( 1)k (2k2 forall x e R.

Example 8.4.15. Find the Taylor series about ¢ = -2 for the function

£ = 22x+1

—, X#2,3.
x“-5x+6 ?

Also find the radius of convergence and the interval of convergence.

Solution. Use partial fractions to simplify and rearrange the function to a function of
x + 2 as follows:

x+l 7 5

-5x+6 _x—3_x—2
B 7 B 5
X+2-5 x+2-4

-s(mm) i)
T x+2 n 2 )
S5M-2/ 40— X
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We find expansions of these functions by using
1 (o)
— = Zx”, “1<x<1.
1-x =
Substituting gives

_7( 1 )__ZOZ°:<X+2) §7(X+2)”
5\1- X2 55 A

n=

5( 1 )_Eoo<x+2) 5(x +2)"
4 1_x+2 42 HZ;,) 4+ B

The first is valid if |(x + 2)/5| <1 = -7 < x < 3 and the second if [(x +2)/4| <1 = -6 <
x < 2. Hence, for —6 < x < 2, we have the Taylor expansion

A+l o T +2" o 5(x+2)"
—-5x+6 - z gn+l + Z 4+l

_ OZO:[_7(X+2)H .\ 5(x+2)"]

5n+1 4n+1

S
o

[ee)

7
[_ 5n+l 4n+1 ](X + z)n
n=0

The interval of convergence is (-6,2) and the radius of convergence is 4.

8.4.4 Applications of power series

One of the most common applications of power series is approximation. All computers
and calculators give values to functions like €*, sin x, In(x), and arctan x by computing
the value of an approximation to the function, with accuracy equal to the precision re-
quired. Taylor series give the best general purpose approximation that can be achieved
with a polynomial approximation.

Example 8.4.16. Calculate the number e with an error of less than 107°.

x3

Solution. Set x =1 in the Maclaurin series fore* =1+ x + ’;—T +37 + -, giving

1 1
el=e=1+1+—+—+---.
20 3!

If, after n terms of this series, the remainder is less than 107, then the partial sum
with n terms will give the approximation with the required accuracy. The remainder
term from equation (8.7) gives

e 1

R.(1) = 1 = g€ , whereO<c<1.
n(l) (n+1)! (n+1)!
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Hence, 1< e <e, so

! Rp<—2 <3
(n+1)! n+1)! (n+1!
and we will have the required accuracy if ﬁ < 107°, By trial-and-error we find
3 6 .
n=8: =826 x10 (fails)
(n+1)!
n=9: 3 . 827 %1077 (works).
(n+1)!

Therefore, we choose n =9 and this gives

1 1 1 1 1 1
+—+—+—+—+ =+ =

20 31 4 5 6 71 8 9!

e =~ 27182815, accurateto 107% = 0.000 001.

Example 8.4.17. Approximate the integral f; % dx by using a Taylor polynomial
(about 0) of degree 5.

Solution. Using the Maclaurin series of sin x, we obtain

XX X
sinx=x-—+>=— -2 , SO
31 5 7!
sinx 4 2 Xt X
X 3t 51 71

Therefore, the Taylor polynomial of degree 5is 1 - ’;—T + ’;—? (the degree five term is zero).
Hence,

1 o3 1 2 4 3 5 x=1
sinx xX° X X X
J—dx:.[<1——+—>dx:x——+—
X !

o 0 31 5 3-31 5.5,
13 1°
=1- —— + —— =0.94611.
3.31 5.5

We now informally derive the famous Euler formula for the complex number func-
tion e, which is useful in many areas. The formula says

eX =cosx+isinx, wherei=-1.

If we replace x with ix in the Maclaurin series of €, then we are able to deduce the
formula as follows:

02 @ @0 @)
2! 3! 4! 5!

eX =1+ix+
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LoxX2 X K i
=1l+ix- =i+ -
2! 31 4] 5!

x> x* S X
:<1—_+——"'>+1(X——+——"'>
21 4] 3! 5!

=CoSX +isinx.

Using x = it in Euler’s formula gives the following famous identity, that connects e, i,
1, 1, and 0, the five most important constants in mathematics:

e +1=0.

8.5 Fourier series

Joseph Fourier (1768-1830) was a French mathematician and physicist. He is best known for initiating
the investigation of Fourier series and their applications to problems of heat transfer and vibrations.
The Fourier transform and Fourier’s law are also named in his honor. Fourier is also generally credited
with the discovery of the greenhouse effect. http://en.wikipedia.org/wiki/Joseph_Fourier

While studying the problem of heat conduction in a long thin insulated rod, the
French mathematician Jean-Baptiste Joseph Fourier needed to express a function f(x)
as a linear combination of trigonometric functions of the form sin kx and cos kx for
k=1,2,3,.... He developed remarkable ideas behind the following results.

If a function f(x) is defined for x € (-, ) (except, possibly, at a finite set of
x-values), f(x) is the sum of a series of the following form:

o0
f(x) = a_20 + Y (@ coskx + by sinkx). (8.10)
pax

This series is called a Fourier series of f. This type of series has a tremendous range
of scientific and engineering applications in the study of heat conduction, wave phe-
nomena, and concentrations of chemicals and pollutants, just to mention a few.

