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Preface

The field of Natural Computing has been the focus of a substantial research effort in
recent decades. One particular strand of this research concerns the development of
computational algorithms using metaphorical inspiration from systems and phenom-
ena that occur in the natural world. These natural computing algorithms have proven
to be successful problem solvers across domains as diverse as finance, management
science, bioinformatics, marketing, engineering and architecture, to name but a few.
This edited volume brings together a series of chapters which illustrate the applica-
tion of a range of cutting-edge natural computing and agent-based methodologies in
computational finance and economics. While describing cutting edge applications,
the chapters are written so that they are accessible to a wide audience. Hence, they
should be of interest to academics, students and practitioners in the fields of compu-
tational finance and economics.

The inspiration for this book was due in part to the success of EvoFIN 2010, the
4th European Workshop on Evolutionary Computation in Finance and Economics.
EvoFIN 2010 took place in conjunction with Evo* 2010 in Istanbul, Turkey (7-9
April 2010). Evo* is an annual collection of European conferences and workshops
broadly focused on Evolutionary Computation. It is the largest European event ded-
icated to this growing field of research. A number of the chapters presented in this
book are extended versions of papers presented at EvoFIN 2010 and these have un-
dergone the same rigorous, peer-reviewed, selection process as the other chapters.
This book follows on from previous volumes in this series, namely, Natural Com-
puting in Computational Finance Volumes I, II and III.
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4 Business and Economics Faculty, University of Basel, Switzerland
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1.1 Introduction

Natural computing (NC) can be broadly defined as the development of computer
programs and computational algorithms using metaphorical inspiration from sys-
tems and phenomena that occur in the natural world. The inspiration for natural
computing methodologies typically stem from real-world phenomena which exist
in high-dimensional, dynamic, environments characteristics which fit well with the
nature of financial markets. Prima facie, this makes natural computing methods in-
teresting for financial applications.

Natural Computing algorithms can be clustered into different groups depending
on the aspects of the natural world upon which they are based. The main clusters are
Neurocomputing (which loosely draws its inspiration from the workings of the hu-
man brain), Evolutionary Computing (which draws inspiration from the processes
of biological evolution), Social Computing (adopting swarming or communication
behaviours of social animal such as birds, fish or insects), Immunocomputing (algo-
rithms inspired by biological immune systems) and Physical Computing (mimick-
ing chemical or physical processes). Readers interested in a broader introduction to
these methods are referred to [1, 2, 3, 5, 9, 11, 13] and the literature quoted therein.

As in the previous volumes of this series, this book covers a variety of financial
applications. The book consists of a series of chapters each of which was selected
following a rigorous, peer-reviewed, selection process. The chapters illustrate the
application of a range of cutting-edge natural computing and agent-based method-
ologies in computational finance and economics. The applications explored include
option model calibration, financial trend reversal detection, enhanced indexation,
algorithmic trading, corporate payout determination and agent-based modelling of
liquidity costs, and trade strategy adaptation. The following section provides a short
introduction to the individual chapters.

A. Brabazon et al. (Eds.): Natural Computing in Comput. Finance, SCI 380, pp. 1–8.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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1.2 The Chapters

1.2.1 Optimisation

A wide variety of NC methodologies including genetic algorithms, evolutionary
strategies, differential evolution and particle swarm optimisation have been applied
for optimisation purposes in finance. A particular advantage of these methodologies
is that, if applied properly, they can cope with ‘difficult’ search spaces. Optimisation
problems abound in finance and the first four chapters illustrate a range of interesting
applications of natural computing algorithms for financial optimisation, specifically,
portfolio selection, option model calibration, classifier construction and financial
trading.

A key issue for investors wishing to trade in derivatives is the determination of the
fair price for the derivative(s) of interest. For some standard derivatives closed form
pricing equations have been determined (e.g., the Black - Scholes - Merton model
for pricing European options). The traditional approach to pricing a derivative is
[10]:

• specify a stochastic process for the underlying asset(s),
• derive the pricing equation for the derivative (using a no-arbitrage argument),

and finally,
• price the derivative by solving the pricing equation.

Of course, this approach can be difficult to implement, as the relevant stochastic
process may be imperfectly understood, and the pricing equation may be too difficult
to solve analytically. In the latter case, there is scope to use tools such as Monte
Carlo (MC) simulation to estimate the expected payoff and the associated payoff risk
for the derivative. In valuing a complex derivative using MC, the typical approach is
to randomly generate a set of independent price paths for each security underpinning
the derivative, then compute the present value of the payoff to the derivative under
each set of these price paths. The simulation process is repeated multiple times and
the distribution of the payoffs is considered to characterise the derivative. A critical
issue in applying a MC approach is the correct design of the theoretical pricing
model.

In model calibration, the objective is to estimate the parameters of (‘calibrate’) a
theoretical pricing model. The parameters are estimated by fitting the model to the
relevant time series. Typically the pricing model will have a complex, non-linear
structure with multiple parameters. Hence, global search heuristics can have utility
in uncovering a high-quality set of parameters.

In Chapter 2 (Calibrating Option Pricing Models with Heuristics by Manfred
Gilli and Enrico Schumann) the authors investigate the application of differential
evolution and particle swarm optimisation, supplemented by adding a Nelder–Mead
direct search, for the calibration of Heston’s stochastic volatility model and Bates’s
model. They discuss how to price options under these models and how to calibrate
the parameters of the models with heuristic techniques. In both cases, finding the
values of the model parameters that make them consistent with market prices means
solving a non-convex optimisation problem.
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The results indicate that while good price fits could be achieved with all methods,
the convergence of parameter estimates was much slower and in some cases (for
the jump parameters of the Bates model) there was no convergence. This, highlights
an important issue, that while different parameter values may lead to good overall
fits in terms of prices, these different parameters may well imply very different
Greeks, or have a more marked influence on prices of exotic options. The findings
underscore the point that modellers in quantitative finance should be wary of over-
reliance on model fit without adequate consideration of the stability of the estimates
of the model parameters.

A common application in financial decision-making is the correct classification
of some item. For example, is this customer a good credit risk? Often, even where
the decision faced is an apparently simple binary one (‘go’ or ‘no go’), and where
there are relevant historical examples of previous outcomes, there will be differing
numbers of training cases for each outcome. In an extreme case, there may few (or
no) examples of one possible outcome.

Chapter 3 (A Comparison Between Nature-Inspired and Machine Learning Ap-
proaches to Detecting Trend Reversals in Financial Time Series by Antonia Azzini,
Matteo De Felice and Andrea G. B. Tettamanzi) focusses on the detection of turning
points, or ‘trend reversal’ points, in financial-time series, an issue of obvious rele-
vance for trading strategies. Two methods from natural computing are employed,
namely Particle Swarm Optimisation (PSO) and the negative selection artificial im-
mune system algorithm. A particular feature of the natural immune system is that it
uses one-class learning (learning the ‘normal state’) and hence can detect changes
to an abnormal state even though the new state has never been seen before. One
class learning can be particularly useful in real-world classification problems where
limited examples of a class of interest exist. In the chapter, both natural computing
methods are used in order to create a high-quality set of hyperspherical detectors, the
PSO doing this using a ‘positive selection’ mechanism whereas the latter algorithm
uses a ‘negative selection’ process, defining the anomalous space as the complement
of the normal one. The performances of the two approaches are compared against
those obtained from traditional machine learning techniques and both methods are
found to give interesting results with respect to traditional techniques.

Passive index funds have captured a major share of investment funds in recent
years. Although the basic idea of mimicking the performance of a market index at
low cost is attractive, a number of problems emerge when trying to implement this
in practice. The transaction costs involved in tracking changes in the index composi-
tion can be non-trivial and other possible constraints such as cardinality constraints,
floor/ceiling mandate constraints, and lot size constraints result in a complex opti-
misation problem. A variant on the passive index strategy is that of enhanced in-
dexation where the fund manager is allowed to deviate from a strict index tracking
strategy in order to seek ‘alpha’. Typically these funds will have a synthetic ob-
jective function which trades off tracking error against the possibility of enhanced
returns.
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In Chapter 4 (A Soft Computing Approach to Enhanced Indexation by Nikos
S. Thomaidis) the author addresses this area, by structuring enhanced indexation
strategies using non-typical objectives for investment performance. These focus, for
example, on the frequency by which the enhanced portfolio delivers positive return
relative to the benchmark, thus revealing alternative risk aspects of the investment
strategy. The methodology adopted is fuzzy mathematical multi-objective program-
ming, with the weights in the final investment portfolio being determined using
three nature-inspired heuristics, namely, simulated annealing, genetic algorithms
and particle swarm optimisation. The resulting portfolios are benchmarked against
the American Dow Jones Industrial Average (DJIA) index and two other simpler
heuristics for detecting good asset combinations: a Monte Carlo combinatorial op-
timisation method and an asset selection technique based on the capitalisation and
the beta coefficients of index member stocks. The use of fuzzy systems concepts
in the chapter is also worthy of note, as fuzzy systems allow for the incorporation
of domain knowledge even when that knowledge can only be expressed in general
terms (for example, the expertise is tacit) by the expert.

A practical problem that can arise in the application of evolutionary techniques
to large datasets (such as in some financial modelling applications) is that computa-
tional resources can become an issue. One strand of recent work which has sought
to alleviate this issue is to use multi-core graphics processors to parallelise aspects
of the evolutionary process. For example, the calculation of fitness (which is usu-
ally the most time consuming step of an evolutionary algorithm) can be distributed
across multiple cores and performed in parallel. Chapter 5 (Parallel Evolutionary
Algorithms for Stock Market Trading Rule Selection on Many-Core Graphics Pro-
cessors by Piotr Lipinski) illustrates this idea and uses GPU parallel processing,
combined with a hybrid evolutionary algorithm, to improve the process of rule se-
lection in stock market trading decision support systems. Experiments carried out
on data from the Paris Stock Exchange illustrate the potential for the system.

1.2.2 Model Induction

While financial optimisation applications of natural computing are important and
plentiful, the underlying model or data generating process is not always known in
many applications. Hence, the task is often to ‘recover’ or discover an underlying
model from a dataset. This is usually a difficult task as both the model structure and
associated parameters must be uncovered. A variety of machine learning techniques
have been developed over past decades which are capable of model induction, rang-
ing from black-box techniques such as feedforward neural networks to techniques
such as genetic programming which can embed existing domain knowledge and
which are capable of producing human-readable output / models.

A particular challenge when seeking to model financial markets (for example, for
trading purposes) is that they do not present a stationary environment. A common -
but facile - approach is to ignore this, and ‘train’ a trading model based on data from
a financial market of interest over a lengthy period. Unsurprisingly, models based on
this approach rarely perform well out of sample. A more sophisticated approach is to
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attempt to build a suite of models, where each model is tailored for use in a specific
‘state’ of the market. Chapter 6 (Regime-Switching Recurrent Reinforcement Learn-
ing in Automated Trading by Dietmar Maringer and Tikesh Ramtohul) introduces a
powerful machine learning technique, reinforcement learning (RL), which focuses
on goal-directed learning from interaction. It is a way of programming agents by re-
ward and punishment without needing to specify how the task is to be achieved. In
other words, the learning process does not require target outputs, unlike supervised
learning techniques. RL can be used to find approximate solutions to stochastic
dynamic programming problems and it can do so in an online fashion. In the last
decade it has attracted growing interest in the computational finance community,
especially for the design of trading systems. Typically, in these applications, a recur-
rent RL (RRL) approach is adopted as in practice investment performance depends
on sequences of interdependent decisions.

In this chapter, the authors implement a variant on the RRL model - a ‘regime-
switching’ recurrent reinforcement learning (RSRRL) model. The regime-switching
component adds ‘context-sensitivity’ to the RRL and could therefore produce better
trading strategies which are sensitive to current market conditions. The chapter there-
fore compares the performance of RRL and RSRRL approaches for the purposes of
uncovering successful trading strategies. The results indicate that the RSRRL mod-
els yield higher Sharpe ratios than the standard RRL in-sample but struggle to repro-
duce the same performance levels out of sample. The authors suggest that the lack
of in and out of sample correlation is due to a drastic change in market conditions
(out of sample), and demonstrate that the RSRRL can consistently outperform the
RRL only when certain conditions are present.

One of the most studied evolutionary methodologies is that of genetic program-
ming (GP) [6]. GP is a population-based search algorithm which starts from a high-
level statement of what is required and automatically creates a computer programme
to solve the problem. GP belongs to the field of Evolutionary Automatic Program-
ming. The term is used to refer to systems that adopt evolutionary computation
to automatically generate computer programmes. More generally, a computer pro-
gramme can be considered as a list of rules or as a model.

In Chapter 7 (An Evolutionary Algorithmic Investigation of US Corporate Pay-
out Policy Determination by Alexandros Agapitos, Abhinav Goyal and Cal Muck-
ley) GP is used to model the corporate payout policy for US listed companies. The
term corporate payout policy relates to the disbursing of cash, by a corporation, to
shareholders by way of cash dividends and/or share repurchases. Clearly, alongside
investment and capital structure optimisation this is a major decision facing firms
which has obvious implications for their financing. In the extant literature a variety
of classical statistical methodologies have been adopted, foremost among these is
the method of panel regression modelling. In this chapter, the authors inform their
model specifications and coefficient estimates using a genetic program. The result-
ing model captures effects from a wide range of pertinent proxy variables related to
the agency cost-based life cycle theory, the signalling theory and the catering theory
of corporate payout policy determination. The findings indicate the predominant
importance of the agency-cost based life cycle theory and provide important new
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insights concerning the influence of firm size, the concentration of firm ownership
and cash flow uncertainty with respect to corporate payout policy determination in
the United States.

A perennial question when constructing a model using training data is ‘how well
will this model generalise out-of-sample’? Of course, there are many aspects to this
issue including how representative is the training data, is the system of interest sta-
tionary, and when should I stop training in order to avoid ‘overfit’? The latter is
a significant problem when dealing with financial datasets which typically have a
low signal-to-noise ratio (consider for example, the problem of trying to identify
a ‘good’ trading model). Although the issue of overfitting has drawn significant at-
tention in traditional econometrics, and in computational intelligence fields such as
neural networks, there has been less study of this issue in GP. In Chapter 8 (Tackling
Overfitting in Evolutionary-driven Financial Model Induction by Clı́odhna Tuite,
Alexandros Agapitos, Michael O’Neill and Anthony Brabazon) this issue is consid-
ered, with particular attention being paid to the classical method of ‘early-stopping’.
Using controlled experiments, it is demonstrated that this method does not always
identify the correct point at which to stop training such that the generalisation per-
formance of the evolved model is maximised. The chapter introduces a new metric
for the determination of the optimal stopping point using the correlation between
training and validation fitness, stopping training when this value drops below a pre-
defined threshold,and illustrates that this can perform well.

1.2.3 Agent-Based Modelling

Simulation approaches, such as agent-based modelling, have become a significant
research tool in computational finance and economics. The modelling of markets
using agent-based approaches provides researchers with a powerful tool to exam-
ine the effects of issues including different market mechanisms and differing agent-
learning mechanisms on the resulting market behaviour. A particular advantage of
an agent-based simulation-based approach is that many sample paths through time
can be generated and hence, if the models are sufficiently realistic, it may be possible
to use them to test various scenarios or trading systems / execution strategies [12].
Agent-based approaches can complement analytical models as the combination of
the two allows us to:

to check the validity of assumptions needed in an analytical model. On
the other hand, an analytical model can suggest reasonable alternatives to
investigate in a simulation study. [8] (p. 115)

Of course, as with any simulation-based methodology, potential criticisms must be
anticipated. Kleindorfer et al. [7] define simulate as ...to build a likeness ... (p. 1087)
and note that the ...question of that likeness is never far behind .... Hence it is impor-
tant to ground agent-based models in existing domain knowledge and to test them
robustly.

Chapter 9 (An Order-Driven Agent-Based Artificial Stock Market to Analyze Liq-
uidity Costs of Market Orders in the Taiwan Stock Market by Yi-Ping Huang, Shu-
Heng Chen, Min-Chin Hung and Tina Yu) provides an excellent example of the



1 Introduction 7

careful development of an agent-based model. The study develops an order-driven
agent-based artificial stock market to analyse the liquidity costs of market orders in
the Taiwan Stock Market (TWSE) and crucially, seeks to calibrate the model to real-
world data. In the chapter the authors develop a variant on the model proposed by
Daniels, Farmer, Gillemot, Iori and Smith [2] and use this to simulate the liquidity
costs on the Taiwan Stock Market. The model is tested using data from 10 stocks
from the market and the model-simulated liquidity costs were found to be higher
than those of the TWSE data. A number of possible factors that have contributed to
this result are identified.

A continuing challenge to all participants in financial markets is the choice and
adaptation of suitable trading and investment strategies. Chapter 10 (Market Mi-
crostructure: A Self-Organizing Map Approach to Investigate Behavior Dynamics
under an Evolutionary Environment by Michael Kampouridis, Shu-Heng Chen and
Edward Tsang) presents a agent-based model, wherein agents are capable of adapt-
ing their trading strategies over time. The chapter investigates the behavior dynamics
in financial markets in order to determine whether ‘dinosaurs’ (or former successful
technical trading strategies) can return. The results, based on data from four finan-
cial markets, indicate that because of the changing nature of those markets, agents’
trading strategies need to continuously adapt in order to remain effective and that ‘di-
nosaurs’ do not return. This supports a claim that market behaviour is non-stationary
and non-cyclical. Strategies from the past cannot be successfully re-applied to future
periods, unless they have co-evolved with the market.

1.3 Conclusions

In this the fourth volume of the Natural Computing and Computational Finance
book series, we present the latest studies at the frontier of natural computing, agent-
based modeling and finance and economics. We hope the reader will be as excited
as we are with the continued development and diversity of research in this domain.
In addition, we hope the contents of the chapters that follow will inspire others to try
their hand at the challenging set of real world problems presented when modeling
financial and economic systems using natural computing methods. In turn we look
forward to the future advances made in understanding the natural world and the
algorithms inspired by her.
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Summary. Calibrating option pricing models to market prices often leads to optimisation
problems to which standard methods (such as those based on gradients) cannot be applied. We
investigate two models: Heston’s stochastic volatility model, and Bates’s model which also
includes jumps. We discuss how to price options under these models, and how to calibrate
the parameters of the models with heuristic techniques.

2.1 Introduction

Implied volatilities obtained by inverting the Black–Scholes–Merton (BSM) model vary sys-
tematically with strike and maturity; this relationship is called the volatility surface. Different
strategies are possible for incorporating this surface into a model. We can accept that volatil-
ity is not constant across strikes and maturities, and directly model the volatility surface and
its evolution. With this approach we assume that a single underlier has different volatilities
which is internally not consistent; but still, it is the approach that is mostly used in practice.
An alternative is to model the option prices such that the BSM-volatility surface is obtained,
for instance by including locally-varying volatility [13, 16], jumps, or by making volatility
stochastic. In this chapter, we look into models that follow the latter two approaches, namely
the models of [4] and [26].

As so often in finance, the success of the BSM model stems not so much from its empiri-
cal quality, but from its computational convenience. This convenience comes in two flavours.
Firstly, we have closed-form pricing equations (the Gaussian distribution function is not avail-
able analytically, but fast and precise approximations exist). Secondly, calibrating the model
requires only one parameter to be determined, the volatility, which can be readily computed
from market prices with Newton’s method or another zero-finding technique. For the Heston
and the Bates model, both tasks become more difficult. Pricing requires numerical integration,
and calibration requires the modeller to find five and eight parameters instead of only one for
BSM.

In this chapter, we will look into the calibration of these models. Finding parameters that
make the models consistent with market prices means solving a non-convex optimisation
problem. We suggest the use of optimisation heuristics and more specifically we show that
Differential Evolution and Particle Swarm Optimisation are both able to give good solutions

A. Brabazon et al. (Eds.): Natural Computing in Comput. Finance, SCI 380, pp. 9–37.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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to the problem. The chapter is structured as follows. In Section 2.2 we discuss how to price
options under the Heston and the Bates model. Fast pricing routines are important since
the suggested heuristics are computationally intensive; hence to obtain calibration results
in a reasonable period of time, we need to be able to evaluate the objective function (which
requires pricing) speedily. Section 2.3 details how to implement the heuristics for a calibration
problem, Section 2.4 discusses several computational experiments and their results and the
chapter is concluded in Section 2.5.

2.2 Pricing with the Characteristic Function

There are several generic approaches to price options. The essence of BSM is a no-arbitrage
argument; it leads to a partial differential equation that can be solved numerically or, in partic-
ular cases, even analytically. A more recent approach builds on the characteristic function of
the (log) stock price. European options can be priced using the following equation [2, 34]:1

C0 = e−qτ S0Π1−e−rτ XΠ2 (2.1)

where C0 is the call price today (time 0), S0 is the spot price of the underlier, and X is the
strike price; r and q are the riskfree rate and dividend yield; time to expiration is denoted τ.
The Π j are calculated as

Π1 =
1
2

+
1
π

∫ ∞

0
Re

(
e−iω log(X )φ(ω− i)

iωφ(−i)

)
dω , (2.2a)

Π2 =
1
2

+
1
π

∫ ∞

0
Re

(
e−iω log(X )φ(ω)

iω

)
dω . (2.2b)

We define Π∗j ≡ π(Π j − 1/2) for the integrals in these equations. The symbol φ stands for
the characteristic function of the log stock price; the function Re(·) returns the real part of a
complex number. For a given φ we can compute Π1 and Π2 by numerical integration, and
hence obtain option prices from Equation (2.1).

2.2.1 Black–Scholes–Merton

In a BSM world, the stock price St under the risk-neutral measure follows

dSt = (r−q)St dt +
√

vStdzt (2.3)

where z is a Wiener process [5]. The volatility
√

v is constant. The well-known pricing for-
mula for the BSM call is given by

C0 = e−qτ S0 N(d1)−Xe−rτ N(d2) (2.4)

1 Variants on this pricing formula exist, i.e., different approaches to price with the character-
istic function. See [6], [7],[15], [18] and [29].



2 Calibrating Option Pricing Models with Heuristics 11

with

d1 =
1√
vτ

(
log

(
S0

X

)
+
(

r−q+
v
2

)
τ
)

(2.5a)

d2 =
1√
vτ

(
log

(
S0

X

)
+
(

r−q− v
2

)
τ
)

= d1−
√

vτ (2.5b)

and N(·) the Gaussian distribution function.
Given the dynamics of S, the log price sτ = log(Sτ ) follows a Gaussian distribution with

sτ ∼N
(
s0 + τ(r−q− 1

2 v),τv
)
, where s0 is the natural logarithm of the current spot price.

The characteristic function of sτ is given by

φBSM(ω) = E(eiωsτ )

= exp

(
iωs0 + iωτ(r−q− 1

2
v) +

1
2

i2ω2vτ
)

= exp

(
iωs0 + iωτ(r−q)− 1

2
(iω +ω2)τv

)
. (2.6)

Inserting (2.6) into Equation (2.1) should, up to numerical precision, give the same result as
Equation (2.4).

2.2.2 Merton’s Jump–Diffusion Model

Merton (1976) [30] suggested the modelling of the underlier’s movements as a diffusion with
occasional jumps; thus we have

dSt = (r−q−λ μJ)St dt +
√

vStdzt + JtSt dNt . (2.7)

Nt is a poisson counting process, with intensity λ ; the Jt is the random jump size (given that
a jump occurred). In Merton’s model the log-jumps are distributed as

log(1+ Jt )∼N

(
log(1+ μJ)− σ2

J

2
,σ2

J

)
.

The pricing formula is the following [30] (p. 135):

C0 =
∞

∑
n=0

e−λ ′τ (λ ′τ)n

n!
C′0(rn,

√
vn) (2.8)

where λ ′ = λ (1 + μJ) and C
′
0 is the BSM formula (2.4), but the prime indicates that C

′
0 is

evaluated at adjusted values of r and v:

vn = v+
nσ2

J

τ

rn = r−λ μJ +
n log(1+ μJ)

τ

The factorial in Equation (2.8) may easily lead to an overflow (Inf), but it is benign for two
reasons. Firstly, we do not need large numbers for n, a value of about 20 is well-sufficient.
Secondly (if we insist on large n), software packages like Matlab or R will evaluate 1/Inf
as zero, hence the summing will add zeros for large n. Numerical analysts prefer to replace
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n! by exp(∑n
i=1 log i) since this leads to better accuracy for large n. Again, for Merton’s

model this is not needed. Depending on the implementation, working with large values for n
may still lead to a warning or an error, and so interrupt a computation. In R for instance, the
handling of such a warning will depend on the options setting:

1 > options()$warn
2 [1] 0

This is the standard setting. Computing the factorial for a large number will result in a warn-
ing; the computation continues.

1 > factorial(200)
2 [1] Inf
3 Warning message:
4 In factorial(200) : value out of range in ’gammafn’

But with warn set to two, any warning will be transformed into an error. Thus:

1 > options(warn=2)
2 > factorial(200)
3 Error in factorial(200) :
4 (converted from warning) value out of range in ’gammafn’

and our computation breaks. We may want to safeguard against such possible errors: we
can for instance replace the function call factorial(n) by its actual calculation which
produces:

1 > options(warn=2)
2 > exp( sum(log(1:200)) )
3 [1] Inf
4 > prod(1:200)
5 [1] Inf

Or even simpler, as in Matlab’s implementation of factorial, we can check the given
value of n; if it is too large, we have it replaced by a more reasonable value.

The characteristic function of Merton’s model is given by

φMerton = eA+B (2.9)

where

A = iωs0 + iωτ(r−q− 1
2

v−μJ)+
1
2

i2ω2vτ

B = λτ
(

exp

(
iω log(1+ μJ)− 1

2
iωσ2

J −ω2σ2
J

)
−1

)
,

see [19] (chp. 5). The A-term in φMerton corresponds to the BSM dynamics with a drift
adjustment to account for the jumps; the B-term adds the jump component. Like in the
BSM case, we can compare the results from Equation (2.1) with those obtained from Equa-
tion (2.8).
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2.2.3 The Heston Model

Under the Heston model [26] the stock price S and its variance v are described by

dSt = rStdt +
√

vtStdz(1)
t (2.10a)

dvt = κ(θ −vt)dt +σ
√

vtdz(2)
t . (2.10b)

The long-run variance is denoted θ , mean reversion speed is κ and σ is the volatility-of-
volatility. The Wiener processes z(·) have correlation ρ . For σ → 0, the Heston dynamics
approach those of BSM. A thorough discussion of the model can be found in [19]. The char-
acteristic function of the log-price in the Heston model looks as follows, see [1]:

φHeston = eA+B+C (2.11)

where

A = iωs0 + iω(r−q)τ

B =
θκ
σ2

(
(κ−ρσ iω −d)τ−2log

(
1−ge−dτ

1−g

))

C =

v0

σ2

(
κ−ρσ iω−d

)(
1−e−dτ

)

1−ge−dτ

d =
√

(ρσ iω−κ)2 +σ2(iω +ω2)

g =
κ−ρσ iω −d

κ−ρσ iω +d

With only five parameters (under the risk-neutral probability), the Heston model is capable of
producing a volatility smile, see Figure 2.1.

2.2.4 The Bates Model

This model, described in [4], adds jumps to the dynamics of the Heston model. The stock
price S and its variance v are described by

dSt = (r−q−λ μJ )Stdt +
√

vtStdz(1)
t +JtStdNt

dvt = κ(θ − vt )dt +σ
√

vtdz(2) .

Nt is a poisson count process with intensity λ , hence the probability to have a jump of size
one is λdt. Like Merton’s model, the logarithm of the jump size Jt is distributed as a Gaussian,
i.e.,

log(1+ Jt ) = N

(
log(1+ μJ)−

σ2
J

2
,σ2

J

)
.
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(b) σ = 70%: short-term smile (the position of the kink is con-
trolled by ρ); often we need substantial volatility-of-volatility
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(c) ρ =−0.5: skew (a positive correlation induces positive slope)
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(d) v0 = 35%, θ = 25%: term structure is determined by the dif-
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Fig. 2.1 Heston model: re-creating the implied volatility surface. The graphics show the BSM

implied volatilities obtained from prices under the Heston model. The panels on the right
show the implied volatility of ATM options.
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The characteristic function becomes [35]:

φBates = eA+B+C+D (2.12)

with

A = iωs0 + iω(r−q)τ

B =
θκ
σ2

(
(κ−ρσ iω−d)τ−2log

(
1−ge−dτ

1−g

))

C =

v0

σ2

(
κ−ρσ iω −d

)(
1− e−dτ

)

1−ge−dτ

D =−λ μJ iωτ +λτ
(

(1+ μJ)iω e
1
2 σ2

J iω(iω−1)−1

)

d =
√

(ρσ iω−κ)2 +σ2(iω +ω2)

g =
κ−ρσ iω−d

κ−ρσ iω +d

Since the jumps are assumed independent, the characteristic function is the product of φHeston
with the function for the jump part (D). Figure 2.2 shows that adding jumps makes it easier
to introduce curvature into the volatility surface, at least for short maturities.

2.2.5 Integration Schemes

Matlab programs for pricing under the different models can be downloaded from http://
comisef.eu. The programs use Matlab’s quad function, an adaptive algorithm based on
Simpson’s rule; it is reliable but slow. The pricing can be accelerated by precomputing a fixed
number of nodes and weights under the given quadrature scheme. We use a Gauss–Legendre
rule, see [12] and [39]; a technical report, also downloadable from http://comisef.eu,
contains details and Matlab code. We experimented with alternatives like Gauss–Lobatto
as well, but no integration scheme was clearly dominant over another, given the required
precision of our problem (there is no need to compute option prices to eight decimals). Thus,
in what follows, we do not use quad, but compute nodes and weights, and directly evaluate
the integrals in Equations (2.2).

To test our pricing algorithms, we first investigate the BSM model and Merton’s jump–
diffusion model. For these models, we can compare the solutions obtained from the classical
formulæ with those from integration. Furthermore, we can investigate several polar cases:
for Heston with zero volatility-of-volatility we should get BSM prices; for Bates with zero
volatility-of-volatility we should obtain prices like under Merton’s jump diffusion (and of
course Bates with zero volatility-of-volatility and no jumps should again give BSM prices).

As an example of these tests, we compare here results from Equation (2.4) with results
from Equation (2.1). The integrands in Equations (2.2) are well-behaved for BSM, see Fig-
ure 2.3 in which we plot Π∗j = π(Π j − 1/2). The functions start to oscillate for options that
are far away from the money, increasingly so for low volatility and short time to maturity.
This is shown in the left panel of Figure 2.4, where we plot Π∗1 for varying strikes X and ω
values (Π∗2 looks similar). The right panel of Figure 2.4 gives the same plot, but shows only
the strikes from 80 to 120; here little oscillation is apparent.
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(a) The base case: S = 100, r = 2%, q = 2%,
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θ = 30%, ρ = 0, κ = 1, σ = 0.0%, λ = 0.1, μJ = 0, σJ = 30%.

Volatility-of-volatility is zero, as is the jump mean

80 90 100 110 120
0.2

0.25

0.3

0.35

0.4

strike

1 month

3 years

0 1 2 3
0.2

0.25

0.3

0.35

0.4

time to maturity

(b) μJ =−10%: more asymmetry
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(c) θ = 70%: stochastic volatility included
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Fig. 2.2 Bates model: re-creating the implied volatility surface. The graphics show the BSM

implied volatilities obtained from prices under the Bates model. The panels on the right show
the implied volatility of ATM options.
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Fig. 2.4 Π∗1 for BSM with varying strikes (S = 100, τ = 1/12,
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v = 0.3, r = 0.03)

Gauss–Legendre quadrature is applicable to finite intervals, but the integrals in Equa-
tions (2.2) decay so rapidly to zero that we can also evaluate them up to a cutoff point, which
we set to 200. Figure 2.5 shows the relative pricing errors for the BSM case with 20 nodes
(left) and 100 nodes (right). Note that here we are already pricing a whole matrix of options
(different strikes, different maturities). This matrix is taken from the experiments described
in the next section. Already with 100 nodes the pricing errors are in the range of 10-13, i.e.,
practically zero.

The behaviour of the integrals is similar for other characteristic functions. For the Heston
model, examples for Π∗j are given in Figure 2.6. If we let the volatility-of-volatility go to
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Fig. 2.5 Relative pricing errors compared with analytical BSM: a Gauss-rule with 20 nodes
(left) and 100 nodes (right)
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zero, the functions exactly resemble those of the corresponding BSM case. Figure 2.7 shows
Π∗1 for different strikes, analogously to Figure 2.4.

Two more remarks: firstly, integration rules like Gauss–Legendre (or others, e.g.,
Clenshaw–Curtis) prescribe to sample the integrand at points that cluster around the endpoints
of the interval. This happens because essentially a Gauss rule approximates the function to be
integrated by a polynomial, and then integrates this polynomial exactly. Gauss rules are even
optimal in the sense that for a given number of nodes, they integrate exactly a polynomial of
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highest order possible. For an oscillating function, however, we may need a very-high–order
polynomial to obtain a good approximation, hence alternative rules may be more efficient for
such functions [24]. In our experiments this oscillation never caused problems. Furthermore,
in Figure 2.4 and Figure 2.7 the strikes we computed range from 20 to 180 (with spot at
100). The potentially difficult cases are options with delta zero or delta one, which are not the
instruments that are difficult to price.

Secondly, let us stress why (or rather, when) the efficiency of the quadrature scheme is im-
portant. The calibration algorithms that we describe in the next section are iterative methods
that move through the space of possible parameters; in every iteration, a given parameter set
is used to compute theoretical option prices which are then compared with observed prices.
Since we will run through thousands of iterations, any speedup in our integration scheme and
hence in pricing the options is greatly magnified. True, for practical applications efficiency in
the sense of fast programs is eventually a constraint, not a goal per se. If we need to compute
a solution to some problem within 5 minutes, and we have a program that achieves this, there
is no need to spend days (or more, probably) to make the program run in 30 seconds. But
even outside high-frequency trading environments, there are financial applications for which
a lack of speed becomes a hindrance – just think of testing (or ‘backtesting’). We will rarely
devise a model, implement it and start to use it; we will start by testing a model on historic
data. The faster our programs are, the more we can test. Also, we may want to scale up the
model later on, maybe with more data or more assets, hence faster routines become desirable.

2.3 Calibrating Model Parameters

Calibrating an option pricing model means to find parameters such that the model’s prices
are consistent with market prices, leading to an optimisation problem of the form

min
M

∑
i=1

∣∣Cmodel
i −Cmarket

i

∣∣
Cmarket

i

(2.13)

where M is the number of market prices. Alternatively, we could specify absolute deviations,
use squares instead of absolute values, or introduce weighting schemes. The choice of the
objective function depends on the application at hand; ultimately, it is an empirical question
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to determine a good objective function. Since here we are interested in numerical aspects, we
will use specification (2.13). Figure 2.8 shows an example objective function for the Heston
model (on a log scale) when varying two parameters – mean reversion κ and volatility-of-
volatility σ – while holding the others fixed. The problem is not convex, and standard methods
(e.g., based on derivatives of the objective function) may fail. The optimisation problem can
be tackled in different ways, of instance by local smoothing or regularisation of the objective
function (see for instance [8, 9] or [10]). We deploy heuristic methods, Differential Evolution
[37] and Particle Swarm Optimisation [17], to solve problem (2.13). Heuristic methods have
the advantage that we can clearly differentiate between the financial and empirical aspects of
the model on the one hand, and its numerical solution on the other. For instance, we may well
decide that smoothing the objective function is a good idea if our data is subject to sampling
error. In other words, smoothing would be employed for empirical reasons; not because we
are forced to do so because our numerical methods are not capable of handling the problem.
For a numerical analyst, an optimisation model is well-posed if it has a solution, the solution is
unique, and the model is not too sensitive, i.e., small perturbations in the data do not change
the solution disproportionately. Using regularisation we can transform ill-posed into well-
posed models, but of course that means that we change the model that we solve. Yet if we are
interested in the financial application, it matters for what purpose we have set up the model
in the first place. For instance, if we just aim to interpolate option prices, the uniqueness of a
solution may not be our primary concern, only the model fit. See [23] for a further discussion.

When we evaluate (2.13), we price not just one option, but a whole array of different
strikes and different maturities. But for a given set of parameters that describe the underlying
process of the model, the characteristic function φ only depends on the time to maturity, not
on the strike price. This suggests that speed improvements can be achieved by preprocessing
those terms of φ that are constant for a given maturity, and then compute the prices for all
strikes for this maturity, see [28] for a discussion, see Algorithm 2.1 for a summary.
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Algorithm 2.1 Computing the Prices for a Given Surface

1: set parameters, set T = maturities, set X = strikes
2: for τ ∈T do
3: compute characteristic function φ
4: for X ∈X do
5: compute price for strike X , maturity τ
6: end for
7: end for
8: compute objective function

2.3.1 Differential Evolution

Differential Evolution (DE) is described in detail in [37]. DE evolves a population of nP so-
lutions, stored in real-valued vectors of length p (p is five for Heston, eight for Bates). In
every generation k, the algorithm creates nP new candidate solutions; one new solution for
each existing one. Such candidate solutions are constructed by taking the difference between
two other solutions, weighting this difference, and adding the weighted difference to a third
solution. Then an element-wise crossover takes place between the auxiliary solutions P(v) and
the original solutions. If such a final candidate solution is better than the original solution, it
replaces it; if not, the old solution is kept.

Algorithm 2.2 summarises the technique. (Notation: nG - number of generations; F -
weight parameter; CR - crossover probability; P - population (a matrix of size p× nP); �(·)
- integers; F - objective function; ζ - a random variate with uniform distribution on [0 1]).

Algorithm 2.2 Differential Evolution
1: set parameters nP, nG, F and CR

2: initialise population P(1)
j,i , j = 1, . . . , p, i = 1, . . . ,nP

3: for k = 1 to nG do
4: P(0) = P(1)

5: for i = 1 to nP do
6: generate �1, �2, �3 ∈ {1, . . . ,nP}, �1 	= �2 	= �3 	= i

7: compute P(v)
·,i = P(0)

·,�1
+F× (P(0)

·,�2
−P(0)
·,�3

)
8: for j = 1 to p do

9: if ζ < CR then P(u)
j,i = P(v)

j,i else P(u)
j,i = P(0)

j,i
10: end for
11: if F(P(u)

·,i ) < F(P(0)
·,i ) then P(1)

·,i = P(u)
·,i else P(1)

·,i = P(0)
·,i

12: end for
13: end for
14: find best solution gbest = argmini F(P(1)

·,i )

15: solution = P(1)
·,gbest
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2.3.2 Particle Swarm Optimisation

In Particle Swarm Optimisation (PS; [17]), we again have a population that comprises nP

solutions, stored in real-valued vectors. In every generation, a solution is updated by adding
another vector called velocity vi. We may think of a solution as a position in the search
space, and of velocity as a direction into which the solution is moved. Velocity changes over
the course of the optimisation, the magnitude of change is the sum of two components: the
direction towards the best solution found so far by the particular solution, Pbesti, and the
direction towards the best solution of the whole population, Pbestgbest. These two directions
are perturbed via multiplication with a uniform random variable ζ and constants c(·), and
summed, see Statement 7. The vector so obtained is added to the previous vi, the resulting
updated velocity is added to the respective solution. In some implementations, the velocities
are reduced in every generation by setting the parameter δ , called inertia, to a value smaller
than unity.

Algorithm 2.3 details the procedure. (Notation: nG - number of generations; P - population
(a matrix of size p×nP); F - objective function; Fi - objective function value associated with
the ith solution; ζ - a random variate with uniform distribution on [0 1]).

Algorithm 2.3 Particle Swarm

1: set parameters nP, nG, δ , c1 and c2

2: initialise particles P(0)
i and velocity v(0)

i , i = 1, . . . ,nP

3: evaluate objective function Fi = F(P(0)
i ), i = 1, . . . ,nP

4: Pbest = P(0), Fbest = F , Gbest = mini(Fi), gbest = argmini(Fi)
5: for k = 1 to nG do
6: for i = 1 to nP do
7: �vi = c1×ζ1× (Pbesti−P(k−1)

i )+c2×ζ2× (Pbestgbest−P(k−1)
i )

8: v(k)
i = δv(k−1)+ �vi

9: P(k)
i = P(k−1)

i + v(k)
i

10: end for
11: evaluate objective function Fi = F(P(k)

i ), i = 1, . . . ,nP

12: for i = 1 to nP do
13: if Fi < Fbesti then Pbesti = P(k)

i and Fbesti = Fi
14: if Fi < Gbest then Gbest = Fi and gbest = i
15: end for
16: end for
17: solution = P(nG)

·,gbest

2.3.3 A Simple Hybrid

Population-based methods like PS and DE are often effective in exploration: they can quickly
identify promising areas of the search space; but then these methods converge only slowly. In
the literature we thus often find combinations of population-based search with local search
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(in the sense of a trajectory method that evolves only a single solution); an example are
Memetic Algorithms [31]. We also test a simple hybrid based on this idea; it combines DE

and PS with a direct search component. In the classification systems of [38] or [40], this is a
high-level relay hybrid.

Preliminary tests suggested that the objective function is often flat, thus different parame-
ter values give similar objective function values. This indicates that (i) our problem may be
sensitive to small changes in the data when we are interested in precise parameter estimates;
and that (ii) if we insist on computing parameters precisely, we may need either many iter-
ations, or an algorithm with a large step size. Thus, as a local search strategy, we use the
direct search method of [32] as implemented in Matlab’s fminsearch. This algorithm
can change its step size; it is also robust in case of noisy objective functions (e.g., functions
evaluated by numerical techniques that may introduce truncation error, as could be the case
here). The hybrid is summarised in Algorithm 2.4.

Algorithm 2.4 Hybrid Search

1: set parameters for population-based method
2: for k = 1 to nG do
3: do population-based search
4: if local search then
5: select nS solutions as starting values for local search
6: for each selected solution do
7: perform local search
8: update solution in population
9: end for

10: end if
11: end for

For an implementation, we need to decide how often we start a local search, how many
solutions we select, and how we select them. In the extreme, with just one generation and
nS = nP, we would have a simple restart strategy for the local search method.

Nelder–Mead Search

Spendley et al. (1962) [36] suggested to code a solution x as a simplex. A simplex of dimen-
sion p consists of p + 1 vertices (points), hence for p = 1 we have a line segment; p = 2 is
a triangle, p = 3 is a tetrahedron, and so on. In the algorithm of [36], this simplex could be
reflected across an edge, or it could shrink. Thus, the size of the simplex could change, but
never its form. Nelder and Mead (1965) [32] added two more operations: now the simplex
could also expand and contract; hence the simplex could change its size and its form. The
possible operations are illustrated in the following figure:



24 M. Gilli and E. Schumann

a simplex (p = 2)

x1 x2

x3

reflection

x1 x2

x3

x̄

xR

expansion

x1 x2

x3

x̄

xR

xE

outside contraction

x1 x2

x3

x̄

xR

inside contraction

x1 x2

x3

x̄

xC′

shrinking

x1 x2

x3

Algorithm 2.5 outlines the Nelder–Mead algorithm. The notation follows [41]; when solu-
tions are ordered as

x1, x2, . . . ,xp+1

this means we have

F(x1) < F(x2) < .. . < F(xp+1) .

We denote the objective values associated with particular solutions as F1 , F2 , . . . , Fp+1 .
Typical values for the parameters in Algorithm 2.5 are

ρ = 1,χ = 2, γ = 1/2, and ς = 1/2 ;

these are also used in Matlab’s fminsearch. Matlab transforms our initial guess x into

x(1) x(1) +εx(1) x(1) x(1) . . . x(1)

x(2) x(2) x(2) +εx(2) x(2) . . . x(2)

x(3) x(3) x(3) x(1) + εx(3) . . . x(3)

...
...

...
...

. . .
...

x(p) x(p) x(p) x(p) . . . x(p) + εx(p)

(2.14)

where the superscript (i) denotes the ith element of x. In the implementation used here (Matlab

2008a), ε is 0.05. If x(i) is zero, then εx(i) is set to 0.00025.
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Algorithm 2.5 Nelder–Mead Search
1: set ρ , χ , γ , ς
2: while stopping criteria not met do
3: order points x1, . . . ,xp+1 , compute x̄ = 1/p ∑p

i=1 xi

4: set shrink = false

5: xR = x̄ +ρ(x̄− xp+1), FR = F(xR) # reflect
6: if F1 ≤ FR < Fp then
7: x∗ = xR
8: else if FR < F1 then
9: xE = x̄ + χ(xR− x̄), FE = F(xE) # expand

10: if FE < FR then x∗ = xE else x∗ = xR
11: else if FR ≥ Fp then
12: if Fp ≤ FR < Fp+1 then
13: xC = x̄ + γ(xR− x̄), FC = F(xC) # outside contract
14: if FC ≤ FR then x∗ = xC else shrink = true

15: else
16: xC′ = x̄− γ(x̄− xp+1), fC′ = f (xC′) # inside contract
17: if FC′ < Fp+1 then x∗ = xC′ else shrink = true

18: end if
19: end if
20: if shrink == true then
21: xi = x1 + ς(xi−x1) , i = 2, . . . , p+1
22: else
23: xp+1 = x∗
24: end if
25: end while

The simplex adjusts to the contours of the objective function (i.e., it can ‘stretch’ it-
self) and so can make larger steps into favourable directions. But this flexibility can also
be a disadvantage: try to visualise a narrow valley along which a long-stretched simplex

advances. If this valley were to take a turn, the simplex could
not easily adapt (see [41] for a discussion). This phenomenon seems to occur in our problem.
When we initialise the simplex, the maximum of a parameter value is 5% greater than its
minimum, and this is true for all parameters by construction, see Equation (2.14). Thus the
stretch in relative terms along any dimension is the same. When we run a search and compare
this initial with the final simplex, we often find that the stretch along some dimensions is 200
times greater than along other dimensions; the condition number of a simplex often increases
from 103 or so to 1012 and well beyond. This can be a warning sign, and here it is: it turns
out that restarting the algorithm, i.e., re-initialising the simplex several times, leads to much
better solutions.

2.3.4 Constraints

We constrain all heuristics to favour interpretable values: thus we want non-negative vari-
ances, correlation between -1 and 1, and parameters like κ , σ and λ also non-negative. These



26 M. Gilli and E. Schumann

constraints are implemented through penalty terms. For any violation a positive number pro-
portional to the violation is added to the objective function. There are other approaches to
incorporate constraints, for instance variable transformations (see [20] (Sect. 7.4) or [33]).
Penalties have the advantage here that they are quick and easy to implement.

2.4 Experiments and Results

We create artificial data sets to test our techniques. The spot price S0 is 100, the riskfree rate r
is 2%, there are no dividends. We compute prices for strikes X from 80 to 120 in steps of size
2, and maturities τ of 1/12, 3/12, 6/12, 9/12, 1, 2 and 3 years. Hence our surface comprises 21× 7
= 147 prices. Given a set of parameters, we compute option prices and store them as the true
prices. Then we run 10 times each of our methods to solve problem (2.13) and see if we can
recover the parameters; the setup implies that a perfect fit is possible. The parameters for the
Heston model come from the following table (each column is one parameter set):

√
v0 0.3 0.3 0.3 0.3 0.4 0.2 0.5 0.6 0.7 0.8√
θ 0.3 0.3 0.2 0.2 0.2 0.4 0.5 0.3 0.3 0.3

ρ -0.3 -0.7 -0.9 0.0 -0.5 -0.5 0.0 -0.5 -0.5 -0.5
κ 2.0 0.2 3.0 3.0 0.2 0.2 0.5 3.0 2.0 1.0
σ 1.5 1.0 0.5 0.5 0.8 0.8 3.0 1.0 1.0 1.0

For the Bates model, we use the following parameter sets:

√
v0 0.3 0.3 0.3 0.3 0.4 0.2 0.5 0.6 0.7 0.8√
θ 0.3 0.3 0.2 0.2 0.2 0.4 0.5 0.3 0.3 0.3

ρ -0.3 -0.7 -0.9 0.0 -0.5 -0.5 0.0 -0.5 -0.5 -0.5
κ 2.0 0.2 3.0 3.0 0.2 0.2 0.5 3.0 2.0 1.0
σ 0.3 0.5 0.5 0.5 0.8 0.8 1.0 1.0 1.0 1.0
λ 0.1 0.1 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2
μJ -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1 -0.1
σJ 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

With ten different parameter sets for every model and with ten optimisation runs (restarts) for
each parameter set, we have 100 results for each optimisation method. For each restart we
store the value for the objective function (the mean percentage error; Equation (2.13)), and
the corresponding parameter estimates. For the latter we compute absolute errors, i.e.,

error = | estimated parameter − true parameter | .
Below we look at the distributions of these errors.