A Fourier series of f(x) can be defined for any other interval of the form (-1,1), in
which case the series would be composed of the functions cos k% and sin k% with
period 2I. Then we have

(o]
fx) = a_20 + k;(ak cos kg + by sin k%)
Notice that a Fourier series on (-1,1) only involves the functions cos # and sin #,
both of which are periodic with period 21. Then the sum of the series must be periodic
with period 2I. Hence, the Fourier series not only represents a function f over the in-
terval —I < x < I, but it also provides a periodic extension of f, with period 21, over the
entire real-number line.
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8.5.1 Fourier series expansion with period 2

For a function f(x) we first of all need to find the Fourier coefficients a,,a;,b;,ay,b,, ...
such that equation (8.10) is true. To determine these coefficients, one can view a
Fourier series as a member of the linear space with a basis of infinite dimensions as
follows:

basis = {1, cos x, sin x, cos 2x, sin 2x, cos 3x, sin 3x, cos 4x, sin 4x, ...}.

Let us first explore the inner products of a pair of elements in the basis. The fol-
lowing results show that these elements are orthogonal under the inner product
j_”n f(x)g(x) dx of two functions f(x) and g(x).

Theorem 8.5.1. If n and k are any positive integers, then:
1. j_"ﬂ coskxdx =0;
2. fﬂ sinkxdx = 0;

3. j" cosnx sinkx dx = 0;
-1

4. j" sinnxsinkxdx = {™ ¥k=n
- 0, ifk+n;

n, ifk=n

5. [° cosnxcoskxdx={ :
- 0, ifk+n.

Proof. The proof of this theorem is not hard. We only give the proof of 4.
n 1 n
j sinnx sin kx dx = - J (cos(n + k)x — cos(n - k)x) dx
- -

1 n
= > J cos(n—k)xdx

-

_ 0, ifn+k
n, ifn=k.

This is true because, if n = k, j_"n cos(n-k)xdx = j_"ﬂ ldx=2mand,ifn+k, fﬂ cos(n —
k)xdx:—rlk sin(n - k)x|”, = 0. 0

Some examples of these inner products include

0, ifn+2

- m, ifn=2

n
J sin2xsinnxdx = {

and

0, ifn+3

-1

n
j cos3xcosnxdx =
m, ifn=3.
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It can be proved that the series of equation (8.10) can be integrated term by term
and we assume this is true. To obtain a,, we integrate both sides from x = -7 to x = 7,
so we have

(o)

n n a n
J fOx)dx = J 20 dx + Z J (ay, cos kx + by sin kx) dx
-n - 2 k=1°-71
B a07T.
Solving this for a, yields
1 n
=~ J F(x) dx. (8.11)

T Jn

To solve for a,, when n # 0, we multiply both sides of equation (8.10) by cos(nx) and
integrate the result from -7 to 77 to obtain

Jn f(x) cosnxdx

-

ao

b O
= 7[ cosnxdx + ZJ (ay cos kx cos nx + by, sin kx cos nx) dx
-

j=1I-n
O QO

=0+ ) J (ay coskxcosnx)dx + ) J (by sin kx cos nx) dx
jo -

k=1-"-7

n
= J @, COS NX COs Nx dx = a, T,
-

since all terms of the summations are zero except the single integral shown for which
k = n (by Theorem 8.5.1). Solving this for a,,, we have

a, = 1 Jn f(x) cosnxdx. (8.12)
14

=1

Similarly, when we multiply equation (8.10) by sin nx and integrate the result from -
to 71, we obtain

b, =L j" FO) sinnxdx. (8.13)
n

-

Example 8.5.1. Find the Fourier series expansion of the periodic function f(x), with
period 2m, defined on (-, 7] by

0, if-m<x<0
f(X):{

x, ifO<x<m.

Solution. We compute the Fourier coefficients by equations (8.12) and (8.13). We have

n 0 n
aO:%J f(x)dx:%<j 0dx+Lxdx>:g,
-7t -7t
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1 (" 1 ("
a,=— J f(x)cosnxdx = — J xcosnxdx (use integration by parts)
- mJo
1 o (T 171 m
= —| [xsinnx]§ - | sinnxdx :—[—cosnx]
nm o nmln 0

)
:L[(—l)"—l]: - whenn=135,...
n’m 0, whenn=24,6,...,

1 (" 1 ("
bn:—J f(x)sinnxdx:—J x sinnx dx
Tl n T Jo

1 n
= ——< [x cosnx]§ — J cos nxdx)
nm 0
1 1 . m -1
= ——(n cos i — [— sin nx] ) =—(-D".
nm n 0 n
Hence, the Fourier series is

b4 ( 2cosx ) ( sinzx) ( 2cos3x sin3x)
—+ |- +sinx )+(0- +| - + +
4 m 2 321 3

As with Taylor series, we now have two more questions to solve: “Is the Fourier
series convergent?” and “If the Fourier series converges, does it converge to f(x)?”. We
graph some functions of the first 5, 10, and 20 terms of the series and the graph of f(x)
in Figure 8.5.1.