All algorithms are coded in Matlab, for the direct search we use Matlab’s
fminsearch. We ran a number of preliminary experiments to find effective parameter val-
ues for the algorithms. For DE, the F-parameter should be set to around 0.3–0.5 (we use 0.5);
very low or high values typically impaired performance. The CR-parameter had less influence,
but levels close to unity worked best; each new candidate solution is then likely changed in
many dimensions. For PS, the main task is to accelerate convergence. Velocity should not be
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allowed to become too high, hence inertia should be below unity (we set it to 0.7); we also
restricted maximum absolute velocity to 0.2. The stopping criterion for DE and PS is a fixed
number of function evaluations (population size × generations); we run three settings,

1 250 (25×50) ,
5 000 (50×100) ,

20 000 (100×200) .

On an Intel P8700 single core at 2.53 GHz with 2 GB of RAM one run takes about 10, 40 or
160 seconds, respectively. An alternative stopping criterion is to halt the algorithm once the
diversity within the population – as measured for instance by the range of objective function
or parameter values – falls below a tolerance level. This strategy works fine for DE where the
solutions generally converge rapidly, but leads to longer run times for PS.

For the hybrid methods, we use a population of 25 solutions, and run 50 generations. Every
10 generations, one or three solutions are selected, either the best solutions (‘elitists’) or
random solutions. These solutions are then used as the starting values of a local search. This
search comprises repeated applications of Nelder–Mead, restricted to 200 iterations each,
until no further improvement can be achieved; ‘further improvement’ is a decrease in the
objective function greater than 0.1% . One run of the hybrid takes between 10 and 30 seconds.

2.4.1 Goodness-of-Fit

We first discuss the achieved objective function values, i.e., the average percentage pricing
error. Figures 2.9 to 2.16 show the empirical distributions of the pricing errors. For the pure
population-based approaches, the grey scales indicate the increasing number of function eval-
uations (1 250, 5 000, and 20 000).

For the Heston model, all methods converge quickly to very good solutions with pricing
errors less than one percent; we can also achieve a perfect fit. (Not reported: we ran further
tests for DE and PS with more function evaluations which increased running time to 3–5
minutes; then both algorithms converged on the true solutions without exception. However,
for practical purposes, the precision achieved here is sufficient.) DE converges faster than PS.
This becomes apparent for the hybrid algorithms. Here, for DE it makes little difference how
we select solutions for local search (random or elitists) because all members of the population
are similar. For PS, selecting solutions by quality works better, see Figures 2.11 and 2.12.

It is more difficult to calibrate the Bates model. Figures 2.13 to 2.16 show that convergence
is slower here. The hybrid methods perform very well; in particular so when based on DE, or
on PS with solutions chosen by quality. For both the Heston and the Bates model, the hybrid
performed best, with a small advantage for the DE-based algorithm.

2.4.2 Parameters

It is also of interest to know how fast the parameter estimates converge to their true values –
or if they do. To save space here, we only present results for DE; convergence for other
methods looked similar. Figures 2.17 and 2.18 show that for the Heston model, the parameters
converge roughly in-line with the objective function; see for instance Figure 2.9. Still, good
fits (say, less than one percent pricing error) can be achieved with quite different parameter
values.
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Fig. 2.9 Heston model: Distributions of errors for Differential Evolution. Darker grey indi-
cates more iterations.
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Fig. 2.10 Heston model: Distributions of errors for Particle Swarm Optimisation. Darker grey
indicates more iterations.
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Fig. 2.11 Heston model: Distributions of errors for hybrid based on Differential Evolution
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Fig. 2.12 Heston model: Distributions of errors for hybrid based on Particle Swarm
Optimisation
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Fig. 2.13 Bates model: Distributions of errors for Differential Evolution. Darker grey indi-
cates more iterations.
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Fig. 2.14 Bates model: Distributions of errors for Particle Swarm Optimisation. Darker grey
indicates more iterations.
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Fig. 2.15 Bates model: Distributions of errors for hybrid based on Differential Evolution

−1 0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

errors in %

 

 

1 search (best)
3 searches (best)
1 search (random)
3 searches (random)

Fig. 2.16 Bates model: Distributions of errors for hybrid based on Particle Swarm
Optimisation
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Fig. 2.17 Convergence of parameter estimates for the Heston model with DE. The figure
shows the distributions of absolute errors in the parameters for

√
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Fig. 2.18 Convergence of parameter estimates for the Heston model with DE. The figure
shows the distributions of absolute errors in the parameters for κ (left), and σ (right).

For the Bates model, the results are worse: Figures 2.19, 2.20, and 2.21 give results. Those
parameters that are also in the Heston model are estimated less precisely; but for the jump pa-
rameters (λ , μJ and σJ) there is essentially no convergence. No convergence in the parameters
does not mean we cannot get a good fit; compare Figures 2.13 to 2.16 and the discussion be-
low. This non-convergence is to some extent owed to our choice of parameters. Experiments
with Merton’s model (not reported) showed that for ‘small’ mean jumps μJ of magnitude
-10% or -20%, it is difficult to recover parameters precisely because many parameter values
give price errors of practically zero. In other words, the optimisation is fine, we can well fit
the prices, but we cannot accurately identify the different parameters. In any case, parameter
values of the magnitude used here have been reported in the literature (e.g., [14] or [35]). The
precision improves for large jumps. This is consistent with other studies: [25] for instance
report relatively-precise estimates for a mean jump size -90%. At some point, this begs the
question how much reason we should impose on the parameters. An advantage of theoretical
models over simple interpolatory schemes is the interpretability of parameters. If we can only
fit option prices by unrealistic parameters, there is little advantage in using such models.

The convergence of parameters is also pictured in Figures 2.22 to 2.26. The graphics show
the parameter errors of a solution compared with the overall price error of the respective
solutions. In the middle panel of Figure 2.22, for example, we see that in the Heston model
we can easily have a price error of less than one percent, but a corresponding error in long-run
volatility of 0.2 (i.e., 20 percentage points!). Most remarkable is Figure 2.26: we see that for
μJ and σJ , practically any value can be compatible with a low price error.
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Fig. 2.19 Convergence of parameter estimates for the Bates model with DE. The figure shows
the distributions of absolute errors in the parameters for

√
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(right).
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Fig. 2.20 Convergence of parameter estimates for the Bates model with DE. The figure shows
the distributions of absolute errors in the parameters for κ (left), σ (middle), and λ (right).

0 0.5 1
0

0.2

0.4

0.6

0.8

1

errors
0 0.5 1

0

0.2

0.4

0.6

0.8

1

errors

Fig. 2.21 Convergence of parameter estimates for the Bates model with DE. The figure shows
the distributions of absolute errors in the parameters for μJ (left), and σJ (right).

2.4.3 Conditioning of the Problem

We have seen that good results in terms of the objective function – i.e., low price errors –
can go along with sometimes large errors in the estimated parameters. This can have to do
with specific parameter settings as discussed above for Merton’s jump diffusion model; it
also reflects the fact that both stochastic volatility and jumps can generate the volatility smile
(though stochastic volatility models are better at this for long maturities, and jump models
are better for short expirations, see [11]). The optimisation procedure hence cannot clearly
attribute the smile to either cause. This is an identification problem, a problem of the model,
not of the numerical technique.
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Fig. 2.22 Goodness of fit vs parameter errors for the Heston model with DE. The x-scale
gives the objective function value (average error in percentage points) for solutions. The y-
scale shows the associated absolute errors in the parameters for
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Fig. 2.23 Goodness of fit vs parameter errors for the Heston model with DE. The x-scale
gives the objective function value (average error in percentage points) for solutions. The y-
scale shows the associated absolute errors in the parameters for κ (left), and σ (right).
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Fig. 2.24 Goodness of fit vs parameter errors for the Bates model with DE. The x-scale gives
the objective function value (average error in percentage points) for solutions. The y-scale
shows the associated absolute errors in the parameters for

√
v0 (left),
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θ (middle), and ρ

(right).

Our objective function (2.13) can be rewritten as a system of nonlinear equations
∣∣Cmodel

i −Cmarket
i

∣∣
Cmarket

i

= 0 (2.15)
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Fig. 2.25 Goodness of fit vs parameter errors for the Bates model with DE. The x-scale gives
the objective function value (average error in percentage points) for solutions. The y-scale
shows the associated absolute errors in the parameters for κ (left), σ (middle), and λ (right).
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Fig. 2.26 Goodness of fit vs parameter errors for the Bates model with DE. The x-scale gives
the objective function value (average error in percentage points) for solutions. The y-scale
shows the associated absolute errors in the parameters for μJ (left), and σJ (right).

where i ∈ 1, . . . ,M. The number of market prices M is greater than the number of parameters,
so the system is overidentified; it can only be solved by minimising a norm of the residual.
The conditioning of a system of equations does not necessarily affect the size of the residual:
even badly-conditioned equations may result in small residuals; but the parameters can then
not be accurately determined. This seems to be the case here.

To test the conditioning, we explicitly evaluate the Jacobian matrix J at every step of
the optimisation. J is a matrix of size M×#{x0} where #{x0} is number of parameters of
a solution x0, h is a small number, and e j is the jth unit vector. We denote c0 a vector of
length M that stores the relative price errors. Algorithm 2.6 describes how to approximate the
Jacobian of (2.15) by a forward difference.

Algorithm 2.6 Computing the Jacobian matrix

1: set h
2: compute c0: the left-hand side of Equation (2.15) for parameters x0
3: for j = 1 to #{x0} do
4: compute x j = x0 +he j
5: compute c j: the left-hand side of Equation (2.15) for parameters x j
6: J·, j = (c j− c0)/h
7: end for
8: compute condition number of J
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We find that mostly the condition number of the models is numerically acceptable for
double precision (say, of order 105 or 106), even though there are steps where the conditioning
deteriorates dramatically. An example for the Bates model (

√
v0 = 0.3,

√
θ = 0.3, ρ =−0.3,

κ = 2, σ = 0.3, λ = 0.10, μJ = −0.10, σJ = 0.10) is given in Figure 2.27. For the Heston
model, the conditioning is better.

0 10 20 30 40 50 60 70 80 90 100
100

10
100

10200

Fig. 2.27 Condition number of Jacobian for one solution over 100 generations

Just because the condition number is numerically acceptable does not mean the model is
fine. For intuition: in a linear regression model, the Jacobian is the data matrix. The condition
number of this matrix can be acceptable even though high correlation between the columns
may prohibit any sensible inference. The following Matlab script sets up a linear regression
model with extremely correlated regressors.

1 % set number of observations, number of regressors
2 nObs = 150; nR = 8;
3
4 % set up correlation matrix
5 C = ones(nR,nR) * 0.9999; C( 1:(nR+1):(nR*nR) ) = 1;
6
7 % create data
8 X = randn(nObs,nR); C = chol(C); X = X*C; bTrue = randn(nR,1);
9 y = X*bTrue + randn(nObs,1)*0.2;

The regression X\y can be computed without numerical problems, though we had better not
interpret the coefficients.

The conditioning of the Bates model does not matter much if we just aim to interpolate
current option prices; it is a problem if we want to compute parameters accurately from option
prices – which we cannot do for this model.

2.5 Conclusion

In this chapter we have investigated the calibration of option pricing models. We have shown
how to calibrate the parameters of a model with heuristic techniques, Differential Evolution
and Particle Swarm Optimisation, and that we can improve the performance of these methods
by adding a Nelder–Mead direct search. While good price fits could be achieved with all
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methods, the convergence of parameter estimates was much slower; for the jump parameters
of the Bates model, there was no convergence. This, it must be stressed, is not a problem of
the optimisation technique, but it stems from the model. In comparison, parameters of the
Heston model could be estimated more easily.

In empirical studies on option pricing models (e.g., [3], or [35]), the calibration is often
taken ‘for granted’; it is rarely discussed whether, for instance, restarts of an optimisation
routine with different starting values would have resulted in different parameter estimates,
and how such different estimates would have had influenced the studies’ results. In [21] we
showed that standard gradient-based methods often fail for the kinds of calibration problems
discussed in this chapter, and that restarts with different starting values can lead to very differ-
ent solutions. Different parameter values may lead to good overall fits in terms of prices, but
these different parameters may well imply very different Greeks, or have a more marked influ-
ence on prices of exotic options. Hence empirical studies that look for example into hedging
performance should take into account the sensitivity of their results with respect to calibra-
tion. With luck, all that is added is another layer of noise; but the relevance of optimisation is
to be investigated by empirical testing, not by conjecturing. Such testing is straightforward:
we just need to rerun our empirical tests many times, each time also rerunning our calibration
with alternative starting values, and hence can get an idea of the sensitivity of outcomes with
respect to optimisation quality. Ideally, optimisation quality in-sample should be evaluated
jointly with empirical, out-of-sample performance of the model, see [22].

Our findings underline the point raised in [23] that modellers in quantitative finance should
be sceptical of purely-numerical precision. Model risk is a still under-appreciated aspect in
quantitative finance (and one that had better not be handled by rigorous mathematical mod-
elling). For instance, [35] showed that the choice of an option pricing model can have a large
impact on the prices of exotic options, even though all models were calibrated to the same
market data. Unfortunately, different calibration criteria lead to different results, see [14].
In the same vein, [27] find that different models, when calibrated to plain vanilla options,
exhibit widely-differing pricing performance when used to explain actual prices of barrier op-
tions. Our results suggest that the lowly numerical optimisation itself can make a difference.
How important this difference is needs to be assessed empirically.
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Summary. Detection of turning points is a critical task for financial forecasting applications.
This chapter proposes a comparison between two different classification approaches on such
a problem. Nature-Inspired methodologies are attracting growing interest due to their ability
to cope with complex tasks like classification, forecasting, and anomaly detection problems.
A swarm intelligence algorithm, namely Particle Swarm Optimization (PSO), and an artifi-
cial immune system algorithm, namely Negative Selection (NS), have been applied to the
task of detecting turning points, modeled as an Anomaly Detection (AD) problem. Particular
attention has also been given to the choice of the features considered as inputs to the classi-
fiers, due to the significant impact they may have on the overall accuracy of the approach. In
this work, starting from a set of eight input features, feature selection has been carried out
by means of a greedy hill climbing algorithm, in order to analyze the incidence of feature
reduction on the global accuracy of the approach. The performances obtained from the two
approaches have also been compared to other traditional machine learning techniques imple-
mented by WEKA and both methods have been found to give interesting results with respect
to traditional techniques.

3.1 Introduction

Every financial time series follows a zig-zag path, consisting of alternating upward and down-
ward price swings [18]. Such a behaviour happens and can be observed at all scales [26], even
if price movements are not regular and look unpredictable. A typical financial market action
consists of alternating up- and down-trends, separated by turning points, which correspond to
local maxima or minima of the prices of a financial instrument. One of the most important ob-
jectives of financial market forecasting techniques is to detect turning points consistently and
correctly. Such price movements are not regular and the application of common forecasting
tools does not provide satisfactory results.

Several studies in the literature recognize Technical Analysis as one of the most popular
approaches to analyze price movements. Indeed, based on the Dow Theory principles [25], it
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uses historical prices to predict future movements, reformulating the approach into a classifi-
cation and pattern recognition problem, that attempts to classify observations into categories,
generally by using pattern learning [23, 36]. Researches in this area involved the detection of
patterns and the definition of ‘positive’ or ‘negative’ classes of data.

In this sense, the task of predicting the overall price movements of a security in the next
period can be modeled as an anomaly detection problem. In behaviour-based approaches to
anomaly detection, the model of normal behaviour is constructed from an observed sample
of normally occurring patterns.

In financial problems, a normal pattern of behaviour for the price of a security may be
defined as a continuing trend, whereas an anomaly in this setting would consist of a trend
reversal. Then, the problem of anomaly detection can be naturally recast into a ‘one-class’
classification problem, where only examples of a single class are used and all the others are
considered to be outliers. In this research area, machine learning and nature-inspired algo-
rithms appear to be promising, being able to discover satisfactory solutions with unbalanced
datasets (the number of instances of normal behaviour is, by definition, greater than the num-
ber of anomalies). In this sense particular attention is given to the ideas of the Artificial
Immune Systems (AIS), computational systems inspired by theoretical immunology.

The biological immune system is a robust, complex, adaptive system that defends the
body from foreign pathogens. Indeed, a fundamental problem solved by most AIS can be
thought of as learning to discriminate between ‘self’ (the normally occurring patterns in the
system being protected, e.g., the body) and ‘non-self’ (foreign pathogens, such as bacteria or
viruses, or components of self that are no longer functioning normally). Their development
and application domain are related to those of other soft computing paradigms such as Ar-
tificial Neural Networks (ANNs), Evolutionary Algorithms (EAs) and Fuzzy Systems (FS).
Actually, the AIS literature boasts successful applications in a wide variety of areas, such as
optimization, data analysis, computer security, pattern recognition and classification.

Nature-inspired techniques have been demonstrated to be effective for financial applica-
tions in some fields [30] and hybridized approaches with classical machine learning methods
were proposed, especially in particularly complex applications [22]. The problem of predict-
ing the trend of a financial instrument is approached using several methods, including, Particle
Swarm Optimization [7], which we adopted as well in our approach, and, in a large number
of cases, Artificial Neural Networks, often focusing on the selection of the technical indices
to be used for the statistical analysis [19, 40].

In this chapter, we describe a more complete and in-depth comparative analysis of two
approaches presented for the first time in [3], where we employed two types of nature-inspired
algorithms, respectively Particle Swarm Optimization and Negative Selection (taken from
AIS), applied to the creation of an optimal hyperspherical detector set. The former algorithm
leads to a positive selection mechanism whereas the latter uses a negative selection process,
defining the anomalous space as the complement of the normal one. The performances of the
two approaches are compared with the aim of assessing which one is more suited for trend
reversal detection.

Particular attention should also be given to the choice of the features considered as inputs
to the classifiers, due to the significant impact that they may have over the global accuracy
of the approach. In this work, starting from a set of eight input features, a feature selection
procedure (a greedy algorithm) has been carried out manually, in order to analyze in detail
the incidence of feature reduction on the global accuracy of the approach.

This paper is organized as follows. Section 3.2 presents the financial problem. The detec-
tor models and the other machine learning approaches considered for comparison are stated
in Section 3.3, while a discussion about the incidence of the feature reduction is presented in
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Section 3.4, together with the two feature selection algorithms considered for this scope. The
results obtained from the experiments carried out by applying PSO and NS algorithms are
presented in Section 3.5. Moreover, to make the case for the attractiveness of the approach,
a detailed comparison of the classification performances obtained by using some of machine
learning algorithms implemented in WEKA [38] has been provided, while Section 3.6 dis-
cusses the results obtained. Finally, Section 3.7 provides some concluding remarks.

3.2 Problem Description

As a general principle, wherever there is an oscillation or a vibration, whether in the tides of
an ocean or in the heat of a system or in a pendulum, it should be possible to extract some
energy by means of an implement that acts so as to damp the oscillation. If the mass or energy
of the oscillating system were very large with respect to the energy-extracting implement, the
damping caused by energy extraction would be negligible and the process could continue
indefinitely.

As previously indicated, even the most casual observer of a financial time series will no-
tice that prices of financial instruments move up and down [18]; furthermore, this behaviour
happens and can be observed at all scales [26]. Therefore, a trader on the financial markets
should be able to extract a profit from the oscillations in the price of a security, much like one
should be able to extract energy from an oscillating physical system, the liquidity of a security
being the financial notion corresponding to the mass of the system under exploitation.

An obstacle to putting this idea into practice is that the price movements of real securities
traded on financial markets are not regular and look, at least to some extent, unpredictable.
However, if an algorithm is able to predict with a less than 50% error the overall direction of
price movement in the next period, an arbitrary profit could be extracted from trading a very
‘liquid’ security, provided that a sound money management strategy is enforced [37].

We equate the task of predicting the overall price movement of a security in the next
period to the task of detecting an anomaly in a system. More specifically, a normal pattern
of behaviour for the price of a security may be defined as continuing a trend, whereas an
anomaly consists, in this setting, of a trend reversal.

To demonstrate the viability of such an idea, we approach here a very simple instance of
the above general problem, where daily series of an index are considered and a reversal is
defined as a change in the sign of the log return of the next period with respect to the previous
period. In this sense we are able to define, for each day i of the time series, the target of
our detection problem with a value equal to 0 or 1, corresponding, respectively, to a normal
behaviour defined as continuing a trend, or an anomaly, when a trend reversal occurs. The
target setting is defined by Equation 3.1:

target(t) =

{
0 ifsgn

(
log
( C(t)

C(t−1)

))
= sgn

(
log
(C(t+1)

C(t)

))
,

1 otherwise,
(3.1)

where C(t) represents the closing price of the financial instrument at time t.
The problem inputs are then defined, to begin with, by considering the log return of the

daily historical prices and 7 different technical indicators for the same financial instrument.
Such technical indicators correspond to some of the most popular indicators used in technical
analysis and summarize important features of the time series of the considered financial instru-
ment [10]. They also represent useful statistics and technical information, and typically they
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are used for modeling some aspects of price movements. Some indicators, for example, use
only closing prices, while others incorporate the volume of trades into their formulae [23].

A brief description of the indicators considered in this work is reported in Table 3.1. Our
work discusses the S&P 500 index and Figure 3.1 shows the distribution of the eight indica-
tors for the period we have taken into account (from April 1992 to September 2009).

Table 3.1 Input Technical Indicators

Index Input Technical Indicator Description

X1 ri Log Return
X2 MA50(i) 50-day Moving Average
X3 EMA50(i) 50-day Exponential Moving Average
X4 RSI(i) Relative Strength Index
X5 Momentum(i) Rate of Price Change
X6 ROC(i) Rate Of Change
X7 MACD(i) Moving Average Convergence/Divergence
X8 SIGNAL(i) Exponential Moving Average on MACD
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Fig. 3.1 Distribution of the input features

There are several different technical indicators used by practitioners, and the choice of
those selected for this approach was made, at the beginning, also by selecting, together with
the most widely used, the most representative of different categories (e.g. moving averages,
oscillators). Nevertheless, due to the high computational cost required to evaluate the per-
formance of the approach in an eight-dimensional space, it was interesting to analyze the
incidence of the input reduction in practice. For this reason we ‘manually’ implemented a
kind of feature selection through a ‘greedy’ algorithm, in order to find an optimal subset of
inputs, capable of giving results of comparable quality as when using all eight features, thus
reducing the overall computational efforts. This algorithm has been compared with a solution
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based on an exhaustive search has also been implemented, but it has been restricted to the
reduction of just two features, for considering the elimination of more features would have
required too much computational effort. This topic of input reduction and the outcome of its
application to the problem at hand are discussed in detail below, in Section 3.4.

3.3 Anomaly Detection Methods

When we are coping with a classification problem of ‘normal’ vs. ‘anomalous’, having two
characteristic and representative training sets that resemble the true data distribution might be
hard or almost impossible and this problem becomes more pronounced when there is a small
availability of training data. In this case we might consider only one class (data resembling
normal behaviour) and define the outlier points as ‘anomalous’ behaviour. Many models for
one-class classification have been proposed, e.g., density methods, support vector machines
(SVM), clustering algorithms [35].

Our main goal is to obtain a set of detectors covering the feature space in the best way
for this particular anomaly detection problem. In this work, we considered different kinds of
models to define detectors. Some of them are based on machine learning approaches, using
for example different kinds of neural networks (MLPs, RBFNNs), nearest neighbour, decision
trees, etc. Others are based on geometrical solutions like hyperspherical detectors, that consist
of a set of coordinates, representing a point in the n-dimensional feature space, and a radius
value (hyperradius).

In this chapter we consider sets of hyperspherical detectors as defined in [2], working in
an n-dimension space. In particular, we use a vector-based representation where each detector
d is described as follows:

d = (x1, . . . ,xn, r), (3.2)

with x1, . . . ,xn the coordinates in the n-dimensional space and r the radius. Here, an obser-
vation (i.e., a point in the feature space) is considered non-anomalous if the distance (or
similarity) between the point and the detector coordinates is less than or equal to the radius.
As a measure of distance (or similarity), Euclidean distance will be used. The main advantage
of this detector type is the ease of representation and implementation.

Models of normal behaviour can represent either the set of allowed patterns (positive de-
tection) or the set of anomalous patterns (negative detection). This allows us to study the
financial price movements either with a positive selection algorithm, as the Particle Swarm
Optimization (PSO), or a negative one with the negative selection algorithm. Their basic steps
are briefly reported in the following subsections.

All the considered approaches follow the commonly accepted practice of machine learning
by defining a training and a test set, used, respectively, to create the detector sets and to test
their generalization capabilities, even if according to two main differences. Indeed, by using
PSO and NS, the training set contains only normal cases, while anomalies are added to the
test set. On the other hand, in machine learning approaches, both training and test sets contain
a balanced distribution of normal and anomalous cases.

The financial instrument considered in this work is the S&P 500 index, and its overall be-
haviour is represented by putting all the points of the time-series period into an n-dimensional
space, where n varies according to the number of features considered. The hyperspherical de-
tectors found by each method throughout the training set will then cover, respectively, the
normal or the anomalous behaviours in that space during the test phase.
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3.3.1 Particle Swarm Optimization

Particle Swarm Optimization (PSO) is a population-based optimization technique originally
introduced by Eberhart and Kennedy [21]. In this algorithm, based on the simulation of the
social behaviour of bird flocks and insects swarms, each individual (or particle), represented
by a real-valued vector, moves in the solution space following two main attraction points: the
best solution it has encountered so far and the best solution found by any other individual in
the swarm.

Each particle represents a solution si and it has a velocity vi which is updated at each
iteration k of the algorithm as follows:

vk+1
i = wvk

i + c1R1× (PBEST
i − sk

i )+c2R2× (GBEST− sk
i ) (3.3)

with w ∈ [0,1] an inertia factor, c1,c2 ∈ R two weight coefficients, R1 and R2 two uniformly
distributed random numbers in [0,1], PBEST

i the best solution found so far by the particle i
and GBEST the best solution found by all the particles within the swarm. Then, the particle
solutions are updated using sk+1

i = sk
i + vk+1

i .
The algorithm implemented follows the common steps of a PSO algorithm, with the pa-

rameters defined in Table 3.6. The inertia weight varies and is reduced during the run, in order
to have a good trade-off between a global (at the beginning) and a local exploration.

The PSO algorithm has been applied to several optimization problems [27], in particular
there are various applications on classification and clustering where PSO turns out to be
competitive compared to other classical machine learning algorithms [12, 33].

We used the algorithm to create a set of detectors that are able to maximize the coverage
of the normal behaviours in the training phase and to minimize the radius of each detector.
We implemented an algorithm that, for each iteration, removes from the dataset all the points
covered by the best detector found in that iteration. This way, at the end of the algorithm,
we obtain a set of detectors, each of them covering a subset of points in a satisfactory way.
Maximum and minimum values are also defined for the radius of each particle, in order to
avoid disruptive effects on the detection of unseen points in the space. The fitness function of
particles in the PSO algorithm is given by Equation 3.4:

f (x,r) =
nd

rd , (3.4)

where x is the vector with the coordinates in the solution space of the detector, r is the radius,
n is the number of points covered by the detector, and d is the number of dimensions of the
solution space.

The entire process of the PSO is reported in Algorithm 3.1. All the detectors in the
detectors set are used, and a point is defined normal if it is covered by, at least, one
detector.

3.3.2 Negative Selection

The negative selection (NS) algorithm generates a set of detectors by first randomly creating
candidates and then discarding those that correspond to the notion of self [13]. These detec-
tors can later be used for detecting anomalies. In the original proposal, the NS has three basic
steps: the self definition, defining a collection of binary strings S of limited length that needs
protection or monitoring; the detector generation, a set of detectors that fail to match any
strings in S; the monitoring phase, that monitors the set S for changes by continually match-
ing the detectors; if any detector ever matches S, then an anomaly must have occurred, since
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Algorithm 3.1 Particle Swarm Optimization Algorithm for Detectors Optimization

1: dataset← load dataset()
2: not covered points← size(dataset)
3: detectors set← /0
4: while not covered points > 0 do
5: BEST DETECTOR ← PSO ALGORITHM(dataset, particles number,

max iterations, max radius)
6: dataset← dataset \ data covered by(BEST DETECTOR)
7: not covered points← size(dataset)
8: detectors set← detectors set ∪ BEST DETECTOR
9: end while

the detectors are designed to never match any of the strings in S. The drawbacks found in the
NS with binary representation have encouraged the development of a Real Valued Negative
Selection Algorithm (RNS) [16], which has the same three basic steps of the original NS, but
employs real-valued encoding for the characterization of self and nonself. The detectors and
self points can be seen as hyperspheres; the self points represent normal behaviour and the
detectors are responsible for finding anomalies. The detectors radius determines the threshold
for the matching rule, which in this case is the Euclidean distance. This algorithm takes the
self samples, which are represented by n-dimensional points, and tries to evolve detectors
(another set of n-dimensional points) to cover the nonself space. This is performed through
an interactive process aiming at two main goals: keep the detectors away from the self set
and maximise the nonself space coverage by keeping the detectors apart. The hyperspace
covered by each detector can be set through a parameter r (radius). Once detector generation
is completed, the detectors can be employed in the third phase (monitoring).

In the original RNS, in which the number of detectors to be used has to be chosen be-
forehand, there is no way to determine if the algorithm is really improving the placement
of the detectors in order to provide the best possible distribution. In a subsequent version
of the algorithm [17], the number of detectors can be estimated beforehand and their posi-
tions are determined by the minimization of a function that represents the overlap between
the detectors themselves and between them and the points that represent the self. In these
implementations of RNS, all the detectors have the same radius, which may pose a scalability
limitation: if a small radius is chosen, a large number of detectors will be needed to cover the
space, while if a large radius is chosen, parts of the nonself space may be left uncovered.

One of the most critical aspects related to the negative selection algorithm regards the
presence of holes in the non-self space coverage. Such holes correspond to undetectable non-
self regions that did not match with the detectors. The number of holes is proportional to
the radius r of the detectors and to the similarities in the self set (the structure of the self
set). Indeed, as r decreases, the number of holes increases. Variants to the RNS algorithm are
developed in order to come up with a set of detectors that cover the complement space to the
normal one, in order to classify new, unseen data as normal or anomalous. The use of variable
shape and size of detectors helps to better cover holes and to address the high dimension
problems in such real-valued spaces. For example, Dasgupta and colleagues [4] considered
variable shapes such as hyperrectangles, hyperspheres, and hyperellipses, for covering the
non-self space, while other works [20, 34] presented a discussion concerning the usefulness
and the fairness of the negative selection technique for anomaly detection.
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Nevertheless, for simplicity, at the first step, the approach implemented in this work con-
siders the hyperspherical detector model, in which each normal sample is defined as a hy-
persphere centered in ci with constant radius rs, i.e. si = (ci,ri), i = 1, . . . , l, where l is the
number of input samples. Also the detectors d are represented as hyperspheres: d j = (c j,r j),
with j = 1, . . . , p, where p is the number of detectors generated, with center c j and radius r j.
In the first step, the radius of detectors is randomly generated within a given range, and the
detector set is generated by checking whether each hypersphere generated contains at least
one normal sample: only the detectors that do not include them are kept; the others are dis-
carded. In this algorithm the radius of a new detector is set to the Euclidean distance of the
nearest normal case from its center c j in the range [0,MAX RADIUS]. The general steps of the
negative selection algorithm are reported in Algorithm 3.2 and its parameters are shown in
Table 3.6.

Algorithm 3.2 Negative Selection Algorithm for Anomalous Space Covering

1: dataset, NDETS, dets options← load dataset(dataset, NDETS, options)
2: detectors set← /0
3: while number of detectors < NDETS do
4: det(c,r)← create detector(dets options)
5: if Euclidean distance(det, dataset) < det radius then
6: discard detector()
7: else
8: detector set← add(det)
9: end if

10: end while
11: anomalous check detection(detector set,dataset)

3.3.3 Machine Learning Approaches

As previously indicated by Glickman and colleagues in [15], within the domain of machine
learning, the learning phase of a binary classification task typically falls under the heading of
supervised learning, where the goal is to learn a mapping from inputs to outputs. In such a
system each training example would pair a specific input vector, containing the values of the
technical indicators, with its associated target output value or label, i.e., normal or anomalous.
After training, the system would be presented with new inputs (which might or might not have
been observed during training) and asked to infer the target output values.

A large number of machine learning algorithms were developed and applied effectively
on a wide range of problems in the last decades, and a complete introduction can be found
in the literature [39]. In this work we considered the WEKA data mining software platform
[38] for the application of a set of stable and well-known machine learning algorithms. Table
3.2 shows the list of such algorithms and it briefly indicates the main information and the val-
ues that the corresponding parameters assumed during the experiments. Detailed information
about each technique are reported in the references. It is worth noting that neural network
algorithms (like MLP and RBF) are to be considered nature-inspired due to their analogy with
the brain neuronal network, but in this work we will consider them at first Machine Learning
algorithms due to their extensive and well-established use in this field in recent decades.
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Table 3.2 Machine Learning algorithms

Algorithm Parameters settings Ref.

Radial Basis Function (RBF) Neural
Network with k-means clustering

10 basis functions, 0.25 minimum
standard deviation

[5]

Multilayer Perceptron (MLP) Neural
Network with back-propagation

Learning Rate 0.3, Momentum 0.2,
500 epochs of training without early
stopping criteria

[5]

K* Global Blending 75 [8]
Nearest Neighbour (NN) - [1]
RIPPERk (JRip) 3 folds [9]
Alternating Decision Tree (ADTree) 5 boosting iterations [14]
C4.5 3 folds [29]
Fast Decision Tree (REPTree) 30 folds, 2 minimum instances per

leaf
[31]

3.4 Feature Selection

Several works presented in the literature define feature selection (also known as subset se-
lection) as a process commonly used in machine learning, wherein a subset of the features
available from the data is selected for application of a learning algorithm. The best subset con-
tains the least number of dimensions that most contribute to accuracy. Then we are able to dis-
card the remaining, negligible dimensions. A detailed review concerning the feature selection
problem is reported in Sewell [32]. Feature reduction is an important stage of preprocessing.
Indeed, by removing most irrelevant and redundant features from the data, it improves the
performance of learning models by reducing the effect of the curse of dimensionality (see
Bishop [5] and Pudil et al. [28]), enhancing generalization capability, and, in simple mod-
els, speeding up the learning process. In particular, in this work, such feature selection could
become helpful in finding how all the financial technical indicators are correlated and the
incidence of their elimination.

Feature selection algorithms typically fall into two categories: feature ranking and subset
selection. The former rank the features by a metric and eliminate all features that do not
achieve an adequate score. The latter searches the set of possible features for the optimal
subset.

A common topic in classification is whether all the data could help to improve the overall
performance of the classifier. In fact, machine learning methods are able to ‘learn’ relation-
ships between the training data provided as inputs and the output of the system (a class in the
classification task). In some cases, an input might be irrelevant or redundant or, in the worst
case, add noise, thus reducing the performance of the classifier. In this work, we considered
the second kind of selection by applying the so-called ‘greedy backward elimination’ (see
Caruana and Freitag [6]), in which, starting will all the variables, at each step, the one that
decreases the accuracy the most is removed from the subset.

Optimal feature selection for supervised learning problems requires an exhaustive search
of all possible subsets of features of the chosen cardinality (i.e. an exhaustive search), but if
large numbers of features are available, this is impractical. For practical supervised learning
algorithms, the search is for a satisfactory set of features instead of an optimal set. For this
reason we then considered a greedy algorithm for feature reduction. In order to maintain a
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reduced computational time we set, for PSO and NS alike, a reduced numbers of detectors
equal to, respectively, 500 particles and 750,000 detectors.

3.4.1 Exhaustive Search

As shown in Table 3.1, in our previous work we considered eight different technical indicators
as inputs. Given such feature set, its subsets comprising a number of features ranging from 2
to 7 are 246 overall. All such combinations should be examined to find out the optimal subset
by exhaustive search. Due to the high computational time needed for such a complete search
we decided to concentrate our efforts by only applying an exhaustive search to the subsets
with, respectively, seven and six features, carrying out 36 combinations of features.

We denote as S{N} the subset of all the inputs but the features contained in set N, e.g.,
S{−} indicates the set of all the features and S{1,2} the subset with six features not including
the first and second.

The average accuracy that we obtained by applying the exhaustive search is shown, respec-
tively, in Table 3.3 for the subsets of seven, and, for the subsets of six features, in Tables 3.4
and 3.5. The average accuracy is calculated over 10 runs for each parameter setting. The first
results obtained from the subsets of seven features show how, with PSO and NS algorithms,
the technical indicators of moving average and exponential moving average are less influen-
tial than the other input features, while subsets of six features also include the Rate of Change
(ROC) technical indicator.

Instead, Figure 3.2 shows the comparison of the average accuracy of 10 simulations with
a feature subset of dimension 7 to the accuracy of the simulations with all the 8 features
provided as inputs, denoted with accuracy 1.0. This figure gives a simple clue about the
importance of each feature on the overall accuracy, as example the first feature (the log return)
seems to be critical for the performance of the algorithms, in fact with both approaches the
accuracy with the subset S{1} is clearly worse than the accuracy with the complete feature
sets (S{−}).

Table 3.3 Comparison among different feature subsets of 7 dimensions for PSO and NS
algorithms. Each column refers to the subset where the feature indicated in the head row has
been removed. Average accuracy on 10 runs of PSO and NS algorithms after the removal of
a feature is provided. The best value for each approach is shown in bold.

ri MA50 EMA50 RSI Mom. ROC MACD SIGNAL
Approach 1 2 3 4 5 6 7 8

PSO 0.611 0.674 0.67 0.671 0.65 0.671 0.656 0.659
NS 0.598 0.656 0.66 0.645 0.651 0.656 0.64 0.633

3.4.2 Greedy Algorithm

To avoid the combinatorial explosion of an exhaustive search as the number of features grows,
a heuristic can be used to cope with the problem. When knowledge of the problem domain is
available, a specialized heuristic can be developed. Otherwise, when it is unavailable or too
expensive, generic heuristics, like a hill-climbing search may become the best choice [11].
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Fig. 3.2 Comparison of the accuracy obtained by using feature subsets of 7 dimensions to the
accuracy obtained with S{−}. On the Y-axis the ratio between accuracy obtained with feature
subset and original accuracy is shown

Table 3.4 Comparison of accuracy with different feature subsets of dimension 6 for PSO.
Each cell refers to the subset where the features indicated in the relevant column head and
row head have been removed. Average accuracy on 10 runs with a subset obtained removing
the features indicated by row and column is provided. The best accuracy for each row is
shown in bold.

1 2 3 4 5 6 7 8
1 - 0.622 0.608 0.593 0.619 0.623 0.554 0.58
2 0.622 - 0.677 0.687 0.672 0.683 0.663 0.66
3 0.608 0.677 - 0.684 0.67 0.685 0.664 0.66
4 0.593 0.687 0.684 - 0.666 0.614 0.647 0.641
5 0.619 0.672 0.67 0.666 - 0.667 0.654 0.651
6 0.623 0.683 0.685 0.614 0.667 - 0.67 0.67
7 0.554 0.663 0.664 0.647 0.654 0.67 - 0.583
8 0.58 0.66 0.66 0.641 0.651 0.67 0.583 -

We developed a greedy hill-climbing algorithm, which removes one feature at each step
until no improvement is obtained. At each stage, the algorithm evaluates the effects on er-
ror criteria of removing one of the m remaining features and then the one with the largest
improvement is permanently removed.

In Figure 3.3, a tree with all the features removed is shown for the PSO algorithm. At
each iteration, the values reported in brackets correspond to the features discarded from the
starting input dataset.

We can see that removing up to 2 features provides better performances than the use of all
the features. The features whose removal boosts the performance the most are the RSI index
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Table 3.5 Comparison of accuracy with different feature subsets of dimension 6 for NS. Each
cell refers to the subset where the features indicated in the relevant column head and row
head have been removed. Average accuracy on 10 runs with a subset obtained removing the
features indicated by row and column is provided. The best accuracy for each row is shown
in bold.

1 2 3 4 5 6 7 8
1 - 0.609 0.605 0.594 0.65 0.619 0.595 0.597
2 0.609 - 0.673 0.651 0.649 0.661 0.652 0.651
3 0.605 0.673 - 0.653 0.66 0.665 0.644 0.656
4 0.594 0.651 0.653 - 0.651 0.626 0.639 0.642
5 0.65 0.649 0.66 0.651 - 0.663 0.657 0.651
6 0.619 0.661 0.665 0.626 0.663 - 0.66 0.657
7 0.595 0.652 0.644 0.639 0.657 0.66 - 0.622
8 0.597 0.651 0.656 0.642 0.651 0.657 0.622 -

(4) and the 50-days moving average (2), as already made evident by Table 3.4. No further
improvement can be obtained by removing a third feature.

Figure 3.4 shows a similar tree with all the features removed for the NS algorithm. In this
case, the performance of NS keeps on increasing as more features are removed, reaching an
optimum after removal of the 50-days moving average (2), the 50-days exponential moving
average (3), momentum (5), and rate of change (6). Surprisingly, the accuracy obtained with
such reduced feature set overtakes the best accuracy obtained by PSO, although the latter
technique yields generally better results than NS on larger feature subsets. Such results are
validated by the implemented exhaustive search, as already reported in Tables 3.4 and 3.5.

S{−}(0.629)

S{1} S{2}(0.674) S{3} S{4} S{5} S{6} S{7} S{8}

S{1,2} S{2,3} S{2,4}(0.687) S{2,5} S{2,6} S{2,7} S{2,8}

S{1,2,4} S{2,3,4} S{2,4,5} S{2,4,6} S{2,4,7} S{2,4,8}

Fig. 3.3 Greedy Algorithm applied on feature selection with PSO algorithm (in brackets the
average accuracy on 10 simulations). The subset chosen for each step of the algorithm is
denoted in bold.



3 Detecting Trend Reversals in Financial Time Series 51

S{−}(0.648)

S{1} S{2} S{3}(0.66) S{4} S{5} S{6} S{7} S{8}

S{1,3} S{2,3} S{3,4} S{3,5} S{3,6}(0.673) S{3,7} S{3,8}

S{1,3,6} S{2,3,6}(0.684) S{3,4,6} S{3,5,6} S{3,6,7} S{3,6,8}

S{1,2,3,6} S{2,3,4,6} S{2,3,5,6}(0.704) S{2,3,6,7} S{2,3,6,8}

S{1,2,3,5,6} S{2,3,4,5,6} S{2,3,5,6,7} S{2,3,5,6,8}

Fig. 3.4 Greedy Algorithm applied on feature selection with NS algorithm (in brackets the
average accuracy on 10 simulations). The subset chosen for each step of the algorithm is
denoted in bold.

3.5 Experiments and Results

In our experiments we have considered a time series of daily prices of the S&P 500 index
from April the 14th, 1992 until September the 30th, 2009. The graphical representation of
the time series is depicted in Figure 3.5. As previously stated, the considered time series
has been divided into two parts in order to define the training and the test sets. In particular,
for PSO and NS algorithms, a selection of 2000 normal cases (i.e. continuing a trend) will
be chosen from the first part (the dashed shape) in order to create the training set, while
the most recent 400 cases (containing both normal and anomalous behaviours in the same
quantity) will be used in the test set to evaluate the generalization capabilities on unknown
data. Instead, for the machine learning algorithms that we considered for the comparison, we
created a different training set, by choosing a set of 2000 normal cases and 2000 anomalous
cases (i.e. reversing the trend) from the first dashed shape.

3.5.1 PSO and NS

In this work a first group of experiments is carried out in order to find the optimal settings
of the parameters for both PSO and NS algorithms. We performed 10 runs for each setting
defined in the two approaches and the results are listed in Table 3.6. Generally, for each of
the two algorithms, we noticed that hyperspheres with too small a radius will not be able to
cover the anomalies in the space, but, on the other hand, a large radius could have disruptive
effects, since the hyperspheres will also cover normal cases, reducing the overall accuracy.
The latter represents a critical aspect for the maximum radius. For example, in NS, a max-
imum radius set to the value 3 was too small, while maximum radius equal to 10 was not
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Fig. 3.5 S&P 500 time series. A selection of 2000 normal cases in the fine part of the shape
will define the training set. The thick black part of the shape (the last 400 cases) corresponds
to the test set.

Table 3.6 Algorithm parameters

Approach Parameter Description Value

PSO

Feature Space −5,5
Maximum Velocity of the particle 2

c1,c2 1.49
w [0.4, 0.95]

Hypersphere Minimum Radius 10−4

Hypersphere Maximum Radius 1

NS
Feature Space −5,5

Hypersphere Minimum Radius 10−4

Hypersphere Maximum Radius 5

enough to improve the performances obtained with values set to 5, with high computational
effort. Similar considerations have been carried out about the space in which the features are
defined. The experiments show that both algorithms perform well on a solution space defined
in the range [−5,5].

At the end of each simulation, calculation of accuracy is performed on the output vector in
order to compare the performances for both methods. Accuracy is a relatively straight metric,
as reported in Equation 3.5,

accuracy(S) =
TP+TN

P+N
, (3.5)
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where TP and TN are, respectively, the number of anomalous points detected as anomalous
and the number of normal points correctly detected. P and N refer to the total number of
anomalous (positive) and normal (negative) points.

Since S values of the accuracy, also reported in Table 3.7, are obtained from a balanced
dataset of normal and anomalous behaviours, no further normalization is needed for TP and
TN values. The performance of the two approaches also depends on the computational effort,
represented in this work by calculating the number of evaluations of the distance function in
the algorithms. Such a function has been chosen since it represents a fundamental aspect for the
fitness evaluation of the PSO algorithm and for the detector generation in the NS algorithm.

The NS algorithm calls the distance function for each point within the training set every
time a new detector is introduced, see line 5 of Algorithm 3.2, for this reason the function is
called at least a number equals to the dataset length (2000 in our application) times the target
number of detectors. For the PSO an estimation of the number of fitness evaluation is harder
to obtain due to the complexity of the algorithm, each execution of line 5 of Algorithm 3.1
calls the distance function for a value equals to the dataset length times the product between
the particles number and the number of iterations, but the number of points covered by the
best detector can differ at each algorithm run.
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Fig. 3.6 ROC curve of two of the best solutions of both algorithms calculated over the test
set. The thick black line is the NS algorithm with 10 millions of detectors, the black dashed
line is the best solution of a PSO with 1000 individuals and 300 iterations.

3.5.2 Machine Learning

The anomaly detection approach has been compared with machine learning methodologies,
but in order to do that we needed to ‘transform’ the problem into a binary classification one
with:

C = {Canomaly,Cnormal} (3.6)
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Table 3.7 Average results obtained by the two algorithms

Description Accuracy TPR TNR FPR FNR Dist. f. evals.
PSO

100 ind., 200 iter. 0.60±0.01 0.92 0.21 0.62 0.11 1.23 ·1010

100 ind., 500 iter. 0.64±0.02 0.92 0.28 0.57 0.09 2.49 ·1010

500 ind., 100 iter. 0.64±0.01 0.81 0.30 0.55 0.11 2.30 ·1010

1000 ind., 300 iter. 0.67±0.02 0.89 0.39 0.48 0.16 7.78 ·1010

NS
500,000 ind. 0.63±0.01 0.60 0.67 0.25 0.51 1.20 ·109

750,000 ind 0.64±0.01 0.64 0.64 0.27 0.46 1.80 ·109

1,000,000 ind. 0.65±0.02 0.66 0.64 0.28 0.44 2.40 ·109

5,000,000 ind. 0.68±0.01 0.76 0.60 0.32 0.30 1.20 ·1010

10,000,000 ind. 0.70±0.01 0.82 0.55 0.34 0.25 2.40 ·1010

20,000,000 ind. 0.71±0.01 0.84 0.53 0.36 0.18 4.80 ·1010

where Cnormal and Canomaly represent the two classes from which we choose the data in order
to create the two balanced train and test sets.

We performed several experiments on a subset of classification algorithms contained in
WEKA (see section 3.3.3) by considering the same testing set used for the previous simula-
tions, the average results are presented in Table 3.8. Standard deviation and average values
are shown where the algorithm is dependent from random conditions, e.g., starting weights
for artificial neural network.

Table 3.8 Results (testing) with binary classification dataset with WEKA algorithm

Algorithm Accuracy TPR TNR FPR FNR
RBF ANN 0.54±0.02 0.59 0.57 0.53 0.41
MLP ANN 0.58±0.02 0.65 0.52 0.48 0.35

K* 0.57 0.62 0.51 0.49 0.38
NN 0.55 0.61 0.48 0.52 0.55
Jrip 0.60±0.01 0.68 0.53 0.47 0.32

ADtree 0.62 0.65 0.58 0.42 0.35
C4.5 0.61 0.68 0.54 0.46 0.32

REPtree 0.63±0.09 0.69 0.54 0.46 0.31

3.5.3 Using Feature Selection

By applying the feature reduction algorithm we expect that the greedy algorithm leads to a
selection of an optimal subset of features which are considered the most significant ones for
the detection task we tackled in this chapter. Due to heavy computational times we performed
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feature selection by considering as first a reduced set of hyperspheres, respectively 750,000
detectors for NS and 500 particles with 100 iterations for PSO, by assuming that the same
considerations could be done for more detectors.

In Table 3.9 the accuracy with the optimal subsets is shown for both algorithm and is
compared with the one obtained with the original complete set of features. It is evident how
the performance obtained with the subsets found by the greedy algorithm shows a gain, more
marked with ‘lighter’ test configurations. Thus, the feature selection allows a drastic reduc-
tion of the computational load on equal accuracy achieved, e.g., the NS with optimal subset
achieves the accuracy of 0.704±0.01 with 1.3 ·109 function evaluations while the NS with
the complete inputs set to achieve the same accuracy needs a number of evaluations 20 times
larger (2.6 ·1010).

It should be noted that, after the application of feature selection, the performance differ-
ence between PSO and NS has been reduced, as well as the gap among the results of the
different algorithm parameter settings, indeed the range of accuracy of tested PSO moved
from 0.60−0.67 to 0.68−0.695 and for NS from 0.63−0.71 to 0.696−0.722.

Table 3.9 Comparison of PSO and NS algorithm using as inputs the subset of features ob-
tained by the feature selection

Description Accuracy Accuracy with S{−} Variation (%) Dist. f. evals.
PSO S{2,4}

100 ind., 200 iter. 0.68±0.01 0.60±0.01 +13.3% 4.46 ·109

100 ind., 500 iter. 0.687±0.01 0.64±0.02 +7.3% 1.8 ·1010

500 ind., 100 iter. 0.681±0.01 0.64±0.01 +6.4% 1.05 ·1010

1000 ind., 300 iter. 0.695±0.01 0.67±0.02 +3.4% 6.24 ·1010

NS S{2,3,5,6}

500,000 ind. 0.704±0.01 0.63±0.01 +11.7% 1.3 ·109

750,000 ind 0.696±0.02 0.64±0.01 +8.7% 2.6 ·109

1,000,000 ind. 0.707±0.01 0.65±0.02 +8.7% 2.6 ·109

5,000,000 ind. 0.722±0.01 0.68±0.01 +6.1% 1.3 ·1010

10,000,000 ind. 0.72±0.01 0.70±0.01 +2.8% 2.6 ·1010

20,000,000 ind. 0.715±0.005 0.71±0.01 +0.7% 5.2 ·1010

3.6 Discussion

As we expected, performances of the two algorithms are quite different. Starting from the first
group of experiments particular attention has to be given to the performances with respect to
number of distance function evaluations. In Figure 3.6, for example, the best NS solution is
obtained with a number of distance function evaluations equal to 4.80 · 1010, while the best
PSO one is obtained with 7.78 ·1010 evaluations.

The simplicity of NS is an important feature. Indeed, it could be considered as a ‘brute
force’ approach: it creates a large number of simple detectors only by selecting those that
do not include the points of the training dataset. Instead, PSO, like other bio-inspired search
heuristics, tries to optimize a set of initial points with respect to a particular fitness function.

One of the most critical aspects about the PSO regards the tuning of all the parameters
defined in the algorithms, in particular due to the fact that often there are no empirical rules
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helping in this choice but only trial-and-error approaches. Moreover, as indicated by Middle-
miss, positive selection approaches mainly follow two hypothesis, that are, respectively, the
‘Avidity hypothesis’ and the ‘Differential signaling hypothesis’, described in detail in [24].
The main difference between these two ideas of positive selection is that, considering the first
hypothesis, the choice of positive or negative selection is dependent on the self/non-self distri-
bution of the problem domain. As opposite, the alternative view of the differential signalling
hypothesis (DSH) assumes that the interactions required for positive and negative selection
are different. Nevertheless, the motivating idea behind these techniques is to reduce the false
positive rates in anomaly detection problem domains.

On the other hand, NS could require a huge amount of detectors in order to cover the
space, increasing the computational effort of the approach. Recently, Stibor and colleagues
[34] presented a discussion concerning the usefulness and the fairness of the negative selec-
tion technique for hamming and real-valued shape-spaces problems in the anomaly detection.
Together with finding an optimal distribution of the detectors, i.e. the minimum number of
detectors covering the maximum possible non-self space, one of the most important aspects
reviewed by the authors and that has to be considered in a real-valued negative selection
approach is the self-radius rs. Indeed, it is the main parameter which influences the classi-
fication performance and enables the learning capability (generalization). According to the
authors [34], the main problem concerns the value definition, when a training set which con-
tains only self elements is considered and when no techniques (probabilistic or deterministic)
are defined to obtain information about the other class. Moreover, the radius rs strongly de-
pends on the probability density function of the data set, which is unknown a-priori; indeed,
an improper chosen radius consequently results in a weak classification performance.

In this chapter, the accuracy shown in Table 3.7, summarizes the computational effort of
the two implemented algorithms, proportional to the increasing amount of detectors needed
for covering the overall space. However, the small and quite similar values obtained for the
standard deviations of accuracy rates for all the experiments carried out allow us to define
these as two stable methods.

We can also see that, by doubling the number of distance fitness evaluations, the perfor-
mances increase about 7−8% in the PSO algorithm, while with negative selection we observe
smaller increments. In particular, the accuracy increases of about 3% from 500,000 to 1 mil-
lion and from 5 to 10 millions of detectors; while only a rise of 1.5% is shown when the
detectors increase from 10 to 20 millions. Such an aspect can be due to the fact that, in all
the experiments carried out by considering different parameter settings, NS starts with higher
values for accuracy. Therefore, their increment can be slow with respect to the PSO algorithm.
NS has been demonstrated to be the most useful approach in the improvement of the accuracy
only if the augmenting fitness distance evaluations can be considered less important respect
to the overall performances.

Nevertheless, by comparing the false positive and the false negative errors of NS and PSO,
we notice that they occur in different areas of the space. This aspect could suggest us that
a possible combination of both algorithms could exploit this difference to provide a better
space coverage, by reducing the values of such errors.

As underlined by the results obtained from all the experiments, the performance of NS
and PSO have been improved by the feature selection algorithms applied in this work. In
particular it is possible to notice how such a simple algorithm, like a greedy algorithm, may
become helpful in the search for the optimal accuracy through the optimal subset of input fea-
tures. The application of feature selection permitted to exploit the computational power of the
two nature-inspired classification algorithms reducing the search space and thus enhancing
the accuracy obtained by the same number of distance fitness evaluations. Furthermore, the
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improvement obtained by the elimination of features can be explained in the way that some
features are either redundant or unnecessary for the anomaly detection problem.

Finally, a first comparison with the machine learning techniques considered in this work
shows how nature-based approaches like PSO and NS are well able to find interesting and
satisfactory results in this trend-reversal detection problem which are highly competitive with
those of other algorithms.

3.7 Conclusion

This chapter investigates the application of two well-known Natural Computing algorithms,
the Negative Selection and the Particle Swarm Optimisation, for the task of detecting ‘trend
reversal points’ in the financial time series of the S&P 500 index. Both algorithms are com-
pared with some state-of-the-art machine learning methodologies in order to achieve a better
understanding of advantages and drawbacks of hyperspherical detectors based algorithms.

In order to improve the performances of the implemented approaches, they are supple-
mented with a feature selection algorithm, in order to find high-quality subsets of features
for this problem. Experiments carried out have demonstrated how a greedy algorithm may
become helpful in this direction, by improving the overall accuracy with a reduced size input
features dataset.

As already stated in [3], the NS algorithm produced a better performance than the PSO
algorithm, especially on the complete input set, but both outperform binary classification
methods, despite the fact that we provided more data in order to define the ‘anomalous’ class,
which is not defined in NS and PSO algorithms.
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Summary. We propose an integrated and interactive procedure for designing an enhanced
indexation strategy with predetermined investment goals and risk constraints. It is based on a
combination of soft computing techniques for dealing with practical and computation aspects
of this problem. We deviate from the main trend in enhanced indexation by considering a)
restrictions on the total number of tradable assets and b) non-standard investment objectives,
focusing e.g. on the probability that the enhanced strategy under-performs the market. Fuzzy
set theory is used to handle the subjectivity of investment targets, allowing a smooth variation
in the degree of fulfilment with respect to the value of performance indicators. To deal with
the inherent complexity of the resulting cardinality-constraint formulations, we apply three
nature-inspired optimisation techniques: simulated annealing, genetic algorithms and particle
swarm optimisation. Optimal portfolios derived from “soft” optimisers are then benchmarked
against the American Dow Jones Industrial Average (DJIA) index and two other simpler
heuristics for detecting good asset combinations: a Monte Carlo combinatorial optimisation
method and an asset selection technique based on the capitalisation and the beta coefficients
of index member stocks.

Keywords: Enhanced indexation, Soft computing, Cardinality constraints, Evolutionary op-
timisation, Simulated annealing, Genetic algorithms, Particle swarm optimisation, Stochastic
convergence.

4.1 Introduction

Soft computing is a term encountered in computer science characterising the use of approxi-
mate solutions to computationally “hard” tasks for which an exact solution cannot be derived
in polynomial time. Many real-life optimisation problems in finance are considered hard
due to high dimensionality, combinatorial explosion or the ruggedness of the optimisation
landscape. Traditionally, practitioners tackle these problems using ad hoc techniques, expert
rules of thumb or computational heuristics that make use of relaxation and decomposition
principles (branch & bound, quadratic line-search, etc). Over the last decades, a number of
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soft computing techniques, such as fuzzy set theory, simulated annealing, genetic algorithms,
ant colonies and particle swarms, have been developed as an alternative means of achieving
approximate, yet robust and low-cost, solutions to complex problems that were considered
unsolvable in the past.

A characteristic class of nonlinear NP-hard optimisation tasks arises in the context of
enhanced indexation. This portfolio management strategy attempts to generate excess returns
compared to more passively placed index funds. Enhanced indexation to a certain extent
resembles passive management, as, in principle, fund managers cannot deviate significantly
from commercially available indexes, such as those published by Standard & Poors, Russell,
etc. However, they also strive to stray from the underlying benchmark with the objective of
achieving a better risk-return trade-off, especially in adverse market conditions.

In its simplest form, an enhanced indexation portfolio can be setup by determining a proper
capital allocation among all index member securities. However, this strategy is not advanta-
geous for many reasons. First of all, popular benchmark indexes, such as the S&P 500, the
Russell 3000 and the Wilshire 5000, have a large number of constituent stocks, some of which
are held in very small quantities. Inevitably, the transaction costs or liquidity concerns associ-
ated with buying and selling small amounts of stocks may be considerable and can offset the
corresponding benefits from trading. Besides, the enhanced fund manager may wish to elim-
inate securities likely to reduce performance that would be otherwise included in traditional
indexes (e.g. low-growth or low-quality companies) or create value though dynamic trading
(e.g. buying undervalued or selling overvalued stocks). Taking into account these implemen-
tation difficulties, enhanced index funds typically focus on small and manageable bundles
of member stocks that are able to achieve the proclaimed investment goal. Successful asset
combinations are typically explored by incorporating constraints in the portfolio selection
problem, in the form of an upper limit on the cardinality (i.e. the size) of the portfolio or the
quality characteristics of the tradable assets.

Recently, many techniques have been proposed for structuring cardinality-constraint port-
folios with the aim of reproducing the performance of a benchmark index1. Despite the numer-
ous applications of passive portfolio management, enhanced indexation problems - especially
those incorporating cardinality constraints - have not as yet attracted equal attention. Beasley
et al. [2] employ a genetic algorithm-like evolutionary method for detecting subsets of stocks
that optimally outperform a market index. They adopt a“quasi-passive” formulation of the
index tracking problem by maximising a synthetic objective that is a decreasing function of
some measure of tracking error and an increasing function of the average deviations of track-
ing portfolio from index returns. In this way, they search for admissible portfolio weights
that generate positive deviations from the index. Similar enhanced indexation formulations
have been studied by Gilli and Këllezi [6], who propose an evolutionary heuristic (thresh-
old accepting) to detect optimum asset combinations and portfolio weights. Thomaidis et al.
[13] consider the problem of actively reproducing the FTSE/ATHEX index using a subset of
its constituent stocks. Optimal capital allocations are determined in a mean-variance setting,
where the objective is to maximise mean excess (or risk-penalised) return while placing a
limit on the tracking-error standard deviation and/or the total risk of the enhanced portfolio (as
measured by the variance of portfolio returns). In this chapter, we expand upon this formula-
tion by structuring enhanced indexation strategies using non-typical objectives for investment
performance. These focus, for example, on the frequency with which the enhanced portfolio
delivers positive return relatively to the benchmark, thus revealing alternative risk aspects of

1 Some references are given in following sections; see also [3] for a comprehensive survey.
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the investment strategy. Such targets/constraints on portfolio performance can be effectively
handled within the framework of fuzzy mathematical multi-objective programming.

In determining enhanced allocations, we incorporate additional constraints into the optimi-
sation problem, such as a limit on the maximum number of assets included in the portfolio
as well as upper and lower bounds on asset weights. From a computational point of view, the
incorporation of these complex, though realistic, constraints poses a challenge to traditional
numerical methods. To deal properly with the complexity and the ruggedness of the solution
space, we apply three nature-inspired heuristics: simulated annealing, genetic algorithms and
particle swarm optimisation. This chapter sheds light on the stochastic convergence properties
of these computational algorithms in the context of enhanced portfolio selection. Instead of
relying on the best-ever-found solution, as is typical in many optimisation exercises, we anal-
yse the dispersion of results by estimating the probability of converging to a solution within
the range of the global optimum. A similar approach has been suggested by [7] in other opti-
misation tasks. We believe that our analysis can help provide valuable information to fellow
researchers on how to operate each algorithm optimally and what to expect from each of them.

The rest of the chapter is structured as follows: enhanced index tracking with cardinality
constraints is discussed in Section 4.2, while Section 4.3 briefly presents the computational
heuristics used to solve the associated optimisation problems. Section 4.4 describes a “fuzzy”
approach to enhanced portfolio management incorporating approximate investment targets
and portfolio constraints. In Section 4.5 we evaluate the performance of optimal portfolios
in terms of actively reproducing the American DJIA index. Section 4.6 summarises the main
findings and proposes future research directions.

4.2 Enhanced Indexation with Cardinality Constraints

Assume a fund manager with the aim of beating a benchmark index I using only a
subset of its tradable assets. For this purpose, he/she collects a sample of observations,
{rt1,rt2, . . . ,rtN ,rtI} ∈R

N+1, t = 1, ...,T , where rti is the t-period return on the ith asset and
rtI denotes the same period’s return on the benchmark. The tracking error(rt,TE ) is the excess
return gained on the portfolio P at the end of the investment period t, i.e. rt,TE = rtP− rtI ,
where rtP ≡ ∑N

i=1 rtiwi and wi is the percentage of capital invested in asset i. Based on the
above definitions, the portfolio selection problem can be stated in its general form as:

maximise
w∈RN,s∈{0,1}N

f (w,s) (4.1a)

subject to

N

∑
i=1

wi =1 (4.1b)

wl ≤ wi ≤wu, i = 1, ...,N (4.1c)

N

∑
i=1

si ≤ K ≤N (4.1d)

The enhanced portfolio’s objective f (w,s) is a function of the weights configuration w =
(w1,w2, ...,wN)′, a vector of binary variables s = (s1,s2, ...,sN)′ and sample data. Several
choices for f (., .) are discussed in Section 4.4. Each si is an indicator function that takes the
value 1 if the asset i is included in the portfolio and 0 otherwise. All asset weights sum up
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to one, implying that the initial capital is fully invested, and the maximum number of assets
allowed in the portfolio does not exceed K ≤ N, which is the so-called cardinality constraint.
Depending on the cardinality of the portfolio P, some of the wi’s may be zero; while for non-
zero weights the fund manager may impose a lower or upper limit on their admissible values,
wl and wu, respectively, the so-called floor and ceiling constraint.

The introduction of cardinality constraints significantly increases the computational effort
associated with deriving optimal portfolio allocations. In fact, one ends up with a nonlinear
mixed-variable programming problem, which even for small values of N poses a challenge to
standard numerical techniques. In this chapter, we adopt a solution strategy that overcomes
the difficulties of handling cardinality constraints, by introducing a transformation of the de-
cision variables (see [13, 11] for details). The underlying idea is to solve the problem in an
unconstrained solution space with continuous decision variables x = (x1, ....,xN) ∈ R

N and
use a deterministic function to map the optimal vector x∗ onto a feasible portfolio allocation
w∗ = (w∗1,w

∗
2, ...,w

∗
N), with at least K out of N zero elements. The afore-mentioned mapping

technique overcomes computational problems arising from the incorporation of the binary
variables si in the portfolio selection formulation. However, the resulting unconstrained prob-
lem is typically harder to solve due to the existence of multiple local optima, “flat” plateaus
and discontinuities. Since, in such optimisation landscapes, traditional gradient-based tech-
niques are prone to premature convergence, the use of more flexible computational heuristics
is very much recommended.

4.3 Soft-Computing Optimisation Algorithms

Three popular soft-computing techniques are employed to solve the optimisation problems
arising in enhanced indexation tasks. We first present a trajectory-based strategy, namely
simulated annealing, and then introduce two evolutionary computational heuristics, genetic
algorithms and particle swarm optimisation. Due to space limitations, we are only confined
to a summary presentation of the algorithms; more implementation details are provided in the
references given below and in Section 4.5.

Simulated annealing(SA) took its name and inspiration from annealing, a technique used
in metallurgy involving heating and controlled cooling of a solid ([10]). The central idea is
to start with some arbitrary solution and have it modified by randomly generating a number
(or else a population) of new solutions in its vicinity. A set of acceptable modifications is
then defined based on two criteria. A solution with a lower value for the objective function
is always acceptable. Additionally, to overcome the possibility of premature convergence
to local optima, the Metropolis rule is used, according to which changes that come with
impairment are accepted with a decreasing probability. The probability is a function of the
difference between the corresponding objective values and a parameter T (the computational
metaphor of “temperature”) that is gradually decreased with the number of iterations by a
cooling factor. The new solution is randomly drawn from the set of acceptable ones. This
process carries on until a set of stopping criteria are met, determined either by the maximum
number of iterations or the number of consecutive iterations without change/improvement for
the current solution.

Simulated annealing is essentially a local-search technique, as it seeks to iteratively im-
prove an existing solution. An alternative solution-search strategy would be to force a paral-
lel exploration of the solution space by means of several agents that interact with each other.
This is the idea employed by a genetic algorithm (GA). Inspired by the process of natural
selection that drives biological evolution, a genetic algorithm repeatedly modifies a popula-
tion of solutions until it “evolves” towards a “fit” generation ([8, 12]). Among the numerous
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forms in which GAs manifest themselves in the literature, in this chapter we adopt a sim-
ple version that uses real-valued encoding for candidate solutions. Based on the members
of the current population, the algorithm generates a new pool of solutions upon which the
new generation is compiled. Individuals of the current population are first scaled by their
relative fitness value (value of the objective function) and the ns best-ranking (elite children)
are automatically transferred to the next generation. Then, a fraction of the population, equal
to the crossover rate pc, is randomly selected and used for crossover. This process helps fit
individuals to exchange good genes in a bid to produce even fitter individuals. The rest of
the individuals are subject to mutation; in this process, individual genes are disrupted (with
some fixed probability equal to the mutation rate pm) resulting in a new individual. Due to
their parallel exploration capability, GAs are very effective in solving large-scale, hard opti-
misation problems. Therefore, they are nowadays considered by many financial academics or
practitioners as an essential toolkit for computational finance2.

Particle swarm optimisation (PSO) is an optimisation algorithm inspired by the social
behaviour of bird flocks or fish schools [9]. PSO shares many similarities with evolution-
ary computation techniques such as GAs. The system is initialised with a population of ran-
domly dispersed solutions in a multidimensional space and searches for optima by updating
generations. However, unlike GA, PSO is not equipped with evolutionary operators such as
crossover and mutation. Candidate solutions, called particles, fly through the problem space
by gravitating towards optimal particles. As iterations proceed, each member of the swarm
changes its position and velocity towards the global best solution (i.e. the best solution found
so far) and the local best solution, which is the best solution detected by the particle. The
procedure carries on until no further improvement to the optimum is made or the maximum
number of iterations is reached.

4.4 Fuzzy Portfolio Management

In practice, it is common for investors to set performance aspiration levels as well as con-
straints on the total risk of the investment strategy. Fund managers then attempt to encode
these objectives/constraints into suitably formulated mathematical programming problems
and derive optimal capital allocations. Traditional programming techniques typically require
precise definition of objectives and an accurate expression of preference towards return and
aversion towards risk. However, in the real world, investment strategies are often structured
around imprecise statements about the desired return or the risk profile of trading positions:

“In the prevailing economic state, I would be more or less satisfied with an annual
return of 2% above the market.”

“The downside probability should not significantly exceed 10%.”

Such “vague” expressions contain useful information for portfolio managers but cannot be
easily packed into standard mathematical programming tools. On the contrary, fuzzy optimi-
sation theory offers a very convenient framework for accommodating approximate linguistic-
type information, based on the concepts of fuzzy goal and fuzzy constraint3.

To illustrate the idea, let us assume that the investor’s expectation about a portfolio perfor-
mance indicator PI is to significantly exceed a certain level s0. This imprecise performance
target can be formulated using the S-shaped function:

2 See e.g. [1, 4] for a systematic and comprehensive review of the topic.
3 See e.g. [5] for applications of fuzzy mathematical programming in portfolio management.
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f (x;s0,s1) =

⎧⎪⎪⎪⎪⎪⎨
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0, x≤ s0

2
(

x−s0
s1−s0

)2
, s0 < x≤ (s0+s1)

2

1−2
(

x−s1
s1−s0

)2
,

(s0+s1)
2 < x≤ s1

1, x > s1

where x is a variable and s0,s1 are free parameters. Through proper choice of s0 and s1, one
can locate the extremes of the sloped portion of the curve (see upper plot of Fig. 4.1). In the
context of fuzzy portfolio management, the x-axis of the plot represents all possible values for
PI while the y-axis measures the overall degree of objective fulfilment. Note that the investor
effectively rejects solutions for which the value of PI falls below s0, by assigning a degree
of satisfaction equal to 0. As PI increases, so does the goal fulfilment and the investor is
practically indifferent between any solution for which the value of PI exceeds s1 (the upper
aspiration level).
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In a similar fashion, one can formulate goals or constraints of the type “PI should be much
less than z1” using the Z-shaped function:

f (x;z0,z1) =

⎧⎪⎪⎪⎪⎪⎨
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0, x≤ z0
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)2
, z0 < x≤ (z0+z1)

2

2
(

x−z1
z1−z0

)2
,

(z0+z1)
2 < x≤ z1

1, x > z1
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or of the type “PI should be approximately equal to p2” using the Π -shaped function:

f (x; p0, p1, p2, p3) =
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(
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)2
,

(p0+p1)
2 < x≤ p1

1, p1 < x≤ p2

2
(

x−p2
p3−p2

)2
, p2 < x≤ (p2+p3)

2

1−2
(

x−p3
p3−p2

)2
,

(p2+p3)
2 < x≤ p3

0, x > p3

Plots of these functions are given in Fig. 4.1. The fuzzy linguistic framework presented above
can be applied in enhanced indexation, by choosing a suitably defined objective function f (.)
for the portfolio-selection problem (4.1). In our study, we experimented with two different
portfolio objectives, representing realistic enhanced goals:

Objective 1: Obtain some return in addition to the benchmark, while keeping the
total risk of the portfolio approximately equal to the benchmark’s risk.

Objective 2: Restrict the probability of under-performing the benchmark, while
keeping the tracking error standard deviation small.

These objectives can be formulated by properly combining S-, Z- and Π -shaped functions.
In particular, we adopted the following definitions for the maximising function of problem
(4.1):

f1 ≡ s(mT E ,1%,30%) · p(sP ,0.99sI ,1.01sI) and

f2 ≡ z(sT E ,1%,10%) · z(P−,10%,50%) (4.2)

which serve the first and the second portfolio objective, respectively. In the above equations,
mT E (sTE ) is the average (standard deviation) of tracking error, sP (sI) is the standard de-
viation of portfolio (benchmark) return and P− is the probability of under-performing the
benchmark. A plot of the second objective function is presented in Fig. 4.2. As seen from the
particular choice for the cutoff points of f2, the fund manager is practically unsatisfied with
portfolio configurations whose (annualised) sT E is above 10% or whose probability of going
below the benchmark exceeds 50%. On the contrary, he/she is perfectly happy, and in fact
indifferent, between any active formulation that manages to jointly keep the tracking error
standard deviation below 1% (on an annual basis) and the probability of under-performance
below 10%.

4.5 Experiments

4.5.1 Sample Data and Experimental Design

The soft-computing techniques presented above are applied to the task of enhancing the Dow
Jones Industrial Average (DJIA) index portfolio. Our sample data includes daily closing val-
ues of the DJIA index as well as the prices of its 30 constituent stocks, covering the period
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Fig. 4.2 The degree of the investment objective fulfilment as a function of the tracking error
standard deviation and the probability of under-performing the benchmark

from 21/01/2004 to 13/01/2006. This amounts to a total of 500 daily return records, half
of which are used for deriving optimal portfolio configurations and the remaining half for
out-of-sample evaluation of trading performance.

In all optimisation exercises, we assumed that admissible values for portfolio weights
lie between 5% and 80%. This way, we avoid investing tiny fractions of capital to DJIA
stocks and also prevent single assets from dominating the entire portfolio. We estimated
the probability P− by which a strategy is likely to under-perform the benchmark using the
frequency rate T−/T , where T− is the number of trading days for which the portfolio’s
return is below that of the benchmark and T is the total number of observations in the
estimation sample. Optimal capital allocations were derived in the estimation sample, by
solving the optimisation problem (4.1) for both active objectives described in Section
4.4, and a range of cardinalities K = {2,5,10,15,20,25,30}. All optimisation algorithms
were executed assuming a comparable level of computational resources, using default
parameter values suggested in the literature. The population size was set equal to 100
and the maximum number of generations (iterations) was 200. We also performed 500
independent runs of each algorithm from random initial populations. For the simulated
annealing process, we set the cooling factor parameter (γ) equal to 0.001

1
200 . For the

genetic evolution, we encoded individual solutions as real-valued vectors and also adopted
a so-called scattered crossover scheme, in which parent solutions exchange genes on either
sides of a randomly selected coordinate. Mutation was applied by adding to the existing
solution a uniformly random vector permutation defined over the feasible range. Of each
population, two elite members were duplicated to the next generation and the values for the
crossover and mutation rates were set to 0.8 and 0.01, respectively. In the particle swarm
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algorithm, the remaining set of parameters were assigned the following values: wmin = 0.001,
wmax = 2, c1 = 2, c2 = 2.

Nature-inspired optimisation techniques were benchmarked against simpler heuristics for
detecting good asset combinations. The first one was a Monte-Carlo portfolio selection tech-
nique, in which the optimal portfolio was selected by generating 2000 random asset combina-
tions of fixed cardinality K, computing optimal weights for each combination by means of a
gradient-search technique and choosing the asset combination that maximises the portfolio’s
objective. An alternative stock picking method applied in this study makes more extensive
use of market data. All DJIA members are assigned a score based on a linear combination
of capitalisation and the index beta coefficient. The portfolio allocation is then computed in
three stages by a) sorting all assets in a descending order relative to the portfolio objective,
b) selecting members from the top of the list until the cardinality constraint becomes bind-
ing (unless the rest of the constraints are not satisfied) and c) computing optimal weights for
the particular combination using a gradient-search algorithm. The focus on market cap and
beta is motivated by the fact that these are relevant measures to index tracking and enhanced
indexation. Small (large) cap stocks have been documented to deviate in terms of risk and
return from the market as a whole. The beta coefficient relative to the index is an indication
of how closely portfolio returns follow index movements. Hence, stocks with a high beta
coefficient can reduce tracking error while stocks will a low beta value are more resistant to
index volatility and can help in diversifying away systematic risk.

4.5.2 Computational Results

In Fig. 4.3 we show how the fulfilment of the manager’s objective varies with the cardinal-
ity constraint. We present the maximum (in-sample) degree of attainment achieved by each
optimisation technique in all repetitions. Due to space limitations, we only report results for
portfolios maximising the second fuzzy objective ( f2), which is concerned with the tracking
error standard deviation and the probability of going below the benchmark. The line seg-
ments under the label “Monte Carlo5%

worst”, (“Monte Carlo5%
best”) represent the 5%-worst (best)-

performing combination of assets detected after 2000 Monte Carlo trials4. The upper curve,
which signifies the frontier of the shaded region, corresponds to the globally optimum port-
folio configurations, all indicated by nature-inspired optimisation heuristics5. As observed,
evolutionary algorithms are by far superior as they manage to deliver much more acceptable
portfolios at all cardinalities. On the other hand, optimal allocations based on market capital-
isation and beta (see “financial heuristic” curve) were generally unsuccessful in meeting the
objectives set by the fund manager. However, for almost all the cardinalities, they were better
than the medium-performance portfolios suggested by the Monte Carlo exploration.

Fig. 4.3 designates the importance of carefully exploring the space of feasible asset com-
binations when actively reproducing a benchmark. A relatively small, yet carefully chosen
portfolio can meet the investor’s objectives more closely than larger portfolios of arbitrary
elements. As seen in Fig. 4.3, with an optimal combination of K = 5 DJIA stocks the fund

4 We also present the median curve, which in Fig. 4.3 falls exactly on the “Monte Carlo5%
worst”

line.
5 In almost all cases, except for very low cardinalities, these are the portfolios selected by

PSO. The best portfolios identified by GA or SA typically attained lower values for the
objective function, although they were superior to either Monte Carlo or financial stock-
picking at all cardinalities. Further details about the relative performance of each method
are available upon request form the author.
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manager can attain the investment goal to a degree of almost 16%, which is higher than that
achieved by any capital allocation indicated by the Monte Carlo confidence curves or the
stock-picking technique based on market data. It is more likely that this superiority in perfor-
mance is due to successful asset combinations and not due to optimal capital allocation, as in
all portfolio selection techniques considered in this study some form of weight optimisation
takes place.
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Fig. 4.3 The degree of overall goal attainment vs portfolio cardinality

Fig. 4.4 shows the composition of the globally optimum portfolio found at each
cardinality. The position of the squared markers on the vertical axis indicates the index of
stocks included in the portfolio and the color of each marker shows the relative importance of
each asset in the portfolio. Generally, the darker the color the more weight is assigned to the
particular asset. A closer look at what assets are actually selected and what weights they are
given reveals another aspect of the complexity associated with choosing enhanced portfolios
of limited size. In particular, what makes a good choice in a portfolio with few different
assets might not be a good choice for larger portfolios. Hence, the optimal selection with K
assets cannot be always determined incrementally by simply augmenting the best solution of
K−1 assets. This particularly applies to small- or medium-size bundles of stocks, where the
“tightness” of cardinality constraint may force the optimisation process to include one asset
that serves as a substitute for a bundle of other assets, which cannot be included otherwise.
For larger portfolios, the cardinality constraint is not binding as the chosen (floor and ceiling)
limits on asset weights become more decisive for the actual synthesis of the optimal enhanced
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portfolios. After a certain cardinality, portfolio weights are stabilised and exactly half of
the DJIA stocks are assigned zero weights, even though the cardinality constraint gradually
becomes looser6.
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Fig. 4.4 The composition of the globally optimum portfolio at each cardinality

Table 4.1 gives insight into the relative performance of soft-computing optimisation
schemes. It reports the percentage of runs for which each algorithm detected a solution that
is at worse (10%, 30%, 50%) far from the global optimum (the best portfolio found at each
cardinality). This serves as an estimate of the probability of reaching an optimal region in a
single run. A general remark about the results of Table 4.1 is that the probability of obtaining
near-optimum solutions is typically a left-skewed v-shaped function of the portfolio cardinal-
ity. This implies that, as we move towards medium-range portfolios, more restarts are needed
to detect a good solution with higher confidence. Still, low cardinality problems are typically
easier to solve than high cardinality ones. This pattern in the success rate is indicative of two
sources of complexity: the combinatorial complexity, which peaks at 15-asset combinations,
and the difficulty in deriving optimal weights, which is more apparent in large portfolios. As
expected, the success rate quickly builds up at all cardinalities by expanding the definition

6 As noted by an anonymous referee, the limits on portfolio weights should perhaps vary
with the value of K to allow for a more consistent exploration of the solution space. In very
small portfolios, the ceiling constraint should become tighter to prevent a single asset from
dominating the portfolio. Furthermore, the floor constraint should be perhaps relaxed with
an increasing portfolio size, as setting the lower limit too high may render the cardinality
constraint not binding beyond a certain cardinality. In this chapter, we followed the com-
mon practice in portfolio management to set all constraints of the optimisation problem
independently of each other. However, additional experiments performed in this direction
suggest that the actual range within which weights take values does not effectively alter
the bottom line of our findings.
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of the optimal region. Note e.g. that in the case of GA the probability of detecting a solution
which at worse deviates 30% from the global optimum ranges between 2.0% and 35.6%. If
we increase the tolerance with which the optimum region is defined up to 50%, the average
hit rate across all cardinalities climbs up to 78.9%. Among all heuristics considered in this
study, PSO seems to be the most reliable optimisation technique, as it manages to detect with
higher frequency near-optimum allocations, independently of the initial randomisation of the
algorithm. SA has the lowest empirical success rate, which gets particulary worse with an
increasing number of trading positions. This signifies the benefits from parallel exploration
as opposed to trajectory-search techniques.

Table 4.1 Empirical (%) probability of detecting a portfolio allocation within a range of (10%,
30%, 50%) of the global optimum

Cardinality Simulated annealing Genetic algorithm Particle swarm optimisation
5 (0.8, 12.4, 50.2) (0.0, 35.6, 86.8) (5.6, 46.6, 89.0)

10 (0.4, 3.4, 20.8) (0.0, 10.2, 89.2) (2.8, 34.0, 88.2)
15 (0.0, 0.6, 14.8) (0.0, 2.0, 70.4) (0.8, 11.8, 85.8)
20 (0.0, 0.2, 13.0) (0.2, 2.6, 70.4) (1.0, 16.2, 86.4)
25 (0.0, 0.4, 15.2) (0.0, 3.4, 77.4) (0.8, 13.8, 84.2)

Table 4.2 Stochastic convergence analysis of optimisation heuristics

Heuristic
Number of
iterations

Cardinality (K)
5 10 15 20 25

SA

1 ∞ ∞ ∞ ∞ ∞
10 ∞ ∞ ∞ ∞ ∞
20 498 ∞ ∞ ∞ ∞
50 61 498 1497 1497 ∞

100 31 186 748 1497 748
150 25 99 498 1497 748
200 23 87 498 1497 748

GA

1 1497 ∞ ∞ ∞ ∞
10 25 1497 ∞ ∞ ∞
20 15 249 ∞ ∞ 748
50 11 74 1497 299 299

100 9 42 373 165 165
150 8 32 213 135 114
200 7 28 149 114 87

PSO

1 ∞ ∞ ∞ ∞ ∞
10 44 ∞ ∞ ∞ ∞
20 9 74 1497 ∞ 748
50 6 17 114 124 135

100 6 11 43 31 36
150 5 8 25 18 23
200 5 8 24 17 21
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Table 4.2 sheds light on the stochastic convergence of heuristic optimisation techniques.
Fixing the number of iterations (generations) of the algorithm and the cardinality of the port-
folio, we report the minimum number of restarts needed to detect (with 95% confidence) a
solution that is at worse 30% far from the global optimum. This number is calculated as fol-
lows: for each cardinality K and each iteration t (t = 1, ...,200) we calculate the frequency
p̂(t,K) of detecting a solution within the range [0.7 f min

2 (K), f min
2 (K)], where f min

2 (K) is the
score of the globally best solution found for a portfolio of maximum size K (after 200 itera-
tions). If we interpret this as the probability of having a successful outcome in a single trial,
the minimum number of independent restarts needed to detect a near-optimum solution (in
the sense described above) can be determined using critical values from the binomial distri-
bution. In particular, we ask for the minimal number of repetitions such that the probability
of observing at least one successful event is no less than 95% (see also [7] for a similar ap-
proach). Each cell of Table 4.2 reports the number of restarts N̂(t,k) so that the probability
that the algorithm detects a near-optimum solution in t iterations is no less than 95%. A “∞”
symbol is used whenever the algorithm failed to converge in the designated optimum region,
within the number of iterations reported in the second column7.

A general remark about the results of Table 4.2 is that with an increasing number of it-
erations, fewer restarts are needed to detect a good solution (the convergence effect). In
low-cardinality portfolios, convergence is relatively easy. For example, the particle swarm
heuristic is 95% likely to detect an acceptable portfolio of maximum 5 assets in only 10 iter-
ations, after 44 restarts from random initial states. If the algorithm is allowed to iterate more
times, less than ten runs may be enough for quasi-optimality to be attained. Table 4.2 offers
another view of the relation between problem complexity and cardinality, seen already from
the results of Table 4.1. Typically, the computational effort associated with detecting opti-
mal portfolio allocations climbs up towards medium-range cardinalities. An asymmetry with
respect to portfolio size is also observed, in the sense that optimisation heuristics converge
faster in small rather than large portfolios. Comparing the relative convergence speed, PSO is
deemed the most efficient technique as the amount of computational resources (measured by
the required number of independent runs) shows the maximum decline rate with the number
of iterations. This result is generally in agreement with the findings of Table 4.1 and seems
independent of the size of the portfolio.

4.5.3 Financial Implications

Tables 4.3 & 4.4 give us a picture of the financial performance of the globally optimum port-
folios found at each cardinality. Each entry in the tables is an average of the corresponding
performance indicator over the whole range of cardinalities. All enhanced indexation strate-
gies were evaluated in terms of:

• the standard deviation of the realised tracking error (sTE ). The realised tracking error is
computed as the average difference between the daily ex-post strategy and index returns.

• the percentage of sample days for which the strategy under-performs the benchmark
(P−).

• the average realised return (mP).

7 Of course, the infinity symbol should not be interpreted literally in this case. As an anony-
mous referee pointed out, it does not take an infinite amount of random starts to come
within 30% of the optimum, as a Monte Carlo search could perhaps convergence in the
optimum region in a finite - although too many - number of repetitions.
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• the standard deviation of realised returns (sP).
• the Sharpe ratio (SR), i.e. the average realised return in excess of the risk-free rate over

the ex-post standard deviation of returns.
• the Sortino ratio (SoR), i.e. the average excess return over the downside standard devia-

tion (measured as the average of squared negative portfolio returns).
• the cumulative return generated by the end of the investment period (CR).

The first three columns of Tables 4.3 & 4.4 also report the degree of fulfilment for the com-
posite as well as for the two individual portfolio objectives (Obj1 refers to the constraint on
sT E and Obj2 to the restriction on the probability of shortfall). For comparison purposes, we
also report, in the last row of each table, performance measures for a buy-and-hold strategy
(B&H) allocating equal proportion of capital to all member stocks. The B&H portfolio in
this context is not used as an alternative active management strategy but as a reference point
for the trading performance of enhanced indexation portfolios. Thus, it allows us to judge
how well our proposed strategies performed in the chosen sample period in comparison to
the market portfolio. To facilitate interpretation of results, we express figures as a percentage
and on an annual basis (except for P− which refers to the probability of shortfall between two
consecutive trading days). All calculations of SR assume a constant risk-free rate of return
equal to 3% per annum.

The overall picture of Tables 4.3 & 4.4 indicates both in- and out-of-sample superiority of
optimal portfolios derived by evolutionary techniques. Such asset allocations manage to keep
the tracking error standard deviation below 10%, the least desirable threshold, and also have a
better control on the probability of under-performing the index, which in no case exceeds 50%
as required by the fund manager. Given the success in individual goal fulfilment, evolutionary
algorithms attain the highest average score for the composite investment objective among all
portfolio-selection techniques. Despite the fact that evolutionary portfolios are characterised
by low tracking error, they manage to deliver above-market mean and cumulative return with
similar-to-market risk, hence the major improvement in Sharpe and Sortino ratios.

Note that although evolutionary trading strategies manage to control the tracking error in
both sample data sets (as seen by the sTE column), they generally find it hard to significantly
outperform the B&H portfolio in the second period. The probability of going below the mar-
ket on average increases from 30.82% in the estimation to 46.98% in the out-of-sample period,
thus the reduction in the Obj2 and the total degree of fulfilment. The increasing frequency of
under-performance is also evident from the realised returns. The average difference between
the mean return of the enhanced strategies and that of the DJIA drops from 13.6-2.48=11.12%
in the in-sample to 8.58-4.28=4.30% in the out-of-sample period. This gradual deterioration
in the investment performance could be attributed to the fact that portfolios are rebalanced
only once per year and hence fail to keep track of possible changes in the dependence struc-
ture of stock returns or the market conditions in general.

4.6 Discussion – Further Research

This chapter demonstrates how heterogeneous soft-computing techniques can effectively
work together in tackling real-world aspects of portfolio management. We consider the in-
vestment situation whereby a fund manager structures a portfolio that aims to track a bench-
mark index but also attempts to boost returns by straying from the index. We deviate from the
main trend in enhanced indexation by considering non-standard objectives focusing on the
probability that the investment strategy under-performs the market. Fuzzy set theory is used
to handle the subjectivity of performance targets, allowing a smooth variation in the degree
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of fulfilment with respect to the value of performance indicators. Nature-inspired optimisa-
tion heuristics are employed for dealing with the computational complexity of the resulting
enhanced indexation formulations, especially after the introduction of cardinality constraints.
Optimal portfolios derived from approximate optimisers are then benchmarked against the
American Dow Jones Industrial Average (DJIA) index and two other simpler heuristics for
detecting good asset combinations: a Monte Carlo-based combinatorial optimisation method
and an asset selection technique based on the capitalisation and the beta coefficients of index
member stocks.

Our experimental results provide valuable insight into the quantitative and computational
aspects of enhanced index investing. We show that the ultimate success of an indexation strat-
egy depends both on careful asset selection and optimal capital allocation. The simple expert
rule of thumb based on market information manages to “filter out” assets that ought not to
be included in any of the optimal portfolios but still ignores valuable information contained
in the dependence structure of stock returns (at least the proportion of the dependence that is
not captured by market-wide events). The Monte Carlo approach takes that into account by
looking at combinations of assets, but is also likely to pick one or several stocks with undesir-
able characteristics. For these reasons, evolutionary heuristics that perform an exploration of
the solution space in both directions are more likely to detect enhanced portfolio allocations
with improved in- and out-of-sample performance.

Computation methods, such as genetic algorithms and particle swarms, are shown to be
an effective tool for handling the inherent complexities of cardinality-constrained portfolio
optimisation problems. These optimisation heuristics combine exploration rules, inspired by
physical/biological processes, with random elements in the process of choosing optimal di-
rections in the solution space and/or when deciding whether to replace current solution(s)
with new ones. Deliberately introducing randomness into the search process is a good means
of avoiding premature convergence and moving towards global optima. It however implies a
stochastic approximation to the global optimum, where the convergence path and possibly the
reported solutions change in each run of the algorithm. Then comes the issue of how much
computational resources have to be spent before a near-optimum solution is reached with
high confidence. Since we generally lack universally-applicable theoretical results with re-
gard to the convergence speed of nature-inspired heuristics, this problem has to be addressed
on an empirical basis. Following this direction, we perform an empirical analysis of the con-
vergence properties of simulated annealing, genetic algorithms and particle swarms in the
context of enhanced indexation. Instead of reporting the best solution found in each run, we
derive the probability distribution of results by calculating the frequency of reaching a solu-
tion in the vicinity of the optimum. We demonstrate how this information could be further
exploited in accessing the minimal amount of computational resources (i.e. the number of
restarts and the number of iterations per restart) that should be reserved given the complexity
of the optimisation task.

The empirical evidence provided in this chapter clearly shows that there is much potential
in applying soft-computing techniques in enhanced portfolio management. There are how-
ever several implementation issues that have to be addressed before the presented methodol-
ogy could be deployed on a larger scale. Perhaps, one weak point is the considerable number
of free parameters and the lack of clear guidelines on how to choose optimal values. At the
current stage of our methodology development, many design parameters, such as the cutoff
points in fuzzy goals, were selected based on advice from experts and realistic market aspi-
rations. We did not put considerable effort in deriving optimal parameter values, although
preliminary experiments show that the fund manager could obtain allocations with a better
trade-off between expected risk and reward by properly adjusting the cutoff points of the
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objective functions. Still, setting extreme investment targets for in-sample portfolio perfor-
mance may lead to “edge” allocations with poor results on unseen data. Despite the fact that
many of the problems discussed above are also encountered in “non-fuzzy” formulations of
enhanced indexation, it would be wise to perform a sensitivity analysis with respect to these
variables. For instance, one could examine how much the degree of objectives fulfilment, the
portfolio synthesis and the trading performance of optimal allocations vary with the tolerance
to constraint violation, the least acceptable probability of under-performance or the tightness
of the cardinality constraint. Furthermore, it would also be interesting to see whether better
performance can be achieved by utilising different definitions of portfolio reward and risk.
Some benchmarking against other computational heuristics or simple rules of thumb for de-
tecting good asset combinations, would shed further light on the complexities associated with
designing enhanced indexation strategies.
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Summary. This chapter concerns stock market decision support systems that build trading
expertise on the basis of a set of specific trading rules, analysing financial time series of recent
stock price quotations, and focusses on the process of rule selection. It proposes an improve-
ment of two popular evolutionary algorithms for rule selection by reinforcing them with two
local search operators. The algorithms are also adapted for parallel processing on many-core
graphics processors. Using many-core graphics processors enables not only a reduction in the
computing time, but also an exhaustive local search, which significantly improves solution
quality, without increasing computing time. Experiments carried out on data from the Paris
Stock Exchange confirmed that the approach proposed outperforms the classic approach, in
terms of the financial relevance of the investment strategies discovered as well as in terms of
the computing time.