YA
-10 -5 5 10 x
(a)
YA
/.\v /\v L /\.v .
-10 -5 5 10 x

(b)

/J\ / , L. / Lo

()

Figure 8.5.1: Graphs of f(x) in Example 8.5.1 and some partial sums of its Fourier series.
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If we notice that each approximating function passes through the three points
(-m,m/2), (m,m/2), and (37,71/2), we may understand the following theorem, given
without proof.

Theorem 8.5.2 (Convergence of Fourier series). If the function f is defined for x €
(=L,1) and both f and its derivative f' are continuous or piecewise continuous on the
interval (-1,1), then f has a Fourier series defined on (-1,1) and f(x) is the sum of its
Fourier series at all points of continuity. At a point ¢ where a jump discontinuity occurs
in f, the Fourier series converges to the average

fle)+f(c)

— s
where f(c*) stands for the right limit and f (c™) is the left limit of f at the point c.

Hence, by the convergence theorem, in Example 8.5.1, at the endpoints x = 2k +
1), k=0,+1,+2,..., the Fourier series of f converges to the value

fON)+fOT) _fa)+f(n) _m
2 2 2
Example 8.5.2. Find the Fourier series expansion on (-, ] of the function

-x, if-m<x<0
f)= )
x, ifo<x<m.

Solution. We compute the Fourier coefficients by using formulas (8.11), (8.12), and
(8.13) and the fact that f(x) is an even function (recall that L"n g(x)dx =2 j(;r g(x)dx

when g is an even function and j_”ﬂ g(x) dx = 0 when g is an odd function). We have

1 (7 2 (™
a0=;J f(x)dx=;Lxdx=rr,
-

s
b, = % J f(x)sinnxdx =0 (since f(x)sinnx is an odd function),
-

n n
a, = % J f(x)cosnxdx = ]% J xcosnxdx (integration by parts)
- 0

s
= i[[xsinnx]g —J sinnxdx]
nmn 0

271 T 2
:—[—cosnx] :T(cosnn—l)
nmln o nm

2
= [(-D)"-1].

If nis even, then a,, = 0 and if nis odd, then a,, = —#, so in the Fourier series expan-
sion of f(x) there are only terms with coefficients of the form ay ;. We have

(o)
a )
=2+ 3 (a,cosnx + b, sinnx)
n=1
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o0 o0
mn b4 -4
==+ ) Ay,1c082k +1)x==+ Y ————cos(2k +1)x
> k;) 21 COS( ) > ]ZO kT ) ( )
n 4 ( COSX Cos3x cos5x cos(2n+1) )
= — — — + + 4+ oo +
2 m\ 12 33 52 (2n+1)?

The function f(x) is continuous everywhere on - < x < 7 (including f (%) = f(717)).
By the convergence theorem, we have

no4 < COSX C0S3x cosb5x )

X)=—=—-— + + +---) forallxe[-mm
o) 2 m\ 12 32 52 [ ]
and the series converges to the periodic extension of f(x) on the entire x-axis.

We now use this Fourier series to find the sums of some infinite series of constants.
For example, in the Fourier series from the previous example, using x = 0, we obtain

7 4(cosO cosO cosO
0=0=———( + + +~--),
f 2 12 32 52
o)
”_2_1+l+l+l+
8 32 52 72

If we let s be the sum of the following series with squares of all possible integers in the
denominators:

1 1
S=l+Ss+=+ =+,
42

then

Therefore, we have

SO
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8.5.2 Fourier cosine and sine series with period 2m

You may have noticed that, if f(x) is an even function with period 27, the Fourier series
of f only has cosine terms and a constant term and is of the form

[oe)
a
foo =22+ Z a, cos nx.
2 n=1

This is called a Fourier cosine series. This happens because f(x) is an even func-
tion, so f(x)sinnx is an odd function. Therefore, all b, = % j_"n f(x)sinnxdx = 0 for
n=1,2,3,.... Likewise, if f(x) is an odd function with period 27, then its Fourier series
expansion is of the form

fx) = Z b, sinnx.
n=1

This is called a Fourier sine series.

Sometimes, we need to find a Fourier cosine series or sine series of a function f(x)
defined on the nonsymmetric interval O < x < 7. If this is the case, we simply extend
the definition of f to the whole interval (-7, ) in such a way that it is the required
even or odd function. If we need an even extension of f over (-m,m), then we define
f(x) = f(-x) when x € (-m,0]. If we need an odd extension of f over (-m,m), then we
define f(x) = —f(-x) when x € (-m,0].

Example 8.5.3. Find the Fourier sine series and the Fourier cosine series for the func-
tion f(x) defined on [0, 7] by

0, whenO<x<?Z2
f(X)—Jl 2

1, when§<x<n.

Solution. For the Fourier sine series, we select the odd extension of the function
over (-m, ) with f(x) = 0 for —% <x<Oandf(x)=-1for-m<x< —%, as shown in
Figure 8.5.2. We compute the Fourier sine series (and cosine series) from the values
x € (0, 7] as follows.

Since f is now an odd function on (-7m,7), we only need to compute b,, for n =
1,2,3,.... We have

1 (" 2 (" 2 (7
bnz—J f(x)sinnxd)(:—J f(x)sinnxdx=—l sinnx dx
T T T )x

-7 0 zZ

[N]

2 2
= —[-cosnx]% = —(1+cos E)
nm 2 nm 2

2 .
= when n is odd

,  whenn=2,6,10,...