5.1 Introduction

Many-core graphics processors, which appeared in recent years, provide a new type of ef-
ficient parallel computing platforms and create new opportunities for computationally inten-
sive approaches which typically require long run-times. Numerous applications of many-core
graphics processors include data clustering [4], neural networks [3] or optimization algo-
rithms [17] and concern many domains, such as astrophysics, bioinformatics, operational
research and finance.

Although a special architecture of many-core graphics processors gives an opportunity to
split time-consuming computation into a large number of threads and run hundreds of threads
simultaneously, it requires a non-standard manner of designing and programming algorithms,
and consequently makes the computing environment efficient only for certain types of ap-
plications. A special technique of memory management, which causes some restrictions in
capacities and bandwidths, may also constitute a bottleneck for certain algorithms, which
involve extensive processing of large data volumes, and therefore requires some effort in
algorithm engineering.

One of the enticing open challenges concerns the application of many-core graphics pro-
cessors to computational finance. Growing interest in computational approaches to financial
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modelling has led to numerous potential applications for many-core graphics processors, in-
cluding, the application of evolutionary algorithms and neural networks for stock market data
analysis [6], [8], [10], the use of genetic programming to building decision trees for support-
ing financial decision-making [16], and evolutionary approaches for portfolio optimization
[11], [12]. Other applications include money management [14] or option pricing [5].

This chapter concerns stock market decision support systems that build trading expertise
on the basis of a set of specific trading rules analysing financial time series of recent stock
price quotations. One of the most important issues influencing the efficiency of the trading
expertise is a proper rule selection process. It is often defined as an optimization problem with
an irregular, large, search space rendering it suitable for the application of evolutionary algo-
rithms.Although evolutionary approaches are capable of finding relatively efficient solutions,
they are susceptible to overlook some interesting ones and prematurely converge to a local
maximum. Reinforcing evolutionary algorithms by an exhaustive local search often leads to
a significant improvement in solution qualities, but requires an unacceptable long comput-
ing time. However, using many-core graphics processors enables not only a reduction in the
computing time, but also an exhaustive local search, which significantly improves solution
qualities, without increasing computing time.

This chapter is structured as follows: Section 5.2 defines the optimization problem of
rule selection. Section 5.3 describes the evolutionary algorithm based on the Simple Genetic
Algorithm to rule selection and Section 5.4 describes another one based on the Population-
Based Incremental Learning. Section 5.5 proposes two local search operators to improve the
process of rule selection and Section 5.6 proposes their parallelization. Section 5.7 discusses
results of a number of experiments performed on real data from the Paris Stock Exchange.
Finally, Section 5.8 concludes the chapter.

5.2 Problem Definition

One of the popular approaches in constructing decision support systems for stock market
trading is to use a number of trading rules based on Technical Analysis [13], combining them
into a ‘trading expert’ that provide trading decisions.

Such a trading rule may be defined as a function f : K �→ s∈R that maps factual financial
knowledge K (for example, a financial time series of recent stock price quotations) to a real
number s encoding a trading signal: a sell signal for the value of s below a certain threshold
θ1, a buy signal for the value of s above a certain threshold θ2, and no signal otherwise.

Different trading rules may return different trading signals, may have different efficiency
in different stock market conditions, and may have different reliability, so decision support
systems often combine single trading rules into sets, called trading experts, and consider
their trading signals. Such a trading expert may be defined as a subset E of the entire set R
of some specific trading rules f1, f2, . . . , fd available in the decision support system, which
defines the trading signal of the trading expert, for a given factual financial knowledge K , as
the arithmetic average of trading signals of trading rules included in the subset E:

1
|E| ∑

f∈E
f (K ). (5.1)

Performance of a trading expert may be defined by a type of simulation over a predefined
training period. It starts with an initial capital, an initial amount of cash and an initial number
of stocks, at the beginning of the training period. In the successive days of the training period,
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the trading expert provides a trading signal. If it is a buy signal, a predefined part of the
available cash is invested in stocks. If it is a sell signal, a predefined part of the available
stocks is sold. Each transaction is charged with a transaction fee. Finally, the efficiency of the
trading expert is defined by the Sharpe ratio [15] of its daily return rates.

Table 5.1 Simulation settings used in experiments

threshold for a sell signal (θ1) -0.05
threshold for a buy signal (θ2) +0.05
buy limit 50% of cash
sell limit 50% of stocks
initial cash 10000
initial stocks 100
transaction fee 0.39%

Table 5.1 presents the simulation settings applied in experiments. Single trading rules al-
ways produce −1 (sell), 0 (do nothing) or 1 (buy) signals. In each transaction either 50%
of the available capital was invested in stocks or 50% of the available stocks was sold.
The Sharpe ratio of daily return rates was calculated with the daily risk-free return rate of
0.01%.

Therefore, rule selection for constructing efficient trading experts is an optimization prob-
lem of finding the trading expert maximizing the objective function being the Sharpe ratio
over a given training period. The search space consists of all possible trading experts, being
subsets of the entire set of trading rules, so it contains 2d possible solutions. For a large num-
ber of trading rules in the decision support system, the size of the search space constitutes a
bottleneck for many optimization algorithms (in the experiments in this chapter, d = 500 and
2d = 2500).

5.3 Simple Genetic Algorithm for Rule Selection

One of the simplest approaches to solve the optimization problem defined in the previous
section may be based on the Simple Genetic Algorithm (SGA) [7], which evolves a popula-
tion of candidate solutions using standard crossover and mutation operators. Each candidate
solution is a binary vector x = (x1,x2, . . . ,xd) ∈ {0,1}d representing a trading expert, whose
components xi corresponds to an absence (xi = 0) or a presence (xi = 1) of the i-th trading
rule in the trading expert.

Algorithm 5.1 presents the framework of the SGA-RS algorithm. It starts by generating an
initial population P0 composed of N random candidate solutions with a uniform probability
distribution. Components of each random candidate solution x = (x1,x2, . . . ,xd)∈ {0,1}d are
drawn in such a way that xi = 1 with probability 0.5 and xi = 0 with probability 0.5. After its
creation, each candidate solution is evaluated as described in previous sections.

Afterwards, the population evolves until a termination condition is held, usually a prede-
fined number of iterations T . The current population Pt of size N produces an offspring
population P̃t of size 2M: For each pair of offspring solutions x̃i and ỹi, two parent solutions
xi and yi are randomly selected from the current population in such a way that the probability
of being chosen for a candidate solution is proportional to its value of the objective function.
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Algorithm 5.1 Simple Genetic Algorithm for Rule Selection (SGA-RS)

P0 = Random-Population();
Population-Evaluation(P0);

t = 0;
while not Termination-Condition(Pt , t) do

for i = 1,2, . . . ,M do
(xi,yi) = Parent-Selection(Pt);
(x̃i, ỹi) = Cross-Over(xi, yi, pc);
Mutation(x̃i, pm);
Mutation(ỹi, pm);

end for

P̃t = {x̃1, ỹ1, x̃2, ỹ2, . . . , x̃M , ỹM};
Population-Evaluation(P̃t );

Pt+1 = Next-Population-Selection(Pt ∪P̃t );

t = t +1;
end while

Parent solutions produce offspring solutions by one-point crossing over [7] with a cross-over
probability pc ∈ [0,1] or by simply copying with probability (1− pc). Each offspring solution
is mutated by negating each component with a mutation probability pm ∈ [0,1]. Finally, the
next population Pt+1 is composed from the best candidate solutions from the union of the
current and the offspring populations.

Despite its simplicity, the SGA-RS algorithm has some weaknesses, such as a weak resis-
tance for strong individual domination or inefficient random walks in the search space, which
often leads to a premature convergence to a local maximum.

5.4 Population-Based Incremental Learning for Rule Selection

Another competitive approach can be based on the Population-Based Incremental Learning
(PBIL) [1], one of the simplest Estimation of Distribution Algorithms (EDA) [9], which
builds a probability model of efficient candidate solutions. Algorithm 5.2 presents the
overview of the PBIL-RS algorithm. It starts by initializing the probability model p0 =
(p1, p2, . . . , pd) ∈ [0,1]d with (0.5,0.5, . . . ,0.5).

Afterwards, the ‘evolution’ process begins with generating a random population Pt com-
posed of N random candidate solutions according to the probability model pt . Components
of each random candidate solution x = (x1,x2, . . . ,xd) ∈ {0,1}d are drawn in such a way that
xi = 1 with probability pi and xi = 0 with probability (1− pi). After creating, each candi-
date solution is evaluated in a type of a financial simulation as described in previous sections.
PBIL-RS takes the best candidate solution x∗ from the current population Pt , updates the
probability model pt with a learning rate α ∈ [0,1] and mutates it with a mutation proba-
bility β ∈ [0,1] and a mutation rate γ ∈ [0,1]. Finally, the evolution process repeats until a
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Algorithm 5.2 Population-Based Incremental Learning for Rule Selection (PBIL-
RS)

p0 = (0.5,0.5, . . . ,0.5);

t = 0;
while not Termination-Condition(pt , t) do

Pt = Random-Population(pt );
Population-Evaluation(Pt );

{updating the probability model};
x∗ = Find-Best-Solution(Pt);
pt+1 = (1−α) ·pt +α ·x∗;

{mutating the probability model};
if random(0,1) < β then

u = Random-Binary-Vector();
pt+1 = (1− γ) ·pt+1 + γ ·u;

end if

t = t +1;
end while

termination condition is held, usually a predefined number of iterations T . Although the PBIL-
RS algorithm is more resistant to strong individual domination, it also often prematurely con-
verges to a local maximum.

5.5 Hybrid Evolutionary Algorithms with Local Search and
Simulated Annealing

Although both evolutionary algorithms described in previous sections are capable of finding
relatively efficient solutions, they are susceptible to overlook some interesting ones, even if
such solutions are close to the candidate solutions from the current population, because the
objective function is fairly irregular and a close neighbourhood of a mean candidate solution
from the current population may contain a potent candidate solution easy to omit by the
standard evolutionary search.

One of the popular techniques to alleviate this issue is to combine the evolutionary mecha-
nism with the additional local search operator that explores a certain neighbourhood of some
candidate solutions. Certainly, this may lead to a few problems, such as the Baldwin effect or
Lamarckian evolution, but they may be reduced by increasing the population size, decreasing
the ratio of additionally optimized candidate solutions or strengthening the mutation operator.

In order to improve the process of rule selection, both evolutionary algorithms described
in previous sections may be reinforced by two local search operators: Iterative Local Search
(ILS), presented in Algorithm 5.3, and Iterative Local Search with Simulated Annealing (ILS-
SA), presented in Algorithm 5.4, which additionally improves either all offspring solutions
produced by the crossover and mutation operators or only a part of them chosen according to
some selection criteria.
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Algorithm 5.3 presents the framework of Iterative Local Search operator (ILS) for im-
provement of a candidate solution x. It starts by examining all neighbouring solutions of the
original solution x, i.e. binary vectors differing from x on at least one and no more than δ1≥ 1
positions, and finding the best neighbouring solution x̂, i.e. the neighbouring solution of the
largest value of the objective function. If the best neighbouring solution x̂ outperforms the
original solution x, x̂ replaces x̄ and such an optimization process repeats until no improve-
ment is obtained.

Algorithm 5.3 Iterative Local Search (ILS)

{x is the original candidate solution to optimise}

x̂ = Best-Neighbour-Solution(x);
while F(x̂) > F(x) do

x = x̂;
x̂ = Best-Neighbour-Solution(x);

end while

Algorithm 5.4 presents an overview of Iterative Local Search with Simulated Annealing
operator (ILS-SA) to improve a candidate solution x. It starts with the ILS operator, which
transforms the original solution x into a local optimum x̂, and mutating the local optimum
x̂ by negating randomly chosen δ2 ≥ 1 positions. Next, the ILS operator transforms the new
solution into a new local optimum x̄. If the new local optimum outperforms the old one, i.e.
F(x̄) > F(x̂), x̄ replaces x̂. Otherwise, with a probability proportional to exp(F(x̂)−F(x̄)),
the new solution x̄ either remains or is replaced with the local optimum x̂. Finally, the new
solution x̄ is again mutated and optimized with the ILS operator. Such an optimization process
repeats a predefined number of times.

5.6 Parallel Approach to Rule Selection

Despite improving the process of rule selection, combining evolutionary algorithms with lo-
cal search significantly increases the computational complexity and consequently makes the
approach impractical due to the excessively long computing time. In order to make the ap-
proach applicable, rule selection algorithms may be adapted to parallel processing and run
on powerful computing platforms such as many-core graphics processors. This chapter refers
to many-core graphics processors with the Compute Unified Device Architecture (CUDA),
which is a parallel computing architecture for NVidia graphics processors, with a specific
parallel programming model and an instruction set architecture.

In the CUDA architecture, the computing platform consists of two parts: a sequential
platform with a standard processor and a parallel platform with a many-core graphics pro-
cessor. The sequential platform executes the single-threaded mainstream of a program and
invokes some multi-threaded subprograms on the parallel platform. The parallel platform
consists of a number of multi-threaded streaming multiprocessors that execute threads of
an invoked subprogram in parallel. Multi-threaded streaming multiprocessors operate in the
Single-Instruction Multiple-Thread (SIMT) architecture that allows a further parallelization
by running a number of threads concurrently on the same multiprocessor.
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Algorithm 5.4 Iterative Local Search with Simulated Annealing (ILS-SA)

{x is the original candidate solution to optimise}

x̂ = Iterative-Local-Search(x);
x̌ = Mutation(x̂);
x̄ = Iterative-Local-Search(x̌);
while t < T do

if F(x̄) > F(x̂) then
x̂ = x̄;

else
if random() > exp( F(x̂)−F(x̄)

t/T ) then
x̄ = x̂;

end if
end if
x̌ = Mutation(x̄);
x̄ = Iterative-Local-Search(x̌);

t = t +1;
end while
x = x̂;

When invoking a multi-threaded subprogram, the computing platform splits its threads
into a number of blocks and assigns them to multiprocessors, so that each multiprocessor has
one or more blocks of threads to execute. Multiprocessors divide threads from each block
into so-called warps of 32 threads and processes them consecutively. Multiprocessors start
each thread from the same warp at the same time, but may further desynchronise them due
to some conditional instructions, and finish the execution of a warp when all threads of the
warp terminate. When all threads from the same warp execute the same instruction, they are
executed concurrently - otherwise, some threads must wait. Therefore, the full efficiency of
the computing platform may be obtained when all threads execute the same instruction in the
same time, which means that conditional instructions significantly increase the computing
time.

Experiments reported in this chapter were performed on a computing platform with the
Intel Core i7 950 processor and two NVidia GeForce GTX 580 graphics cards, containing
one many-core graphics processor with 16 multiprocessors each, connected by the Scalable
Link Interface (SLI) bridge, but the approach should be compatible with other computing
platforms based on the NVidia GeForce series supporting CUDA 3.2. Details of the hardware
platform specification are presented in Table 5.2.

5.6.1 Parallel Architecture and Data Structures

Although evolutionary algorithms seem to be easy to run in parallel by splitting the entire
reproduction process into a number of threads run at the same time on different processors,
i.e. running the crossover and mutation operators in parallel, improvements in the computing
time for such a parallel architecture are almost equal to costs of thread synchronization and
data transmission.
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Table 5.2 Hardware platform specification (NVidia GeForce GTX 580)

number of multithreaded streaming multiprocessors 16
number of logical cores per multiprocessor 32
total number of logical cores 512
number of registers per multiprocessor 16384
maximum number of threads per block 512
number of threads per warp 32
shared memory per multiprocessor 64 kB
constant memory 64 kB
local memory per thread 16 kB
maximum number of active blocks per multiprocessor 8
maximum number of active warps per multiprocessor 32
maximum number of active threads per multiprocessor 1024

However, in the case of rule selection, the most time-consuming part of the evolutionary
algorithm is the financial simulation and the evaluation of the objective function, which may
be easily run in parallel without any significant costs. Moreover, it is suitable for many-core
graphics processors, because such parallel threads execute the same instructions in the same
time by a majority of the computing time.

A number of technical issues had to be addressed, as a result of some limitations of the
CUDA architecture. Due to memory constraints, financial time series of stock quotations
were represented in short integer numbers (2 bytes) of euro cents. Simulations of trading
expert performances were calculated in either integer numbers (4 bytes) or short integer num-
bers (2 bytes). Return rates and Sharpe ratios were calculated in float numbers (4 bytes, single
precision arithmetic), but stored in integer numbers of 0.0001%, which in certain situations
caused some numerical problems (insignificant in the final assessment). Permanent data struc-
tures, such as financial time series and trading rule signals, evaluated before the evolution had
started, were stored in texture memory, as a result of the lack of a faster shared memory. Trad-
ing experts and objective values were stored in shared memory. Global memory was not used
in computation, because of the low bandwidth.

5.6.2 Parallel Population Evaluation

Population evaluation was run in parallel – each trading expert from the population was pro-
cessed in a separate thread. According to the CUDA architecture, threads was organized in
blocks. Blocks were processed in parallel by multiprocessors, in such a way that a warp of
32 threads were processed at the same time, while the remaining warps of the same block
were waiting active in the queue. The number of threads per block depended on the problem
size, because only 64 kB of shared memory was accessible for the entire block (thus, the
number of threads per block was approximately equal to 64 kB divided by the size of the
trading expert and some temporary data structures necessary for the simulation). The stock
price quotations and the precomputed signals of trading rules were stored in texture memory
due to the limited size of the faster shared memory.
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5.6.3 Parallel Local Search

Local search was also run in parallel: the Iterative Local Search operator optimized each
trading expert in a separate thread, while the mainstream of the Iterative Local Search with
Simulated Annealing operator was run on the sequential platform due to some inefficiency
in parallel generation of random numbers. Parallelization of local search required a similar
architecture to that of population evaluation, but a different number of threads was run.

Table 5.3 Comparison of the computing time necessary to construct a trading expert in the
sequential and in the parallel approach (average times for 8 runs)

parallel sequential
1000 iterations, PBIL-RS without local search 50 s 2 min
5000 iterations, PBIL-RS without local search 240 s 9 min
1000 iterations, SGA-RS without local search 80 s 6 min
5000 iterations, SGA-RS without local search 390 s 29 min
1000 iterations, PBIL-RS with the ILS operator 110 s 7 min
5000 iterations, PBIL-RS with the ILS operator 540 s 34 min
1000 iterations, SGA-RS with the ILS operator 150 s 11 min
5000 iterations, SGA-RS with the ILS operator 740 s 53 min
1000 iterations, PBIL-RS with the ILS-SA operator 21 min > 6 h
5000 iterations, PBIL-RS with the ILS-SA operator 1 h > 6 h
1000 iterations, SGA-RS with the ILS-SA operator 24 min > 6 h
5000 iterations, SGA-RS with the ILS-SA operator 1 h > 6 h
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Fig. 5.1 The values of the objective function of the best trading expert discovered in the suc-
cessive iterations of the evolutionary algorithm for the SGA-RS and the PBIL-RS algorithm
and their modifications with the ILS-SA operator
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5.7 Experiments

In order to validate the approach combining evolutionary algorithms with local search, a
number of experiments were performed on a set of 500 trading rules based on technical
analysis indicators [13] and 10 benchmark datasets. Each dataset consisted of financial time
series of daily price quotations of one stock from the CAC IT 20 index of the Paris Stock
Exchange over a training period from January, 2, 2009 to November, 30, 2009 (234 trading
days) and a testing period from December, 1, 2009 to December, 31, 2009 (22 trading days).
Performance of trading experts were evaluated in a financial simulation, with the simulation
settings presented in Table 5.1, over the training period (in-sample) and the testing period
(out-of-sample).

In the SGA-RS, the population size N was 3200, the offspring population size was 2M =
6400, the cross-over probability pc was 0.95, the mutation probability pm was 0.05 and the
evolution lasted T = 1000 or T = 5000 iterations. In the PBIL-RS, the population size N was
3200, the learning rate α was 0.15, the mutation probability β was 0.05, the mutation rate
γ was 0.05 and the evolution lasted T = 1000 or T = 5000 iterations. In the ILS operator,
neighbourhoods of size δ1 = 4 were considered. In the ILS-SA operator, mutations of size
δ2 = 6 were used.

Each of the experiments described further was run twice: once on the sequential computing
platform and once on the parallel computing platform. The sequential computing platform
contained the Intel Core i7 950 processor. The parallel computing platform contained also
two NVidia GeForce GTX 580 graphics cards connected by the Scalable Link Interface bridge
with 1024 logical cores in total.

The first part of experiments aimed at comparing the computing time necessary to con-
struct a trading expert in the sequential and in the parallel approach with many-core graphics
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successive days of the training period for an experiment with the dataset concerning Neopost
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processors without focusing on the financial relevance of the investment strategies developed.
Table 5.3 presents a summary of the comparison of the computing time. The first four rows
correspond to the PBIL-RS and SGA-RS algorithms with local search turned off. The next
four rows correspond to the algorithms with the Iterative Local Search operator. The last four
rows correspond to the algorithms with the Iterative Local Search with Simulated Annealing
(experiments on the sequential computing platform were stopped after 6 hours of comput-
ing). Not surprisingly, the parallel approach outperformed the sequential one in terms of the
computing time and enabled to process the cases that were impractical for the sequential
approach.

Figure 5.1 presents the values of the objective function of the best trading expert dis-
covered in the successive iterations of the evolutionary algorithm for the SGA-RS and the
PBIL-RS algorithm and their modifications with the ILS-SA operator. It is easy to see that
local search significantly improves the standard evolutionary search.

The second part of experiments aimed at evaluating the financial relevance of the invest-
ment strategies discovered. It focused on the results of the parallel approach, because the
financial relevance of both approaches is similar, the difference lies in the computing time,
which sometimes makes the sequential approach impractical.
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training period for each dataset
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Table 5.4 The financial relevance of the investment strategies discovered (average values for
8 runs)

Stock ISIN Training Training Training Test Test
Time Sharpe Return Return B&H
Time Ratio Rate Rate

Alcatel-Lucent FR0000130007 24 min 28.45 289.13 6.46 5.84
Alstom FR0010220475 19 min 21.13 93.84 5.69 4.92
Cap Gemini FR0000125338 21 min 22.16 68.14 3.49 3.48
France Telecom FR0000133308 14 min 12.03 20.24 0.35 0.24
Legrand FR0010307819 18 min 24.17 74.36 1.83 6.09
Neopost FR0000120560 22 min 20.39 50.84 0.65 -1.15
Schneider Electric FR0000121972 23 min 26.14 92.47 17.37 11.91
STMicroelectronics NL0000226223 34 min 21.94 83.96 5.99 19.73
TF1 FR0000054900 21 min 27.93 212.38 9.62 8.29
Vivendi FR0000127771 26 min 17.46 73.14 8.87 8.03

Figure 5.2 presents the plot of the capital of the best trading expert discovered (the top
subplot) and the plot of stock prices (the bottom subplot) over the training period for one cho-
sen experiment with the dataset concerning Neopost (other experiments gave similar results
and are summarized further). It is easy to see that the trading expert is more profitable than
simple fluctuations in stock prices.

Figure 5.3 presents a comparison of the capital of the best trading expert discovered (the
solid line) with the capital of the simple Buy-and-Hold strategy (the dotted line), which con-
sists of investing the entire cash in stocks at the beginning and keeping it until the end of
the considered period, over the training period for each dataset. It is easy to see that trading
experts outperform the Buy-and-Hold strategy in all cases.

Finally, Table 5.4 presents the financial relevance of the investment strategies discovered.
The first two columns define the dataset, the third column contains the computing time to
find the best trading expert. The next two columns concern the training period and present
the Sharpe ratio and the average return rate. The last two columns concern the testing period
and present the return rate and the Buy-and-Hold benchmark. In all the experiments, the in-
vestment strategy discovered had a positive return rate. In most of cases, it also outperformed
the Buy-and-Hold benchmark.

5.8 Conclusions

This chapter proposed hybrid evolutionary approaches, combining evolutionary algorithms
with local search, for many-core graphics processors in order to improve the process of rule
selection in stock market trading decision support systems. Parallelization of the sequential
approach focused on population evaluation and local search. Despite some constraints of
many-core graphics processors, mainly related to memory management, the parallel approach
not surprisingly outperformed the sequential approach and enabled the processing of cases
that were impractical for the sequential approach.

Although the main advantage of many-core graphics processors is the number of logical
cores (in experiments, 2 ·512 = 1024 logical cores were used) and the number of threads run
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in parallel, in order to achieve the high efficiency of computing, threads must execute similar
instructions in the same time. Fortunately, in the decision support system discussed in this
chapter, computation of the value of the objective function as well as the local search oper-
ators may be implemented in such a manner. Experiments carried out on real data from the
Paris Stock Exchange confirmed that the approach proposed outperforms the classic approach
also in terms of the financial relevance of the investment strategies discovered.

Further work on parallelization of more advanced evolutionary algorithms, such as the
extended compact genetic algorithm (ECGA), BOA [17], or other Estimation of Distribution
Algorithms [9], which may solve the optimization problem more efficiently, may make them
competitive also in terms of the computing time.
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A., Machado, P. (eds.) EvoWorkshops 2009. LNCS, vol. 5484, pp. 162–171. Springer,
Heidelberg (2009)

15. Sharpe, W.: Capital Asset Prices: A Theory of Market Equilibrium under Conditions of
Risk. Journal of Finance 19, 425–442 (1964)

16. Tsang, E., Li, J., Markose, S., Er, H., Salhi, A., Iori, G.: EDDIE In Financial Decision
Making. Journal of Management and Economics 4(4) (2000)

17. Wahib, M., Munawar, A., Munetomo, M., Akama, K.: A Bayesian Optimization Algo-
rithm for De Novo ligand design based docking running over GPU. In: Proceedings
of the IEEE Congress on Evolutionary Computation (CEC 2010), pp. 1–8. IEEE Press,
Los Alamitos (2010)



6

Regime-Switching Recurrent Reinforcement Learning
in Automated Trading

Dietmar Maringer and Tikesh Ramtohul

Universität Basel, CH-4002 Basel, Switzerland
{Dietmar.Maringer,Tikesh.Ramtohul}@unibas.ch

Summary. The regime-switching recurrent reinforcement learning (RSRRL) model was
first presented in [19], in the form of a GARCH-based threshold version that extended the
standard RRL algorithm developed by [22]. In this study, the main aim is to investigate the in-
fluence of different transition variables, in multiple RSRRL settings and for various datasets,
and compare and contrast the performance levels of the RRL and RSRRL systems in algorith-
mic trading experiments. The transition variables considered are GARCH-based volatility, de-
trended volume, and the rate of information arrival, the latter being modelled on the Mixture
Distribution Hypothesis (MDH). A frictionless setting was assumed for all the experiments.
The results showed that the RSRRL models yield higher Sharpe ratios than the standard RRL
in-sample, but struggle to reproduce the same performance levels out-of-sample. We argue
that the lack of in- and out-of-sample correlation is due to a drastic change in market con-
ditions, and find that the RSRRL can consistently outperform the RRL only when certain
conditions are present. We also find that trading volume presents a lot of promise as an indi-
cator, and could be the way forward for the design of more sophisticated RSRRL systems.

6.1 Introduction

The recurrent reinforcement learning (RRL), proposed by [22], is a direct reinforcement ap-
proach for investment decision making. It has an autoregressive outlook and can be likened to
a recurrent neural network with a single layer. Previous work has already shown that the RRL
offers good promise in finding profitable strategies in financial markets. Despite the reported
findings, its simplistic nature casts some doubts about its ability to capture the non-linearities
present in financial data. In [19], we proposed a new model, called threshold RRL, that aug-
ments the existing RRL with regime-switching properties using volatility as an indicator, to
cater for these non-linearities. The main aim of this study is to investigate the more generic
regime-switching RSRRL models (RSRRL) with different types of transition variables, and
compare their performance with the basic RRL. We perform controlled experiments using
artificial data to better understand the working principles of the algorithms, and then use
real-world datasets to test the efficiency of the systems in a frictionless automated trading
setting.

The outline of the paper is as follows: in Section 6.2, we present a review of previous
work concerned with the application of RRL in financial trading. Section 6.3 is devoted to

A. Brabazon et al. (Eds.): Natural Computing in Comput. Finance, SCI 380, pp. 93–121.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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the RSRRL. It starts by briefly reviewing the RRL methodology and proceeds with a detailed
description of the RSRRL model, with emphasis on the learning procedure. Section 6.4 then
provides the motivation behind the choice of transition variables for this study, with the Mix-
ture Distribution Hypothesis (MDH) taking centre stage. The ensuing section describes the
experiments carried out to compare the two methodologies, presents the results, and provides
an assessment of the main findings. Section 6.6 provides the concluding remarks and dis-
cusses possibilities for future work.

6.2 Literature Review

Early work by [22] and [23] aimed at demonstrating the efficiency of the RRL methodol-
ogy for training trading systems and portfolios by optimising the differential Sharpe ratio
(DSR). Their early studies emphasised on two main aspects. First, trading systems based on
the reinforcement learning paradigm perform better than those based on supervised learning
techniques. Second, mechanical traders trained to maximise a risk-adjusted performance cri-
terion like the differential Sharpe ratio outperform trading systems trained on maximising
profits alone, or on minimising some error criterion. Based on these results, [21] used real
datasets to test the efficacy of the RRL-traders. They used the half-hourly U.S Dollar/British
Pound FX rate from the first 8 months of quotes in 1996 to train a 3-position, i.e. {long, short,
neutral} trader. The differential downside deviation ratio [21] was used as the performance
criterion. The RRL-traders led to profitable situations and positive Sharpe ratios, thereby in-
dicating the ability of the RRL technique to discover structure in real-world financial data
series. The authors also compared the performance of the RRL with a Q-learning approach,
and found out that RRL-traders outperformed the Q-traders in all aspects, be it performance,
interpretability or computational efficiency, which further enhanced the appeal for direct re-
inforcement learning approaches in the design of trading systems.

As a follow-up work on the single-layer RRL technique, [11] extended the model to a two-
layer neural network and subsequently drew comparisons between the effectiveness of this
variant with the original single-layer network. He used half-hourly quotes from 25 different
FX markets for the entire year of 1996. The traders were of the {long, short} type and the
DSR was the objective function used for optimising the network weights. The author also
performed some tuning to obtain good candidate values for some key model parameters like
the learning rate and number of training epochs. His results showed that the RRL-traders were
profitable in most markets, although for a select few, very low and even negative Sharpe ratios
were reported. Despite the slightly mitigated performance, the general impression was that
the RRL algorithm is able to capture certain patterns and come up with profitable situations.
Moreover, the results also demonstrated that better performance is obtained with the one-
layer network than with the two-layer version. The author attributed this to noisy financial
data. He claimed that the more intricate version overfits the data and tentatively pointed out
that trading in FX markets might not require models that are too complex.

A full-fledged automated trading system based on the RRL was put forward by [5]. They
used a slightly modified version of the basic RRL as part of a trading system with a layered
structure for trading in FX markets. The system consists of a machine learning layer, a risk
management layer and a dynamic utility optimisation layer. The purpose of the risk manage-
ment layer is to subject the output of the machine learning layer to certain risk constraints
before the final trading decision is taken. The main role of the dynamic optimisation layer is
to find optimal values for the model parameters in an adaptive fashion. They used one-minute
data for the Euro-Dollar currency pair, spanning a period from Jan. 2000 up to Jan. 2002. The
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results showed that the risk management layer and the dynamic utility optimisation layer give
rise to better performance, hence implying that such a layered structure might be worth con-
sidering while designing fully automated trading systems. An important point reported by the
authors concerns the use of inputs other than lagged returns to the RRL. They experimented
with various popular technical indicators as input, but did not notice any added improvement
in performance.

More recently, [2] used the RRL algorithm to develop a {long, short, neutral} trading
system, and applied it to 9 of the major world financial market indices for the period between
April 1992 and March 2007. The model is similar to the one proposed by [22] except that
the authors used the reciprocal of the returns weighted direction symmetry index1 as their
maximisation criterion instead of the DSR. Daily closing prices were considered instead of
high-frequency data. Moreover, a stop-loss criterion was included to prevent large drawdowns.
Once more, results were very encouraging; the RRL-traders led to profitable situations in all
but one case.

6.3 Model Description

6.3.1 Recurrent Reinforcement Learning

Reinforcement Learning (RL) is a type of machine learning technique which focuses on goal-
directed learning from interaction [29]. It is a way of programming agents by reward and
punishment without needing to specify how the task is to be achieved [13]; in other words,
the learning process does not require target outputs, unlike supervised learning techniques. RL
can be used to find approximate solutions to stochastic dynamic programming problems and
it can do so in an online fashion [23]. In the last decade or so, it has attracted rapidly growing
interest in the computational finance community, especially for the design of trading systems.
The RRL, proposed by [22], is one such algorithm that uses the reinforcement paradigm to
make investment decisions. It is an adaptive policy search algorithm which tries to maximise
a certain performance criterion in order to learn profitable investment strategies. As its name
suggests, the system is recurrent, meaning that the current investment decision has a say in
shaping future decisions. In the presence of transaction costs, investment performance de-
pends on sequences of interdependent decisions; the recurrent nature of the algorithm takes
this path-dependency into account [23]. [21] describe the RRL as a computationally efficient
algorithm that allows for simpler problem representation, avoids Bellman’s curse of dimen-
sionality, and circumvents problems that are generally associated with trading systems based
on price forecasts.

The RRL model can be thought of as a gradient ascent algorithm which aims at optimising
some desired criterion. The basic version was developed to trade fixed position sizes in a
single security, but it can easily be extended to trade in varying quantities, or to manage
multiple asset portfolios [23], or for asset allocation [23, 21]. A single-asset, two-position
trader will be discussed in this paper. The trader can take only long or short positions of
constant magnitude. Neutral positions are not allowed, so he is always in the market; this is
also known as a reversal system [11]. The trading function is as follows:

1 It corresponds to the ratio of the cumulative positive trading returns to the cumulative
negative trading returns.
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Ft = tanh

(
m−1

∑
i=0

wirt−i +wmFt−1 +wm+1v

)
. (6.1)

Ft is the output of the network at time t. A long position is adopted when Ft > 0; the trader
buys an asset at time t and makes a profit if the price goes up in the next time step. If Ft < 0,
the trader short sells an asset at time t and makes a profit if the price goes down at time t +1.
The price return rt corresponds to the difference in value of the asset between the previous
period and the current period, i.e. rt = pt − pt−1. The term v is the familiar bias present in
neural network models, typically having a value of 1. The wi’s denote the system parameters
or network weights that need to be optimised. Note that the time indexation of the weights
has been dropped for clarity. The term Ft−1, i.e. the trade position at the previous time step,
induces recurrence and hence some kind of internal memory. The RRL model is not restricted
to taking only lagged price returns as input. It can easily accommodate technical indicators
or other economic variables that might have an impact on the security.

6.3.2 Regime-Switching Recurrent Reinforcement Learning

Despite the relative success of the single-layer RRL model, it can be argued that its linear out-
look makes it ill-suited to capture all the intricate aspects of financial data. An approach with
a higher degree of non-linearity could very much aid in increasing its predictive capabilities.
One straightforward way of accounting for the non-linearities is to incorporate hidden layers
in the network. But, [11] noted a decline in performance when he introduced a hidden layer in
the RRL topology. Indeed, multi-layer models are prone to overfitting, especially with noisy
financial data, and are quite often unable to generalise properly. Moreover, such black-box
approaches render inference about the input-output relationship difficult, if not impossible.
A certain degree of transparency ensures that automated trading systems are more tractable,
thereby allowing the human expert to adopt remedial measures or perform fine-tuning more
efficiently whenever performance starts to degenerate. There is a need for non-linear models
that can perform well out-of-sample and that can shed some light on how economic variables
affect financial markets. Regime-switching models provide an elegant solution to this kind
of problem. These models define different states of the world (regimes), and assume that the
dynamic behaviour of economic variables depends on the regime that occurs at any given
point in time. This implies that certain properties of the time series, such as its mean, vari-
ance, autocorrelation, etc., are different in different regimes. Such models offer a great deal
of transparency and the concept of regimes helps to capture non-linearities.

There exists some well-established regime-switching methods that have gained promi-
nence in econometrics. These include the threshold model, initially proposed by [32], the
Markov-Switching model of [12], the artificial neural network model of [34], and the smooth
transition model [31], the latter being a more general version of the threshold model. Sup-
pose that we have a 2-regime situation for some dependent variable xt , and each regime is
characterised by an AR(1) process; then the regime-switching model can be expressed as

xt =
(
φ0,1 +φ1,1xt−1

)
(1−G(qt ;γ ,c))

+
(
φ0,2 +φ1,2xt−1

)
G(qt ;γ ,c)+ zt , (6.2)

where zt denotes an i.i.d white noise process. G(qt ;γ,c) is the transition function, for which
the logistic function is a popular choice and takes the form

G(qt ;γ,c) =
1

1+ exp (−γ [qt −c])
, (6.3)
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where qt is the transition variable, c is the threshold or location parameter, and γ dictates the
smoothness of the transition. G(qt ;γ,c) can take any value in the range [0,1]. As γ tends to
infinity, the logistic function approaches the indicator (step) function. The interested reader
is referred to [10] for more details about these models.

The regime-switching version of the recurrent reinforcement algorithm can be formulated
by considering (6.1) and (6.2). To simplify the discussion, the focus will be on models that
involve only two regimes. It is however trivial to extend the model to account for multiple
regimes and/or multiple indicator variables. A two-regime system ( j = {1,2}) can be de-
scribed as

Ft = yt,1G(qt ;γ,c)+ yt,2 (1−G(qt ;γ,c)) , (6.4)

yt, j = tanh

(
m−1

∑
i=0

wi, jrt−i +wm, jFt−1 +wm+1, jv

)
.

These systems can be thought of having two RRL networks (see Figure 6.1), each one cor-
responding to a particular regime and having a distinct set of weights. The overall output Ft

of the system is the weighted sum of the the outputs y1,t and y2,t of the individual networks.
The weighting factor is actually the value of the transition variable. Initially, both networks
have the same set of weights. During training, the model promotes selective learning and this
leads to each network developing a unique set of weights. If the system is in a particular
regime, the network associated with that regime is exposed to higher weight updates than the
other. The extent of the overlapping between the two regimes is regulated by the term γ . For
the threshold version (γ = ∞), each network learns a distinct mapping that corresponds to a
specific region in the space spanned by the indicator variable. The latter effectively acts as a
switch or gating device that selects the appropriate network at each time step.

6.3.3 Differential Sharpe Ratio for Online Learning

The learning process of the RSRRL is in essence similar to that of the RRL described in [22].
It involves maximising a certain performance criterion to obtain a set of network weights
that can lead to profitable strategies. [23] showed that RRL systems trained by maximising
risk-adjusted performance criteria perform better than those trained by minimizing error func-
tions. They used stochastic gradient ascent to maximise the differential Sharpe ratio (DSR),
a variant of the well-known Sharpe ratio introduced by [27]. The DSR is derived by making
use of exponential moving average estimates of the first and second moments of the trading
returns distribution. The same approach has been adopted in this paper. The trading return Rt ,
as defined by [23], is expressed as

Rt = r f
t + sign(Ft−1)

(
rt − r f

t

)
−δ
⏐⏐sign (Ft)− sign (Ft−1)

⏐⏐, (6.5)

where r f
t is the risk-free rate of interest and δ is the transaction cost rate per share traded .

Note that both of these terms have been assumed to be zero in this study. The exponential
moving average Sharpe ratio can be expressed in terms of the trading return Rt . It is given by

St =
At√

Bt −A2
t

, (6.6)
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rt rt−1 rt−2 rt−3 v

tanh tanh

Gt 1−Gt

∑

Ft

D

Ft−1

yt,1 yt,2

Fig. 6.1 RSRRL network structure where D is the delay operator and m = 4

where

At = At−1 +η (Rt −At−1) = At−1 +ηΔA,

Bt = Bt−1 +η
(

R2
t −Bt−1

)
= Bt−1 +ηΔ B.

The DSR is obtained by expanding the exponential moving average version to first order in
the adaptation rate η [23]. It is given by

Dt =
Bt−1ΔA− 1

2 At−1ΔB(
Bt−1−A2

t−1

) 3
2

. (6.7)

It can be optimised incrementally using gradient ascent. If ρ corresponds to the learning rate,
the weight update equation is given by

wt, j = wt−1, j +ρΔ wt, j for j = {1,2}, (6.8)

where

Δwt, j =
dDt

dRt

(
dRt

dFt

dFt

dwt, j
+

dRt

dFt−1

dFt−1

dwt−1, j

)
.

The derivative dFt
dwt

for online training can be computed using an approach similar to back-
propagation through time (BPTT) introduced by [33] and discussed in [23],

dFt

dwt, j
≈ ∂Ft

∂wt, j
+

∂Ft

∂Ft−1

dFt−1

dwt−1, j
for j = {1,2} (6.9)
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where

∂Ft

∂wt, j
=

∂Ft

∂yt, j
× ∂yt, j

∂wt, j
,

∂Ft

∂Ft−1
=

2

∑
j=1

(
∂Ft

∂yt, j
× ∂yt, j

∂Ft−1

)
.

All the required derivatives can be computed using basic differentiation rules, and thus the
weight update process turns out to be rather straightforward and relatively fast.

6.4 Transition Variables

6.4.1 General Considerations

There exists a host of indicators that are typically used in technical analysis for predicting
price movements, but only a few can actually be regarded as potential candidates for switch-
ing between regimes in the RSRRL model. The very nature of the RSRRL calls for a transition
variable that has certain desirable characteristics. First and foremost, it must have an impact
on the serial correlation of the price returns process. This is a rather obvious requirement since
the model takes lagged returns as input and is thus sensitive to the autocorrelations present
in the data. Absence of any relationship between the indicator variable and serial correlation
in the returns will most certainly lead to spurious learning. Another important feature of the
transition variable is that it should be computable or observed at a frequency that is at least
equal to the desired frequency of trading. For instance, if data about a certain economic factor
is reported only once per month, it cannot be used in a system designed for daily trading. A
third feature is concerned with the switching behaviour of the variable. Excessive switching
during the training phase will prevent the networks from uncovering structure in the data since
proper learning requires sustained weight updates in any of the regimes. On the other hand,
little or zero switching behaviour will cause learning to occur in only one of the networks. It
is therefore imperative to have a variable that spans a regime over multiple time steps. On top
of that, during the training phase, it is also important that the system goes through enough
instances of each regime so that learning is not biased towards one network. Finally, it should
preferably be an observable variable or a function of an observable variable that can be readily
computed. Latent variables can also be good candidates as long as the estimation process is
fast and reliable. Otherwise, the model runs the risk of having estimation errors propagating
during the learning phase that can undermine its generalisation capabilities.

The transition variables considered in this study are volatility, trading volume and the
daily rate of information arrival. They have most of the aforementioned characteristics and
can therefore be considered as good candidates for the RSRRL. The ensuing subsections
review some empirical studies regarding these variables, and presents the motivation behind
their use in the regime-switching framework.

6.4.2 Volatility

Empirical studies have shown that volatility and serial correlation in returns are related. [17]
used a GARCH model with an exponential time varying first order autocorrelation to describe
the short run dynamics of several US stock index returns as well as individual stock returns.
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His results pointed at larger first-order autocorrelations during periods of lower volatility than
during periods of higher volatility. These patterns were observed in both daily and weekly re-
turns. [26], in turn, found out that during low volatility periods, daily US index returns are
positively autocorrelated but during high volatility periods, they tend to be negatively auto-
correlated. The authors attribute this finding to the use of feedback strategies during trading,
suggesting that the observed level of autocorrelation at any given point in time is a function of
the strength of positive feedback trading relative to negative feedback trading. According to
them, the sign reversal in stock return autocorrelation arises because positive feedback traders
exert a greater influence on price movements and the degree of autocorrelation during volatile
periods. [15] investigated this angle further by considering national stock markets other than
the US. He also found evidence of positive feedback trading causing stock return autocorre-
lation to become negative during high volatility periods. He also noted that positive feedback
trading is more pronounced during market declines than it is during market advances. And fi-
nally, [20] investigated this relationship on US stock returns using a bivariate GARCH model
with time-dependent variance and autocovariance. They found that either positive or nega-
tive autocorrelation exists at low volatility levels, but an increase in volatility increases the
likelihood of negative autocorrelation. These studies do not provide a unified view about the
relationship between volatility and serial correlation, but they nevertheless provide enough
justification for the use of volatility as a transition variable.

6.4.3 Volume

Over the last few decades, the research community has spent a lot of time and effort in trying
to understand the nature of connections between volume and prices of securities. According
to [14], good understanding of these relationships can provide valuable insight to the structure
of financial markets by providing information regarding rate of information flow in the mar-
ketplace and the extent that prices reflect public information. In particular, the relationships
between volume and volatility, and between volume and price returns, have been scrutinised.
[14] conducted a comprehensive survey on early empirical work in this area, and formulated
a couple of ‘stylized facts’, namely

• The correlation between volume and the absolute value of the price change (a kind of
volatility measure) is positive.

• The correlation between volume and the price change per se is positive.

The first proposal has almost unanimously been accepted (see [14] for a summary of the main
empirical studies in this area), with the main debate now centering on whether the volume-
volatility relationship is causal or contemporaneous. The second proposal, however, is still
subject to much debate. It literally implies that volume is relatively heavy in bull markets but
light in bear markets [14]. [36] was among the first to postulate such a relationship, based
on a series of statistical tests conducted on a six-year daily series of price and volume. He
reported a set of empirical findings, of which the following two statements are of pertinent
interest to this study

• A small volume is usually accompanied by a fall in price.
• A large volume is usually accompanied by a rise in price.

Subsequent work by [7] and [8] supported these findings: they found that the ratio of volume
to absolute price change was larger for transactions on upticks than on downticks, both in the
stock and bond markets. However, conflicting evidence was found by [35] who found the ratio
to be higher for downticks. There are other empirical studies, reported by [14] in his seminal
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paper, that tend to either agree or disagree with the findings of [36]. This has led to a divided
opinion among researchers today about the true nature of this relationship. Nevertheless, it
remains an interesting candidate for use as indicator variable, especially since volume data is
readily available and can easily be processed.

6.4.4 Rate of Information Arrival

Among the many factors that affect the amount of daily volume on a security, the arrival
of new information arguably has the greatest impact of them all. New information, or news,
can be a press release or a regular earnings announcement provided by the company, or it
can be a third party communication, such as a court ruling or a release by a regulatory agency
pertaining to the company [28]. It is quite natural then that most of the theoretical models that
have been put forward to help explain the price-volume relationships are based on the arrival
of new information. One such model is the Mixture Distribution Hypothesis (MDH). [30]
proposed a market microstruture model that led to the formulation of the MDH. In their model,
the market consists of J active traders. Within a day, the market for a single security passes
through a sequence of distinct equilibria. The movement from the (i−1)th to the ith within-
day equilibrium is initiated by the arrival of new information to the market. The number
of traders J is non-random and fixed for each day, while the number of daily equilibria, I,
is random. At the ith equilibrium the desired position of the jth trader is given by qi j =
α(p∗i j − pi), where p∗i j is his reservation price, pi is the current market price and α is a
positive constant. Under the equilibrium condition that the market clears, the market price is
determined by the average of the reservation prices of all J traders.