4
= whenn=4,8,12,...,

I
o
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YA YA
2F 2k
e 1F _— —0 F  —
2
- g w X u -z I ™ *
-_0 1k 2 Sk 2

(a) (b)

Figure 8.5.2: Odd/even expansion.

so the Fourier sine series of f(x) is
%sinx + 3% sin3x + % sin4x + 5%[ sin5x + 2 sin7x +---
f(x), forxe(0,m)andx#3
3 forx=7.
For the Fourier cosine series, we select the even extension of the function f(x) over

(-m,m) with f(x) = O for —’% <x<Oandf(x)=1for-m<x< —’51. We need only to calcu-
late a,, forn=0,1,2,.... We have

ag :%fﬂf(x)dx=%J()nf(x)d)(:igrjgldx:l,

1 (" 2 (7 2 (7
an:;J f(x)cosnxdx:;.[ f(x)cosnxdx:;.[n cosnx dx

- 0 2
211 ., m 2 . nm
=Z|Zsinnx| =-—sin—
mln x nm 2

;721(—1)"771, when n is odd

0, when n is even.

Hence, the desired Fourier cosine series is
1 2 2 2
— — —COSX+ — COS3X — — COS5X + ---.
2 3 5t
This Fourier cosine series converges to f(x) on (0,77) when x # % When x = %, this
series converges to %
8.5.3 The Fourier series expansion with period 2/

In practice, very often we will be interested in a Fourier expansion of a function with a
period that is not 2. If f(x) is a function defined on the interval (-1,1), then the linear
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transformation z = ”—IX gives the new function F(z) = f( lﬁz) =f(x), defined on the interval
z € (—-m, m), so the previous methods can be applied to F. The Fourier series expansion
for F(z) is

(o)

F(z):a—20+Z(ancosnz+b,,sinnz),
n=1
where

1 s

an:—J F(z)cosnzdz forn=0,1,2,... and
)
L

bnz—J F(z)sinnzdz forn=1,23,....
T Jn

Now, substituting back z = ”—lx and using f(x) = F(z) gives
F(z)cosnzdz
o) )

ﬂ)dx forn=0,1,2,...,

| |
~ 4 N

1

~
—~
)
~
Q
o
(2]
Ve

F(z)sinnzdz

()

f(x)sm( i )dx forn=1,2,3,.

~
_

i Nim Nl ~i= X N =

~

-1

Hence, we have proved the following result.

Theorem 8.5.3. The Fourier series of a function f(x) defined on the interval -1 < x <1
is

a?o + Z(an cos(@) +by, sin<n—7x>), (8.14)
n=1

where

a, = )dx forn=0,1,2,... and (8.15)

% J_llf(x) cos( n

b, = % J_llf(x) sm(n

l

] )dx forn=1,2,3,.

This expansion is also true for the periodic extension of f (x) over the entire real-number
line. At any point x of continuity of f, the series converges to f(x). That is, when x is a
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point of continuity,

ay - nmx . nmx
flx) = ?0 +n;<ancosT +b, sin T)

At a point c of jump discontinuity of the periodic extension of f, the series converges to

1,,, ., _
S +1(e)).

Example 8.5.4. Find the Fourier series with period 4 of f(x), defined on the interval
(_2> 2] by

0, when-2<x<0
fx)=

1, whenO<x<2.

Solution. Using formula (8.15) with I = 2, we have

2 1] o 2
ao —J f(x)dx——J f(x)dx=—“ de+J 1dx]=
l 2 21) 0
1 1
anz—J f(x)cos—dx
1) l
0 2
:1“ Oxcosﬂd)urj lxcos@dx]
AR 2 0 2
2
:lliisn'lﬂ:l :0)
2lnm 2 1,
1
bn=1j oo sin ™ dx
1) l
_1
2

—(1-(-D")

2
J 0><sm—dx+J 1><sinﬂdx]
0 2
1
nm nm

nnx]2 1
0

2 _
rl whenn=1,3,5,....

B {O, when n=2,4,6,...

Therefore, the Fourier series of f(x) is

1 2 . mx 2 . 3nx 2 . 5mx

~ + —sin — + — sin — + — sin — + -

2« 2 3m 2 5 2
When x # 2k for k = 0,1,2,..., this Fourier series converges to f(x). When x = 2k for
k =0,1,2,..., the Fourier series converges to % Figure 8.5.3 shows the function f(x)
and several partial sums of the Fourier series of f(x). There are three partial sums,
with the first 5, 10, and 20 terms.
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e S ey

i 3 - -1 |0 1 3 X

Figure 8.5.3: Graphs of f(x) and some partial sums of its Fourier series.

8.5.4 Fourier series with complex terms

In electrical fields, engineers often use the series
X » NIX 1 l » X
Z c,€ 7, wherec,= 3 J f(x)e™ 7T dx, forneZ, (8.16)
n=—co -

to represent a periodic function f(x) with period 2I. We show how this is related to the
Fourier series defined in the previous subsection.
Recall Euler’s theorem

e¥* =cosx+isinx and e ™ =cosx-isinx.

Let ay, a,, b, be the coefficients of the Fourier series of f(x) in equation (8.15). The
series (8.16) can be rewritten as

z Ce' T =cot Z(cne’T +c e, (8.17)
n=-oo n=1
1 (! aq
where c¢o==| f(x)dx==" (8.18)
21 ) 2

and the general term (c,e!'T +c_,e''T ) is equal to
1 I : NIIX ; NIIX 1 l + NIIX + NIIX
= [ﬁ Lf(x)e"T dx]elt + [ﬂ Lf(x)elT dx]e‘lz
l 3 NX
! “ f(x)(cos # —isin @) dx]e‘l

:2—I :

1[ ! nmx . . nmx e
+j“_lf(x)<cosT+1smT>dx]e ]

1 + NIX 1 + NIX
= E(a" —iby)el T + i(a" +ibp)e™tt

= %(an - ibn)<cos n_:;[x +isin n_z;rx)
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1 . nax . . Nax
+§(an+lbn)(cosT—lsmT)

nmx . nnx
=, COS —— +bns1nT

Therefore, (8.16) becomes
Zcel—c0+2ce1+c e )
n=-0o
- % +h, @)
5 +z<a cos "X sin )

This means that the Fourier series in complex form (8.16) is the same as the real Fourier
series defined in (8.14).

8.6 Exercises

1. Determine whether each of the following series is convergent or divergent and, if
it is convergent, find its sum:

(a) 24 vnT-vm; (B) 2%y sin(5)s (€) Ty (0"

(d) Z 3n) (e) Zn 1n2+1> (f) Zn 1 m
® 32 \/: ) TP s (@) (20
() S en.

2. Foreach of the following series, determine the values of x for which the series con-
verges. When the series converges, it defines a function of x. What is the function?
(@ X2 5 () 3R, & (o) ¥,37% (d) 3, (nx)".

3. Test the following series for convergence (there may be more than one correct
method):
@ Y, o (b) Yoo, oy,

n=2 n(Inn)?’ n=1 nz >

1 .
© Xns n(nm{n(nn))’ @ X2 11<4 2k+3’

() Iy, Joas ® I ﬁ,?;gs;

(®) Xn2 2"3n5"’ (h) 332 1%'
M X2 V%;iis; G) X e

(9 3, 1503 0 T

(m) 52, Gy (n) ¥ g (@>0);
(0) Y2 nsin ks (p) 275 sin(z);

@ 22 (V - 1) ) an

(8) Xnd g ® X2 5
(VEDRIE 8 W) T2 o

W) ¥2,a- 5 ) Yo ()™
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11.

12.
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W Ihmes @ IR @0k

0 1
(aa) n=1 n2-Inn"

Determine whether each of the following series converges absolutely, converges
conditionally, or diverges:

(@ YOO (-)™ZE (b) ¥, (-D099)% (o) ¥, CU

nZ)

(@ X, 1" (@) T (D™ mnmﬁy
n+1 k— 1
(g) 0 cosnx’ (h) Zn 1n21)1nn (l) ZOO (- 1)

G Zoo (D 'Ink 1)k 11nk

Give an example of an alternating series Y (-1)""la, satisfying a, > 0 and
lim,,_, ., a, = 0, while Y (-1)""qa,, diverges.

Determine the convergence of each of the following series at x =1 and x = 3:

@ T3 s () T S © T 5

Show that lim
the convergence of the series Z W ]

Assume both ¥ u? and Y v2 are convergent. Prove that ¥ u,v,,, Y (u, +v,)?, ¥ (u,, -
vy)?, and Y, 22 are all convergent.

If the sequence {x,;} with positive terms is decreasing and ) (-1)"x,, diverges, does
the series ) m converge? Explain.

Let f(x) = {:’% ifx+0

oo n, =0, Where a, b are two nonzero constants. [Hint: consider

ifx=0.
(@) Isf(x) differentiable at x = 0? Justify your answer.
(b) Isthere a number c € (’2’, ) such that f/(c) = —%? Explain.
(c) Isthereanumberd e (0 27y such that f(d) = 0? Explain.
(d) Prove that the functiony = 51)‘:" decreases on (0,1).
(e) Assume x; =1and x,,,; =sinx,.
(i) Does lim X, exist? Explain (you may use the fact that x > sinx for all
x>0).
(ii) By considering the partial sum, show that the series Y >°, (x,,; — x,,) con-
verges. Does it converge absolutely or conditionally?
(iii) Does the series 2, (-1)"" sinx, converge? Explain.
(iv) Does the series Y2, (-1)" 1";:1 converge? Explain.

n—oo

(v) Show that the series Y%, |22 — 1| converges.
n+l
By considering

111

11 1 1 1 1 1 1
= t-==, —A-+cH+-2hx—-==, ..,
3 4 4 4 2 5 6 7 8 8 2

show that the partial sum s,» > 1 + n/2 and deduce that the harmonic series
Yoy 1/n diverges (the original proof was due to the French philosopher Nicolas
Oresme (1323-1382)).

(The integral test remainder estimates) Assume f is a positive, decreasing, and
continuous function and a,, = f(n). Show that the error in the nth partial sum s,
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13.

14.

15.