J

∑
j=1

qi j = 0 ⇒ pi =
1
J

J

∑
j=1

p∗i j. (6.10)

The influx of new information causes the traders to adjust their reservation prices, which
consequently causes a change in the market price. The associated volume of trading vi is by
definition one-half the sum of the absolute of the changes in the traders’ positions. Hence,

δ pi = pi− pi−1 =
1
J

J

∑
j=1

δ p∗i j (6.11)

vi =
ρ
2

J

∑
j=1
|δ p∗i j−δ pi| (6.12)

The authors used the following variance-components model to express the change in the
reservation prices of the traders,

δ p∗i j = φi +ψi j with φi ∼ i.i.d.N(0,σ2
φ ), ψi j ∼ i.i.d.N(0,σ2

ψ ). (6.13)

where φi represents the component common to all traders and ψi j represents the idiosyncratic
component specific to the jth trader. The parameters σ2

φ and σ2
ψ measure the sensitivity of

the traders’ reservation prices w.r.t. new information. A large realization of φi relative to
ψi j depicts the case where traders are unanimous about the new information. The alternate
scenario means that traders react diffusely to the news. In this model, the variances of φi

and ψi j are time independent. The ith market price change and trading volume, based on the
variance-component model is given by:
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δ pi = φi +ψi, with ψi ≡ 1
J

J

∑
j=1

ψi j (6.14)

vi =
α
2

I

∑
i=1
|ψi j−ψi| (6.15)

Thus, for a given day t, the daily price change, δ pt or rt , and the daily trading volume, vt , can
be obtained by summing up the within-day price changes, δ pi, and intra-day volume vi. [30]
derived the first and second moments for rt and vt , and proposed that the joint distribution
of daily returns and trading volume is a bivariate normal conditional on the daily number of
information arrivals It if it is assumed that the number of traders J, as well as the variances
σ2

φ and σ2
ψ (see (6.13)), are constant over time. Their model boils down to the following

equations:

rt |It ∼ N(0,σ2
r It), (6.16)

vt |It ∼ N(μvkt ,σ2
v It).

The return variance and trading volume are simultaneously directed by the rate of informa-
tion flow to the market, thereby implying a positive contemporaneous relationship between
volatility and volume. The dynamics of the volatility process is dependent on the time series
behaviour of It , which also affects the trading volume. The authors assumed a log-normal
distribution for It ,

λt ∼ N(μλ ,v2
λ ) where λt = log(It). (6.17)

Since the behaviour of the latent process directly influences volatility dynamics, many re-
searchers focused their attention on the MDH in a bid to explain ARCH effects in financial
time series. [16] assumed the information arrival rate to be serially correlated and used a
Gaussian AR(1) process to model this. [1] then extended the model by including an additional
component in the volume equation, based on a microstructure framework he proposed. The
component in question is unrelated to information flow, but rather reflects noise or liquidity
trading. His model can be represented by the following set of equations

rt |λt ∼ N(0,σ2
r eλt ), (6.18)

vt |λt ∼ N(μ0 + μweλt ,σ2
v eλt ),

λt |λt−1 ∼ N(δλ λt−1,v
2
λ ).

Other notable contributors in this area are [18] and [9] who extended the model of [1] in an
attempt to adequately reflect the joint behaviour of volatility and volume, but none has been
able to fully account for persistence in stock price volatility. The MDH might have certain
shortcomings, but it is in agreement with many of the empirical findings discussed earlier.
The latent directing variable, i.e. the rate of information arrival, makes a very strong case for
its use as indicator variable in the RSRRL.

6.5 Experiments

6.5.1 Setup

This section describes the experiments carried out to gauge the efficiency of the RSRRL
model. The simulation results are presented and an assessment of the main findings is given.
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The first experiments dealt with artificial data series and aimed at illustrating the capabilities
and potential downsides of the RSRRL. The second string of experiments aimed at comparing
the abilities of the RSRRL models to discover structure in real financial price series, using
different transition variables and different slope parameters.

The traders studied were of the {long,short} type who could buy/sell only 1 share at a
time. If a trader is already in a certain position, he holds this position until the reverse trade
signal is output by the system. Transaction costs and market impact were assumed to be
zero. The training phase consisted of subjecting the traders to training data of length Ltr for a
number of epochs ne. The trades made during the training period allow the systems to update
their weights in a bid to generalise properly when faced with novel data. The trained networks
were then subjected to an ensuing out-of-sample period Lte.The traditional Sharpe ratio was
used as performance measure. It is to be noted that the weight update process continues
throughout the test period.

The model parameters include the learning rate ρ , the adaptation rate η , the number of
price return inputs m, the size of the training window Ltr,the number of training epochs ne,
and the size of the test window Lte. The values used were Ltr = 2000, Lte = 375, m = 5,
ne = 5 , ρ = 0.01, and η = 0.01, inspired from previous work by [21] and [11]. The initial
weights were sampled from a Gaussian distribution with a mean of 0 and a standard deviation
of 0.1.

Because of the non-stationarity of the objective function, the optimisation process is not
very stable. The models are very sensitive to the initial weights. Preliminary experiments
need to be carried out to obtain good values for the initial weights. Alternatively, the best
performing traders during the in-sample period could be picked to be candidates for the out-
of-sample period. It is reasonable to assume that these traders will perform better during the
test period than the worst in-sample performers. This approach has been adopted for this
paper. A bunch of traders were trained and the Sharpe ratio achieved by each trader at the
end of training was recorded. Only the top x% performers (referred to as ‘elitists’ hereafter)
were selected for the testing phase. The in-sample performance was taken to be the mean
of these elitists. The final out-of-sample trades were generated by pooling the individual
signals of these elitists (using a majority rule), in an attempt to minimise overfitting problems
that might have crept in during training. Such a procedure, both for the training and testing
phases, ensures that results are reproducible, meaning that the use of different RNG seeds for
the weights will not lead to distinctly different performance levels.

6.5.2 Artificial Data

A set of controlled experiments was conducted using artificial return series to compare and
contrast the behaviour of the RSRRL traders with respect to the RRL traders. Five scenarios
were considered, in an attempt to have a good understanding of the working principle of the
regime-switching model. The generic form of the data-generating mechanism was as follows

rt =

{
φ1,1rt−1 +φ2,1rt−2 + zt if Dt = 1

φ1,2rt−1 +φ2,2rt−2 + zt if Dt = 0,
(6.19)

where Dt is a an artificially generated binary variable and zt is i.i.d white noise. For the first
scenario, both regimes were generated by AR processes with identical coefficients, effectively
corresponding to a single-regime situation. The coefficients used were (φ1,1 = φ1,2 = −0.2,
φ2,1 = φ2,2 = −0.1). For the second scenario, the data series were constructed from the con-
catenation of two independent AR processes exhibiting autocorrelation of same magnitude
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but of different sign. In other words, the data from scenario 2 is made up of portions having
either negative autocorrelation or positive autocorrelation. The coefficient set for this sce-
nario was (φ1,1 = 0.2, φ2,1 = 0.1; φ1,2 = −0.2, φ2,2 = −0.1). The regimes are determined
by the indicator values which are generated randomly but with a restrictive switching fre-
quency. In the next one, the dataset from the second scenario was used; however, another
indicator function was used for partitioning the data during learning, meaning that spurious
regime information was fed to the RSRRL system. In the fourth scenario, AR processes with
the same sign, but having different magnitude were considered (φ1,1 = −0.4, φ2,1 = −0.2;
φ1,2 = −0.2, φ2,2 = −0.1). The final case looked at return series that consisted of distinctly
different training and test periods, in the sense that the AR coefficients for the out-of-sample
phase did not match those used for the in-sample period. The coefficient set for the test pe-
riod was (φ1,1 = 0.1, φ2,1 = −0.2; φ1,2 = 0.2, φ2,2 = −0.1), while the set from the second
scenario was used for the training part. For each scenario, 500 different realisations of the
respective stochastic process were generated, and for each realisation, 10000 different sets of
initial network weights were used for training. For each individual case, the top 100 in-sample
performers (99th quantile) were selected for generating the pooled out-of-sample trades.

Table 6.1 Artificial Data Results

Scenario Sample R1 > 0 R2 > 0 R2 > R1 E(R2−R1)

First
In 100.0 % 100.0 % 66.8 % 0.0054∗

Out 100.0 % 100.0 % 45.0 % −0.0043

Second
In 100.0 % 100.0 % 100.0 % 0.0901∗

Out 63.0 % 100.0 % 97.4 % 0.1278∗

Third
In 100.0 % 100.0 % 83.8 % 0.0138∗

Out 63.0 % 58.8 % 47.8 % −0.0047

Fourth
In 100.0 % 100.0 % 57.0 % 0.0014∗

Out 100.0 % 100.0 % 49.8 % −0.0020

Fifth
In 100.0 % 100.0 % 100.0 % 0.0901∗

Out 47.4 % 27.8 % 36.0 % −0.0270

R1 corresponds to the standard RRL, R2 to the RSRRL. Scenario 1 is for a
single-regime situation, scenario 2 for regimes with different sign but same
magnitude, scenario 3 is similar to the second scenario but deals with incorrect
regime identification, scenario 4 is for regimes with same sign but different
magnitude, and finally scenario 5 depicts different regime configurations in
the training and test period.

The results for this set of experiments are summarised in Table 6.1. R1 corresponds to
the standard RRL, R2 to the RSRRL. The absolute and relative performances of each type
of trader are reported, as well as the t-test results with alternative hypothesis that R2 > R1
(significant results at the 5% level are marked by the ∗ symbol). In the first scenario, both
types of systems yield positive Sharpe ratios for all cases studied, in the in-sample as well as
the out-of-sample period. The RSRRL perform better than the RRL during the training phase;
it achieves higher Sharpe ratios in 334 out of 500 cases (66.8%). The average difference in
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Sharpe ratios is however very small, as indicated in the last column of Table 6.1. The situation
is reversed in the test phase during which the RRL on average fares marginally better. It
seems that both networks of the RSRRL system are able to uncover the true data generating
mechanism. The corresponding weights in each branch typically have the same sign, although
they might differ in magnitude. Thus, both branches tend to produce very similar trade signals
after training, and the overall output of the RSRRL becomes almost regime-independent.

The results for the second scenario indicate that the RSRRL completely outperform the
RRL, both in-sample and out-of-sample. Both systems achieve positive Sharpe ratios during
training for all the cases studied, with the RSRRL performing better in each case. During the
test phase, the RSRRL traders remain profitable for all the different configurations, while a
good proportion of the RRL-traders (37%) struggle and end up with negative Sharpe ratios.
The RSRRL achieves higher Sharpe ratios than the RRL in 97.4% of the cases studied during
the out-of-sample period. These results suggest that the standard RRL cannot properly deal
with datasets in which the serial correlation changes sign from one portion to another. It seems
that such datasets have a nullifying effect on the learning process. A network with a single set
of weights cannot perform well in those two distinctly different regimes. Whenever there is
a regime shift, the RRL takes time to adjust to its new environment and is unable to come up
with profitable strategies. The RSRRL model, on the other hand, is able to avoid this pitfall,
since it develops a specific set of weights for each regime.

In the third scenario, it can be seen that the RSRRL systems are not able to outperform
the RRL systems like they did in the second case. Interestingly though, despite the incorrect
regime information given to the regime-switching systems, they are able to achieve positive
Sharpe ratios in more than half of the simulations during the out-of-sample period. There is
an amount of overlap that exists between both sets of indicators used in this scenario; for
certain periods in time, the regimes would be correctly identified, and this aids the RSRRL in
uncovering some structure in the data.

For the fourth case, the results are quite similar to those obtained for the first scenario. The
figures indicate that it is very difficult, a priori, to pick up a winner between the two systems
in single-regime situations, or with regimes that are closely related to each other, e.g., when
the regime-dependent return series have serial correlation of the same sign.

In the final scenario, both systems struggle in the out-of-sample periods and end up making
losses in the majority of cases. The RRL systems however perform better than their RSRRL
counterparts in general. There are a number of conclusions that can be drawn from the re-
sults obtained with the artificial datasets. In single regime situations, or with regimes that are
closely related to each other, the RSRRL model will on average match the performance of
the RRL. However, the RSRRL system appears to be more prone to overfitting, as suggested
by the results in the first scenario. This is probably due to the selective weight updating in
the sub-networks of the threshold model, which implies that the sub-networks are typically
exposed to a smaller region of the input space, compared to the standard RRL network. Thus,
each subnetwork has a smaller data pool to learn from, and is therefore more likely to be in-
fluenced by outliers. In the presence of regimes having distinctly different correlation levels,
the RSRRL is more profitable than the RRL as long as the regimes are correctly identified. In
case of the advent of completely new market conditions, the performance of the RSRRL is
more severely affected than that of the RRL, which suggests that the latter is more robust than
the regime-switching approach. The RSRRL, and more specifically the TRRL, invariably suf-
fers if the test period is completely different from the training period, since it is exposed to
regimes that have never been encountered before. Moreover, since the sub-networks might
already be having some overfitting issues, the RSRRL networks take longer to adapt to their
new surroundings and are unable to adjust their weights properly to cope with the altogether
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new regimes. Of course, in certain situations, the RSRRL systems can be more adapted to
drastic changes in market conditions than the RRL, e.g., if a certain regime that was predomi-
nantly present in the first half of the training period comes back in force during the test period.
Overall, it seems that the RSRRL does not guarantee superior performance over the standard
RRL, and is heavily dependent on the data structure, more so than the standard RRL.
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Fig. 6.2 Raw and Detrended volume data for CVX. The stochastic trend component is repre-
sented by the dashed line.

Fig. 6.3 The time series associated with the AXP data. The dashed horizontal lines associated
with the graph of the transition variables correspond to the threshold values.

6.5.3 Real Financial Datasets

Fifteen components of the Dow Jones Industrial Average (DJIA) index were considered for
the the automated trading experiments. These are American Express (AXP), Boeing (BA),
Bank of America (BAC), Chevron Corporation (CVX), Dupont (DD), General Electric (GE),
International Business Machines (IBM), JPMorgan Chase (JPM), 3M (MMM), Procter &
Gamble (PG), AT&T (T), United Technologies Corporation (UTX), Verizon Communica-
tions (VZ), Wal-Mart (WMT), ExxonMobil (XOM). A nine-year period from April 2000
upto September 2009 was considered. It was divided into a training portion consisting of
2000 datapoints (roughly 8 years of data), and a test portion of 375 datapoints corresponding
to the period between April 2008 and September 2009. From an economic viewpoint, the
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datasets reflect chronologically the end of the dot.com bubble, followed by the start of the
US housing bubble and its subsequent deflation that culminated into the financial crisis of
2008. The daily log return series (in %) of these stocks constituted the dataset for the RRL
models. Regarding the transition variables, a GARCH(1,1) model was used for extracting the
volatility estimates, the MDH model by [1] was chosen for generating the estimates of the
rate of information arrival, and a detrending technique based on a stochastic trend component
was applied to the raw volume data to produce a stationary volume series. Note that for all
the transition variables considered, the threshold c in the transition function was set equal to
the median of the distribution of the respective variable over the training period. Figure 6.2
illustrates this transformation for the CVX dataset. Figure 6.3 shows all the time series of
interest for the AXP data. The dashed horizontal lines correspond to the thresholds, while the
vertical line demarcates the test period from the training period. A more detailed description
about the transition variables is presented in the appendix.

As a pre-analysis tool, the nature of the serial correlation (if any) in the log return series as-
sociated with the regime-switching systems was investigated. The following threshold model
was fitted to the datasets for both the training and test portions,

rt+1 =(Φ2 +(Φ1−Φ2) I (qt > c))Rt (6.20)

where

Φ1 =
[
φ0,1,φ1,1, . . . ,φ5,1

]
,

Φ2 =
[
φ0,2,φ1,2, . . . ,φ5,2

]
,

Rt =
[
1,rt ,rt−1, . . . ,rt−4

]T
.

The coefficient sets Φ2 and Φ1−Φ2 were estimated using OLS regression. For the in-sample
period, the volume-based and latent variable-based datasets yielded significant results, while
the coefficients for the GARCH-based datasets were mostly insignificant. The volume-based
coefficients for the training period are given in Table 6.2. The coefficients for the latent
variable-based series have not been reported for brevity purposes, but they are by and large
quite similar to the volume-based coefficients. The GARCH-based coefficients have also been
omitted because of the lack of statistical significance. The volume-based results reveal that,
for all the datasets, the first-order coefficients are significant, and in quite a few cases, hint
towards the presence of regime-dependent autocorrelation levels that differ in both sign and
magnitude.

For the out-of-sample period, the results are quite different. The vast majority of the co-
efficients were found to be statistically insignificant, even for the volume- and latent-based
systems. For comparative purposes, the volume-based coefficients for the out-of-sample pe-
riod are reported in Table 6.3. The estimated coefficients for both the training and test periods
can help provide some insight into the performance of the RSRRL systems, by virtue of their
autoregressive construction.

The experimental setup for the real-world datasets was as follows. There were 6 types
of traders considered for the in-sample period, namely the plain RRL traders (RRL), the
GARCH-based RSRRL traders (GRRL), the volume based traders (VRRL), the latent vari-
able based traders (LRRL), the GARCH/volume based traders (GVRRL), and random traders
(RND). As their name suggests, the latter trade randomly, generating buy or sell signals with
equal probability. They have been included for benchmarking purposes. The GVRRL con-
sisted of two RSRRL systems, one having GARCH estimates as transition variable and the
other having the detrended volume values as transition variable. They were allowed to learn
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independently of each other. The buy/sell trade signals were generated by combining the in-
dividual outputs of the two systems. If both outputs have the same sign, then the GVRRL
follows that prediction. If they differ in sign, then the GVRRL system compares the strength
of each signal (recall that the output is a continuous value in the range [−1,1]) and goes
with the one having the higher magnitude. In the rare event that the systems output signals
having the same magnitude but opposite sign, then the GVRRL system ignores both trade
recommendations and holds its previous position.

For the RSRRL models, different values for the smoothness parameter γ , from the set
{1,5,10,∞}, were considered. Thus, for each dataset, there were 17 types of RRL/RSRRL
trading systems. For each one, 100000 different sets of initial network weights were used for
training. The mean Sharpe ratios achieved by the top 100 in-sample performers (99.9th quan-
tile) are reported in Table 6.4. The figures in bold correspond to the best performer (excluding
the RND traders) for the dataset in question, while the underlined values indicate the best per-
formers among the 4 sub-types for the GRRL and VRRL systems. The results indicate that
the RSRRL models outperform the plain RRL model in nearly all cases. The GRRL appears
to be underperforming with regards to the other RSRRL systems. More significantly, if the
RRL/RSRRL models are compared to the RND system, it can be seen that for the dataset VZ,
the random approach yields the best results based on the performance of the top 100 perform-
ers. RND also outperforms the plain RRL system for a few other datasets as can be seen from
the table. Of course, the reported figures do not give the full picture since the RRL/RSRRL
models have a much smaller variance (for all 100000 simulations) and would appear to do
significantly better if the quantiles for the whole bunch of traders were to be compared.

The out-of-sample trades were generated by the pooling process described earlier. Table
6.5 summarises the results. The best performers in the test period are in boldface, while the
out-of-sample Sharpe ratios achieved by the best in-sample performers are marked by the
† symbol. The values for the RND traders correspond to the median Sharpe ratio achieved
out of a pool of 100000 candidates for each dataset. The CRRL, short for combi-RRL, is an
out-of-sample trader that bases its actions on the combined outputs of the plain RRL and the
best in-sample GRRL and VRRL traders (underlined in Table 6.4). After pooling the signals
from the respective ‘elitist’ traders, the CRRL gets a trade recommendation from each type
of trader (3 in total in our case) and determines the final trade signal based on a majority rule.
In real world trading, a decision has to be made after training about which system to choose
for the test period. One could go for the best in-sample performer, but reliance on a single
type of trader can have dramatic consequences if it happens to have very poor generalisation
capabilities. Hence, the motivation for some combination procedure2.

The results show that the plain RRL and GRRL traders, who could not match the per-
formance of the other trading systems during the training phase, fare somewhat better in the
out-of-sample period. In addition, and more worryingly, there are quite a few traders who end
up making losses. Even some of the best-in-sample performers yield negative Sharpe ratios
in the test phase, worse than the median random trader. The good in-sample performance is
not translated to the out-of-sample period. A Spearman’s rank correlation test on a strategy by
strategy basis confirms this (none of the coefficients obtained is significant). On a dataset by
dataset basis however, some of the results do show statistical significance (5 %), as reported

2 This could backfire if two or all 3 systems have poor generalisation capabilities, or break
down simultaneously. One could incorporate some trailing stop-loss mechanism for each
type of trader in the CRRL that could give an indication of recent performance levels, and
have some rule to decide upon which trade recommendations to include for determining
the final output signal.
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in Table 6.6, with BAC showing a strong positive correlation between the in-sample and out-
of-sample performance. But it is the exception, not the norm, as the figures confirm. Another
notable point concerns the performance of the CRRL. As expected, it performs decently but
without being spectacular. It struggles with certain stocks, and even leads to a loss with BA,
but it appears to be a safer bet than relying on the best in-sample performer to do well out-of-
sample. The same could be said about the GVRRL traders. Although they achieve positive
Sharpe ratios in the majority of cases, they are no longer among the best performers during
the test period. The aggregated approach used in this study adds some risk management in the
system, but it is completely decoupled from the learning process, i.e., the trade signal output
by the system is not directly involved in the optimisation of the DSR, since the subsystems
are independent of each other3.

Table 6.6 Spearman’s Rank Correlation Coefficient (by dataset)

AXP 0.5000∗ BA −0.1863 BAC 0.8186∗

CVX 0.0025 DD −0.0711 GE −0.1422
IBM −0.6446∗ JPM 0.0588 MMM −0.6250∗

PG −0.8407∗ T −0.3946 UTX −0.3137
VZ −0.0784 WMT 0.2868 XOM 0.0245

6.5.4 Analysis

This section provides a more in-depth discussion about the in-sample and out-of-sample per-
formances of the RSRRL traders, more specifically the VRRL, LRRL and GRRL traders. In
any machine learning task, the aim is to have a system that can generalise properly out-of-
sample, i.e. good in-sample performance should be translated to the test period. The results
have shown that this not necessarily the case for the mechanical traders used in this study,
especially for the VRRL and LRRL systems. This immediately brings up the possibility of
data-snooping in the form of overfitting. While it cannot be denied that overfitting issues have
an undermining role to play in the performance of the traders, it can be argued that, based on
the results with the artificial datasets and the analysis tools used, the RRL/RSRRL systems
are able to uncover structure in the data, and that the adaptive learning mechanism operates
properly.

The in-sample performance showed that the RSRRL systems, especially the VRRL and
LRRL, generally performed better than the plain RRL or the RND traders. Based on the
regime-dependent AR coefficients (see (6.20)) reported earlier, it can be said that the cor-
responding transition variables, i.e. volume and the rate of information arrival, are able to
partition the input space, such that one regime is predominantly concerned with negative se-
rial correlation while the other typically has slight positive autocorrelation levels. Thus, the
subnetworks of these systems are more adapted for certain types of data patterns than oth-
ers; there is a higher degree of specificity attached to them. The lack of significance of the
GARCH-based AR coefficients for the training sets suggest that the volatility indicator is un-
able to correctly identify the regimes present in the data. This could be due to an incorrect

3 The ‘coupling’ could easily be achieved, by feeding the lagged overall trade signals back
to each subsystem, in addition to (or instead of) the lagged trade recommendations of each
subsystem.
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selection of threshold, or simply because there is little or no relationship between volatility
level and serial correlation in returns. In any case, this suggests that, at the end of training,
the GRRL subnetworks are less specialised than the subnetworks of the VRRL systems for
instance. The GRRL situation is a bit similar to the third scenario in the artificial data exper-
iments, in which incorrect regime information is being fed to the system. Whereas for the
VRRL and LRRL systems, the situation is analogous, at least to some extent, to the second
scenario. But unlike that scenario where it was clear that the superior in-sample performance
of the RSRRL was solely due to its learning capabilities, the same claim cannot be made for
the real-world datasets, which are typically extremely noisy and the autocorrelation levels are
usually low and have a time-varying nature, thereby increasing the risk of overfitting.

For the out-of-sample period, the vast majority of the regime-dependent AR coefficients
were found to be statistically insignificant. This tends to suggest that there is a change in
market conditions during the test period; this could explain the lack of correlation between the
in-sample and out-of-sample performance. Recall that the test period includes the financial
crisis, and thus, for most of the datasets, the out-of-sample regimes are very different from
the in-sample regimes. Figure 6.4 shows the cumulative wealth profiles (in %) pertaining to
the RRL and the RSRRL systems with γ = 5 for each dataset. It can be seen that in the initial
stages of the test period, for many of the stocks under consideration, the wealth profiles of
the different traders are rather similar. But around the Sep/Oct 2008 period, at the height
of the crisis, most of the traders witness a shock in their performance; some of the systems
thrive in the immediate aftermath, while others break down. In the latter stages of the test
period though, the change in performance levels is more gradual. The graphs convey the
impression that the Sep/Oct 2008 period effectively has a big say in determining the overall
out-of-sample performance. The emergence of altogether new regimes, or at least regimes that
have little correlation with their in-sample equivalent, have an impact on overall performance.
The LRRL systems appear to be hit the hardest. This could be explained by the fact that their
subnetworks undergo a relatively high level of specialisation during the training phase and
are therefore more prone to being adversely affected by regime changes. From Figures 6.2
and 6.3, it can be seen that there is a significant increase in the raw trading volume in the
whereabouts of the beginning of the test period. This is true for many of the other stocks. The
new volume dynamics might have completely different price-volume characteristics, and thus
the the LRRL sysems invariably suffer out-of-sample. The MDH model obtained from the
training data would be inappropriate for the test period, meaning that the estimates for the rate
of information arrival during the test period are no longer trustworthy. The GRRL systems
on the other hand, have less specialised subnetworks than the LRRL systems. During the
test phase, they can more easily adapt to the changes in market conditions. Moreover, since
the GRRL, by virtue of the threshold selection, is predominantly in a high-volatility regime
during the test period (see e.g., the volatility profile in Figure 6.3), the weight updates are
mostly focused on the subnetwork attributed to that regime. The GRRL effectively becomes
like the standard RRL. The VRRL and LRRL systems, on the other hand, constantly undergo
regime shifts in the out-of-sample phase, and have more difficulty in readjusting the weights
of their subnetworks to adapt to the changing conditions.

The main concern regarding the results is that the out-of-sample performance is not reflec-
tive of the in-sample performance. While overfitting is probably an issue, we argue that the
lack of persistence in the results is mostly due to the drastic changes in market conditions dur-
ing the test period. The out-of-sample equity curves tend to support this, as well as the control
experiments with the artificial datasets. There are a couple of instances (see e.g., the wealth
profile for ‘GE’) where the adaptive learning capabilities of the systems can be questioned,
but by and large, the systems recover even after going through extremely turbulent periods.
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Had overfitting been the overriding factor during the training phase, the out-of-sample perfor-
mance of these traders would have been more like that of a random trader; this is definitely
not the case for the majority of the datasets.

Table 6.7 Out-of-sample Results for FTSE and NASDAQ datasets

Dataset Type Period 1 Period 2 Period 3 All Periods

FTSE

GRRL
50.9 % 61.8 % 56.4 % 56.4 %

(0.0082) (0.0178∗) (0.0073) (0.0111∗)

VRRL
54.5 % 63.6 % 58.1 % 58.8 %

(0.0100) (0.0201∗) (0.0042) (0.0115∗)

NASDAQ

GRRL
47.2 % 43.8 % 46.1 % 45.7 %

(0.0017) (−0.0075) (−0.0051) (−0.0037)

VRRL
52.8 % 48.3 % 52.8 % 51.3 %

(0.0013) (−0.0088) (0.0026) (−0.0016)

The values correspond to the proportion of cases where the RSRRL system in ques-
tion outperforms the RRL system. The values enclosed in brackets refer to the mean
difference the RSRRL and RRL Sharpe ratios (RSRRL−RRL)

6.5.5 Further Experiments

Additional experiments were carried out in an attempt to see more clearly about the efficacy
of the RSRRL systems relative to the RRL traders. Only the VRRL and GRRL systems were
considered, mainly because it is computationally cheap to get the desired transition values,
as opposed to the LRRL system which involves high computational costs. Two datasets were
considered, the FTSE dataset which consisted of 55 stocks from the FTSE 100 index, and the
NASDAQ dataset, which encompassed 89 stocks from the NASDAQ-100 index. The datasets
spanned the period from August 2003 upto August 2010. A rolling window approach was
used, with the training period consisting of 4 years of data (1000 trading days) and the test
period being 1-year long (250 trading days). This effectively amounted to 3 out-of-sample
periods, the first one starting in August 2007 and ending in August 2008. The experimental
setup was as described earlier, except that only 5000 different sets of initial network weights
were used for training, and the top 50 in-sample performers were selected for the pooling
process. Additionally, only the threshold version of the RSRRL was investigated. The out-of-
sample results are reported in Table 6.7. The % values correspond to the proportion of cases
in which the RSRRL system in question achieves a higher Sharpe ratio than the standard RRL,
whereas the figures enclosed in brackets correspond to the mean difference in Sharpe ratios.
Statistically significant (5%) results are marked with the ∗ symbol (alternative hypothesis of
RSRRL > RRL). For instance, for the FTSE dataset, the GRRL performs better than the RRL
in 51.9 % of cases for the first out-of-sample period, and the mean difference between the two
types of traders is 0.0082 in favour of the GRRL (results not statistically significant). It can
be seen that the RSRRL traders consistently outperform the RRL traders for the FTSE stocks
over the different periods, but cannot repeat this feat when subjected to the NASDAQ dataset.
For the FTSE dataset, the proportion of cases in which positive Sharpe ratios are achieved
is 61.2%, 69.7%, and 73.3% for the RRL, GRRL and VRRL systems respectively. For the
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NASDAQ dataset, the values are 71.5/65.2/68.9. These experiments tend to confirm that the
RRL and RSRRL systems are able to find structure in real datasets and can lead to profitable
situations. As far as the performance of the RSRRL relative to the RRL with regards to real
datasets is concerned, there is not enough evidence to suggest that the former is a better al-
ternative than the latter. For the RSRRL to be consistently superior, certain conditions should
hold, as the artificial experiments showed. With real datasets, which are typically very noisy
and exhibit time-varying autocorrelation levels, the higher complexity of the RSRRL could
make it more prone to overfitting and therefore less robust to out-of-sample generalisation.

6.6 Conclusion

In this study, we investigated the regime-switching recurrent reinforcement learning (RSRRL)
model, first proposed in Maringer and Ramtohul (2010), and which is an extended version
of the recurrent reinforcement learning (RRL) algorithm put forward by [22]. We looked at
different variants of the RSRRL, with different types of transition variables, and compared
their performance with the basic RRL model in automated trading experiments. We used both
artificial data and real-world data for our comparisons. We also emphasised on the importance
of correct identification of the regimes, and advocated for the use of volatility, trading volume,
and the rate of information arrival as transition variables, based on past empirical evidence
and. We used a GARCH(1,1) process to model volatility, the Mixture Distribution Hypothesis
model for estimating the rate of information arrival, and a preprocessed form of volume for
the purpose of the RSRRL systems.

Based on results with artificial data, we found that, in general, the performance of the
RSRRL matches that of the RRL in datasets having a single regime or regimes that are
closely related to each other. However, the RSRRL significantly outperforms the RRL in
situations where the datasets are characterised by distinctly different regimes, provided that
the regimes are correctly identified and there is some correlation between the in- and out-of-
sample regimes.

The in-sample results with the real-world datasets provided enough evidence to justify the
integration of the RRL in a regime-switching framework and validated the choice of transition
variables. The good performance in-sample was however not repeated out-of-sample, and
many of the RSRRL systems could not match the performance of the standard RRL traders.
We showed that this was most probably due to a drastic change in market conditions during
the test period, which coincided with the financial crisis. Further experiments were conducted
in a bid to investigate the out-of-sample performances of the two types of traders, and it was
found that the RSRRL systems yield superior results with FTSE stocks but are outperformed
in some periods by the standard RRL with the NASDAQ stocks. The results from both the
artificial and real-world datasets suggest that the RSRRL can only consistently outperform
the RRL when certain criteria are met, but generally does not have the robustness levels of
the latter.

Of the three transition variables studied, there is no clear-cut winner if both the in-sample
and out-of-sample results were to be considered. The GARCH-based models are not able to
correctly identify the regimes; they might benefit from the location parameter c being cho-
sen using some sophisticated approach, or alternatively, having a time-varying threshold for
better regime identification. The VRRL systems, although far from being perfect, do achieve
a certain level of success, doing as well as, if not better than, the LRRL systems. The latter
seem to suffer the most with regards to the drastic change in economic conditions. Because
of the fragility associated with these systems, as well as the relatively tedious process of
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extracting the latent variables, it seems more reasonable to focus on the VRRL rather than
the LRRL. Additionally, results with the NASDAQ and FTSE datasets seem to suggest that
volume is a better indicator than GARCH-based volatility. In future, work could be focused
on volume-based information, e.g., abnormal trading volume or/and the associated trading
volume in futures markets.

In this study, the model parameters such as the learning rate ρ and the adaptation rate
η have been chosen arbitrarily. Consider for instance the GRRL system. The high volatility
regime is typically associated with relatively high returns, and therefore would require pa-
rameters that are different from the network associated with the other regime (especially for
the threshold model). In addition, the transition function parameters γ and c could also be
chosen in a more sophisticated manner. Future work could include an optimisation routine
that aims at finding the correct network and transition function parameters in addition to the
DSR maximisation, with due care taken to minimise the effects of overfitting.

The flexibility of the RSRRL model means that it can be easily modified to suit the fi-
nancial problem being investigated. The model can be customised to match the needs of the
problem and transition variables combined in a variety of ways to best match the features of
the application environment and the beliefs of the investor. It can easily be extended to ac-
commodate more regimes and/or more indicator variables. A brief glimpse of this flexibility
has been given in this study with regards to the GVRRL and CRRL traders, who perform
reasonably well, and could potentially do even better, especially out-of-sample, if a certain
degree of coupling is introduced within each system.

A Estimation of Transition Variables

A.1 Volatility

A simple GARCH(1,1) model, defined below, was chosen to represent the daily volatility
process. The choice was motivated by the parsimony and the widely-acknowledged reliability
of this type of model. For each dataset, the respective GARCH parameters were estimated
over the training data, and subsequently used to make one-day-ahead forecasts during the test
period. The parameter estimates are summarised in Table 6.8.

rt = C +εt , with εt ∼ N(0,ht )

ht = K +αε2
t−1 +βht−1.

The simplified form of the log likelihood function for this model is

T

∑
t=1

(
− log(ht )− ε2

t

ht

)
.

A.2 Volume

For the volume-based RSRRL model, a preprocessed version of the raw volume series was
used, as described in [1]. The raw volume series was divided by a stochastic trend component
obtained using kernel regression, in an attempt to make the series stationary. The raw volume
values are divided by the non-linear trend component, which corresponds to kernel estimates,
to yield the desired volume series.
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A.3 Rate of Information Arrival

The MDH model by [1] was used for obtaining estimates of the rate of information arrival.
The first stage of the estimation consisted of finding the model parameters by maximum
likelihood. The problem could be formulated as follows. Let YT = {yt}Tt=1 denote the matrix
of observable variables with yt = (rt ,vt) and ΛT = {λt}Tt=1 the matrix of latent variable. The
marginal likelihood function can be obtained by integrating out ΛT from the joint probability
function of YT and ΛT ,

L(θ ;YT ) =
∫

f (YT ,XT |θ)dXT =
∫

g(YT |ΛT ,θ )h(Λt |θ)dΛT ,

g(YT |ΛT ,θ ) =
T

∏
t=1

gt(yt |λt ,θ),

h(Λt |θ) =
T

∏
t=1

ht(λt |λt−1,rt−1,θ),

where θ denotes the vector of parameters to be estimated. The likelihood function is therefore
a multiple integral over T dimensions. gt(yt |xt ,θ ) denotes the joint density of observable re-
turn and volume yt = (rt ,vt) conditional on the latent variables λt . The process {rt} consisted
of the daily log returns (in %) , while {vt} was obtained by preprocessing the raw volume
series using the aforementioned detrending technique.

An approach proposed by [4], known as the Gaussian-EIS Particle Filter was used for com-
puting the likelihoods. It is based on the accelerated Gaussian importance sampling (AGIS)
procedure developed by [3] and further refined by [24]. See for instance [18] of how the
original approach could be used for the estimation of MDH model parameters, [25] for other
application areas, and [6] for an excellent tutorial on particle filtering. The approach proposed
by [4] incorporates the EIS algorithm in a particle filter framework that enables computation
of the likelihood function and estimation of the latent variables in the same run.

The model parameters obtained through this technique are summarised in Table 6.9. It is
worth mentioning that the persistence parameter δλ is less than the persistence parameter β
from the GARCH(1,1) model, which highlights the inability of the MDH to fully account
for the ARCH effects in stock price series, as reported by [1] and [18]. Once the model
parameters had been determined, the filtered values E[exp(λt)|rt ,vt)] were extracted, which
correspond to the daily number of information arrivals It . These estimates were used as the
transition variable.
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Summary. This Chapter examines cash dividends and share repurchases in the United States
during the period 1990 to 2008. In the extant literature a variety of classical statistical method-
ologies have been adopted, foremost among these is the method of panel regression modelling.
Instead, in this Chapter, we have informed our model specifications and our coefficient esti-
mates using a genetic program. Our model captures effects from a wide range of pertinent
proxy variables related to the agency cost-based life cycle theory, the signalling theory and
the catering theory of corporate payout policy determination. In line with the extant literature,
our findings indicate the predominant importance of the agency-cost based life cycle theory.
The adopted evolutionary algorithm approach also provides important new insights concern-
ing the influence of firm size, the concentration of firm ownership and cash flow uncertainty
with respect to corporate payout policy determination in the United States.

7.1 Introduction

In this Chapter we examine United States corporate payout policy determination using a ge-
netic programming methodology, during the period 1990 to 2008. The term corporate payout
policy relates to the disbursing of cash, by a corporation, to shareholders by way of cash
dividends and/or share repurchases. Clearly, alongside investment and capital structure opti-
misation this is a chief responsibility of an organisation’s financial officer.

The adopted Genetic Programming [21] methodology is also known as a symbolic re-
gression methodology. It identifies the functional form as well as the optimal coefficients
which optimises a program-performance criterion. As a result, this class of model estimation
methodology is complementary to the random effects panel regression methodology, typi-
cally adopted in the conventional mainstream literature regarding corporate payout policy de-
termination [14]. In addition, it is worthwhile emphasizing that while genetic programming
techniques have been adopted to specify trading rules in foreign exchange markets [27, 1]
and more broadly in financial modelling [7], there is no contribution to the extant literature
which avails of Genetic Programming techniques to evaluate the determination of corporate
payout policy.
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By way of a foundation, to the topic of corporate payout policy determination, the Miller-
Modigliani irrelevance proposition [25] indicates that, within a stylised setting, once corpo-
rate investment policy is optimal (i.e. once the Fisherian Net Present Value rule is satisfied),
corporate payout policy has no implication for the value of the firm. In this setting, corporate
payout policy merely involves different methods of distributing free cash flows - by way of
cash dividends or share repurchases - and hence has no implication for the value arising from
investment decisions. Notwithstanding this, DeAngelo, and DeAngelo [9] conclude that the
distribution/retention decision with regard to free cash flows, even assuming the stylised set-
ting outlined in the Miller-Modigliani proposition [25], has ‘first-order value consequences’.
In brief, this follows from the fact that the feasible set of distribution/retention decisions, in
the Miller-Modigliani stylised setting, is exactly the optimal set, i.e. full payout. Evidently,
this precludes a payout policy decision. To mitigate for this oversight, DeAngelo and DeAn-
gelo [9] advocate an extension of the classic Fisherian Net Present Value ‘rule’ with regard
to capital budgeting decisions, to include the distribution of the full present value of free
cash flows during the life of the firm. Essentially, it is now evident that there is considerable
scope for value creation and destruction, by means of corporate payout policy. As a result,
the determination of corporate payout policy merits careful attention.

In relaxing the configuration of assumptions underpinning the Miller-Modigliani proposi-
tion extended to include the assumption of full payout, several theories, which are mutually
inclusive in principle, arise concerning the determination of the timing and form of opti-
mal corporate payout policy. The open question appears to hinge on the relative importance
of these theories with regard to explaining the determination of corporate payout policy. In
particular, these theories comprise: first, the so-called agency cost-based life cycle theory
(see [9, 11, 15, 18] which implies that the decision to distribute or retain free cash flows,
a trade-off between the prospect of credit constraints and excessive financial slack, varies
according to the evolution of the phases of the firm’s life cycle i.e. as typified by a firm’s
size, profitability, the nature of its capital structure and the growth opportunities of the firm.
The reconciling of Jensen’s agency cost-based theory [19, 23] with the life-cycle theory ap-
pears particularly beneficial. Indeed, the agency requirement of persuasion, on the part of the
principal, for the agent to distribute free cash flows may be requisite such that the corpora-
tion disgorges cash. Second, the so-called signaling theory [5, 20, 26] which emphasises the
importance of utilising corporate payout policy, to circumvent the information asymmetry
which may arise between the management of the firm, who enjoy insider information, and
the firm’s investors. Third, the catering theory [3, 4] of corporate payout policy determina-
tion, which highlights the importance of corporate payout policy to satisfy the preferences of
various, possibly time-varying, heterogenous payout clienteles. While there has been consid-
erable evidence gathered to the contrary, with respect to the general increase in the level of
dividends and a general tendency to increase dividends [11, 12], it cannot be rejected that this
latter theory may contribute, albeit, perhaps, in a secondary manner, to the understanding in
the extant literature of corporate payout policy determination.

Our findings may be summarised adopting three main sets of key points. First, we show
the best evolved symbolic regression models with respect to the root mean square error cri-
terion, these optimal specifications are evidently different to the conventional random effects
panel regression model specifications. According to this approach, the theory which best ex-
plicates cash dividend payouts and share repurchases is the life-cycle theory of corporate
payout policy determination, and it appears that a hybrid hypothesis with respect to both the
agency cost-based theory and the life-cyle theory is of particular interest. Second, adopting
the Pearson correlation coefficient, scatter plots and regressor containment we show the na-
ture of the relation between individual regressors and identified optimal model specifications
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and expression-trees of the best-of-run individuals. Specifically, in line with the findings in
the extant literature as well as the various theories of corporate payout, we document a pos-
itive relation between both the size of the firm and the earnings to assets ratio and cash div-
idend payouts and share repurchases. In the same vein, we document a compelling negative
relation between the concentration of firm ownership and corporate payout and a somewhat
weaker relation between cash flow uncertainty and corporate payout. These confirmations of
earlier published findings are important in light of the relatively flexible model specification
adopted in this Chapter. Third, we adopt a specification which comprises all the explanatory
proxy variables in a single model specification. Consistent with theory, this auxiliary extended
model convincingly out-performs the individual models with regard to the root mean squared
error criterion. Once again the aformentioned relations, with regard to the direction of effects,
are evident in the data. Taken together, our findings support the agency cost-based life-cycle
theory of corporate payout policy determination despite the adoption of a distinctive model
specification modelling methodology.

The chapter is organized as follows. In section 7.2, we present the sample of data exam-
ined, we outline the proxy variables adopted and their hypothesised relations with respect to
the theories of corporate payout policy determination assessed. In section 7.3 we describe
the adopted genetic programming methodology and section 7.4 we examine our findings. We
offer some concluding remarks in section 7.5.

7.2 Literature Review

Published findings with respect to United States corporate payout policy can be summarised
by adopting five key points. First, as documented by Fama and French [15], due to equally
important factors: changing firm characteristics - low profitability, high growth opportunities
and relatively intangible fixed assets - as well as a declining propensity to pay, the fraction of
US industrial firms paying cash dividends has dropped considerably from 66.5% in 1978 to
20.8% in 1999. Second, following a Securities and Exchange Commissions Ruling in 1982
legalising open market repurchases by corporate management, this tax favoured and flexible
method, relative to cash dividends, of disbursing cash to shareholders has become of first
order importance. Indeed, Skinner [32] indicates that share repurchases are now the preferred
method for distributing cash to investors in the United States. Third the total value (nominal
and real) of cash dividends and share repurchases has risen almost incessantly for several
decades. In fact, Weston and Siu [33] show that the US corporate sector’s cash dividend
payout ratio has increased from 40% in 1971 to around 60% in 1990 and to 81% in 2001.
Once share repurchases are included this payout ratio reaches 116 % in 2001.

As a fourth key point, DeAngelo, DeAngelo and Skinner [10] show that there has been
increasing levels of concentration of dividends and earnings since the 1980s - nowadays a
mere 25 firms account for over 50% of industrial earnings and dividends in the United States.
In addition it is indicated that while there has been a decline in the number of industrial payers
since 1978, the number of financial and utility payers has increased, as has the total value of
their payout. These findings show how a declining tendency to disburse cash dividends, an
increasing tendency of cash dividend payers to repurchase shares and a rising total value of
real payout are internally consistent. Fifth, DeAngelo, DeAngelo and Stulz [11] show that a
firm at an early phase of its financial life-cycle with a corresponding low level of retained
earnings to total contributed capital in its equity capitalization will tend not to pay dividends
or will pay very little by way of a dividend. In the same vein, mature firms are inclined to pay
dividends and to pay relatively more. In addition, DeAngelo, DeAngelo and Stulz emphasise
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the agency costs which may arise if more mature firms were not to increasingly disburse
cash to shareholders with the decline of their investment opportunity sets in line with the
maturation of their financial life-cycles. With this backdrop in mind with regard to corporate
payout policy in the United States we turn to the determination of corporate payout policy in
the United States.

7.2.1 Sample Data and Proxy Explanatory Valriables

Our data is sourced in the Worldscope database as detailed in Table 7.1. The sample extends
from 1990 through to 2008 inclusive. The data is tailored such that it excludes firms in the
financial and utilities industries, as well as American Depositary Receipts and foreign firms.
The sample also excludes firms whose dividends are greater than their total sales, firms whose
dividend, net income or sales figures are omitted and firms with negative book value of eq-
uity, market to book ratio, sales, dividends or share repurchases. In addition, we search the
databases for active as well as dead and suspended listings in order to avoid survivor bias.
Otherwise, the sample comprises of every firm headquartered in United States and listed on
New York Stock Exchange (NYSE), for which there is available our set of proxy explana-
tory variables. These filters yield 1665 industrial (and transport) firms. Within this group, 960
firms disclose their cash dividend policy in 1990 of which 588 are cash dividend payers. This
figure is 1059 in 2008 with a negligible increase in cash dividend payers to 596. Turning to
repurchase observations, there are 958 firms which disclose their share repurchases policy in
1990 with 399 firms observed to conduct share repurchases. This figure grows to 1039 firms
disclosing their policy in 2008 with 670 firms conducting share repurchases. The total sample
includes 14,507 firm-year observations on cash dividends of which 7,846 are cash dividend
payers and 6,661 are firms that do not pay cash dividends. There are 14,405 firm-year obser-
vations on share repurchases of which 7,571 firm-year observations are for repurchasers and
6,834 for non-repurchasers. Our study examines the United States (primarily NYSE) circum-
stances, separately investigating cash dividend paying and share repurchasing firms, using a
real US Dollar numeraire (1990 prices) in each instance.

Our principal payout variables are cash dividends (DIV) and share repurchases (SR). Share
repurchases correspond to actual gross amounts. We arrange our principal proxy explanatory
variables into groups according to their advocated theoretical linkages with respect to explicat-
ing the agency cost-based theory, the catering theory, the life-cycle theory and the signaling
theory of corporate payout policy.

We assess the empirical importance of the agency cost-based theory adopting 3 proxy
explanatory variables. First, following Dittmar and Mahrt-Smith [13] and Pinkowitz et al.
[29] we adopt cash and short term investments (CASH) as a measurement of prospective
agency costs. The greater these prospective costs, the greater the expected corporate payout.
In a similar vein, following Chay and Suh [8] and LaPorta et al. [23] the more concentrated
the ownership of the firm (OWN), the smaller the scope for prospective agency costs. Finally,
in regard to agency costs, following Black [6], Jensen [19] and von Eije and Megginson [14],
we adopt a leverage ratio (LR) i.e. the book value of debt divided by the book value of
assets, to approximate for the scope for prospective agency costs. The greater the leverage of
a firm the smaller the scope for prospective agency costs and the smaller the expected payoff.
Alternatively, higher leverage may proxy for a firm’s maturity which would imply a possible
positive relation between firm payout and the leverage ratio (LR).