16.

of Y a, is bounded by the improper integral

(o)
Sp— z a,
n=1

< rof(x) dx.

n

(Alternating series remainder estimate) If the alternating series Z,ﬁ“;l(—l)k’lak
(a) satisfies a; > 0 and a; — 0 as k — co and (b) {a;} decreases for all n > N, then
the error in the nth partial sum of ¥ (-1)*"'a, is bounded by a,,,;. We have

Sapy-

(o)
D G
k=1

Using the result above, how many terms of the series Z,f';l(—l)"’l /k should we use
to approximate the true sum with error less than 1/100 000?
(Zeno’s paradox) Zeno’s paradox is about a race between Achilles and a tortoise.
The tortoise begins with a head start of 100 meters and Achilles seeks to overtake
it. After a certain elapsed time from the start, Achilles reaches point A, where the
tortoise started, but the tortoise has moved ahead to point B. After a certain further
interval of time, Achilles reaches point B, but the tortoise has moved ahead to a
point C, etc. Zeno then concluded that Achilles can never pass the tortoise. Why
is this argument wrong?
(Euler’s constant y ~ 0.577215664 ...) The Euler constant y is defined as
y= lim (1+1+1+~~~+1—lnn).
n—+co 2 3 n
(a) Showthatln(n+1)-Inn> ﬁ
(b) By considering In(n+1) <1+ % + % 4+t % <1+ Inn, or any other method,
show that the sequence {y,}

—1+1+1+ +1 Inn
=237 3 n

is bounded and monotonic and therefore lim,,_, ., y,, exists.
(©) Lets, =Y} ,(-)¥/k and show that

1 1 1 1 1 1
SZn:(1+—+—+---+—)—(l+—+—+--~+—)
2 3 2n 2 3 n

ands, —In2asn— oco.
(Riemann’s rearrangement theorem) If ) a,, is a conditionally convergent series
and m is any real number, then there is a rearrangement of ) a,, which converges
tom.
(a) Rearrange the series1-
(b) Prove this theorem.

1

5 +

+%—% %—~~-+(—l)”%+--- so that it converges to 2.
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19.

20.
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Find the radius of convergence and the interval of convergence of the following
series:

(@) ¥, b) 32,5 () g, G
(d) Zn 13n x-3)" (e) zn 1:"();2?:)) () Z?zol 2r21"1 an-2,

8) X mC-D% () N "Q,i‘:f)", M 2, 3"%’2&;?*1

)] ?zol %; (k) Zn 0 ln(n+2 )] Zn 1 a"+b"x (a>b>0)
(m) Z x+1

(Welerstrass S nowhere differentiable continuous function) In Weierstrass’s
original paper, the function was defined to be

f(x) = z a" cos(b"mx)
n=0
3

= cos(mx) + a cos(bmx) + a? cos(b?*nx) + a® cos(bPrx) + -+,
where 0 < a < 1, b is a positive odd integer, and ab > 1 + 37/2. The proof that
this function is continuous but nowhere differentiable was given by Weierstrass
on 18 July 1872 (extended reading: http://en.wikipedia.org/wiki/Weierstrass_
function). Use a graphing utility to graph the sum with its first three terms for the
case a =2/3 and b = 9. Describe the graph that you see.
The function s(x) is defined by a series as

(0]
S0 =Y I =14 20+ 32 + 4 4+ x4
k=1
(a) Find the domain of s(x).
(b) Rewrite s(x) in terms of the basic functions listed in Chapter 1.
(c) Prove the Nicole Oresme theorem

1+1><2+l><3+~~+ XN+ =4,
2 4 -1
If a function g(x) is defined by
~ s (—1)ka ~ XZ X3 X4 (_1)nxn
g(x)‘k;k(k—n‘m 3734 ko

write g(x) in terms of the basic functions listed in Chapter 1. [Hint: use term-by-
term differentiation twice.]
Find the value of

1 1 1 (-
- + —...+—
1.2.22 2.3.2 3.4.2% n(n-1)2n

Find the value of the following series
2n+1
@ I 5t (b) IO, b © YO,
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22.

23.

24,

25.

26.

27.

28.

29,

30.

3L

(Geometric distribution) Assume a certain product is “bad” with a probability p

and “good” with a probability g = 1- p. Each product is independent. An inspector

is checking on the product line. The number X of products up to and including

the first bad product that is identified is a random variable that has a geometric

distribution. Show that:

(@ PX=n=q"pand PX<n)=1-q";

(b) EX) =1 (the expected value of a discrete random variable X is defined as
E(X) = Y%, nP(X =n)).

Iff(0) =Y, Xn,’," , then:

(a) find the interval of convergence;

(b) find the radius of convergence;

(c) use the first three terms of this series to approximate f —%) and estimate the
error.

(Long division) Use long division to find the first three terms of the MacLaurin

series for the function y = %

Find the following Taylor series for f(x) centered at the given value of a, assuming

that f has a power series expansion (you do not need to show that R,(x) — 0):

(@) fo) = X2+3X+2, a=-4 (b) f(x)=cosx, a=-%;

© 22 G g a= 5.

Use a Maclaurin series derived in this chapter to obtain the Maclaurin series for

the following functions:

@) f)=1-x)In(1+x); (b) f(x)=arcsinx;

(©) g(x) = 2255 (d) k(x)=xe™>

(l—x)2 ’
Find the sum, in terms of e, of

k2 12 22 32 n"
—_ =4 — —_— e — 4.
Sk 2 T3 n!

How many terms of the Maclaurin series for In(1 + x) are required in order to esti-

mate the value of In 3 to within 0.0001? Show your work.

Use the first five terms of the Maclaurin series for the given function f(x) to esti-

mate the value of the following integrals:

@ [)rdy (b) [;7e dx.

Assume f(x) = {Z’ ”g Show that f'(0) = f" (0) = f""(0). Does the Taylor series
, x=0.

for f(x) converge to f(x)? Explain.

(Bailey-Borwein-Plouffe formula) If m is an integer that is less than 8, show

that

1/v2 Xml T
Jo 1- Z16"(8n+m



32.

33.

34.

35.
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Then prove the following Bailey—Borwein-Plouffe formula for 7:

- 1 < 4 2 1 1 )
7=y L _ 1 .
p1e"\8n+1 8n+4 8n+5 8n+6
Compared with 7 =4 Z;’Zl(—l)"‘l/ (2n - 1), which one converges “faster”?

(Harmonic numbers) The harmonic numbers are H, =1+1/2+1/3 + -+ + 1/n for
n=1,2,3,.... Prove that

z Hx" = In(1-x) for x| < 1.

n=1 x-1

(Irrational numbers e) Write the Maclaurin series for e*. Then:

(a) state the series that represents e;

(b) find r,, = nle - [nle] where [x] is the greatest integer function;

(c) deducethatO<r, < % and then show that e is irrational.

Find the Fourier series expansion for the functions over each of the following in-
tervals:

(a)f(x)={"' m<x<0 (b)ﬂx)z{ex, rex<0

2x, 0<x<m; 1, O0<x<m

© f0=5 mex<m @ fo= i T

(Integration/differentiation term by term) For a piecewise continuous func-
tion, it can be shown that its Fourier series can be integrated or differentiated
term by term. Assume that a piecewise continuous function defined on [-m, 7]
has a Fourier series expansion with coefficients a,, a, and b,,.

(a) Show that

(o)

X
J f(s)ds = %ao(x +1T) + Z %(an(sin nx) — b,(cos(nx) — cos(nm))).
-n n=1
(b) Find the Fourier series expansion for the periodic function f(x) with period
2m and
fo) = )@ x € [0,2n].

(c) (Riemann hypothesis) The Riemann zeta function is

[e)
1 1 1 1
S)= — =1+ =+ =+ +— 4.
(() nZlns 2s 3s ns

It is known that (1) = co. For any even integer s, the value of {(s) is also
4

known. For example, {(2) = %2, {(4)= g—o, and {(6) = 9”—:5. However, the value
of zeta for odd integers is not known. The roots of {(s) are all complex num-
bers of the form a + bi. The Riemann hypothesis states that all the complex
roots of {(s) have a real part of a = %, that is, all the complex roots of {(s)
lie on the line x = % in the complex plane. It stands today as one of the most

important unsolved problems of mathematics.
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(i) Use the result found in (b) to show that ) 7°, % = %2.

(ii) Use term-by-term integration on the series found in (b) and show that
1 4
nel = 3_0'
36. Find the Fourier sine and cosine expansion for the following functions:
@ fo={7 97<F ®) fe=sing ©<x<m;

n
1, 3 SX<m

(©) fX)=x% (0<x<2).
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€-0 definition of limit 46

absolute convergence test 373
absolute maximum 100
absolute minimum 100
absolute value function 29
absolutely convergent 373
additive property 259
alternating series test 371
antiderivative 196, 285
arc length 239, 339

area problem 1
asymptotic 86

asymptotic function 86
average rate of change 41
average velocity 4

binomial expansion 387
Bolzano-Weierstrass theorem 78
Bolzano’s theorem 102

bounded 73

bounded above 9,73

bounded above on the interval 32
bounded below 10, 73

bounded below on the interval 32
bounded monotonic sequence theorem 356
bounded on the interval 32
boundedness theorem 101

candidate theorem 184
Cauchy’s radical test 370
Cauchy’s theorem 78, 84
center of the neighborhood 13
chainrule 147,148

closed interval 12

closed interval test 185
common ratio 358
comparison theorem 324
complement 7

complex numbers 8
composite function 22
composition of functions 22
concave down 220

concave up 220

concavity 220, 221
conditionally convergent 373
constant function 18

constant multiple rule 51, 95
continuity 91

continuous 91

continuous function 91

convergence of Fourier series 397

convergent 319, 322, 356, 357
convergent point 375
convergent set 375
converges 319, 322
conversion formulas 164
cosecant function 21
cosine function 18
cotangent function 20
critical number 184
cross sections 338
curvature 238, 239

d’Alembert’s ratio test 368
decimal search 234
decreasing 197

definite integral 252

definite integral of a function 250

deleted d-neighborhood 13
dependent variable 14
derivative 121,123
difference rule 50, 95
differentiability 131
differentiable 131
differential 167
differential approximation 173
differential calculus 4
differential dx 170
differential dy 170
differential equation 290
differentiation 123, 381
Dirac o function 49

direct substitution rule 94
Dirichlet function 38
discontinuity 91
discontinuous functions 91
divergent 319, 322, 356, 357
diverges 319, 322