With regard to catering theory, we follow Baker and Wurgler [3, 4] and specify a dummy
variable (CCD) that takes the value 1 if the natural logarithm of the median market to book
value of a paying firm is greater than that of the median non-paying firm, otherwise it takes the
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Table 7.1 Description of the variables used in the random effects panel regression models

Regressands Description

Cash Dividends (DIV) The logarithm of the total real value of common cash dividends distributed by the
firm, in United States dollar 1990 prices. The logistic random effects panel regres-
sion models are specified to include a dummy variable =1 if cash dividends are paid,
otherwise zero.

Share Repurchases
(SR)

The logarithm of the total real value of open market share repurchases undertaken
by the firm, in United States dollar 1990 prices. The logistic random effects panel
regression models are specified to include a dummy variable =1, if share repurchases
occur, otherwise zero.

Regressors Description

Firm Ownership
(OWN)

The percentage of common stock held by the ten largest shareholders.

Cash Holding (CASH) The sum of cash and short term investments as a percentage of the total assets of the
firm.

Leverage Rate (LR) The sum of short-term and long-term debt as a percentage of total assets.

R & D Exp. (RnD) Research and development expenses percentage of the total assets of the firm.

Retained Earnings
(RETE)

The retained earnings as a percentage of the market value of firm equity.

Asset Growth (DAA) The relative (percentage) change in the real value of total assets.

Market to Book Value
(MBF)

The market to book value of the firm.

Market Value (SIZE) Percentile ranking (annual) of a firm with respect to the criterion of market value.

Capital Expenses
(CapEx)

It represent the funds used to acquire fixed assets other than those associated with
acquisitions percentage of total assets.

Stock Return (DPP) The annual percentage change in stock price measured at the end of the previous
year.

Earnings Ratio (EA) The firm earnings before interest but after tax as a percentage of total assets.

Catering Theory Proxy
Variable (CCD)

A dummy variable (annual), which indicates whether the cash dividend payer (share
repurchaser) has a higher median MBF than the cash dividend (share repurchaser)
non payer. If true, dummy = 1 otherwise it’s zero. A further requirement for a year
specific non-zero dummy variable is a minimum of five observations for both payers
and non-payers.

Earning Reporting
Frequency (ERF)

The frequency (1 to 4 times) at which earnings are reported per annum. 4 = Annual
and 1 = Quarterly Reporting.

Cash-Flow Uncertainty
(VOL24)

The standard deviation of stock returns over the most recent two year period.

Operating Profitability
Volatility (INCV)

The standard deviation of the operating rate of return (i.e., operating income as a
percentage of total assets) during the most recent three year period, including the
current fiscal year.

Income Risk (SDS) The standard deviation of the net income during the most recent five year period
divided by the most recent year-specific total sales.

Year (YEAR) Year of Observation.

Constant (CONST) The intercept of the regression equation.

value zero. The focus, with regard to catering theory, is whether there is a payout (dividend
or share repurchase) premium effect and, if so, how this effect varies over time.

Turning now to the life-cycle theory of corporate payout policy, we adopt 4 proxy ex-
planatory variables. First, following, DeAngelo et al. [11] we include a proxy explanatory
variable for the phase of the life cycle of the firm, the ratio of retained earnings to total equity
(RETE) and, in the vein of, Fama and French [15] as well as Grullon and Michaelly [17] we
adopt the market value of the firm to reflect firm size (SIZE), another complementary indica-
tion of the phase of the life cycle of the firm. The greater the maturity of the individual firm
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whether reflected in retained earnings to total equity (RETE) or firm size (SIZE), the greater
its expected payout. Fourth, in respect to the development of the firm’s set of investment op-
portunities, we include in our specifications the change in total assets (DAA) following Fama
and French [15] and Denis and Osobov [12]. Finally, also following [15] and [12], we adopt
the market to book ratio (MBF) to reflect the set of the firm’s investment opportunities. The
larger the investment opportunity set, the smaller the expected payout.

To assess the empirical importance of the signaling theory of corporate payout policy we
turn to our set of 5 proxy explanatory variables. We initially follow Wood [34] and von Eije
and Megginson [12] and specify an Earnings Reporting Frequency (ERF) variable, corre-
sponding to the frequency at which earnings are reported, by a firm, per annum. The greater
the frequency, the smaller the expected payout and the lower the incentive to payout. Follow-
ing Lintner [24], Miller and Rock [26] and von Eije and Megginson [14], we also specify an
explanatory variable corresponding to the Earnings Ratio (EA). It is computed as the earnings
before interest but after tax divided by the book value of total assets. The greater the earnings
ratio, the greater the expected payout. Another variable examined, primarily in respect to the
signaling theory, is income uncertainty. Anticipated income uncertainty is expected to nega-
tively impact cash dividend payouts due to the expected information content of a subsequent
cash dividend decline deteriorating firm value as well as the tendency for external financing
to be relatively costly. This latter proxy explanatory variable is operationalised in three ways:
(1) income risk (SDS) is computed following von Eije and Megginson [14] as the standard
deviation of income during the last 5-years scaled by total sales, (2) operating profitability
volatility (INCV) is computed following Chay and Suh [8] as the three-year standard de-
viation of the operating rate of return and (3) cash-flow uncertainty (VOL24) is computed
following Chay and Suh [8] and Lintner [24] as the standard deviation of stock returns during
the most recent 3-year period. The greater the income uncertainty, the smaller the expected
payout.

In addition we adopt several further control variables. Following von Eije and Meggin-
son [14] we include a lagged return (DPP). There is expected to be a negative relation be-
tween this explanatory variable and subsequent payout. Following Fama and French [15] as
well as Denis and Osobov [12], we also include in our specifications a year variable (Year),
with a view to assessing secular trends over time.

7.3 Methodology

7.3.1 Genetic Programming

Genetic Programming (GP) [22, 28, 30, 31] is an automatic programming technique that
employs an Evolutionary Algorithm (EA) to search the space of candidate solutions, tradi-
tionally represented using expression-tree structures, for the one that optimises some sort
of program-performance criterion. The highly expressive representation capabilities of pro-
gramming languages allows GP to evolve arithmetic expressions that can take the form of
regression models. This class of GP application has been termed “Symbolic Regression”,
and is potentially concerned with the discovery of both the functional form and the optimal
coefficients of a regression model. In contrast to other statistical methods for data-driven mod-
elling, GP-based symbolic regression does not presuppose a functional form, i.e. polynomial,
exponential, logarithmic, etc., thus the resulting model can be an arbitrary arithmetic expres-
sion of regressors [21]. GP-based regression has been successfully applied to a wide range of
financial modelling tasks [7].
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GP adopts an Evolutionary Algorithm (EA), which is a class of stochastic search algo-
rithms inspired by principles of natural genetics and survival of the fittest. The general recipe
for solving a problem with an EA is as follows. Chose a representation space in which can-
didate solutions can be specified; design the fitness criteria for evaluating the quality of the
solution, a parent selection and replacement policy, and a variation mechanism for generat-
ing offspring from a parent or a set of parents. The rest of this section details each of these
processes in the case of GP.

In GP, programs are usually expressed using hierarchical representations taking the form
of syntax-trees, as shown in Figure 7.1. It is common to evolve programs into a constrained,
and often problem-specific user-defined language. The variables and constants in the program
are leaves in the tree (collectively named as terminal set), whilst arithmetic operators are in-
ternal nodes (collectively named as function set). In the simplest case of symbolic regression,
the function set consists of basic arithmetic operators, while the terminal set consists of ran-
dom numerical constants and a set of explanatory variables termed regressors. Figure 7.1
illustrates an example expression-tree representing the arithmetic expression x+(2−y).

GP finds out how well a program works by executing it, and then testing its behaviour
against a number of test cases; a process reminiscent of the process of black-box testing in a
conventional software engineering practice. In the case of symbolic regression, the test cases
consist of a set of input-output pairs, where a number of input variables represent the re-
gressors and the output variable represents the regressand. Under this incarnation of program
evaluation, GP becomes an error-driven model optimisation procedure, assigning program
fitness that is based on some sort of error between the program output value and the actual re-
gressand value; mean squared error being the most prominent form of error employed. Those
programs that do well (i.e. high fitness individuals) are chosen to be varied and produce
new programs for the new generation. The primary variation operators to perform transitions
within the space of computer programs are crossover and mutation.

The most commonly used form of crossover is subtree crossover, depicted in Figure 7.1.
Given two parents, subtree crossover randomly (and independently) selects a cross-over point
(a node) in each parent tree. Then, it creates two offspring programs by replacing the subtree
rooted at the crossover point in a copy of the first parent with a copy of the subtree rooted at
the crossover point in the second parent, and vice-versa. Copies are used to avoid disrupting
the original individuals. Crossover points are not typically selected with uniform probability.
Function sets usually lead to expression-trees with an average branching factor of at least two,
so the majority of the nodes in an expression-tree are leaf-nodes. Consequently, the uniform
selection of crossover points leads to crossover operations frequently exchanging only very
small amounts of genetic material (i.e., small subtrees); many crossovers may in fact reduce to
simply swapping two leaves. To counteract this tendency, inner-nodes are randomly selected
90% of the time, while leaf-nodes 10% of the time.

The most commonly used form of mutation in GP is subtree mutation, which randomly
selects a mutation point in a tree and substitutes the subtree rooted there with a randomly
generated subtree. An example application of the mutation operator is depicted in Figure 7.1.
Another common form of mutation is point mutation, which is roughly equivalent to the bit-
flip mutation used in genetic algorithms. In point mutation, a random node is selected and the
primitive stored there is replaced with a different random primitive of the same rarity taken
from the primitive set. When subtree mutation is applied, this involves the modification of
exactly one subtree. Point mutation, on the other hand, is typically applied on a per-node
basis. That is, each node is considered in turn and, with a certain probability, it is altered as
explained above. This allows multiple nodes to be mutated independently in one application
of point mutation.
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(a)

(b)

(c)

Fig. 7.1 Genetic programming representation and variation operators

Like in any evolutionary algorithm, the initial population of GP individuals is randomly
generated. Two dominant methods are the full and grow methods, usually combined to form
the ramped half-and-half expression-tree initialisation method [21]. In both the full and grow
methods, the initial individuals are generated so that they do not exceed a user-specified max-
imum depth. The depth of a node is the number of edges that need to be traversed to reach
the node starting from the tree’s root node (the depth of the tree is the depth of its deepest
leaf). The full method generates full tree-structures where all the leaves are at the same depth,
whereas the grow method allows for the creation of trees of more varied sizes and shapes.
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7.3.2 Evolving Symbolic Regression Programs

Our GP algorithm is a standard elitist (the best is always preserved), generational (populations
are arranged in generations, not steady-state), panmictic (no program mating restrictions) ge-
netic algorithm with an expression-tree representation. The algorithm uses tournament selec-
tion with a tournament size of 7. Root mean squared error (RMSE) is employed as a fitness
function. Evolution proceeds for 50 generations, and the population size is set to 1,000 indi-
viduals. Ramped-half-and-half tree creation with a maximum depth of 5 is used to perform
a random sampling of rules during run initialisation. Throughout the evolution, expression-
trees are allowed to grow up to a depth of 8. The evolutionary search employs a combination
of crossover, subtree mutation and point mutation; a probability governing the application
of each set to 0.5, 0.25 and 0.25 for each operator respectively. We employed a standard
single-typed program representation; the function set is consisted of the four basic arithmetic
operators (protected division), whereas the terminal set contains the regressors.

7.3.3 Model Overfitting Avoidance

In order to avoid model overfitting [1, 2], we employed a technique that combines the three
datasets (training, validation, testing) machine learning methodology, and the objective of
minimising the structural complexity of the model [16]. The two sets methodology (training
and test dataset) for learning a model using an iterative model-training technique does not
prevent by itself overfitting the training set. A common approach is to add a third set – a vali-
dation set – which helps the learning algorithm to measure its generalisation ability. Another
common practice that has been shown to prevent model overfitting in learning algorithms
that employ symbolic model representations is to minimise the model structural complex-
ity. The learning technique uses a validation set to select best-of-generation individuals that
generalise well; individuals considered for candidate elitists are those that reside in the Pareto-
frontier of a two-objective population ranking of program-size versus the root mean square
error (RMSE) criterion.

The initial dataset is randomly segmented into two non-overlapping subsets for training
and testing with proportions of 60% and 40% respectively. The training set is further ran-
domly divided into two non-overlapping subsets: the fitness evaluation data-set, with 67% of
the training data, and the validation data-set with the remaining 33%. The fitness measure
consists of minimising the RMSE on the fitness evaluation data-set. At each generation, a
two-objective sort is conducted in order to extract a set of non-dominated individuals (Pareto
front) with regards to the lowest fitness evaluation data-set RMSE, and the smallest model
complexity in terms of expression-tree size, as measured by the number of tree-nodes. The
rationale behind this is to create a selection pressure towards simpler prediction models that
have the potential to generalise better. These non-dominated individuals are then evaluated
on the validation data-set, with the best-of-generation model designated as the one with the
smallest validation RMSE. The use of a Pareto-frontier of canidate elitists reduces the number
of individuals tested against the validation set in order to avoid selecting best-of-generation
programs that are coincidentally performing well on the validation set. Additionally, such a
method allows the learning algorithm to evaluate the generalisation ability of a wide range of
accuracy/complexity tradeoffs.

During tournament selection based on the fitness evaluation data-set performance, we
used the model complexity as a second point of comparison in cases of identical error rates,
thus imposing a bias towards smaller programs though the use of lexicographic parsimony
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pressure. In every independent evolutionary run, initial dataset segmentation is randomly
performed.

7.3.4 Experimental Context

We employ an evolutionary machine learning method to induce models that best describe a
regressand variable given a set of input regressor variables. Regressands are the Cash Div-
idends (DIV) and Share Repurchases (SR), whereas regressors are related to four different
theories of corporate payout policy determination, namely, Agency theory, Life-cycle theory,
and Information-asymmetry signalling theory as well as catering theory, for which a dummy
proxy variable is included. Our first aim is to discover accurate symbolic regression models,
given different sets of regressor variables defined in each theory separately. Secondly, we are
interested in determining whether the evolutionary method will be able to learn models that
are in accordance to the conventional theories, by allowing the search algorithm to work on
a regressor-space that incorporates all of the regressor variables that are defined in the three
conventional theories. This experiment has been specially designed to take advantage from
the inherent capability of the GP algorithm to perform feature selection, by allowing the error-
minimising search to concentrate of those areas of the model space that contain individuals
consisting of the most well-explanatory regressor variables. We performed 50 independent
evolutionary runs for each different regressor-setup in order to account for the stochastic na-
ture of the adaptive search algorithm.

7.4 Results

Table 7.2 illustrates the best evolved symbolic regression models using regressor variables
from different theories of corporate payout. The first column indicates the regressand variable
(either cash dividends, DIV or share repurchases, SR), whereas the second column indicates
the regressors which we adopt in relation to each theory of corporate payout. Resulting mod-
els have been clustered according to the set of regressor variables defined in each different
theory of corporate payout. These optimal solution models indicate a considerable complexity
with regard to model specification relative to the variety of classical statistical models adopted
in the mainstream literature, particularly the panel regression modelling methodology.
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Fig. 7.2 (a) Model output for DIV vs. OWN; (b) Model output for SR vs. OWN
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Figure 7.5 presents a box-plot illustrating the distribution of best-of-run RMSE, indicating
the best-fit models from 50 independent evolutionary runs under each different regressor-
setup. Contrasting among the corporate payout theories, results suggest that both DIV and
SR modelling are more accurately performed using regressor variables defined in Life-cycle
theory; the best models attaining a root mean square error (RMSE) of 1.72 and 2.20 respec-
tively. In addition, it is worthwhile observing that, in every instance, the theories of corporate
payout substantially outperform in their explanations of cash dividend payouts relative to
share repurchases.

In order to quantify the relationship between the use of each regressor variable and the
model-output (for the optimal models presented in Table 7.2), we calculated their Pearson
correlation coefficient (PCC) via monitoring the model-output in a series of model invoca-
tions with model-inputs represented by particular realisations of regressor variables. To com-
plement our investigation of the regressor vs model-output relationship we present the scatter
plots of the values that were used to calculate these correlations, for the strongest relation-
ships discovered.

In addition, we present statistics from the average proportion of regressors contained
(APU) in the expression-trees of best-of-run individuals, which gives an indication of the
relative importance of particular regressors given that the survival and propagation of their
embodying model thoughout the evolutionary run signals the evolutionary viability and thus

0 20 40 60 80 100
−2

0

2

4

6

8

10

12

14

SIZE

D
IV

(a)

0 20 40 60 80 100 120
−2

0

2

4

6

8

10

12

14

CapEx

D
IV

(b)

0 20 40 60 80 100
−1

0

1

2

3

4

5

SIZE

S
R

(c)

0 20 40 60 80 100 120
−1

0

1

2

3

4

5

CapEx

S
R

(d)

Fig. 7.3 (a) Model output for DIV vs. SIZE; (b) Model output for DIV vs. CapEx; (c) Model
output for SR vs. SIZE; (d) Model output for SR vs. CapEx
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Fig. 7.4 (a) Model output for DIV vs. EA; (b) Model output for DIV vs. VOL24; (c) Model
output for SR vs. EA; (d) Model output for SR vs. VOL24

merit of that model. Regressor containment is quantified via the proportion of a particular
regressor variable in an expression-tree relative to the rest of the regressors included in that
expression-tree.

Table 7.3 collectively presents the Pearson correlation coefficient (PCC) between the
regressors of a particular theory and the model-output representing cash dividends (DIV) or
share repurchases (SR). In the case of Agency theory, the evolved expressions modelling both
cash dividends (DIV) and share repurchases (SR) encapsulate a medium negative correlation
between model-output and the regressor concerning the level of concentration of firm
ownership (OWN). The level of concentration of ownership (OWN) is a relatively important
regressor as evidenced by its pronounced average containment in best-of-run expression-trees.
Figure 7.2 presents the corresponding scatter-plots of the values used to calculate the Pearson
correlation coefficient (PCC). In the case of Life-cycle theory, the relative value of the firm
(SIZE) has a strong positive correlation in both cash dividends (DIV) and share repurchases
(SR) modelling. In both cases this particular regressor has a relatively dominant proportion of
18% and 22% in the best-of-run expression trees for DIV and SR models respectively. A weak
negative correlation is also found between capital expenditure (CapEx) and model output for
both cash dividends (DIV) and share repurchases (SR). Figure 7.3 presents the correspond-
ing scatter-plots of the values used to calculate the Pearson correlation coefficient (PCC).
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Finally, in the case of Information-asymmetry signalling theory, strong positive correlations
were found between model output and regressor EA, while strong negative correlations were
found between model output and regressor VOL24. This finding is consistent in both DIV
and SR modelling. Figure 7.4 presents the corresponding scatter-plots of the values used to
calculate the Pearson correlation coefficent (PCC).

Table 7.2 Best evolved symbolic regression models

Regressand Regressors Model

Agency Theory

Cash Dividents OWN, CASH, LR

(
LR+ 2∗LR

LR+OW N+(OWN∗CASH)

)
+(OW N+4∗LR)

(OWN+LR)∗2∗LR
LR

OW N +OW N+LR
+OWN+LR

Share Repurchases OWN, CASH, LR 2∗OWN+5∗CASH

OW N+CASH+ 2∗(CASH+OWN)
CASH
OW N +2∗OWN

Life Cycle Theory

Cash Dividents
RnD, RETE, DAA,

SIZE−CapEx−RnD−DAA−CapEx∗DPP

2∗CapEx∗DPP2+RnD+DAA+CapEx+ SIZE+RnD+DAA∗SIZE
RnD+CapEx

MBF, SIZE, CapEx,
DPP

Share Repurchases
RnD, RETE, DAA,

DPP−SIZE−4∗CapEx+(DPP−SIZE)∗(DAA+DPP)+SIZE∗CapEx
CapEx+SIZE

2∗MBF +2∗CapEx2+SIZE
MBF, SIZE, CapEx,

DPP

Information-Asymmetry Signaling Theory

Cash Dividents
EA, ERF, VOL24, EA+ERF+VOL24+(VOL24∗SDS)+ 2∗ERF−VOL24

(ERF−EA)∗(ERF+VOL24)
ERF−EA+2∗VOL242+ SDS

ERF ∗(INCV+ERF )INCV, SDS

Share Repurchases
EA, ERF, VOL24, EA∗ERF+6∗EA+2∗ERF

EA2−2∗EA+2∗SDS+VOL24+(ERF+SDS)∗ERF+2∗SDS2∗INCVINCV, SDS

Regressors from all theories

Cash Dividents

OWN, CASH, LR

SIZE−(CASH−VOL24)∗(VOL24−ERF )+ RnD+CASH
OW N+VOL24

INCV+CapEx+CASH+ SIZE+LR
CapEx+CASH

CCD, RnD, RETE,
DAA, MBF, SIZE,
CapEx, DPP, EA,

ERF, VOL24, INCV
SDS

Share Repurchases

OWN, CASH, LR

3∗SIZE−CapEx−LR−SIZE∗DAA+EA+ SIZE∗CCD
OWN+VOL24

VOL24
EA2

SIZE∗VOL24
CapEX+INCV

+VOL24∗CASH∗SDS∗ERF+CapEx+SIZE−EA+ERF

CCD, RnD, RETE,
DAA, MBF, SIZE,
CapEx, DPP, EA,

ERF, VOL24, INCV
SDS

Very interesting results were also obtained in the second series of experiments which
collectively used all proxy explanatory regressor variables defined in the three potentially mu-
tually inclusive theories of corporate payout policy determination. The box-plot depicted in
Figure 7.5 suggests that models based on all regressors outperform those based on individual
theories; best models attaining a RMSE of 1.65 and 2.12 for DIV and SR modelling respec-
tively. Once again it is evident that these theories exhibit superior explanatory power with
respect to cash dividend payouts rather than share repurchases. The most substantial finding
was that in order to induce models that are more accurate than the ones based on subsets of
regressors, the evolutionary algorithm synthesised expression-trees, which used regressor
variables that showed the strongest correlations in previous modelling based on distinct
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theories. Throughout an implicit feature selection process, GP was able to identify the most
information-rich regressors, which have been proven efficient in different theories of corpo-
rate payout, and combine them in an useful, novel way. Once again, in this all-encompassing
extended specification, the level of concentration of ownership (OWN), the relative market
value of the firm (SIZE), the scaled adjusted earnings variable (EA) and the cash flow un-
certainty variable (VOL24) exhibit pronounced effects consistent with the indicated theories
of corporate payout. In particular, these regressor variables exhibit the following effects: the
level of concentration of firm ownership, OWN (medium negative correlation), the relative
firm value, SIZE (strong positive correlation), and the scaled adjusted earnings, EA (medium
positive correlation), VOL24 (medium negative correlation). Detailed statistics are depicted
is Table 7.3.

Table 7.3 Pearson correlation coefficients (PCC) between the values of regressors used in
the best evolved model and the output value of the model. Table also presents the average
proportion of regressors containment (APU) in best-of-run individuals. Averages from 50
independent evolutionary runs (std. deviation in parentheses)

Agency Life Cycle Info. Asym. Signal. All
Regressor PCC APU PCC APU PCC APU PCC APU

Cash Dividends

OWN -0.54 0.33 (0.05) - - - - -0.45 0.12 (0.06)
CASH -0.14 0.23 (0.16) - - - - -0.17 0.09 (0.04)

LR 0.13 0.43 (0.15) - - - - -0.06 0.12 (0.06)
CCD - - - - - - 0.001 0.10 (0.05)
RnD - - -0.03 0.14 (0.08) - - 0.02 0.06 (0.02)

RETE - - 0.07 0.05 (0.01) - - n/a 0.0 (0.0)
DAA - - -0.15 0.15 (0.07) - - 0.01 0.08 (0.03)
MBF - - 0.03 0.09 (0.04) - - 0.02 0.11 (0.05)
SIZE - - 0.78 0.18 (0.07) - - 0.79 0.14 (0.07)

CapEx - - -0.16 0.37 (0.10) - - -0.08 0.10 (0.05)
DPP - - 0.03 0.17 (0.07) - - 0.13 0.06 (0.01)
EA - - - - 0.34 0.12 (0.07) 0.20 0.12 (0.08)
ERF - - - - -0.04 0.13 (0.03) 0.03 0.12 (0.06)

VOL24 - - - - -0.75 0.17 (0.07) -0.39 0.12 (0.07)
INCV - - - - -0.12 0.15 (0.12) -0.17 0.11 (0.05)
SDS - - - - -0.10 0.14 (0.06) -0.07 0.09 (0.06)

Shared Repurchases

OWN -0.43 0.43 (0.05) - - - - -0.40 0.11 (0.07)
CASH -0.01 0.40 (0.09) - - - - 0.02 0.07 (0.02)

LR -0.03 0.15 (0.07) - - - - -0.19 0.11 (0.05)
CCD - - - - - - 0.03 0.09 (0.04)
RnD - - -0.01 0.12 (0.07) - - 0.04 0.04 (0.006)

RETE - - 0.01 0.13 (0.03) - - n/a 0.0 (0.0)
DAA - - -0.04 0.17 (0.09) - - -0.03 0.07 (0.02)
MBF - - 0.04 0.20 (0.10) - - 0.03 0.07 (0.01)
SIZE - - 0.82 0.22 (0.07) - - 0.77 0.17 (0.09)

CapEx - - -0.10 0.36 (0.15) - - -0.08 0.08 (0.02)
DPP - - 0.05 0.11 (0.07) - - 0.14 0.07 (0.02)
EA - - - - 0.67 0.37 (0.10) 0.32 0.15 (0.07)
ERF - - - - -0.06 0.17 (0.07) -0.004 0.12 (0.06)

VOL24 - - - - -0.58 0.15 (0.10) -0.29 0.09 (0.04)
INCV - - - - -0.08 0.15 (0.10) -0.10 0.12 (0.06)
SDS - - - - -0.09 0.19 (0.08) -0.04 0.07 (0.04)
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Fig. 7.5 Distribution of Root Mean Squared Errors from best-of-run individuals for different
experimental setups. Total cash dividends and Share repurchases have been abbreviated to
DIV and SR respectively. Agency Theory has been abbreviated to AT. Life Cycle Theory has
been abbreviated to LCT. Information-Asymmetry Signalling Theory has been abbreviated
to IAST. “ALL” represents the experiments that took into account all regressors

7.5 Summary and Concluding Remarks

In this Chapter, we have examined the determination of corporate payout policy in the United
States during the period 1990 to 2008, using a novel genetic programming methodology to
inform our model specifications. Furthermore, our best evolved symbolic modelling specifica-
tion is unprecedented with regard to the broad range of pertinent proxy explanatory variables
included simultaneously in our ultimate, as well as our candidate, model specifications.

Taken together, in line with the mainstream literature, our findings corroboratively provide
a preponderance of support for the agency cost-based life-cycle theory of corporate payout
policy determination. In addition, proxy variables relating to this latter hybrid hypothesis,
with regard to corporate payout policy determination, show strong, theoretically consistent,
effects on corporate payout. Specifically, across our modelling specifications, we document
a pronounced positive relation between both the relative market value of the firm and the
adjusted earnings to assets ratio and measures of corporate payout, cash dividend payouts and
share repurchases. In the same vein, we document a compelling negative relation between the
level of concentration of firm ownership and cash dividend and share repurchase corporate
payouts. In addition, we document a somewhat weaker relation between cash flow uncertainty
and these forms of corporate payout. These findings are, on the whole, corroborative with
respect to the extant literature. They are important in light of the relatively flexible, genetic
programming style, model specification inference methodology, adopted in this Chapter.

Future work in this important area might extend the adopted genetic programming method-
ology to include constants in the grammar. In addition, it may be helpful to conduct a random
effects panel regression model utilising these data to allow a direct comparison of findings
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across these methodologies as well as including a contrast of the underlying theoretical frame-
works from which these methodologies are derived. We opt to leave this avenue of research
for future work.
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Bell Journal of Economics 10(1), 259–270 (1979)

6. Black, F.: The dividend puzzle. Journal of Portfolio Management 2(3), 5–8 (1976)
7. Brabazon, A., O’Neill, M.: Biologically Inspired Algorithms for Financial Modelling.

Natural Computing Series. Springer, Heidelberg (2006)
8. Chay, J.B., Suh, J.: Payout policy and cash-flow uncertainty. Journal of Financial Eco-

nomics 93(1), 88–107 (2009)
9. DeAngelo, H., DeAngelo, A.: The irrelevance of the mm dividend irrelevance theorem.

Journal of Financial Economics 79(2), 293–315 (2006)
10. DeAngelo, H., DeAngelo, A., Skinner, D.J.: Are dividends disappearing? dividend con-

centration and the consolidation of earnings. Journal of Financial Economics 72(3), 425–
456 (2004)

11. DeAngelo, H., DeAngelo, A., Stulz, R.M.: Dividend policy and the earned/contributed
capital mix: A test of the lifecycle theory. Journal of Financial Economics 81(2), 227–
254 (2006)

12. Denis, D.J., Osobov, I.: Why do firms pay dividends? international evidence on the de-
terminants of dividend policy. Journal of Financial Economics 89(1), 62–82 (2008)

13. Dittmar, A., Mahrt-Smith, J.: Corporate governance and value of cash holdings. Journal
of Financial Economics 83(3), 599–634 (2007)

14. Eije, H.V., Megginson, W.L.: Dividends and share repurchases in the european union.
Journal of Financial Economics 89(2), 347–374 (2008)

15. Fama, E.F., French, K.R.: Disappearing dividends: Changing characteristics or lower
propensity to pay? Journal of Financial Economics 60(1), 3–43 (2001)
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Summary. This chapter explores the issue of overfitting in grammar-based Genetic Program-
ming. Tools such as Genetic Programming are well suited to problems in finance where we
seek to learn or induce a model from data. Models that overfit the data upon which they are
trained prevent model generalisation, which is an important goal of learning algorithms.

Early stopping is a technique that is frequently used to counteract overfitting, but this tech-
nique often fails to identify the optimal point at which to stop training. In this chapter, we
implement four classes of stopping criteria, which attempt to stop training when the generali-
sation of the evolved model is maximised.

We show promising results using, in particular, one novel class of criteria, which measured
the correlation between the training and validation fitness at each generation. These criteria
determined whether or not to stop training depending on the measurement of this correlation
- they had a high probability of being the best among a suite of potential criteria to be used
during a run. This meant that they often found the lowest validation set error for the entire
run faster than other criteria.

8.1 Introduction

Overfitting is a commonly studied problem which arises in machine learning techniques such
as Genetic Programming (GP). A model is described as overfitting the training data if, despite
having a high fit on the training examples, there exists another model which has better fitness
on the data as a whole, despite not fitting the training data as well [15].

8.1.1 Causes of Overfitting

There are different reasons why overfitting can occur. For example, the existence of noise
in training samples can cause a model to be fit to the data which is more complex than the
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true underlying model [19]. For symbolic regression, an example would be fitting a high
order polynomial to noisy data, which happens to pass through all training points, when the
true function is in fact a lower order polynomial. Another cause of overfitting is bias in the
training data. Overfitting is more likely to occur when the training sample size is small. The
more training data available, the more likely we are to discover the true underlying model,
and the less likely we are to settle on a spurious result. Overfitting is also more likely to occur
with complex hypotheses [19]. Learning algorithms that are run for a long time are more
likely to trigger overfitting, than if they had been run for a shorter time period [3].

Overfitting is a symptom of experimental setups which produce results that fail to gener-
alise beyond the specific environment in which they were trained. While generalisation has
traditionally been underexplored in the GP literature, there have been a number of recent pa-
pers examining this important issue [3, 6, 9, 11, 19, 22, 25]. Among the techniques proposed
to counteract overfitting, popular examples include the use of parsimony constraints, and the
use of a validation set. Parsimony contraints are inspired by Occam’s Razor and the minimum
description length (MDL) principle. The MDL principle claims that the most preferable solu-
tion is the one that minimizes the information required to encode it [25]. However, the direct
link between parsimony and better generalisation is disputed in [8]. Domingos [8] notes that
overfitting is an unwanted side-effect not of complexity itself, but of considering a large num-
ber of potential models. This results in a high chance of discovering a model with a high
fitness on the training data purely by chance. Evaluating a smaller number of more complex
models has a lower chance of causing overfitting than evaluating a larger number of simpler
models [8].

Early stopping is a popular technique. When using this approach, generalisation is typi-
cally measured by observing the fitness of the evolved model on a validation data set, which
is separate from the training data set. Training is stopped if the generalisation of the model
on this validation set degrades. In this study, we choose to focus on early stopping in order
to illustrate its usefulness as a technique to boost generalisation. Furthermore, we propose
some extensions to early stopping as it has traditionally applied, via the inclusion of criteria
to determine a more intelligent stopping point. These criteria are inspired by work previously
carried out in the neural networks literature [21].

8.1.2 Structure of Chapter

The next section provides some background to the issues explored in this chapter, including
a brief review of some of the work on generalisation to date. Section 8.3 moves on to work
through and explain some examples of overfitting as observed in symbolic regression prob-
lems tackled using Grammatical Evolution, a form of grammar-based GP. Section 8.4 first
introduces stopping criteria which can be used to enhance the technique of early stopping,
which is used to avoid overfitting. Section 8.5 applies these criteria to trading rule problems
tackled using an alternative form of grammar-based GP. Finally, Section 8.6 concludes the
chapter.

8.2 Background

GP is a stochastic search and optimisation technique. It operates by first generating a “pop-
ulation” of random solutions, composed from elements of a function and terminal set. The
terminal set is composed of a list of external inputs (typically variables), and constants that
can appear in the solution. It may also contain functions with no arguments - an example
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would be a function which returns a different random number with each invocation. The con-
tents of the function set vary between problem domains - an example of such operators in
a simple numeric problem are arithmetic operators. Solutions are iteratively refined over a
period of some number of pre-specified generations, using the concept of a fitness function
to guide search, and the operators of crossover and mutation to transition across the search
space. Crossover works by combining elements of two “parent” solutions, in order to further
explore the search space. Mutation randomly alters a part of a randomly selected solution
among the population of solutions, in order to promote diversity in the population, and thus
explore new areas of the search space. For a more detailed introduction to GP, see [2] or [20].

8.2.1 Previous Attempts to Tackle Overfitting in Genetic Programming

Two Data Sets Methodology

In a 2002 paper, [11] highlights the importance of using a separate testing set alongside a
training set when evolving solutions to learning problems. The author also advocates the use
of formal guidelines when selecting the training and testing cases. Such guidelines might
stipulate rules for selecting training and testing instances to ensure the representativeness of
the training cases, and to determine the degree of overlap between the two data sets [11].
In a case of simulated learning (the Santa Fe ant trail), it is shown that training on a given
trail by no means guarantees the generalisation of the solution to other trails using the same
primitives and rules for trail construction. In order to produce results that generalise to a
particular class of trails, [11] conducted experiments using 30 training trails and 70 testing
trails, with fitness being evaluated by counting the number of pieces of food gathered over
each of the 30 training trails.

Validation Sets and Parsimony

In [22], Thomas and Sycara use a GP-based system to discover trading rules for the Dol-
lar/Yen and Dollar/DM markets. They reserved a particular concern for the aspects of the sys-
tem that allowed them to fight overfitting, given the inherent noise in financial data. They ex-
amined the interactions between overfitting, and both rule complexity and validation method-
ologies. Excess returns were used as a measure of fitness. The success of the evolved model
on the test set was calculated after training had completed. The use of the test set was impor-
tant given that the focus of this work was on generalizaton.

The authors thought that while controlling the size of trees could negatively impact on
the representational capability of the generated rules, it could also reduce the potential for
overfitting, and wished to test this hypothesis. Results showed that between trees with maxi-
mum tree-depths of 2, 3 and 5, trees of maximum-depth 2 produced superior excess returns,
particularly in the Dollar/Yen case [22].

The authors used a validation set to determine when to cut off search in all experiments -
evolution was stopped when the average rule fitness on the validation set started to decrease.
In later experiments they used the validation set in two additional ways. After search had
stopped, the best rule on the training set was identified and was kept if it produced positive
returns on the validation set. If not, it was discarded and search resumed from scratch. A
second approach examined the fitness of every rule from the population on the validation set
after search had been stopped, keeping those that produced positive returns.
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These two additional approaches did not increase the percentage of excess returns on the
test set after training stopped, which the authors found surprising. They attributed this to
a lack of correlation between the training and test performances. It is interesting that the
authors examined the correlation between the training and test performances as an ex-post di-
agnostic tool. Below, we describe measuring the correlation between training and validation
fitnesses, but we use it instead as a potential stimulus to prematurely halt our search. The au-
thors concluded that using the validation methods they described was not providing adequate
improvements to excess returns, as evaluated on the test set. They felt that additional criteria
needed to be investigated in order to identify a cut-off point for search [22].

Gagné and co-authors [9] also investigate the use of three datasets (training data, validation
data, and test data). They evolve solutions to binary classification problems using Genetic
Programming. The inclusion of a validation set, to periodically check the evolved a model for
a loss of generalisation, reduces the amount of data used to train the model. This reduction in
the data reserved for training means that the training algorithm has less information with which
to fit a model, and increases the possibility that the model produced will not be representative
of the true underlying model. The trade-off between the inclusion of validation data on the
one hand, and the reduction in training data on the other hand, is examined by the authors.

Simple solutions are sometimes postulated to both reduce the effect of bloat (an uncon-
trolled increase in the average size of individuals evolved by GP [13]), and produce solutions
without overfitting. The direct link between parsimony on the one hand, and solutions that do
not overfit the data on the other hand, has been disputed in [8], as noted in Section 8.1.1. Re-
sults that contradict this - for example those results described in [22] and summarised above,
have meant that researchers have continued to pursue parsimonious solutions, albeit with an
awareness of the challenge made against their effectiveness (for example, in [3]).

Gagné and co-authors [9] also investigate the use of lexicographic parsimony pressure
to reduce the complexity of the evolved models. Lexicographic parsimony pressure [12] in-
volves minimizing the error rate on the entire training set, and using the size as a second
measure to compare when the error rates are exactly the same. The best individual of a run
is the individual who exhibits the lowest error rate on the training set, and the smallest indi-
vidual is selected in the case of a tie. They establish that while there is no clear advantage in
terms of test set accuracy from using a validation set and parsimony pressure, the inclusion
of a validation set and parsimony pressure does lower the variance of the test set error on
the evolved model across 100 runs. They express a desire to develop new stopping criteria in
future work, which would be based on the difference between training and validation fitness.

8.2.2 Early Stopping

Early stopping is a method used to counteract overfitting, whereby training is stopped when
overfitting begins to take place. In order to enable early stopping, the data is split into three
subsections: training data, validation data, and testing data. Initially, a model is fitted to the
training data. At regular intervals as the model fitting proceeds, the fitness of the model on the
validation data (which has not been used to train the model) is examined for disimprovement.
The ability of the evolved model to generalise beyond the training examples is therefore
measured while the run is in progress, the assumption being that if the learned model is
generalising well, it should exhibit high fitness on both the training data, and the unseen
validation data. When a disimprovement is observed in the fitness of the evolved model on the
validation data (or is observed for a specified number of consecutive generations or iterations)
training is stopped. The model with the lowest validation error prior to training having been
stopped, is used as the output of the run [10].
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A More Robust Way to Determine When to Stop Training

This simple early stopping technique has been criticised by Prechelt in [21], where he ex-
amines the use of early stopping when training a neural network. Prechelt states that the
validation set error, in most cases, fluctuates throughout the course of the run. He describes
how the validation set error rarely monotonically improves during the early stage of the run,
before monotonically disimproving after overfitting has begun to take place. He states that
real validation error curves almost always have more than one local minimum. The question
then becomes, when should early stopping take place? He goes on to propose three classes of
stopping criteria, with the aim of developing criteria which lead to both lower generalisation
error, and exhibit a reasonable trade-off between training time and improved generalisation.

8.2.3 Grammatical Evolution: A Brief Introduction

Grammatical evolution (GE) [7, 17] is a popular form of grammar-based GP [14]. A particular
strength of GE is the use of a grammar to incorporate domain knowledge about the problem
we are attempting to solve. In GE, the process of evolution first involves the generation of
a population of randomly-generated binary (or integer) strings, the genotype. In the case of
binary genomes, each set of B bits (where traditionally B=8) is converted into its equivalent
integer representation. These integer strings are then mapped to a phenotype, or high-level
program or solution, using a grammar, which encompasses domain knowledge about the
nature of the solution. Therefore, a GE genome effectively contains the instructions of how to
build a sentence in the language specified by the input grammar. Grammatical Evolution has
been applied to a broad range of problems, including many successful examples in financial
modelling [5].

The grammar used in the first set of experiments we performed can be found in Fig. 8.1.
The grammar is composed of non-terminal and terminal symbols. Terminals (for example,
arithmetic operators) appear in the solution, whereas non-terminals can be further expanded
into terminals and non-terminals. Here we can see the syntax of the solution (that will be
constructed from arithmetic operators, mathematical functions, variables and constants) is
encoded in the grammar.

The mapping process involves the use of an integer from the genotype to choose a produc-
tion rule from the choices available to the non-terminal currently being mapped. This process
proceeds as follows. The first integer from the integer representation of the genotype is di-
vided by the number of rules in the start symbol (<expr> in our example). The remainder
from this division is used to select a rule from the grammar:

rule = (Codon integer value)
MOD
(Number of rules for the current non− terminal)

Groups of production rules are indexed from zero, so if the result of division leaves a remain-
der of 0, the production rule with an index value of zero will be chosen. For example, given
there are 5 choices of production rule available to map from <expr>, if the first integer in
the integer-representation of the genotype was 8, then

8 MOD 5 = 3
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<prog> ::= <expr>
<expr> ::= <expr> <op> <expr> (0)

| ( <expr> <op> <expr> ) (1)
| <pre-op> ( <expr> ) (2)
| <protected-op> (3)
| <var> (4)

<op> ::= + (0)
| * (1)
| - (2)

<protected-op> ::= div( <expr>, <expr>)
<pre-op> ::= sin (0)

| cos (1)
| exp (2)
| inv (3)
| log (4)

<var> ::= X (0)
| 1.0 (1)

Fig. 8.1 Grammar used in Symbolic Regressions

and so the third rule (indexing from zero), which is <protected-op>, would be selected.
<protected-op> only contains one possible mapping - div(<expr>,<expr>). This
means there is no need to read an integer from the genotype to determine which rule will
be chosen to map from <protected-op>, since there is no choice to be made. The next
integer in the genotype would then need to be read in order to map between the leftmost
<expr> and one of its constituent rules. Let’s assume this next integer had value 39. Once
again, there are five choices available to map from <expr>, so

39 MOD 5 = 4

would select the fourth production rule for <expr>, which counting from 0, is <var>. The
third integer in the genotype would next be used to map between <var> and one of its
constituent rules. This process continues until either all integers in the genotype have been
used up, or our mapping process has resulted in the production of a phenotype (that is a
structure comprised only of terminal symbols) [17].

8.3 Some Experiments to Illustrate Overfitting in Symbolic
Regression Problems

In order to clearly illustrate the problem of overfitting in model induction using GP, we show
in this section what happens when three symbolic regression functions are fit using Grammat-
ical Evolution [17] in a range that biases the output towards an overfit model. This exposition
is based on work we carried out in [23].
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8.3.1 Setup

Equations 1 through 3 show the target functions. The training dataset, validation data set, and
test datasets were all comprised of 10 randomly generated points. The test dataset was not
used to train the model, and was comprised of points solely outside the training range in order
to specifically focus on the extrapolation capabilities of the evolved model.

Target Function 1:
Y = 0.6X3 +5X2−10X −25 (8.1)

Training dataset range: [ -5, 5].
Validation data set range: [ -5, 5].

Test dataset ranges: [ -10, -5] and [ 5, 10].

Target Function 2:
Y = 0.3X× sin2X (8.2)

Training dataset range: [ -1, 1].
Validation dataset range: [ -1, 1].

Test dataset ranges: [ -2, -1] and [ 1, 2].

Target Function 3:
Y = expX−2X (8.3)

Training dataset range: [ -2, 2].
Validation dataset range: [ -2, 2].

Test dataset ranges: [ -4, -2] and [ 2, 4].

These functions and ranges were chosen so that the target function would be trained using
a biased data sample. The bias resulted from training in a range in which the target func-
tion closely resembled an alternative function. Over a wider range than that from which the
training data was drawn, the target function looked quite different from this alternative (for
example, function 2 is a Sine function as we can see from the target function given above.
However, if examined only in the training range of between minus one and one, it resembled
a quadratic function, (see Fig. 8.6)). In this way, we engineered a situation in which overfit-
ting was likely to take place. In each case, Grammatical Evolution was run on a population
size of 100 individuals, for 51 generations, using Grammatical Evolution in Java [16]. The
grammar used is shown in Fig. 8.1.
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Fitness was evaluated by computing the mean squared error of the training points when
evaluated on each individual (therefore the lower the fitness value, the better the evolved
function fitted the training data).

MSE =
∑n

i=1 |targetY − phenotypeY |2
n

(8.4)
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Fig. 8.2 Target Function 1
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Fig. 8.3 Target Function 2, Example 1

8.3.2 Results

Figs. 8.2 through 8.5 are plots of the fitness of the best individual at each generation as
evaluated on the training data, against the fitness of the best individual at each generation as
evaluated on the validation and test datasets, for four illustrative runs - one run each of target
functions 1 and 3, and two runs of target function 2. Table 8.1 shows results of interest with
respect to the fitness as evaluated on the validation and test dataset, for 9 runs. It shows that
stopping evolution before the specified number of generations had elapsed, in the majority
of cases would have led to the model extrapolating better beyond the range in which it was
trained [23].
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Fig. 8.4 Target Function 2, Example 2
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Fig. 8.5 Target Function 3

Table 8.1 Results of Interest: Validation, Test fitnesses

Target
Function

Would
Traditional
Early
Stopping Have
Been Useful? -
Validation Fit.

Would
Traditional
Early
Stopping Have
Been Useful? -
Test Fitness

Generation of Best Result
(Test Fitness) before or after
the Gen. of Result of Training,
as per Traditional Early Stop-
ping?

1 No Yes After
1 No Yes Before or Same Time
1 Yes Yes After
2 No Yes After
2 No No After
2 No Yes After
3 No Yes Before or Same Time
3 No Yes After
3 Yes Yes Before or Same Time
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Fig. 8.6 (a) Generation 1 (b) Generation 5 (c) Generation 11 (d) Generation 23 (e) Generation
38 (f) Generation 44

Early stopping has been described in Section 8.2.2. The validation dataset is not used to
train the model, but instead is used to test the fitness of the model every once in a while (for
example each generation, or at five generation intervals). If the fitness of the best individual as
evaluated on the validation dataset disimproves, this is taken as an indication that the evolved
model is overfitting the data, and evolution is stopped. Test data is used as before to evaluate
the fitness of the evolved model on out-of-sample data, after evolution has terminated, either
prematurely (if early stopping has been deemed necessary), or after the specified number of
generations has elapsed.