domain 14

element of area 333
elementary function 31, 98
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elements 6

empty set 7

even function 34

exponential function 19

extended mean value theorem 201
extreme value theorem 99, 101

Fermat’s theorem 182

first derivative test 196, 199

folium of Descartes 155

Fourier coefficients 394

Fourier series 393

function 14

fundamental elementary functions 31
fundamental theorem of calculus 4

fundamental theorem of calculus, Part| 268
fundamental theorem of calculus, Part Il 272

generalized function 49
geometric series 358
global extrema 99

global maximum 100
global minimum 100
greatest integer function 31
greatest lower bound 10

half-open interval 12

harmonic series 361

Heaviside cover-up method 306
horizontal asymptote 64
horizontal line test 24

implicit differentiation 155

improper integral of the first kind 318
improper integral of the second kind 322
improper integrals 318

increasing 197

indefinite integral 286

independent variable 14
indeterminate forms 11, 203

infimum 10

infinite discontinuity 93

infinite interval 12

infinite sequence 355

infinite series 357

infinitesimal 86

infinitesimal function 86

inflection point 222

instantaneous rate of change 42

instantaneous velocity 4
integers 8

integrable 253

integral calculus 4

integral test 365

integration by parts 300
integration by substitution 293
intermediate value theorem 99, 103
intersect 7

interval of convergence 378
intervals 12

inverse cosine function 27
inverse cotangent function 27
inverse functions 23, 24
inverse secant function 27
inverse sine function 27
inverse tangent function 27
irrational numbers 8
irreducible factor 306

jump discontinuity 93

Lagrange remainder 215, 384
least upper bound 10

least upper bound property 9, 10
left 3-neighborhood 13

left derivative 128

left Riemann sum 255
left-hand derivative 128
left-hand limit 55

L’Hopital’s rule 204

limit 42

limit comparison test 366
limit laws 50

limit of a function 42

limit rules 50

limits at infinity 63

limits of sequences 69
linear approximation 169
linear function 21

linearity property 259
linearization 167, 169

local maximum 181

local minimum 181
logarithmic differentiation 159
lower bound 10

Maclaurin expansion 217
Maclaurin series 384
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Maclaurin’s formula 217 radius of the neighborhood 13
mean value theorem 192, 260 range 14

members 6 rational function 22

midpoint Riemann sum 255 rational numbers 8
monotone 73 rationalized 312

monotone decreasing 33,73 real numbers 8

monotone increasing 33,73 real plane 7

monotonic (or monotone) 197 reflection laws 37

relative maximum 181
relative minimum 181
remainder 215

natural numbers 8
neighborhood 13
Newton’s met.hoq 236 removable discontinuity 93
nth order derivative 152 Riemann sum 253

nth term divergence test 361 right 6-neighborhood 13

number line 9 right derivative 128

right Riemann sum 255
right-hand derivative 128
right-hand limit 55
Rolle’s theorem 189

odd function 34

one-sided derivatives 128
one-sided limit 55
one-to-one function 23
open interval 12
oscillating discontinuity 93
osculating circle 242

sandwich theorem 79

secant function 20

secant line 122

second derivative 152

second derivative test 225

second order derivative 152
separable differential equation 292
separation of variables 292
sequence 68

sequence form of Cauchy’s theorem 85
series with nonnegative terms 363
set 6

Simpson’s rule 277

sine function 18

slant asymptote 65

slope of the tangent line 122
slope-intercept form 21

smooth curve 339

squeeze theorem 78,79
stationary point 183

strictly decreasing 34, 197

strictly increasing 34, 197
subsequence 77

sum rule 50, 95

supremum 10

p-series 363
parameter 160
parameterization 160
parametric equations 160
partial fractions 304, 305
peak term 78

Peano remainder 215
period 35

periodic extension 393
periodic function 35
point of inflection 222
point-slope form 21
points at infinity 11
polar curves 163
polynomial function 22
power function 18
power rule 51

power series 376
product 7

product rule 50, 95
proper subset 7

quadratic approximation 210

quotient rule 50, 95 tabular method 304

tangent function 20
radius of convergence 378 tangent line approximation 167, 169
radius of curvature 242 tangent problem 3
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Taylor polynomial 215

Taylor polynomial of degree n 384
Taylor series 384

Taylor’s inequality 386

Taylor’s theorem 214
term-by-term differentiation 382
term-by-term integration 381, 382
the comparison test 365

the ratio test 368

the root test 370

transformations 36

trapezium rule 276
trapezoidal rule 276

unbounded above 11
unbounded above on the interval 32

unbounded below 11

unbounded below on the interval 32
uniform continuity 107

uniformly continuous 107

union 7

upper bound 9

velocity graph 1
Venn diagram 7
vertical and horizontal shifts laws 36

vertical and horizontal stretch/shrink law 36

vertical asymptote 61
vertical line test 17
volumes of revolutions 337

Weierstrass function 376



	Preface
	Contents
	1. Prerequisites for calculus
	2. Limits and continuity
	3. The derivative
	4. Applications of the derivative
	5. The definite integral
	6. Techniques for integration and improper integrals
	7. Applications of the definite integral
	8. Infinite series, sequences, and approximations
	Index
	Пустая страница