Since we explicitly chose target functions and ranges with an inherent bias, these symbolic
regressions triggered overfitting, as expected. Using traditional early stopping, training is
stopped the first time validation fitness disimproves. The result of training is taken to be
the model produced at the generation immediately before training is stopped. In the second
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and third columns of Table 8.1, we look at the validation and test fitnesses (respectively), and
determine whether or not performing traditional early stopping would have produced a model
with lower validation (column 2) and test set fitnesses (column 3), than the model produced at
the end of the run. In eight of the nine runs described, the test fitness was better the generation
immediately before the validation fitness first disimproved, than at the end of the run (column
3). Had we stopped evolution the first time the validation fitness disimproved, we would have
produced a model that extrapolated better beyond the training range, than that produced at the
end of the run (remember that the test set is comprised of points solely outside the training
range). We see that in only two of the nine runs was the validation fitness better the generation
before it first disimproved than at the end of the run. This is not that surprising. The validation
data points are drawn from the same range as the training points. Therefore, overfitting is less
likely to occur in the training/validation range than outside of this range.

Prechelt [21] shows that when training artificial neural networks, the first time the error
on the validation set increases is not necessarily the best time to stop training, as the error on
the validation set may increase and decrease after this first disimprovement. The last column
of Table 8.1 shows for each run, if the best stopping point came before or after the generation
of the result of training as dictated by traditional early stopping. The best stopping point
here refers to the earliest generation of lowest test error. We examine the eight runs where
the model that we would have evolved using traditional early stopping had better test fitness
than the model that would have been evolved at the end of the run. In five out of these eight
runs, the optimal generation at which to stop (as measured by test fitness) came later than the
generation of the result of training using traditional early stopping [23].

In order to give further insight into the evolutionary process that underlie the changes in
fitness observed for the training and test data sets, the phenotype was plotted against the target
function in the entire data set range (that is, throughout the range of training, validation and
test data), at each generation. Fig. 8.6 shows a selection of these generational graphs for the
first run of function 2.

Comparing Figs. 8.6 and 8.3(b), we can clearly see the correspondences between changes
in the graphed phenotype over the generations and changes in the fitness as evaluated on the
test data. Between generations 1 and 22, the test fitness is either disimproving, or not improv-
ing by much. At generation 23 (Fig. 8.6(d)) fitness improves significantly, and at generation
38 (Fig. 8.6(e)), an extremely fit individual has been evolved, both with respect to the training
and test set. In Fig. 8.3(b) we see that the error on the test data is extremely low at generation
38. The model extrapolates well. However, come generation 44 (Fig. 8.6(f)), a much less fit
function has been evolved. It’s fitness on the training data has improved, but it’s fitness on the
test data has drastically disimproved. In Fig. 8.3(b) we can see an explosion in the test error
towards the end of the run [23], which contrasts with the low value of the training error.

8.4 Solutions to Prevent Overfitting - Stopping Criteria

In [21], Prechelt implements three classes of stopping criteria, which determine when to
stop training in order to preserve the generalisability of the evolved model. Each class of
criteria assumes that we are evaluating the fitness of a model by examining the error of the
model on the training and validation datasets. Validation set error is used to measure how
well the model is generalising beyond the training examples. Generalisation loss is measured
by dividing the average validation set error per example measured after the current epoch
(Eva), by the minimum validation set error observed up until the current epoch (Eopt ). In our
implementation of these criteria, we instead use the validation set error of the best individual
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at the current generation, for Eva. In percentage terms, the generalisation loss (GL) at epoch
t is given by:

GL(t) = 100×
(

Eva

Eopt
−1

)
(8.5)

First Class of Stopping Criteria - Stop when the Generalisation Loss Exceeds
a Threshold

The first class of stopping criteria measures the loss of generalisation of the trained model
at each epoch, and stops training if the generalisation loss is observed to have crossed a
predefined threshold (denoted here by α). In [21] the class GLα is defined as follows:

GLα : stop after first epoch t with GL(t) > α (8.6)

While stopping once the generalisation loss passes a certain threshold appears to be a good
rule of thumb, it may be useful to add a caveat to that. Before applying early training stop-
ping, we may wish to check whether or not training is still progressing rapidly. The training
progress is examined over k generations. It measures how much the average training error
during the strip of length k, was larger than the minimum training error during the strip. It is
given (in per thousand) by:

Pk(t) = 1000×
(

∑t
t ′=t−k+1 Etr(t ′)

k×mint
t ′=t−k+1 Etr(t ′)

−1

)
(8.7)

where Etr (t) is the average training error per example measured after time t. In our exper-
iments using these criteria, Etr (t) measured the training error of the best individual at the
current generation.

Second Class of Stopping Criteria - Quotient of Generalisation Loss and
Progress

If training is progressing well, then it may be more sensible to wait until both generalisation
loss is high and training progress is low, before stopping. The intuition behind this lies in the
assumption that while training is still rapidly progressing, generalisation losses have a higher
chance to be ‘repaired’.

A second class of stopping criteria was defined in [21] to use the quotient of generalisation
loss and progress:

PQα : stop at first end−of−strip epoch t with
GL(t)
Pk(t)

> α (8.8)

Third Class of Stopping Criteria - Stop Training when the Generalisation
Error Increases in s Successive Strips

The third and final class of stopping criteria identified in [21] approached the problem from
a different angle than the first two. It recorded the sign of the changes in the generalisation
error, and stopped when the generalisation error had increased in a predefined number of
successive strips. The magnitude of the changes was not important, only a persistent trend in
the direction of of those changes. The third class of stopping criteria is defined as:
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UPs : stop at epoch t iff UPs−1 stopped at epoch t−k
and Eva > Eva(t−k)
UP1 : stop at first end−of− strip epoch t
with Eva(t) > Eva(t−k)

(8.9)

where s is the number of successive strips.
Stopping criteria decide to stop at some time t during training, and the result of the training

is then the set of weights (in the case of neural networks), or the evolved model (in the
case of GE) that exhibited the lowest validation error prior to the time at which training was
stopped. The criteria can also be used if we are trying to maximise a fitness metric, rather
than minimise an error function. In this case the formulae used need to be adjusted to reflect
the fact that we are maximising fitness, not minimising error.

8.5 Investigations: Stopping Criteria applied to a Financial
Dataset

In Section 8.2 we outlined the contribution of various authors investigating overfitting and
generalisation in GP and neural networks. Some of these [9, 21, 22] point to the need for
additional criteria to determine the point at which training is stopped to avoid overfitting.
Thus inspired, we present an implementation of the stopping criteria detailed in Section 8.4
using an alternative form of Grammar-based GP to GE.

These criteria have not, to the best of our knowledge, been applied in a GP setting before
now. This presents a valuable opportunity to apply approaches implemented in the neural
networks literature, to the field GP. This work is related to work we carried out using early
stopping criteria with symbolic regression in [24]. We also implement an additional stopping
criteria not found in the work carried out in [21].

Here, technical trading rules are evolved in the form of decision-trees (DTs) for the trading
rule induction problem, in order to generate signals to take a short or long position. We
emphasise that our focus is not on the construction of high-quality trading rules, instead we
are focussing on demonstrating the practical application and potential usefulness of stopping
criteria used to enhance the generalisation of solutions evolved using GP.

8.5.1 Grammar-based GP Experimental Setup

The grammar in Fig. 8.8 presents the grammar adopted for program representation. Each
expression-tree is a collection of if-then-else rules that are represented as a disjunction
of conjunctions of constraints on the values of technical indicators.

Technical Analysis (TA) has been widely applied to analyse financial data and inform
trading decisions. It attempts to identify regularities in the time-series of price and volume
information, by extracting patterns from noisy data [5]. The technical indicators we used for
these experiments are: (a) simple moving average (MA), (b) trade break out (TBO), (c)
filter (FIL), (d) volatility (VOL), and momentum (MOM). For a good introduction to these,
please refer to [5]. TA indicators are parameterised with lag periods, which is the number of
past time-steps that each operator is looking at. Currently, we allow periods from 5 to 200
closing days, with a step of 5 days. We also include the closing price of the asset at each
time-step.



154 C. Tuite et al.

Fig. 8.7 A Sample Decision Tree

A sample decision tree is given in Fig. 8.7. Here, arg[0] represents the closing price.
This rule tells us to examine if three-tenths of the Simple Moving Average over the past fifteen
time-steps is greater than one quarter of the closing price (in essence, a form of momentum
indicator). If it is, we next execute the middle branch of the tree and act accordingly, otherwise
we take a short position. In order to execute the middle branch of the tree, we evaluate whether
or not the momentum over the last 55 time-steps, multiplied by 0.59, is greater than one
quarter of the closing price. If it is, we take a short position - otherwise we take a long
position.

The GP algorithm employs a panmictic, generational, elitist Genetic Algorithm. The algo-
rithm uses tournament selection. The population size is set to 500, and evolution continues for
50 generations. Ramped-half-and-half tree creation with a maximum depth of 5 is used to per-
form a random sampling of DTs during run initialisation. Throughout evolution, expression-
trees are allowed to grow up to a depth of 10. The evolutionary search employs a variation
scheme that combines mutation with standard subtree crossover. A probability governs their
application, set to 0.7 in favour of mutation. No cloning was used. The maximisation problem
employs a fitness function that takes the form of average daily return (ADR) generated by the
rule’s trading signals over a training period.

8.5.2 Financial Time-Series and Trading Methodology

The datasets used are daily prices for a number of financial assets. These are the foreign
exchange rate of EUR/USD, the Nikkei 255 index, and S&P 500 index, for the period of
01/01/1990 to 31/03/2010. The first 2,500 trading days are used for training, and the remain-
ing 2,729 are equally divided between validation and test sets, both with size of 1,364 days.

Each evolved rule outputs two values, 1 and -1, interpreted as a long and short position
respectively. The average return of a rule (Average Daily Return (ADR)) is generated as
follows. Let rt be the daily return of the index at time t, calculated using (vt − vt−1)/vt−1,
where vt and vt−1 are the values of the time-series at time t and t− 1 respectively. Also, let
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<prog> ::= <if>
<if> ::= <predicate> <expr> <expr>
<expr> ::= <if>

| <signal>
<signal> ::= -1

| 1
<predicate> ::= <tiexpr> <comp> <arithexpr>
<tiexpr> ::= <arithexpr> <arithop> <tiexpr>

| <tiexpr> <arithop> <tiexpr>
| <coeff> * <ti>
| <coeff> * <ti> + <coeff> * <ti>
| <ti>

<arithexpr> ::= <val> <arithop> <val>
| <val>

<valA> ::= <coeff>
| closingprice

<coeff> ::= <const> <arithop> <const>
| <const>

<comp> ::= <
| >

<arithop> ::= +
| -
| *
| /

<ti> ::= MA ( 5 )
| ...
| MA ( 200 )
| TBO ( 5 )
| ...
| TBO ( 200 )
| FIL ( 5 )
| ...
| FIL ( 200 )
| MOM ( 5 )
| ...
| MOM ( 200 )
| VOL ( 5 )
| ...
|VOL ( 200 )

<const> ::= random constant in [-1.0, 1.0]

Fig. 8.8 Grammar used on Financial Datasets

st−1 be the trading signal generated by the rule at time t−1. Then dt = st−1rt is the realised
return at time t. Using a back-test period, an average of dt can be induced; to annualise
this we simply multiply it by 200 trading days. Trading, slippage and interest costs are not
considered.
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8.5.3 Results and Discussion

The thresholds used for the GL, PQ and UP criteria were closely mirrored on those used in
[21], with a few minor changes. The strip length used was also taken from [21], and was set
to 5, for both the UP and PQ classes of criteria.

As noted in Section 8.5.1, the evolution of trading rules is governed by a fitness function
that maximises the average daily return (ADR) generated over a period. One point to note here
is that the formulae have been re-written in terms of the fitness being maximised, rather than
the equivalent form of the error being minimised. It is worth pointing out, in order to avoid
confusion, that instead of stopping when the generalisation error increased for some number
of successive strips, when dealing with fitness maximisation, the ‘UP’ criteria stopped when
the generalisation error decreased for some number of successive strips.

Tables 8.2, 8.3 and 8.4 examine the performance of the GL, PQ and UP stopping criteria on
the datasets from the EUR/USD, Nikkei 255, and S&P 500 indices. In addition, a new class of
criteria were added, which depended on the correlation between the training and validation
fitnesses. To the best of our knowledge, these criteria have not been implemented in the
same way before. They caused training to be stopped if the Pearson’s correlation coefficient
between the training set fitness and the validation set fitness, fell below a predefined threshold.
The correlation criteria were evaluated at every generation during the run, until a stopping

Table 8.2 Criteria Performance on Euro/USD: Averages and (Standard Deviations) Over 50
Runs

Criterion Slowness Generalisability Prob Best Crit Prob Halting

GL1 3.37 (2.7) 1.13 (0.78) 0 0.3
GL2 3.39 (2.69) 1.13 (0.79) 0 0.28
GL3 3.41 (2.68) 1.14 (0.78) 0 0.26
GL5 3.41 (2.68) 1.14 (0.78) 0 0.26

PQ0.5 4.08 (4.49) 1.02 (1.76) 0 0.86
PQ0.75 4.28 (4.56) 1.03 (1.81) 0 0.86
PQ1 4.45 (4.61) 1.05 (1.84) 0 0.82
PQ2 4.8 (4.77) 1.01 (1.77) 0 0.8
PQ3 5.02 (4.85) 0.94 (0.54) 0 0.8
UP2 3.29 (4.22) 1.39 (3.6) 0.02 0.56
UP3 3 (3.56) 1.19 (0.41) 0 0.24
UP4 3.67 (3.51) 1.34 (0.58) 0 0.06

COR0.8 3.62 (4.53) 0.76 (3.62) 0.4 1
COR0.6 3.98 (4.66) 0.83 (3.18) 0.18 1
COR0.4 4.31 (4.75) 0.88 (2.84) 0.2 0.98
COR0.2 4.73 (4.56) 0.97 (2.28) 0.06 0.94
COR0 5.03 (4.77) 0.93 (1.16) 0.06 0.9

COR−0.2 5.73 (5.16) 0.94 (0.94) 0.02 0.76
COR−0.4 5.43 (4.62) 0.95 (1.06) 0.02 0.66
COR−0.8 5.25 (5.55) 0.58 (2.44) 0.04 0.32
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generation was identified. The thresholds used for the correlation criteria were 0.8, 0.6, 0.4,
0.2, 0, −0.2, −0.4 and −0.8.

We experimented with a wide range of correlation values, from values describing strong
positive correlation to strong negative correlation. It is important to keep in mind that these
values represented thresholds, which if crossed, would trigger an end to training. As such,
examining whether or not weaker (negative) as well as stronger (positive) thresholds would
prove a useful stimulus to stop training merited investigation. As can be seen in Tables 8.2 to
8.4, this exploration proved worthwhile.

For each criteria, any run for which the criteria’s threshold is not breached, is discarded
from the analysis of the performance of the criteria. In examining the usefulness of the stop-
ping criteria when applied to these financial data sets, we are only concerned with the per-
formance of the criteria when a stopping generation is identified. We therefore don’t know
if this would have been the optimal stopping point in the context of the run completing its
50 generations. The final column in each of Tables 8.2, 8.3 and 8.4, entitled ‘Prob Halting’,
displays the proportion of all 50 runs in which a stopping generation was identified by the
criterion in question (the values in the ‘Prob Halting’ column are scaled between 0 and 1).
To calculate the number of runs each criterion acted upon, multiply the probability of halting
by 50.

Table 8.3 Criteria Performance on Nikkei 255: Averages and (Standard Deviations) Over 50
Runs

Criterion Slowness Generalisability Prob Best Crit Prob Halting

GL1 0.88 (0.98) 0.77 (0.6) 0 0.12
GL2 0.93 (0.98) 0.77 (0.6) 0 0.12
GL3 0.97 (0.99) 0.76 (0.6) 0 0.12
GL5 0.99 (0.99) 0.76 (0.6) 0.02 0.12

PQ0.5 8.41 (11.03) 0.95 (0.43) 0 0.98
PQ0.75 8.59 (11.11) 0.94 (0.43) 0 0.98

PQ1 8.89 (11.27) 0.96 (0.39) 0.02 0.98
PQ2 9.71 (11.74) 0.95 (0.39) 0 0.98
PQ3 10.57 (12.17) 0.95 (0.37) 0 0.98
UP2 7.56 (10.75) 0.96 (0.25) 0.02 0.86
UP3 5.44 (9.71) 0.96 (0.16) 0 0.32
UP4 4.36 (5.26) 0.99 (0.02) 0 0.18

COR0.8 7.42 (10.44) 0.91 (0.53) 0.32 1
COR0.6 8.05 (10.72) 0.93 (0.47) 0.12 1
COR0.4 8.86 (11.08) 0.95 (0.39) 0.08 0.98
COR0.2 9.84 (11.56) 0.98 (0.29) 0.04 0.92
COR0 10.69 (12.07) 0.99 (0.2) 0.04 0.86

COR−0.2 10.07 (10.86) 0.98 (0.2) 0.02 0.78
COR−0.4 9.69 (10.13) 0.98 (0.23) 0.08 0.72
COR−0.8 9.14 (10.43) 0.99 (0.36) 0.24 0.54
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Analysing Performance

Some notation, which will be used below, is defined here. The time at which training was
stopped (the stopping generation) is denoted by ts. The test fitness at the generation of the
result which is produced by applying criterion C, is Ete(C).

Prechelt [21] defines a criterion as being good, if it is among those that find the lowest
validation set error for the entire run. The best criterion of each run, is defined as a good
criterion which has an earlier stopping generation than other good criteria. That is, among all
the criteria that find the best validation fitness, the best criterion of all is that which stopped
training quickest [21].

We analysed the performance of the stopping criteria on each of the three benchmark
financial data sets[1]. Three performance metrics were defined. The ‘slowness’ of a criterion
C in a run, relative to the best criterion x, is defined as

Sx(C) = ts(C)/ts(x).

The “generalisability” of a criterion C in a run, relative to the best criterion x, is defined [21]
as

Bx(C) = Ete(C)/Ete(x).

Table 8.4 Criteria Performance on S&P500: Averages and (Standard Deviations) Over 50
Runs

Criterion Slowness Generalisability Prob Best Crit Prob Halting

GL1 6.5 (8.19) 0.74 (0.33) 0 0.08
GL2 6.5 (8.19) 0.74 (0.33) 0 0.08
GL3 6.5 (8.19) 0.74 (0.33) 0 0.08
GL5 6.5 (8.19) 0.74 (0.33) 0 0.08

PQ0.5 7.79 (11.13) 0.79 (1.12) 0.02 1
PQ0.75 8.15 (11.35) 0.76 (0.97) 0.02 1

PQ1 8.52 (11.59) 0.76 (0.95) 0.02 1
PQ2 9.45 (12.26) 0.74 (0.9) 0.02 0.98
PQ3 10.13 (12.75) 0.74 (0.86) 0 0.98
UP2 7.07 (10.21) 0.64 (0.8) 0 0.74
UP3 9.24 (11.47) 0.59 (0.9) 0 0.44
UP4 7 (5.95) 0.48 (1.02) 0 0.12

COR0.8 7.21 (10.78) 0.76 (1.28) 0.18 1
COR0.6 8.04 (11.24) 0.8 (1.25) 0.26 0.98
COR0.4 8.76 (11.67) 0.79 (1.3) 0.04 0.96
COR0.2 9.56 (12.07) 0.8 (1.3) 0.1 0.9
COR0 10.58 (12.61) 0.92 (1.22) 0.04 0.88

COR−0.2 10.76 (12.7) 0.96 (1.28) 0.08 0.88
COR−0.4 10.98 (12.97) 0.97 (1.49) 0.02 0.82
COR−0.8 2.24 (3.62) 0.68 (2.26) 0.2 0.64
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The ‘generalisability’ of a criterion therefore measures how well the result it produces
generalises beyond the training and validation sets, relative to the best criterion. Tables 8.2,
8.3 and 8.4 show the average values for slowness and generalisability over all the runs in
which halting took place, for each criterion. Standard deviations are shown in brackets.

The third and final metric measures the probability that a particular criterion will be
the best criterion for a run. This is calculated as follows. The number of times a particular
criterion was chosen as the best criterion of a run is counted. This number is divided by the
total number of runs, to give the average number of times the criterion is chosen as the best
criterion. This average is used to measure the probability that the criterion will be the best
criterion.

The correlation criteria come out very well in terms of having a high probability of being
judged the best criterion of a run in Tables 8.2, 8.3 and 8.4. This is a very interesting and
potentially useful result. For the S&P 500 dataset, the correlation criteria have better general-
isation performance than all other criteria (averaging performance values across all criteria in
a particular class). Their generalisation performance is marginally worse than the UP criteria
for the Nikkei 255 dataset, but they outperform the other classes of criteria. They perform
worse than all classes of criteria for the Euro/USD dataset, in terms of generalisation. The GL
criteria are the fastest criteria at identifying a stopping point in two out of the three datasets,
and second best in the Euro/USD dataset. The correlation criteria are always slower than both
the GL and UP criteria, across all three datasets (once again, taking the average performance
across all criteria for each class). The correlation criteria may still be a superior choice than
the other three classes of criteria, unless training time is a constraint.

8.6 Conclusions

In this chapter, we focused on the techniques to counteract overfitting in evolutionary driven
financial model induction, first providing some background to the problem. In order to clearly
illustrate overfitting, we showed the existence of overfitting in evolved solutions to symbolic
regression problems using grammar-based GP, using diagrams as visual aids. After noting
other authors observations that traditional early stopping techniques, which usually stop train-
ing when validation fitness first disimproves, were often insufficient in increasing generalisa-
tion [21, 22], we applied four early stopping criteria to an exemplar trading rule induction
problem using grammar-based GP. Three of these criteria had previously been implemented
in the neural network literature [21]. The fourth class of criteria, which measured the correla-
tion between the training and validation fitness at each generation and stopped training once
the correlation dropped below a predefined threshold (such as 0.6), proved very successful.
This class of criteria had a high probability of being a best criterion of a run, meaning that it
would stop sooner than any other criteria after the global maximum validation set fitness had
been observed. It also usually had adequate generalisation performance with respect to inde-
pendent test data, that had neither been used for training, nor to determine stopping points.

As for the other classes of criteria, the UP criteria stopped after a persistent disimprove-
ment had been observed in the validation fitness over consecutive time periods. UP criteria
generalise well - they display the best results for generalisation on the Euro/USD and Nikkei
225 dataset. They are by no means slow to stop either - being fastest at identifying a stopping
point on the Euro/USD dataset, and second fastest on both the Nikkei 225 and S & P 500
datasets. If a low training time is important, then the GL criteria are the best option - however,
the UP criteria are a very attractive alternative, given they also display good generalisation
performance.
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Several areas are indicated for future work. In early stopping, the evolutionary process
could be extended to include parameters such as the appropriate stopping threshold, or indeed
to the evolution of high-quality stopping rules from low-level stopping criteria primitives (a
meta-heuristic approach). We also intend to extend our work to embrace other generalisation
methodologies from the statistical literature.
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Summary. We developed an order-driven agent-based artificial stock market to analyze
the liquidity costs of market orders in the Taiwan Stock Market (TWSE). The agent-based
stock market was based on the DFGIS model proposed by Daniels, Farmer, Gillemot, Iori
and Smith [2]. When tested on 10 stocks and securities in the market, the model-simulated
liquidity costs were higher than those of the TWSE data. We identified some possible factors
that have contributed to this result: 1) the overestimated effective market order size; 2) the
random market orders arrival time designed in the DFGIS model; and 3) the zero-intelligence
of the artificial agents in our model. We continued improving the model so that it could be
used to study liquidity costs and to devise liquidation strategies for stocks and securities
traded in the Taiwan Stock Market.

9.1 Introduction

Market liquidity, or the ability of an asset to be sold without causing a significant amount of
price movement and with minimum loss of value, plays an important role in financial invest-
ment and in securities trading. One recent event that highlighted the impact of asset liquidity
on financial institutions was the collapse of Bear Stearns during the subprime crises. Bear
Stearns was involved in securitization and issued a large amount of asset-backed securities,
mostly mortgage-backed assets, which fell dramatically in liquidity and value during the cri-
sis. In March 2008, the Federal Reserve Bank of New York provided an emergency loan to
try to avert the collapse of the company. However, the company could not be saved and was
subsequently sold to JP Morgan Chase in 2008.

In large investment institutions, the liquidation of a large block of assets within a given
time constraint to obtain cash flow arises frequently. For example, a financial institution may
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need to liquidate part of its portfolio to pay for its immediate cash obligations. One possible
liquidation strategy is to sell the entire block of assets at once. However, this high-volume
trading can cause the price of the share to drop between the time the trade is decided and
the time the trade is completed. This implicit cost (due to the price decline) is known as the
market impact cost (MIC) or liquidity cost (the numerical definition is given in Section 9.3).
To minimize such cost, a better strategy is to divide the block of assets into chunks and sell

them one chunk at a time. However, in what way should those chunks be sold so that the
liquidity cost is minimized?

In Algorithmic Trading, where computer programs are used to perform asset trading in-
cluding deciding the timing, price, or the volume of a trading order, this liquidation problem
is characterized as an optimization problem. With a smooth and differentiable utility function,
the problem can be solved mathematically [1, 6].

However, this mathematical approach to find an optimal liquidation strategy has some
shortcomings, such as the imposed assumption that price dynamics are an arithmetic random
walk with independent increments. In this chapter, we adopt a different approach by devising
an agent-based artificial stock market, which is empirically driven and simulation-based (the
model is explained in Section 9.3). It, therefore, can in principle work with various stochastic
processes where analytical solutions would be difficult to derive. By performing simulations
and analyzing liquidity costs induced under different market scenarios, we hope to under-
stand the dynamics of liquidity costs, and hence to devise a more realistic optimal liquidation
strategy.

The rest of this chapter is organized as follows. In Section 9.2, we provide the background
and summarize related works. Section 9.3 explains the agent-based artificial stock market
we developed based on the DFGIS model and based on data from the Taiwan Stock Market
(TWSE). In Section 9.4, the 10 securities and stocks that we selected to conduct our study
are presented. Section 9.5 provides the model parameters used to perform our simulation.
We analyze the simulation results in Section 9.6 and present our discussions in Section 9.7.
Finally, Section 9.8 concludes the chapter with an outline of our future work.

9.2 Background and Related Work

This study implements an agent-based model for an order-driven double auction market,
which is the most common financial market in the world. We shall first give a brief intro-
duction to the basic microstructure and trading mechanism of a standard order-driven double-
auction market. Next, the DFGIS model [2] on which our agent-based artificial stock market
is based will be presented. After that, we will summarize the work of [5] on agent-based
models used to study liquidation strategies at the end of the section.

9.2.1 Order-Driven Double-Auction Markets

In an order-driven double-auction market, prices are determined by the publication of orders
to buy or sell shares. This is different from a quote-driven market where prices are determined
from quotations made by market makers or dealers.

There are two basic kinds of orders in an order-driven market. Impatient traders submit
market orders, which are requests to buy or sell a given number of shares immediately at
the best available price. More patient traders submit limit orders, which specify the limit
(best acceptable) price for a transaction. Since limit orders often fail to result in immediate
transactions, they are stored in a limit order book. As shown on the left of Table 9.1, limit
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Table 9.1 An example of an order book before (left) & after (right) a transaction

Limit Buy Orders Limit Sell Orders
Size Price Size Price
20 $1.10 35 $1.17
25 $1.09 10 $1.19
35 $1.05 20 $1.21
10 $1.01 15 $1.25

Limit Buy Orders Limit Sell Orders
Size Price Size Price
15 $1.09 35 $1.17
35 $1.05 10 $1.19
10 $1.01 20 $1.21

15 $1.25

buy orders are stored in decreasing order of limit prices while limit sell orders are stored in
increasing order of limit prices. The buy limit orders are called bids and the sell limit orders
are called asks. For a normal double-auction market, the best (highest) bid price is lower than
the best (lowest) ask price. The difference between the two is called the spread of the market.
In the example in Table 9.1 (left), the spread is $0.07.

When a market order arrives, it is matched against limit orders on the opposite side of the
book. For example, when a market sell order for 30 shares arrives at the market whose order
book is as that on the left of Table 9.1, it will first be matched against the current best bid (20
shares at $1.10 per share). Since the size of the sell order (30 shares) is larger than that of
the best bid (20 shares), the remainder of the market sell order (10 shares) will be matched
against the next best bid (25 shares at $1.09 per share). After the transaction is completed,
the limit order book will change to the right of Table 9.1 and the market spread will widen to
$0.08.

9.2.2 The DFGIS Model

In the original DFGIS model [2], all the order flows (including limit orders and market orders)
are modeled as a Poisson process. Market orders arrive at the market in chunks of σ shares
(where σ is a fixed integer) at an average rate of μ per unit of time. A market order may either
be a buy market order or a sell market order with equal probability.

Limit orders arrive at the market in chunks of σ shares, at an average rate of α shares
per unit price per unit of time. A limit order may either be a limit buy order or a limit sell
order with equal probability. The limit prices in limit orders are generated randomly from a
uniform distribution. In particular, the limit sell prices have a range between (-∞, a(t)), where
a(t) is the best (lowest) ask price in the market at time t. Similarly, the limit buy prices have
a range between (b(t), ∞), where b(t) is the best (highest) bid in the market at time t. The
prices are first converted to logarithms so that the value is always positive. In addition, the
price changes are not continuous, but have discrete quanta called ticks (represented as d p).
Tick size is the price increment/decrement amount allowed in a limit order.

DFGIS also allows the limit order to expire or to be cancelled after being placed in the
market. Limit orders are expired and cancelled according to a Poisson process, analogous to
radioactive decay, with a fixed-rate δ per unit of time. Table 9.2 lists the parameters of the
DFGIS model.

To keep the model simple, the DFGIS does not explicitly allow limit orders whose prices
cross the best bid price or the best ask price. In other words, the price of a limit buy order
must be below the best ask price and the price of a limit sell order must be above the best bid
price. Farmer, Patelli and Zovko [4] implemented the model to explicitly handle this type of
order. They defined effective market orders as shares that result in transactions immediately
and effective limit orders as shares that remain on the order book. A limit order with a price
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Table 9.2 Summary of DFGIS parameters

Parameter Description Dimension

α avg. limit order rate share/price · time
μ avg. market order rate share/time
δ avg. limit order decay rate 1/time
σ order size a constant share
d p tick size price

Table 9.3 An example of an order book before (left) & after (right) handling a limit sell order
with price equal to the best bid

Limit Buy Orders Limit Sell Orders
Size Price Size Price
20 $1.10 35 $1.17
25 $1.09 10 $1.19
35 $1.05 20 $1.21
10 $1.01

Limit Buy Orders Limit Sell Orders
Size Price Size Price
25 $1.09 10 $1.10
35 $1.05 35 $1.17
10 $1.01 10 $1.19

20 $1.21

that crosses the opposite best price is split into effective market orders and effective limit
orders according to the above definition. For example, when a limit sell order of 30 shares
with price $1.10 arrives at the market (with the order book as that listed in Table 9.3 (left)),
the order will be split into an effective market order of 20 shares and an effective limit sell
order of 10 shares. After the execution of the 20 shares of the effective market order (at price
$1.10), the order book is changed to that on the right of Table 9.3.

9.2.3 The Guo Agent-Based Stock Market Model

Guo [5] implemented an agent-based artificial stock market based on the DFGIS model (he
called it the SFGK model) to study time-constrained asset liquidation strategies through mar-
ket sell orders only. In particular, he compared the performance of two strategies. The first
one uniformly divides the liquidation shares X and the time constraint T into N chunks. This
“uniform rhythm” strategy instructs a trader to sell X/N shares every T/N seconds, regardless
of the market condition.

The second strategy is the “non-uniform rhythm” strategy which also divides the liquida-
tion shares and time uniformly. However, within each time segment, this strategy requires a
trader to continuously observe the market spread and initiates the selling of the X/N shares as
soon as the current market spread, for the first time within the time segment, falls below the
pre-determined spread threshold. If the market spread never falls below the spread threshold
for a time segment, the strategy will involve selling the X/N shares at the end of the time
segment.

Guo devised one agent (A) with the “uniform rhythm” strategy and another agent (B)
with the “non-uniform rhythm” strategy. He tested each agent individually by running 200
simulations independently. For each simulation run, the number of liquidation shares (X) is
20 and the time constraint (T ) is 5 minutes. The total asset is divided into 10 chunks, each
of which contains 2 shares that will be sold within a time segment of 30 seconds. For each
market order the agent submits, the number of shares (α) is 1.



9 Agent-Based Analysis of Liquidity Costs in Stock Markets 167

The performance of the two agents is evaluated by the average selling price per share
relative to the volume weighted average price in the market. In other words, it is the mea-
sure of how much better or worse an agent performs, when tested compared to the market.
His simulation results indicated that agent B (based on the “non-uniform rhythm” strategy)
outperformed the market while agent A (based on the “uniform rhythm” strategy) underper-
formed the market.

Guo did not explicitly study liquidity costs when devising his liquidation strategy. By
contrast, we are interested in quantifying the cost in a real-world stock market. We therefore
used TWSE stock order and transaction data (see Section 9.4) to construct the agent-based
artificial stock market using the DFGIS model. We describe this agent-based system in the
following section.

9.3 An Agent-Based Taiwan Stock Market Model

The agent-based artificial stock market consists of zero-intelligent agents who place buy, sell
or cancellation orders at random, subject to the constraints imposed by the current prices.
The distribution of the order prices and quantities and the distribution of the time intervals of
the order submissions in the market follow that of the DFGIS model. Unlike the Algorithmic
Trading model, which imposes unrealistic assumptions, the agent-based model is governed by
the 5 DFGIS model parameters. The market properties emerge from the stochastic simulation.
We describe our implementation of the abstract DFGIS model for the TWSE in the following
subsections.

9.3.1 Buy and Sell Orders

On the TWSE, a submitted order (either buy or sell) needs to specify the price, in addition
to the quantity, that the trader is willing to accept. However, the price can cross the disclosed
best prices (explained in Section 9.3.3). When the price of a buy order is greater than or equal
to the disclosed best ask price or the price of a sell order is less than or equal to the disclosed
best bid price, there is a match for the transaction. We follow [4] (see Section 9.2.2) and call
the portion of an order that results in an immediate transaction an effective market order. The
non-transacted portion of a submitted order is recorded on the order book and is called the
effective limit order.

9.3.2 Event-Time Model

We implemented the artificial stock market as an event-time model, where the events in the
model are not connected to real time. We first partitioned a trading day into a fixed number
of time intervals. The events taking place at each time interval become the event-time series
describing the market activities of that day.

The TWSE opens at 9:00 am and closes at 1:30 pm. With a time interval of 0.01 seconds,
the event-time series of a trading day is 1,620,000 time intervals long. The TWSE is a call
auction market where the submitted orders are matched once every 25 seconds. Hence, there
are 648 order-matching events in a daily even-time series and the number of events between
two order-matching events is 2,499. There are five possible events in an event-time series:

• Effective limit order submission: This has an average rate α and is denoted by L.
• Effective market order submission: This has an average rate μ and is denoted by M.
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• Order cancellation submission: This has an average rate δ and is denoted by C.
• Order matching: The buy and sell orders are matched for transactions and is denoted

by T.
• No activity: None of the above events occurred in the market and is denoted by N.

From a simulation point of view, the simulation result based on an event-time series and
that based on a real-time series are equivalent. For example, the event-time series LNNNM is
equivalent to the real-time series L. . . (real time elapse). . . M. However, the event-time model
is easier to implement and has a shorter simulation running time because there is no need to
handle the time elapse between two events. We therefore adopted the event-time model to
implement our artificial stock market.

9.3.3 Order Pricing Rules

As mentioned previously, the TWSE matches submitted orders once every 25 seconds. Af-
ter a match is completed, some of the orders become effective market orders while some
become effective limit orders. The five best prices are then disclosed to the public. During
the following 25 seconds of the waiting-for-matching period, the TWSE does not disclose
any information about the newly-submitted orders. Consequently, investors do not have the
updated best prices, but rather the best prices from the previous matching period to make
trading decisions. These disclosed best prices are then used to decide order pricing ranges
and to calculate the liquidity costs (explained in the next subsection).

The TWSE has a pricing rule whereby the price range of an order has to be between
the closing price on the previous trading day (cp) ± 7%. Thus, the submitted orders in our
simulation system have the following price ranges:

• Effective limit buy orders: (cp-7%, da(t)), where da(t) is the disclosed best (lowest)
ask price in the market at time t,

• Effective limit sell orders: (db(t), cp+7%), where db(t) is the disclosed best (high-
est) bid in the market at time t.

• Effective market buy orders: cp+7%. This guarantees an immediate transaction.
• Effective market sell orders: cp-7%. This guarantees an immediate transaction.

The tick sizes (the price increment/decrement amount) are as defined by the TWSE.1

9.3.4 Liquidity Costs

We define liquidity cost as the difference between the expected transaction payment and the
actual transaction payment of an effective market order. The expected transaction payment
is calculated by multiplying the disclosed best price by the number of shares of an effective
market order. Since the disclosed best price is from the previous transaction period, this is
the expected amount of payment to be made during the current matching period. The actual
transaction payment, however, can be different from what was expected. It is calculated as the
executed transaction price (explained in the next paragraph) multiplied by the the number of
shares in a transaction. We can interpret liquidity cost as the difference between an investor’s
expected transaction payment and the actual transaction payment he/she made.

The TWSE uses a special rule to decide the execution transaction price to match the sub-
mitted orders. Instead of the best ask and the best bid in the current matching period, the

1 See http://www.twse.com.tw/ch/trading/
introduce/introduce.php#1
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Table 9.4 An example of the determination of the execution transaction price

accumulated buy shares price sell shares accumulated transaction volume
buy shares sell shares (shares)

99 99 102.5 1 103 99
99 102 2 102 99

121 22 101.5 99 100 100
126 5 100 1 1 1

rule selects the price that gives the maximum transaction volume as the execution transaction
price. Table 9.4 gives an example of how the transaction price is decided.

In column 2, the buy order quantities under the prices in column 3 are given. Column
4 gives the sell order quantities under the prices in column 3. As an example, the first row
shows that there is a buy order bidding $102.5 for 99 shares and there is a sell order asking
for the same price for 1 share. Column 6 gives the number of transaction shares under the
price in column 3. In this case, $101.5 gives the largest transaction volume (100 shares) and
is selected as the execution transition price for this matching period.

With the selected execution transaction price (T P) and the disclosed best ask (DBA), the
liquidity cost of an effective market buy order with volume V is defined as:

LCbuy =
T P×V −DBA×V

DBA×V
(9.1)

Similarly, with the disclosed best bid (DBB), the liquidity cost of an effective market sell
order is defined as:

LCsell =
DBB×V −T P×V

DBB×V
(9.2)

We normalized the liquidity cost such that the value is the ratio of the original cost to the
expected transaction payment.

Both LCbuy and LCsell can be positive or negative. This is because, under the TWSE pricing
regulation, the execution transaction price may be higher or lower than what a trader has
expected. Liquidity cost with a negative value means that the execution transition price is
better than what the trader has expected while liquidity cost with a positive value means that
the opposite situation applies.

When an order is partially or not executed in the current matching period, the non-executed
portion remains in the order book. These effective limit orders may later be executed and be-
come effective market orders. However, effective limit orders may lead to a loss of opportuni-
ties related to the changing market prices or a decaying value of the information responsible
for the original trading decision. This so-called opportunity cost is difficult to estimate, and
hence is not considered in our liquidity costs calculation.

9.3.5 Measurement of Model Parameters

The model parameters are estimated using real data from the TWSE (see Section 9.4).
These parameters include an effective market order rate (μ), effective limit order rate (α),
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Table 9.5 Model Parameter Estimation

Parameter Description Value Dimension
p(μ) avg. daily effective market order event rate ∑n

t=1 pt(μ)×wt order-event/time
p(α) avg. daily effective limit order event rate ∑n

t=1 pt(α)×wt order-event/time
p(δ) avg. daily cancellation order event rate ∑n

t=1 pt(δ)×wt order-event/time
σ avg. order size ∑n

t=1 σt ×wt share/order

cancellation order rate (δ ), and order size (σ). Note that tick size (d p) has been discussed
previously in Section 9.3.3.

For each parameter, we calculated the mean of the daily value weighted by the number of
daily events. For example, the parameter pt(μ) is the ratio of the number of effective market
order events (including buy and sell orders) to the total number of buy, sell, cancellation
orders and non-active events (1,619,352) on day t. The weight factor wt is the ratio of the
number of order events (including effective market, effective limit and cancellation orders)
on day t to the total number of order events for the entire period:

wt =
nμt +nα t +nδ t

∑n
i=1 nμ i +nα i +nδ i

(9.3)

where nμt is the number of effective market orders on day t; nαt is the number of effective
limit orders on day t; nδ t is the number of cancellation orders on day t; and n is the number of
days in the entire period. We measured wt × pt(μ) across the whole period (77 trading days
in this case) and then added them together, which becomes the average daily effective market
order event rate p(μ). Note that its dimension is order-event/time, which is slightly
different from μ of [2] whose dimension is share/time (see Table 9.2). We applied the
same method to calculate p(α) and p(δ ). With that, we can calculate the average daily no-
activity event rate (p(n)) as 1− p(μ)− p(α)− p(δ ).

To calculate the average order size, we first computed the average number of shares in the
effective market and effective limit orders submitted on day t (σt ) (excluding those submitted
before the first best prices were disclosed and after the market was closed). The summation
of σt ×wt for the entire period becomes the average order size σ .

In the simulation, we used a stochastic order size, which is generated randomly from a

half-normal distribution with standard deviation
√

π−2
2 ×σ (σ is the average order size, not

standard deviation)[7]. According to [2], this stochastic order size gives the same result as that
produced from the constant order size σ . According to the TWSE regulation, the maximum
order size is 499,000 shares. Table 9.5 summarizes the model parameters implemented in our
system, where n stands for the number of trading days (77) in the data set. Note that this
approach to the estimation of the model parameters is similar to that of [4]. It assumes that
these parameters are time-invariant, which is an important assumption in this study.

9.3.6 Program Implementation and System Flow

The simulation program was implemented in the Python programming language. Figure
9.1 depicts the overall system workflow. Each simulation is for one trading day for the TWSE.



9 Agent-Based Analysis of Liquidity Costs in Stock Markets 171

Initially a series of events on a trading day is generated, based on p(μ), p(σ), p(δ ) and p(n).
The number of events is 1,620,000. These events are then executed sequentially, according to
what types of events they are.

Generate 
event series 

TMLLCM…�

Start 

Order 
matching 
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order 
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Fig. 9.1 The overall system workflow

If the event is an order matching event (T ), the program matches orders and carries out
transactions. If it is an effective market order submission (M) or an effective limit order
submission event (L), the program decides the order size based on the half-normal distribution
of α . Next, the program decides if it is a buy or a sell order with an equal probability (50%).
After that, the order price is determined by a uniformly random draw from the range given
in Section 9.3.3 as what the zero-intelligence agent is supposed to do.2 The order is then
submitted.

If it is an order cancellation submission event (C), the program decides whether to cancell a
buy or a sell order with equal probability (50%). Next, an order on the order book is cancelled
randomly. If it is an non-activity event (N), the program continues to process the next event.

9.4 The Data Set

In recent years, the types of securities traded in a stock market have increased from stocks and
warrants to Exchange Traded Funds (ETFs) and Real Estate Investment Trust Funds (REITs).
ETFs are baskets of stocks which are vehicles for passive investors who are interested in long-
term appreciation and limited maintenance. A REIT is a popular investment option as it has
better liquidity, in theory, than real estate. We therefore selected a variety of stocks, ETFs and
REITs traded in the TWSE to study liquidity costs. They are selected to cover a wide variety
of characteristics (see Table 9.6).

2 Here, we simply follow [4] to operate the zero-intelligence agent.
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Table 9.6 The 10 selected securities and their characteristics

Security Ticker Characteristics

Taiwan Top50 0050 ETF with the highest trading volume
Tracker Fund

Polaris/P-shares 0056 ETF with a low trading volume
Taiwan Dividend+ ETF

Cathay No.2 Real 01007T REIT with a high trading volume
Estate Investment Trust
Gallop No.1 Real Estate 01008T REIT with a low trading volume
Investment Trust Fund

China Steel 2002 Blue chip stock in TWSE
TSMC 2330 Stock with a high trading volume

and the largest market capitalization
MediaTek 2454 Stock with a high unit price

HTC 2498 Stock with a high unit price
President Chain Store 2912 Stock with a large market

capitalization but a low trading volume
Inotera 3474 Non-blue chip stock on the TWSE

(there is a net loss during the fiscal year)

The data provided by the TWSE include daily order data, transaction data and disclosed
price data from February 2008 to May 2008 (77 trading days). Based on Equation 9.1 and 9.2,
we calculated the liquidity costs of all effective market order transactions for the 10 securities.
We neglect the effective market orders that arrive before the first best price is disclosed, since
the opposing best prices of these orders are not available. The same applies to the effective
market orders that arrive after the market is closed. These orders would be recorded on the
order book and executed the following day (or later) if their prices have a match.

We are particularly interested in the liquidity costs of effective market orders that were
traded immediately right after the orders were submitted, as they were a strong indication of
the market liquidity of a security. The liquidity costs for orders, whose transactions took place
after the orders have been entered (and waited for) in the order book, might be influenced by
other factors, such as opportunity cost, and hence are less informative about the liquidity of a
security.

Table 9.7 gives the liquidity cost statistics of the effective market orders with immediate
transactions that were executed during the 77 trading days. It shows that most securities have
negative average liquidity costs, except the two securities that have the lowest transaction
frequency (0100T and 01008T).3 The maximum amount of liquidity cost for a transaction is
less than 3%. This indicates that these securities have high market liquidity.

We noted that China Steel (2002.TW) and TSMC (2330.TW) have the highest trading
frequency (472,354 & 483,565). This might be due to the fact that 2002.TW is a blue chip
stock while 2330.TW has a high market capitalization. They are attractive to domestic and
foreign investors who seek secure and stable returns.

3 The results of negative liquidity costs may be a little intriguing, and need to be addressed
in further study.
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Table 9.7 Descriptive statistics of the liquidity costs of effective market orders with immedi-
ate transactions, based on the TWSE data

Ticker Max Min Mean Std. Dev. Kurtosis Sum No. of
Sq. Dev Transactions

0050 0.69% -0.92% -0.02% 0.000639 23.17 0.04 101419
0056 2.22% -1.4% -0.01% 0.000743 122.77 0.01 16040

01007T 2.55% -1.58% 0% 0.00091 252.81 0 4912
01008T 1.12% -1.68% 0.01% 0.001133 90.85 0 872

2002 1.7% -1.89% -0.05% 0.001119 52.72 0.59 472354
2330 1.73% -1.88% -0.06% 0.001372 48.72 0.91 483565
2454 1.33% -1.47% -0.04% 0.001525 20.11 0.95 409985
2498 1.5% -1.63% -0.04% 0.001297 26.46 0.4 237582
2912 2.21% -2.67% -0.07% 0.00239 24.12 0.31 54480
3474 2.13% -2.97% -0.05% 0.002128 50.34 0.37 81450

Table 9.8 Ratio of the transaction volume of the effective market orders with immediate
transactions to the total transaction volume of all orders, based on the TWSE data

LC range (-3%,-2%] (-2%,-1%] (-1%,0%] (0%,1%] (1%,2%] (2%,3%]
Ticker Avg Max Avg Max Avg Max Avg Max Avg Max Avg Max

0050 - - - - 45.52% 65.88% 6.15% 24.51% - - - -
0056 - - 0.01% 0.71% 40.88% 79.82% 9.22% 52.45% 0.01% 1% 0.05% 0.05%

01007T - - 0% 0.12% 44.7% 98.79% 4.17% 50.83% 0.01% 2.22% 0.04% 0.04%
01008T - - 0.05% 7.35% 45.39% 100% 2.59% 71.43% 0.02% 3.45% - -

2002 - - 0.14% 12.74% 50.54% 71.49% 4.45% 26.33% 0.21% 18.4% - -
2330 - - 0.46% 17.1% 47.38% 69.5% 4.07% 33.37% 0.43% 24.09% - -
2454 - - 0.09% 4.56% 51.34% 68.51% 7.75% 21.25% 0.14% 8.45% - -
2498 - - 0.02% 1.51% 48.62% 67.43% 5.59% 18.9% 0.05% 5.81% - -
2912 0.09% 8.9% 0.14% 6.54% 44.18% 77.66% 2.7% 21.82% 0.18% 11.41% 0.01% 0.01%
3474 0.12% 13.68% 0.17% 8.91% 45.54% 67.54% 7.03% 50.54% 0.51% 17.13% 0.35% 0.35%

To further analyze the market liquidity of these 10 securities, we partitioned the liquidity
costs into 6 different value ranges. After that, we computed the ratio of the transaction volume
of the effective market orders with immediate transactions to the total transaction volume of
all orders (which include limit orders, not immediately executed market orders and so on).
As shown in Table 9.8, the trading volume of this type of effective market order is more than
50% of the total transaction volume for all 10 securities. Meanwhile, the majority (40-50%)
of all transaction volumes for these securities have their liquidity costs between −1% and
0% (see the 6th column of Table 9.8). These statistics further support them as high market
liquidity securities.

9.5 Experimental Setup

Based on the definition in Table 9.5, we calculated p(μ), p(α), p(δ ), p(n) and σ for the
10 securities in Table 9.9. Although TSMC (2330.TW) is the largest market capitalization
stock and is traded frequently, the average daily order size is 14,000 shares, which is much
lower than that of the Taiwan Top50 Tracker Fund (0050.TW) (45,000 shares). This might
be because the Taiwan Top50 Tracker Fund (0050.TW) is mostly traded by market makers,
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who normally trade orders with a large volume, while TSMC (2330.TW) is traded by many
different kinds of investors. For each of the securities, we made 10 simulation runs, each
of which simulates one trading day for the TWSE. The simulation results are presented and
analyzed in the following section.

Table 9.9 Computed p(α), p(μ), p(δ ), p(n) and σ for the 10 studied securities

Ticker p(α) p(μ) p(δ ) p(n) σ
×10−3 ×10−3 ×10−3 ×10−3 ×103

0050 2.498 1.029 1.586 994.887 45
0056 0.404 0.147 0.232 999.217 19

01007T 0.109 0.059 0.042 999.79 21
01008T 0.026 0.01 0.003 999.961 22

2002 6.292 5.007 1.923 986.778 10
2330 6.676 5.059 2.218 986.047 14
2454 4.401 4.404 2.086 989.109 3
2498 2.57 2.404 1.182 993.844 3
2912 0.9 0.644 0.414 998.042 5
3474 1.195 0.96 0.459 997.386 11

9.6 Simulation Results and Analysis

Using the 10 days of simulation data, we calculated the daily average trading volume and
the daily average number of transactions of the effective market orders. We then compared
them with that calculated from the 77 days of TWSE data. As shown in Table 9.10, the results
calculated from the simulation data are higher than those calculated from the TWSE data for
almost all of the securities. This might be because, in our system, a crossing order could be
split into effective market orders and effective limit orders (see Section 9.3.1). In most cases,
the effective market order volume (shares) is smaller than the volume (shares) of the effective
limit order. However, the DFGIS model assumes that the effective market order size is the
same as the effective limit order size σ , which is calculated as the average size of both types
of orders. In other words, the average order rate for effective market orders is overestimated.
Consequently, the effective market order volume simulated based on σ is higher than that
for the real TWSE data. One way to address this issue is to use two different order size
parameters, one for effective market orders and one for effective limit orders, to conduct our
simulation. We will investigate this option in our future work.

We also evaluated the liquidity cost statistics of effective market orders with immediate
transactions, based on the simulation data (see Table 9.11). Compared to Table 9.7, the liq-
uidity costs generated by the simulation data are higher than those for the TWSE data. This
might also be due to the overestimated effective market order size σ in our system. With a
higher effective market order size, the liquidity costs of effective market orders with immedi-
ate transactions are likely to be higher.

To rigorously evaluate the similarity between the simulated liquidity costs and the TWSE
data, we performed the Mann-Whitney-Wilcoxon (MWW) test on all 10 securities. The re-
sulting p-values are 0 across all 10 securities, indicating they are indeed different from one
another.
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Table 9.10 Daily effective market order trading volumes and the number of transactions com-
parison

Ticker TWSE data Simulation Data
daily trading daily no. of daily trading daily no. of

volume (share) transactions volume (share) transactions

0050 15411781 2554 73289200 2997
0056 1438702 352 5334100 506

01007T 1731457 144 2136900 190
01008T 332438 24 447200 34

2002 50360139 12062 64442500 11826
2330 69341433 12582 95335300 12765
2454 12749066 8010 17604900 7809
2498 6475480 4332 10357200 4788
2912 3228883 1369 5120400 1819
3474 11124524 2183 15510000 2794

Table 9.11 Descriptive statistics of the liquidity costs of effective market orders with imme-
diate transactions, based on the simulation data

Ticker Max Min Mean Std. Dev. Kurtosis Sum No. of
Sq. Dev Transactions

0050 2.66% -3.05% -0.12% 0.006948 4.43 0.79 16470
0056 4.48% -4.41% 0.18% 0.008189 9.38 0.16 2359

01007T 9.65% -6.42% 0.5% 0.01279 14.84 0.15 889
01008T 6.39% -1.94% 0.74% 0.012946 8.15 0.02 129

2002 1.79% -2.22% -0.18% 0.00562 3.42 2.56 81047
2330 2.03% -2.35% -0.21% 0.006375 3.37 3.31 81490
2454 2.93% -3.62% -0.28% 0.008793 3.45 5.51 71213
2498 3.76% -4.65% -0.3% 0.011251 3.78 4.9 38727
2912 7.32% -11.11% -0.11% 0.015314 8.4 2.42 10320
3474 5.35% -6.43% -0.28% 0.015003 4.38 3.5 15556

Similar to Table 9.8, we computed the ratio of the transaction volume of the effective mar-
ket orders with immediate transactions to the total transaction volume for all orders under
liquidity cost for 6 different ranges. However, the value ranges are partitioned slightly differ-
ently from those of Table 9.8. This is because the liquidity costs of the simulation data have
a wider spread (-11.11%, 9.65%) than those of the TWSE data. Since we are more interested
in positive liquidity costs, which are indicators of poor market liquidity, we grouped the nega-
tive liquidity costs into one bin and added two bins for liquidity costs beyond 3%. The results
are given in Table 9.12.

As shown, the liquidity cost upper bound of 2002 (China Steel) and 2330 (TSMC) is 2%,
which is the same for both simulation and TWSE data. Meanwhile, the two securities have
higher liquidity cost transactions ratios (1% - 2%) for simulation and TWSE data that are
similar to each other (the difference is∼ 1%). Similarly, the negative liquidity cost transaction
ratios (12%−0%) for the simulation and TWSE data these two securities are not too far from
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Table 9.12 Ratio of the transaction volume of the effective market orders with immediate
transactions to the total transaction volume of all orders, based on the simulation and TWSE
data

LC range (-12%,0%] (0%,1%] (1%,2%] (2%,3%] (3%,4%] (4%,10%]
Ticker Sim TWSE Sim TWSE Sim TWSE Sim TWSE Sim TWSE Sim TWSE

0050 26.99% 45.52% 21.39% 6.15% 2.69% - 0.08% - - - - -
0056 13.53% 40.89% 22.7% 9.22% 5.09% 0.01% 1.11% 0.05% 0.28% - 0.06% -

01007T 13.51% 44.7% 17.21% 4.17% 7.72% 0.01% 3.28% 0.04% 1.57% - 1.26% -
01008T 9.25% 45.44% 13.14% 2.59% 4.42% 0.02% 3.25% - 2.09% - 2.94% -

2002 44.06% 50.68% 20.85% 4.45% 1.21% 0.21% - - - - - -
2330 44.68% 47.84% 19.61% 4.07% 1.96% 0.43% 0.01% - - - - -
2454 45.68% 51.43% 20.48% 7.75% 4.54% 0.14% 0.4% - - - - -
2498 40.08% 48.64% 19.1% 5.59% 4.99% 0.05% 1.33% - 0.21% - - -
2912 29.49% 44.41% 18.31% 2.7% 4.31% 0.18% 2.16% 0.01% 1.03% - 0.74% -
3474 31.29% 45.84% 17.09% 7.03% 5.41% 0.51% 2.51% 0.35% 0.96% - 0.28% -

each other either. However, they have many more transactions with liquidity costs between
0%− 1% for the simulation data than that for the TWSE data. For an investor, whose main
concern is to avert high liquidity costs, the agent-based model produces liquidity costs that
are considered to be similar to those for the TWSE data. When devising liquidation strategies
for these two securities, this model can be used to simulate liquidity costs under different
strategies to identify the optimal ones.

What, then, has distinguished these two securities from others? We examined the data
statistics in Table 9.7 and found that they have a high number of transactions. This indicates
that this agent-based system simulates liquidity costs more accurately for securities with a
higher trading frequency.

9.7 Discussions

The simulated liquidity costs have a wider spread and higher values than those for the TWSE
data. This might be due to the following reasons:

1. The average effective market order size rate (σ ) used to run the simulation was overes-
timated. The order-size assumption maintained in this study can also be challenged. In
financial literature, order size has been found to follow a power law distribution, and
limit order size distribution is different from market order size distribution. By taking
into account this difference, we may improve our current simulation.4

2. During the simulation, the time interval between two order events is random and inde-
pendent, which is different from that observed in the real financial markets. Frequently,
orders are clustered together in a certain number of time periods, and not evenly dis-
tributed throughout a day. This might have contributed to the higher liquidity costs in the
simulation data.

3. During simulation, the order events were generated randomly, based on the model pa-
rameters, without consulting the order book. This is different from the reality, where an
investor normally checks the order book of the opposite side to make sure a profitable
matching is possible before submitting an order. In other words, although the order dis-
tribution in the simulation system is the same as that for the TWSE (we used the TWSE
data to estimate the probability of order submissions), the sequence of the order sub-
missions in the simulation system is not optimized as is that devised by human traders.

4 This direction is pointed out by one of the referees, and is left for future study.
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Fig. 9.2 The transaction volume (share) vs. the number of transactions in the TWSE (top) &
Simulation (bottom) data

Consequently, the simulated liquidity costs are likely to be higher than those for the
TWSE data.

4. In the simulation system, the price of an effective market order is set to be the highest
possible bid (buy order) or the lowest possible ask (sell order) allowed by the TWSE to
guarantee an immediate transaction. This hardly happens in reality. Normally, a trader
would seek a price that generates a transaction, without going to the extreme of the
highest possible bid/lowest possible ask. As a result, the simulated liquidity costs are
likely to be higher than those for the TWSE data.

To address the first issue, we plan to use two order size parameters, one for the effective mar-
ket orders rate and one for the effective limit orders, to improve our system. The second issue
has been investigated by Engle and Russell [3]. In particular, they devised an Autoregressive
Conditional Duration (ACD) model to more realistically simulate the order arrival time, price
and volume in a stock market. We are currently integrating this model to our system. This
work will be presented in a different publication.

The analysis of items 3 & 4 suggests that traders who employ intelligence (e.g., incor-
porating order book information) to make trading decisions in a real stock market produced
transactions with lower amounts of liquidity costs than that produced by the zero-intelligent
agents in our artificial stock market. To simulate the real market behavior, in terms of the
liquidity costs, we need to install intelligence (e.g., learning ability) in the artificial agents in
our system. We will explore this avenue of research in future work.

One intelligent behavior demonstrated by the TWSE traders is a more profitable liquida-
tion strategy. As shown in Table 9.12, among the daily total trading volume of the Taiwan
Top50 Tracker Fund (0050.T), 51.15% are trading volume from the effective market orders
with immediate transactions: 26.99% of which paid negative liquidity cost; 21.39% of which
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paid liquidity cost between 0 and 1%; 2.69% of which paid liquidity cost of 1-2%; and 0.08%
of which paid liquidity cost of 2-3%.

By contrast, the TWSE data show that 51.67% of the daily total trading volume of this
security are trading volume from the effective market orders with immediate transactions:
45.52% of which paid negative liquidity cost; and 6.15% of which paid liquidity cost between
0 and 1%. In other words, given the task of liquidating a large block of securities (around 50%
of the daily trading volume in this case), the TWSE traders accomplished the task by paying
a lower amount of liquidity cost than the cost paid by the zero-intelligence artificial traders.
What strategy has delivered such savings?

We analyzed the TWSE 0050.TW transactions data from effective market orders with im-
mediate transactions on March 20, 2008. Figure 9.2 (top) shows that there are many more
small-volume transactions than larger-volume ones. In particular, more than 500 transactions
are with 5,000 or 10,000 trading shares. This is very different from the simulation data (see
the right of Figure 9.2), where the number of small-volume transactions is not dramatically
different from that of the large-volume ones (the scale is 20 to 1). This suggests that TWSE
traders submitted many smaller-size orders instead of a large-size order to conduct transac-
tions. This strategy has led to a lower amount of liquidity costs. We plan to incorporate this
intelligent behavior into the artificial agents in our system.

9.8 Concluding Remarks

The market liquidity of a security plays an important role in financial investment decisions
and in the liquidation strategies of the security. As an alternative to the Algorithmic Trad-
ing, this study has developed an agent-based model to examine liquidity costs of stocks and
securities traded in the Taiwan Stock Market.
For the 10 TWSE stocks and securities that we studied, the model-simulated liquidity costs
are higher than those for the TWSE data. We identified four possible factors that contribute
to this result:

• The overestimated effective market order size rate.
• The random market order arrival time designed in the DFGIS model.
• The zero-intelligence of the artificial agents in our model.
• The price of the effective market order.

We can continue improving the model by addressing the above-mentioned issues. A model
that behaves in a similar way to the TWSE in terms of the liquidity costs can be used to
study liquidity costs and to devise liquidation strategies for stocks and securities traded on
the TWSE.
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Summary. This chapter presents a market microstructure model, which investigates the be-
havior dynamics in financial markets. We are especially interested in examining whether the
markets’ behavior is non-stationary, because this implies that strategies from the past cannot
be applied to future time periods, unless they have co-evolved with the markets. In order to
test this, we employ Genetic Programming, which acts as an inference engine for trading
rules, and Self-Organizing Maps, which is used for clustering the above rules into types of
trading strategies. The results on four empirical financial markets show that their behavior
constantly changes; thus, agents’ trading strategies need to continuously adapt to the changes
taking place in the market, in order to remain effective.

10.1 Introduction

Market microstructure [36, 37, 38] can be defined as “the study of the process and outcomes
of exchanging assets under a specific set of rules. While much of economics abstracts from
the mechanics of trading, microstructure theory focuses on how specific trading mechanisms
affect the price formation process” [36]. There are several types of models in the agent-based
financial markets literature that have focused on market microstructure aspects. One way
of categorizing these models is to divide them into the N-type models and the autonomous
agent models [9]. The former type of model focuses on the mesoscopic level of markets, by
allowing agents to choose among different types of trading strategies. A typical example is
the fundamentalist-chartist model. Agents in this model are presented with these two strat-
egy types and at any given time they have to choose between these two. A typical area of
investigation of these models is fraction dynamics, i.e., how the fractions of the different
strategy types change over time. However, what is not presented in most of these models
are novelty-discovering agents. For instance, in the fundamentalist-chartists example, agents

A. Brabazon et al. (Eds.): Natural Computing in Comput. Finance, SCI 380, pp. 181–197.
springerlink.com c© Springer-Verlag Berlin Heidelberg 2011
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can only choose between these two types; they cannot create new strategies that do not fall
into either of these types. On the other hand, the autonomous agent models overcome this
problem by focusing on the microscopic level of the markets. By using tools such as Genetic
Programming [26], these models allow the creation and evolution of novel agents, which are
not constrained by pre-specified strategy types. However, this kind of models tends to focus
on price dynamics, rather than fraction dynamics [9].

In a previous work [10], we combined properties from the N-type and autonomous models
into a novel model. We first used Genetic Programming (GP) as a rule inference engine,
which created and evolved autonomous agents; we then used Self-Organizing Maps (SOM)
[25] as a clustering machine, and thus re-created the mesoscopic level that the N-type models
represent, where agents were categorized into different strategy types. We then investigated
the short- and long-term dynamics of the fractions of strategies that existed in a financial
market. Nevertheless, that study rested upon an important assumption, i.e., the maps derived
from each time period were comparable with each other. This comparability assumption itself
required that the types (clusters), as well as their operational specification, would not change
over time. If this were not the case, the subsequent study would be questioned. This was
mainly due to one technical step in our analysis called translation. The purpose of translation
was to place the behavior of agents observed in one period into a different period and to
recluster it for the further cross-period comparison. We could not meaningfully have done
this without something like topological equivalence, which could not be sustained without
the constancy of the types.

However, this assumption can be considered as strict and unrealistic. Strategy types do not
necessarily remain the same over time. For instance, if a chartist strategy type exists in time t,
it is not certain it will also exist in t +1. If market conditions change dramatically, the agents
might consider other strategy types as more effective and choose them. The chartist strategy
would then stop existing.

In this chapter, we relax the above assumption, since our current work does not require
cross-period comparisons. Our model thus becomes more realistic. In addition, we shift our
focus from fraction dynamics to behavior dynamics: we examine the plausibility of an obser-
vation made under artificial markets [1], which suggests that the nature of financial markets
constantly changes, or in other words that the markets’ behavior is non-stationary [11, 40].
This implies that trading strategies need to constantly co-evolve with the markets; if they do
not, they become obsolete or dinosaurs [1]. We hence test if this observation holds in the ‘real’
world, under four empirical financial markets. This will offer important insights regarding the
behavior dynamics of the markets.

The rest of this chapter is organized as follows: Section 10.2 presents a brief overview
of the different types of agent-based financial models that exist in the literature, and also
discusses their limitations. In order to address these limitations, we created an agent-based
financial model [10], which is presented in Section 10.3. More specifically, Section 10.3
presents the two techniques that our agent-based model uses, namely Genetic Programming
and Self-Organizing Maps. In addition, Sect. 10.3 gives some background information on
these two techniques, and also discusses the details of the algorithms we have used. Section
10.4 then presents the experimental designs, Section 10.5 reviews the testing methodology,
and Sect. 10.6 presents the results of our experiments. Finally, Section 10.7 concludes this
chapter and discusses future work.
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10.2 Agent-Based Financial Models

Agent-based financial models are models of financial markets, where artificial agents can
trade with each other. These models simulate the simultaneous operations and interactions
of the different agents that exist in the market, with the goal of re-creating and predicting
the appearance of complex phenomena. Building such models can give valuable information
about different aspects of market dynamics, such as behavior dynamics [7]. As we have al-
ready mentioned, [9] divides these models into two basic designs: the N-type design, and the
autonomous agent design. The rest of this section presents these two designs.

10.2.1 N-Type Designs

Two- and Three-Type Designs

In this type of designs, agents have beliefs regarding the price of a stock in the next period. In
the two-type design, there are two types of agent beliefs. Consequently, there are two types
of fixed and pre-specified trading strategies. Each agent can only choose between these two
types. These two types are usually fundamental and technical traders.1

The three-type design is an extension of the two-type one, where there are three types
of agents. One way to implement this design is to have two types of chartists, momentum
traders and contrarian traders [42]. The former is the kind of agent we described above as
‘chartists’. The latter, the contrarian traders, extrapolate past movements of the price into the
future, the opposite way that the trend goes. This happens because contrarians believe that
the price trend will finish soon and will start to reverse.

Finally, we should mention that several extensions of the above designs exist, by enriching
their behavioral rules. For instance, a typical way to do this is by adding a memory factor
to these rules. Other extensions can be to add an adaptive behavior, where the agents can
learn from their previous experiences. Such examples can be found in [5], where Brock and
Hommes use 2-, 3-, and 4-type models. Other adaptive behavior examples include Kirman’s
ANT Model [23, 24] and Lux’s Interactive Agent Hypothesis Model [32, 33, 34].

Many-Type Designs

So far we have seen designs with few ‘fixed’ types, namely two and three. However, in the
literature we can find other N-type designs, where N > 3.

Adaptive Belief Systems
A very good example of many-type design is the Adaptive Belief System (ABS) of Brock
and Hommes [4, 5]. This system can be considered as an extension of the two- and three-type
designs we have seen. The number of strategies takes values from 1 to N and these are known
and fixed, like before. This means that agents can choose from a finite and fixed number of
beliefs.

Large Type Limit and Continuous Belief Systems
Other many-type designs include the Large Type Limit (LTL) [6] and the the Continuous
Belief System (CBS) [12]. In these systems, the number N of strategies is not finite, but
infinite, i.e., N→ ∞. Both of these systems are based on an idea called distribution of beliefs,
where there is a belief space from which the observed beliefs are sampled.

1 Other equivalent names for technical traders are chartists, trend-followers and noisy
traders.
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10.2.2 Autonomous Agent Designs

So far, we have talked about N-type designs, where the trading strategies are pre-specified and
fixed by the model designer. Thus, the agents are restricted in using these specific strategies
and cannot come up with any new ones. Although the N-type design had been characterized
as a major class of agent-based financial models, it has also been agreed that it severely
restricts the degree of autonomy available for financial agents [9].

This issue of autonomy was addressed by the autonomous agent designs, where we can
have artificial agents who are autonomous and thus have the ability to discover new strategies,
which have never been used before. An example of this is the well-known Santa Fe Institute
(SFI) model [2, 39], where a Genetic Algorith (GA) [17] was used. Thus, a fixed number
of strategies does not exist; on the contrary, each artificial agent can have a different trading
strategy which is “customized” by a GA. The SFI model is of course not the only application
of GA in artificial stock markets. Another example is AGEDASI TOF2 [18, 19]. If the reader
is interested in these topics, a very good literature review can be found in [8].3

10.2.3 Limitations of the Agent-Based Financial Models

In the previous sections, we described the two main agent-based financial designs: the N-
type and the SFI-like (autonomous agents design) ones. The former design consists of N pre-
specified strategy types, and the agents have to choose among these N types. An advantage
of this design is that it allows us to observe the changes in the market fraction4 dynamics of
the above strategy types. However, as we saw, a disadvantage of this type of model is that
the agents are restricted in choosing from the given N strategy types. In addition, another
limitation of this type of model is the lack of heterogeneity. Agents that belong in the same
trading strategy type follow exactly the same behavioral rule. Nevertheless, in the real world,
the behavior of each trader is expected to be heterogeneous; even if some traders are following
a certain trading strategy type, it does not mean that they behave in exactly the same way.

As we saw, the issue of heterogeneity is addressed by SFI-like models. This type of model
allows the creation of autonomous and heterogeneous agents. Nevertheless, even under the
autonomous agent model, agents have to choose among a pre-specified number N of trading
strategy types [9]. To the best of our knowledge, there is no model that uses autonomous
agents that are not restricted to predefined, fixed strategy types.

This thus motivated us to create such a model. In order to do this, we used Genetic Pro-
gramming as a rule inference engine, and Self Organizing Maps as a clustering tool. The next
section presents our model in detail.

10.3 Model

In this section, we present our agent-based financial model, which was first introduced in [10].
This model first allows the creation of novel, autonomous and heterogeneous agents by the

2 It stands for A GEnetic-algorithmic Double Auction SImulation in TOkyo Foreign ex-
change market

3 It should also be said that apart from GA, other population-based learning models have
been used, such as GP. We refer the readers to [9] for more details.

4 Market fraction refers to the proportion of the different trading strategy types (e.g., funda-
mentalists and chartists) that exist in a financial market.
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use of GP. The reason for using GP is because the market is considered as an evolutionary
process; this is inspired by Andrew Lo’s Adaptive Market Hypothesis (AMH) [30, 31], where
Lo argued that the principles of evolution (i.e., competition, adaptation, and natural selection)
can be applied to financial interactions. Thus, agents can be considered to be organisms that
learn and try to survive.

After creating and evolving novel agents, we cluster them into types of trading strategies
via a SOM. These types are thus not pre-specified, but depend on the strategies of the agents.
In this way, we are able to reconstruct the microscopic level of markets (SFI-like designs),
where financial agents are created, and connect it to the mesoscopic level (N-type designs),
where agents are clustered into N strategy types. Figure 10.1 illustrates this process.

Fig. 10.1 Connecting the microscopic to the mesoscopic level of financial markets

In the rest of Section 10.3 we give some brief background information on GP and SOM,
explain how they were used in our agent-based model, and also present the algorithms we
used behind these techniques.

10.3.1 Genetic Programming (GP)

Genetic Programming (GP) [3, 26, 27, 28, 29, 41] is an evolutionary technique inspired by
natural evolution, where computer programs act as the individuals of a population. The GP
process has several steps. To begin with, a random population is created, by using terminals
and functions appropriate to the problem domain, where the former are variables and con-
stants of the programs, and the latter are responsible for processing the values of the system
(either terminals or other functions’ output).
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In the next step, each individual is measured in terms of a pre-specified fitness function.
The purpose of assigning a fitness to each individual is to measure how well it solves the
problem. In the following step, individuals are chosen to produce new offspring programs. A
typical way of doing this is by using the fitness-proportionate selection, where an individual’s
probability of being selected is equal to its normalized fitness value [26]. The individuals cho-
sen from the population are manipulated by genetic operators such as crossover and mutation,
in order to produce offspring. The new offspring constitute the new population. Finally, each
individual in the new population is again assigned a fitness and the whole process is iterated,
until a termination criterion is met (usually a set number of generations). At the end of this
procedure (last generation), the program with the highest fitness is considered as the result of
that run. Next, we explain how GP was utilized in our model.

GP as a Rule-Inference Engine

First of all, we assume that traders’ behavior, including price expectations and trading strate-
gies, is either not observable or not available. Instead, their behavioral rules have to be esti-
mated by the observable market price. Using macro data to estimate micro behavior is not
new,5 as many empirical agent-based models have already performed such estimations [9].
However, such estimations are based on very strict assumptions, as we saw earlier (e.g., hav-
ing pre-specified trading strategy types is considered to be a strict and unrealistic assumption).
Since we no longer keep these assumptions, an alternative must be developed, and in this
study we adopt Genetic Programming (GP).

As we have already mentioned, the use of GP is motivated by considering the market as
an evolutionary and selective process.6 In this process, traders with different behavioral rules
participate in the markets. Those behavioral rules which help traders gain lucrative profits will
attract more traders to imitate, and rules which result in losses will attract fewer traders. An
advantage of GP is that it does not rest upon any pre-specified class of behavioral rules, like
many other models in the agent-based finance literature [9]. Instead, in GP, a population of
behavioral rules is randomly initiated, and the survival-of-the-fittest principle drives the entire
population to become fitter and fitter in relation to the environment. In other words, given the
non-trivial financial incentive from trading, traders are aggressively searching for the most
profitable trading rules. Therefore, the rules that are outperformed will be replaced, and only
those very competitive rules will be sustained in this highly competitive search process.7

Hence, even though we are not informed of the behavioral rules followed by traders at
any specific time horizon, GP can help us infer what are the rules the traders follow, by
simulating the evolution of the microstructure of the market. Traders can then be clustered

5 ‘Macro data’ is generally a term used to mainly describe two categories of data: aggregated
data, and system-level data [13]. The former refers to data that combine information, such
as unemployment statistics and demographics. The latter refers to information that cannot
be disaggregated to lower level unities; such examples are the prices of a stock. On the
other hand, ‘micro behavior’ refers to the study of the behavior of components of a national
economy, such as individual firms, households and traders.

6 See [30, 31] for his eloquent presentation of the Adaptive Market Hypothesis.
7 It does not mean that all types of traders surviving must be smart and sophisticated. They

can be dumb, naive, randomly behaved or zero-intelligent. Obviously, the notion of ratio-
nality or bounded rationality applying here is ecological [16, 43].
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based on realistic, and possibly complex behavioral rules.8 The GP algorithm used to infer
the rules is presented in detail in the next section.

GP Algorithm

Our GP is inspired by a financial forecasting tool, EDDIE [20], which applies genetic pro-
gramming to evolve a population of market-timing9 strategies, which guide investors on when
to buy or hold. These market timing strategies are formulated as decision trees, which, when
combined with the use of GP, are referred to as Genetic Decision Trees (GDTs). Our GP uses
indicators commonly used in technical analysis: Moving Average (MA), Trader Break Out
(TBR), Filter (FLR), Volatility (Vol), Momentum (Mom), and Momentum Moving Average
(MomMA).10 Each indicator has two different periods, a short- and a long-term one (12 and
50 days). Figure 10.2 presents a sample GDT generated by the GP. As we can observe, this
tree suggests that the trader should buy if the 12 days Moving Average is less than 6.4. If,
however, this is not the case, the tree examines the 50 days Momentum; if it is greater than
5.57, the then GDT recommends not-to-buy. If, finally, the 50 days Momentum is less than
or equal to 5.57, then the GDT recommends to buy.

Fig. 10.2 Sample GDT generated by the GP

Depending on the classification of the predictions, there are four cases: True Positive (TP),
False Positive (FP), True Negative (TN), and False Negative (FN).

8 Duffy and Engle-Warnick [15] provides the first illustration of using genetic programming
to infer the behavioral rules of human agents in the context of ultimatum game experi-
ments.

9 ‘Market timing’ refers to the strategy of making buy or sell decisions of stocks, by attempt-
ing to predict future price movements.

10 We use these indicators because they have been proved to be quite useful in previous
works like [20]. However, the purpose of this work is not to provide a list of the ultimate
technical indicators.
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We then use the following 3 metrics, presented in Equations (10.1)-(10.3):

Rate of Correctness

RC =
T P+T N

T P+T N +FP+FN
(10.1)

Rate of Missing Chances

RMC =
FN

FN +T P
(10.2)

Rate of Failure

RF =
FP

FP+T P
(10.3)

The above metrics combined give the following fitness function:

f f = w1 ∗RC−w2 ∗RMC−w3 ∗RF (10.4)

where w1, w2 and w3 are the weights for RC, RMC and RF, respectively, and are given in
order to reflect the preferences of investors. For instance, a conservative investor would want
to avoid failure; thus a higher weight for RF should be used. For our experiments, we chose
to include GDTs that mainly focus on correctness and reduced failure. Thus these weights
have been set to 1, 1

6 and 1
2 , respectively.

Given a set of historical data and the fitness function, GP is then applied to evolve the
market-timing strategies in a standard way. After evolving a number of generations, what
survives at the last generation is, presumably, a population of financial agents whose market-
timing strategies are financially rather successful. We then use SOM to cluster these strategies
into types of trading strategies.

10.3.2 Self Organizing Maps (SOM)

Self-Organizing Maps (SOM) [25] are a type of artificial neural networks which takes as in-
put data with high dimensionality,11 and returns a low-dimensional representation of these
data, along with their topological representation. This representation is called a map. A self-
organizing map consists of components called neurons. Associated with each neuron is a
weight vector, which has the same dimensions as the input data. During the SOM procedure,
the weight vector of each neuron is dynamically adjusted via a competitive learning process.
Eventually, each weight vector becomes the center (a.k.a. centroid) of a cluster of input vec-
tors. Thus, at the end of the SOM procedure, all input vectors have been assigned to different
clusters of a map. The next section presents how SOM was applied to our model.

SOM as a Clustering Machine

Once a population of rules is inferred from GP, it is desirable to cluster them based on a
chosen similarity criterion. As we have already discussed at the beginning of Section 10.3,
this allows us to cluster heterogeneous agents into different types of trading strategies, which
are neither fixed, nor pre-specified.

The similarity criterion which we choose is based on the observed trading behavior.12

Based on this criterion, two rules are similar if they are observationally equivalent or

11 In this work the input data is the market-timing vectors of the GDTs.
12 Other similarity criteria could be used such as risk averseness. However, in this study we

wanted to focus on the behavioral aspects of the rules.
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similar, or, alternatively put, they are similar if they generate the same or similar market
timing behavior.13

Given the criterion above, the behavior of each trading rule can be represented by its series
of market timing decisions over the entire trading horizon, for example, 6 months. Therefore,
when we denote the decision “buy” by “1” and “not-buy” by “0”, then the behavior of each
rule (GDT) is a binary vector. The dimensionality of these vectors is then determined by
the length of the trading horizon. For example, if the trading horizon is 125 days long, then
the dimension of the market timing vector is 125. Thus, each GDT can be represented by
a vector which contains a series of 1s and 0s, denoting the tree’s recommendations to buy
or not-buy on each day. Once each trading rule is concretized into its market timing vector,
we can then easily cluster these rules by applying Kohonen’s Self-Organizing Maps to the
associated clusters.

The main advantage of SOMs over other clustering techniques such as K-means [35] is
that the former can present the result in a visualizable manner, so that we can not only identify
these types of traders, but also locate their 2-dimensional position on a map, i.e., a distribution
of traders over a map. This provides us with a rather convenient grasp of the dynamics of the
microstructure directly as if we were watching the population density on a map over time.

SOM Algorithm

For our experiments, we use MathWorks’ Neural Network toolbox,14 which is built in the
MATLAB environment. We refer the reader to the relevant documentation for details on the
algorithm. Figure 10.3 presents a 3×3 SOM which has been produced by this toolbox. Here,
500 artificial traders are grouped into nine clusters (types of trading strategies). In a sense,
this could be perceived as a snapshot of a nine-type agent-based financial market dynamics.
Traders of the same type indicate that their market timing behavior is very similar. The market
fraction or the size of each cluster can be seen from the number of traders belonging to that
cluster. Thus, we can observe that the largest cluster has a market share of 71.2% (356/500),
whereas the smallest one has a market share of 0.2% (1/500).

10.4 Experimental Designs

The experiments are conducted for a period of 17 years (1991-2007) and the data are taken
from the daily closing prices of 4 international market indices: NYSE (USA), S&P 500
(USA), STI (Singapore), and TAIEX (Taiwan). For statistical purposes, we repeat our ex-
periments 10 times.

Each year is split into 2 halves (January-June, July-December), so in total, out of the 17
years, we have 34 periods.15 The first semester of a year is denoted with an ‘a’ at the end
(e.g., 1991a), and the second semester of a year is denoted with a ‘b’ (e.g., 1991b). The GP

13 One might question the above similarity criterion, since very different rules might be able
to produce the same signals. This does not pose a problem in this work, since we are
interested in the behavior of the market (and thus the rules’ behavior). We are not interested
in the semantics aspect of the rules.

14 http://www.mathworks.com/access/helpdesk/help/toolbox/nnet/self or4.html
15 At this point the length of the period is chosen arbitrarily as 6 months. We leave it to future

research to examine if and how this time horizon can affect our results.
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Fig. 10.3 Example of a 3×3 Self-Organizing Map

system is therefore executed 34 times, i.e., one time per period. Table 10.1 presents the GP
parameters for our experiments. The GP parameters for our experiments are the ones used by
Koza [26]. Only the tournament size has been lowered, because we were observing premature
convergence. Other than that, the results seem to be insensitive to these parameters. As we
can observe, we have a population of 500 trading strategies. Thus, since there are 34 periods,
we end up with 34 different populations of 500 strategies.

Table 10.1 GP Parameters

GP Parameters

Max Initial Depth 6
Max Depth 17
Generations 50
Population size 500
Tournament size 2
Reproduction probability 0.1
Crossover probability 0.9
Mutation probability 0.01

After generating and evolving strategies for each one of the 34 periods, we then use SOM
to cluster these strategies into types. We do this for every one of the 34 periods. Thus, we end
up with 34 different SOMs, one per semester, which represent the market in different time
periods over the 17-year horizon.

Table 10.2 presents the SOM parameters for our experiments. The parameters are the
default ones provided in MATLAB’s MathWorks Neural Network Toolbox.
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Table 10.2 Default SOM parameters of the MathWorks SOM Toolbox

SOM Parameters

Algorithm Batch
Distance Euclidean
Neighborhood Radius σ = 3
Topology Hexagonal
Steps 100

Finally, we define as ‘base period’, the period during which GP creates and evolves GDTs.
We also define ‘future period(s)’, as the period(s) which follow(s) the base period (in chrono-
logical order).

10.5 Testing Methodology

As we mentioned at the beginning of this chapter, we are interested in investigating Arthur’s
observation about the constantly changing behavior of financial markets [1]. In order to inves-
tigate whether the behavior of markets is non-stationary, we recluster the GDTs of each base
period, to all future periods’ clusters.16 By applying the same GDTs (strategies) to clusters
of future periods, we can observe how well these strategies fit in the new environments (clus-
ters). The logic behind this is the following: when we first evolved and clustered the GDTs
(base period), these GDTs were placed in clusters that represented their respective strategies.
For instance, if there was a strategy type (cluster) that represented ‘chartists’, then all GDTs
which followed a chartist strategy were placed in that cluster. When we then take the GDTs
from a base period and recluster them to strategy types of future periods, it is not guaranteed
that there will again be a cluster that represents chartists. If the market constantly changes,
there is a possibility that this type of strategies does not exist any more in the future periods.
Thus, the GDTs find themselves unadapted to the new environment (clusters) and have to
choose another cluster, which represents them as closely as possible. This cluster will be the
one that has the centroid with the smallest Euclidean distance17 from the market-timing vec-
tors of these GDTs. Of course, since now the SOM of the future period is formed by different
clusters, the GDTs might not fit in as well as they did in the base period. In order to measure
this ‘unfitting’, we use a dissatisfaction rate, i.e., how dissatisfied these GDTs will be when
placed into a future period’s cluster that does not represent their strategy. If the market is non-
stationary, the GDTs’ dissatisfaction rate will be high, as a result of the changes that took
place in the market. The dissatisfaction rate is defined as the Euclidean distance of a GDT’s
market-timing vector to the centroid of the cluster in which it is placed, after the reclustering
procedure. Under a non-stationary market behavior, the following statement should hold:

The average dissatisfaction rate of the population of GDTs from future periods should not
return to the range of dissatisfaction of the base period.

Hence, we will test the above statement against the 4 financial markets.

16 The process of reclustering is explained later in this section.
17 One may wonder if the choice of the Euclidean distance as a distance metric, when the

vectors of the GDTs are binary, is an appropriate one. However, this does not pose a
problem, because the vectors of the clusters’ centroids are real valued.
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Let us now explain the process of reclustering. We start with 1991a as the base period.
Each evolved GDT is moved to the next period, 1991b, and reclustered into one of the clusters
of that period. In order to ‘decide’ which cluster to choose, the GDT compares the Euclidean
distance of its market timing vector to the centroid of each cluster; it is then placed into the
cluster with the smallest Euclidean distance. The same procedure follows for all GDTs of the
population. At the end, the population of evolved GDTs from the base period of 1991a will
have been reclustered into the clusters of period 1991b. The same procedure is followed in all
future periods. This means that the GDTs from 1991a are also reclustered into 1992a, 1992b,
..., 2007b. Finally, the same process is done for all other base periods (i.e., 1991b, 1992a, ...,
2007a).

Once the process of reclustering is complete, we calculate the dissatisfaction rate of each
GDT in the population. Next, we calculate the population’s average dissatisfaction rate. We
do the same for all 34 periods. Given a base period, the population average dissatisfaction
of all periods is normalized by dividing those population average dissatisfaction rates by
the population average dissatisfaction rate in the base period. For instance, if the population
dissatisfaction rates for periods 1991a, 1991b, 1992a, ..., 2007b are 0.8, 0.85, 0.9, ..., 0.85,
respectively, the the normalized population dissatisfaction for the base period 1991a would
be 0.8

0.8 , 0.85
0.8 , 0.9

0.8 ,..., 0.85
0.8 . Hence, each base period has its normalized average dissatisfaction

rate equal to 1. In order to prove that the market is non-stationary, we need to show that the
normalized average dissatisfaction rate of the GDTs increases in the future periods, and never
returns to its initial value of 1, which was during the base period. If, on the other hand, this
rate reaches 1 or below, it is an indication of a cyclic market behavior, since the GDTs have
found the same conditions with the base period, and as a result feel as ‘satisfied’ as before.

Finally, we define as dinosaurs the population of GDTs that has been reclustered from a
base period to future periods. The reason of calling them in this way is because these GDTs
have not adapted to the new market environment (clusters of the SOMs from future periods)
and are thus ineffective. If these GDTs’ normalized average dissatisfaction rate drops to less
than or equal to 1, we call them returning dinosaurs, because they have become effective
again.18

10.6 Results

As explained, returning dinosaurs denote a cyclic market behavior. To examine whether di-
nosaurs return, we iterate through each base period and calculate the minimum normalized
average dissatisfaction rate for each future period. This gives us an indication of how many re-
turning dinosaurs, if any, exist. If, for instance, 1991a is the base period, then there is a series
of 33 population dissatisfaction values for its future periods. We obtain the minimum value
among these 33 values, in order to check how close to 1 the normalized dissatisfaction rate
of this future period is. This process is then repeated for 1991b as the base period and its 32
future periods, and so on, until base period 2007a. We thus end up with a 1×33 vector, which
presents the minimum dissatisfaction per base period and thus shows whether any returning
dinosaurs exist. In addition, we are interested in investigating whether different number of

18 In a previous work [21], where we investigated the markets’ behavior dynamics by only
using GP but not SOM, we did not use this ‘strict’ definition of returning dinosaurs. This
led us to conclude that returning dinosaurs existed. However, if we had also used the
current study’s definition, the results from [21] would not have dramatically differed from
those of this chapter.
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clusters (strategy types) can affect the test results. We thus run tests under 2 to 9 clusters,
for the following SOM dimensions: 2× 1, 3× 1, 2× 2, 5× 1, 3× 2, 7× 1, 4× 2, and 3× 3.
Figure 10.4 presents the graphs of the minimum dissatisfaction vectors for the 4 international
markets. Each line represents the results of a different SOM dimension. The horizontal line
indicates a dissatisfaction of 1, and is given as a reference. Results are the average of 10 runs.

Fig. 10.4 Minimum normalized dissatisfaction rate of the population of GDTs per base period,
for all SOM dimensions, for all datasets. Each subfigure represents a single dataset. From left
to right, top to bottom: NYSE, S&P 500, STI, TAIEX

What we can see from Figure 10.4 is that there are no base periods with a minimum
normalized dissatisfaction rate below 1. This observation holds under all SOM dimensions,
and under all of the financial markets tested in this study. In fact, the closest to 1 that the
dissatisfaction rate gets is around 2, for S&P 500 (1999a), STI (1998a), and TAIEX (1999b).
But even these periods could be treated as exceptional cases, because it is obvious that the
average dissatisfaction rate is much higher than 2.

To make the above argument even clearer, we present the average dissatisfaction rates over
the 10 runs in Table 10.3. Each row presents the average dissatisfaction rate for a different
market, and each column presents the rate under a different SOM dimension. As we can ob-
serve, these values range from 4.44 (NYSE-2×1 SOM) to 8.88 (STI-3×3 SOM). In addition,
the average dissatisfaction rate ranges from 4.75 (2 clusters) to 7.85 (9 clusters). It is thus ob-
vious that on average, no dinosaurs return, because the average dissatisfaction rate is much
higher than 1. But even if we want to take into account the outliers (minimum dissatisfaction
rate), not many things change. Table 10.4 presents the average, over the 10 runs, of the mini-
mum dissatisfaction rates. As we can see, these rates range from 3.28 (S&P 500-2×1 SOM)
to 5.79 (STI-3× 3 SOM). Furthermore, the average of the minimum dissatisfaction rate per
SOM dimension is 3.41 for the 2×1 SOM, and it gradually increases, as the number of clus-
ters increases, reaching 5.46 for the 3×3 SOM. Hence, the minimum dissatisfaction rate is
on average quite far away from 1, which as we mentioned is the threshold for a returning
dinosaur.
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Table 10.3 Average of Average Dissatisfaction Rate per Cluster per Dataset

2×1 3×1 2×2 5×1 3×2 7×1 4×2 3×3

NYSE 4.44 4.90 5.22 5.92 6.17 6.88 6.96 7.27
S&P500 4.36 4.61 4.93 5.53 5.79 6.45 6.56 6.86

STI 5.17 5.65 6.11 6.98 7.19 8.30 8.33 8.88
TAIEX 5.04 5.48 5.74 6.54 6.96 7.76 7.78 8.40

Mean 4.75 5.16 5.50 6.24 6.53 7.35 7.41 7.85

Table 10.4 Average of Minimum Dissatisfaction Rate per Cluster per Dataset

2×1 3×1 2×2 5×1 3×2 7×1 4×2 3×3

NYSE 3.52 3.94 4.14 4.69 4.98 5.33 5.53 5.56
S&P500 3.28 3.48 3.77 4.18 4.31 4.78 4.80 5.07

STI 3.56 3.83 4.09 4.61 4.79 5.34 5.41 5.79
TAIEX 3.29 3.64 3.83 4.25 4.44 4.88 5.00 5.43

Mean 3.41 3.72 3.96 4.43 4.63 5.08 5.19 5.46

An observation we can make from the above results is that the trading strategies never
reach a dissatisfaction rate of 1. Thus, returning dinosaurs do not exist. Market conditions
constantly change and the strategies cannot be as “satisfied” as they were in the base period.
However, there can be a few exceptions, where the dissatisfaction rate goes quite low, e.g.
around 2. Although we cannot say that dinosaurs have returned, it is obvious that the market in
those years has similarities to the base period. In these cases, we can say that dinosaurs have
returned as lizards. Nevertheless, strategies that have not co-evolved with the market, cannot
reach performance levels as the ones they once had in their base period (i.e., no returning
dinosaurs). Market conditions change continuously.

The above observations are very important and allow us to argue that the behavior of the
4 markets tested in this study constantly change. Trading strategies need to adapt to these
changes, in order to remain effective. If they do not, they find the new environment (clusters)
very different from the one in the base period and thus are very “dissatisfied”. These strategies
thus become obsolete or dinosaurs.

One final observation we can make is that the number of clusters does not affect the test’s
results. The dissatisfaction rate of each market follows always the same pattern, regardless
the number of clusters. No returning dinosaurs are observed, under any number of the trading
strategy types tested.

10.7 Conclusion

To conclude, this chapter presented a significant extension to a previous market microstruc-
ture model [10], and also discussed preliminary results on the behavior dynamics of financial
markets.
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In [10], we used Genetic Programming (GP) as a rule-inference engine to find out the
behavioral rules of agents, and Self-Organizing Maps (SOM) to cluster these agents. However,
because of an important assumption in that work, we had to require that SOM clusters, as
well as their operational specification, would remain the same over time. In this chapter, we
relaxed that assumption. This offered more realism to our model and allowed us to investigate
market behavior dynamics.

Our experimental work was inspired by an an observation made under artificial agent-
based financial markets [1]. This observation says that the nature and constituents of agents,
and thus their strategies, constantly change; if these strategies do not continuously adapt to
the changes in their environments, then they become obsolete (dinosaurs). In order to test the
plausibility of this observation, we ran tests on 4 international financial markets.

The results showed that on average, these datasets did not demonstrate the existence of
returning dinosaurs, and thus verified the existence of the non-stationary property in financial
markets’ behavior. The implications of this are very important. Strategies from the past can-
not be successfully re-applied to future periods, unless they have co-evolved with the market.
If they have not, they become obsolete, because the market conditions change continuously.
They can occasionally return as lizards, meaning that these strategies can sometimes demon-
strate relatively good performance, but they cannot become again as successful, as they once
were.

Future work will focus on exploring whether the above observations can hold under even
more financial markets. In addition, we aim to show that our experimental results are inde-
pendent from the GP and SOM algorithms we have used in this chapter. We have already
done some work towards this direction, where we ran experiments under 2 different GP algo-
rithms and found that results were independent to the choice of the algorithm [22]. Moreover,
we are also interested in demonstrating that our results would be the same if we were us-
ing different rule inference engines and clustering machines. To show this, we aim to run
experiments where we use a Genetic Algorithm instead of Genetic Programming and other
clustering techniques, such as standard hierarchical clustering [44] and growing hierarchical
SOMs [14], instead of the classical SOM approach.
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